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Abstract

We show that the Laubach and Williams (2003) model and its variants in Holston, Laubach and
Williams (2017, 2023) cannot estimate the natural rate with finite precision when either the IS
curve or the Phillips curve are flat. To solve this unobservability, we propose a simple augmented
model with a mean-reverting interest rate gap that considerably narrows the natural rate’s
confidence bands in those empirically relevant situations. We also assess the ability of the
corporate risk premium and the share of working age population to explain movements in the
natural rate, but they generate filtered estimates that fluctuate too much.
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Figure 2: Natural rate of interest in the HLW23 model
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Figure 3: HLW23 model: uncertainty and components of the natural rate ;.

So in summary, the natural interest rate of the HLW model is very imprecisely estimated,

mainly because one of its components, the z; process, is imprecisely estimated too.
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4 Achieving observability

4.1 The augmented model

We have previously shown that the HLW model imprecisely estimates the natural interest
rate when the IS and the Phillips curves are close to being flat because the z; component is close
to being unobservable in those circumstances. How could one precisely estimate r* then? To
answer this question, we start from the observation that the real interest rate, r;, only appears
in the state-space representation of the HLW model in (12) as an exogenous variable in the
transition equation, even though it is crucial in defining the interest rate gap that enters the
IS equation (1). This is a direct consequence of the fact that the model leaves the dynamic
properties of the interest rate gap itself completely unspecified. In particular, the HLW23 model
has no way of guaranteing that the difference between the observed and natural interest rates
is mean-reverting. In contrast, it allows for the stationarity of the output gap provided that (i)
the autoregressive coefficients a1 and a2 that appear in (1) satisfy the usual conditions, and
(ii) 7 is indeed stationary; see footnote 5.

As is well known, 7; summarises the stance of monetary policy relative to fundamentals.
When 7; > 0, the actual real rate is above its natural counterpart and policy is contractionary.
In contrast, when 7y < 0, policy is expansionary. It is precisely this gap —rather than the level of
r¢ or r} separately— that drives cyclical fluctuations in the output gap in the aggregate demand
relationship (1). Given this interpretation, our modelling choice is to treat 7 as a purely cyclical
object by imposing that it is covariance-stationary, so that monetary policy cannot be a source
of an additional stochastic trend in the long-run real rate.

This assumption has a clear economic interpretation. In a New Keynesian environment with
a Ramsey-type definition of the natural rate, the long-run real interest rate is pinned down by
the balanced-growth path of the economy. Monetary policy is typically described by a Taylor-
type rule with constant coefficients and an anchored inflation target. Under this rule, persistent
drifts in the long-run real rate due to policy simply cannot happen because policy shocks are
transitory deviations around a stable reaction function, not an independent source of permanent
shifts in rf. More generally, it is difficult to imagine that the U.S. monetary authorities would
allow the actual interest rate to diverge from the natural one in the long-run.

By placing the restriction on 7 rather than on the individual components of 7}, our approach
complements Laubach and Williams (2003), whose focus is the decomposition of the natural rate
into the two permanent components that appear in (5). Thus, any low-frequency movements in
the long-run real rate are still attributed to r} in our augmented model, while the policy stance

7+ remains purely cyclical and stationary. This has two advantages. First, it is consistent with
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the idea that monetary policy generates temporary deviations from the balanced-growth path
of the economy, but it does not alter this path. Second, it improves the observability of the

system, as we explain next.

4.2 Observability in the augmented model

In what follows, we explore the observability properties of an augmented version of the
HLW23 model that explicitly allows the interest rate gap to be mean-reverting. For simplicity

of exposition, imagine that the interest rate gap follows the covariance stationary AR(1) process
Pt = apfi_1 + e}, (14)

with |a,| < 1, and €] is a white-noise disturbance, uncorrelated with the other shocks of the

2

model, whose variance is 0.

To write this augmented model in state-space form, we need to add r; as an additional

left-hand side variable in the measurement equation. Specifically,

Yt l—ay 1+4y Y Yi1
Ty = —K 0 0 gi—1 +
T 0 41-ap) 1—ay Zi—1
C
a, 0 0 —y 7yrt_1 el 4 eV
+ kK or 1—ap 0 - =1 + er )
0 0 0 t=2/4 49 + €7 + €]
~ Tt—1
D

where, once again we have assumed for simplicity that only one lag of the output gap enters the
right-hand side of the IS curve (1) (see Appendix A for the general case). The key difference
with respect to the original HLW23 model is that the observed real rate is now an output of the
model, as it depends on the three unobserved state variables through the C matrix. In contrast,

the transition equation is essentially unchanged with respect to the standard HLW model, being

given by
(i 110 Vi el
g |=1010 g1 |+ &
2t 0 01 Zt—1 {;‘tz
A
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The observability of the augmented HLW model now depends on the rank of the matrix

[ 1— oy 144y 0%
—K 0 0

0 41—-a,) 1—aqp
C 1—ay 2+4y—q ¥

O=| CA | = —K —K 0 (15)

CA? 0 41 -ap) 1-aq
1—ay 3+4y— 20 y
—K —2K 0

.0 41-a,) 1—a, |

Compared to the observability matrix of the original HLW model in (13), this matrix includes
three additional rows (third, sixth, and ninth), which also depend on the autoregressive coeffi-
cient of the interest rate gap, a,. Those three rows are nonzero when the interest rate gap is
stationary, |a,| < 1, and therefore help identify the unobserved states of the model. To illustrate
our claim, suppose that both Phillips and IS curves are flat, so that v = 0 and x = 0. In this

extreme case the observability matrix in (15) becomes

[ 1 — 1 0
0 0 0
0 41-ay) 1—ay
l—ay, 2-q 0
0= 0 0 0
0 41—-ap) 1—ap
l—ay, 3-2aq 0
0 0 0
| 0 41-ay) 1—ap |

Importantly, the third column, which is associated to the z; process, is a nonzero linearly in-
dependent vector when the interest rate gap is stationary, |a,.| < 1, so that it would now be
possible to recover the entire path for the z; process. More generally, as long as both the interest
rate gap and the output gap are stationary, Rank(O) = 3, so all unobserved states could be
recovered from the data under the ideal circumstances described in section 3.1.%

We illustrate the practical implications of our theoretical results in Figure 4, which reports
the mean squared error of the unobserved states as a function of v and x using the parameter
estimates reported in the second column of Table 2. Although filter uncertainty associated to
the natural interest rate is large for small values of v and &, it remains clearly bounded when

these parameters go to 0, unlike what happened with the original HLW23 model in Figure 1.

81f the interest rate gap were nonstationary, the process for the observed real interest rate would be the sum
of two unobserved nonstationary processes, the natural interest rate and the rate gap, which could not be told
apart. In that particular case, the ranks of the observability matrices of the original and augmented models in
(13) and (15), respectively, would coincide.
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Figure 4: Filter uncertainty in the augmented model

4.3 Empirical evidence

We have estimated the version of the model that adds equation (14) to the HLW23 specifica-
tion using the procedure described in Appendix B, which is entirely analogous to the procedure
used for estimating the original model. The second column of Table 2 contains the parame-
ter estimates thus obtained. Interestingly, for the common parameters, the differences in the
MLEs of the original and augmented model are small. This is confirmed by the values of the
log-likelihood functions for output and inflation, which are essentially identical (see Appendix C
for further details). The estimated persistence of the real interest rate gap, 7, is around 0.92,
which is high, but its small standard error suggests it is below unity. As we will see below, the
persistence of the gap contributes to filter uncertainty, which nevertheless is noticeably lower
than in the original model.

Specifically, we use the aforementioned parameter estimates to compute filtered estimates
of the different latent variables, as well as confidence bands around them. Once again, we also
decompose the bands for the natural rate into filter and parameter uncertainty components. A
comparison of Figures 5-6d with Figures 2-3d indicate a considerable reduction in the width of
the confidence bands. As expected, most of the gains come from the narrowing of the bands

surrounding z;. In contrast, the median (i.e. central tendency) estimates are rather similar,
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although naturally, there are some small differences.

As is well known, the comparison between the observed real rate and the estimated natural
rate is often used to characterize the monetary policy stance. Periods in which the gap between
those rates is significantly negative are interpreted as episodes of loose monetary policy, while
periods in which it is above zero correspond to tightening phases. Figures 7a makes clear that
the HLW23 model makes these assessments rather difficult. Aside from the Burns and Volcker
eras, and the COVID-19 period, there is hardly any other instance in which the interest rate
gap is significantly different from 0. In contrast, Figure 7b shows that the augmented model
uncovers some additional episodes of non-neutral policy stances, such as in the period between
the end of the dotcom bubble and the global financial crisis, when monetary policy was arguably

excessively loose, or after the great recession.

1961 1965 1969 1973 1977 1981 1985 1989 1993 1997 2001 2005 2009 2013 2017 2021 2025
Time

Figure 5: Natural rate of interest in the augmented model
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Figure 6: Natural rate of interest in the augmented model: uncertainty and components of r;.
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Figure 7: Gap between the real interest rate and the natural rate of interest in the HLW23 and
augmented models.

Empirically, the observed ex ante real rate r and the estimated natural rate r; display similar
low-frequency movements, whereas their difference 7 behaves as a medium-frequency, mean-
reverting process. In our estimates, the gap reverts towards its long-run mean at a moderate
speed, which is consistent with the idea that systematic monetary policy reacts to deviations
from the natural rate and gradually closes them over time. Imposing stationarity of 7 is therefore
both theoretically coherent and empirically in line with the observed behaviour of real interest

rates.
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5 Potential economic determinants of z;

One potential shortcoming of both the HLW model and our augmented version is that the
non-growth composite factor z; affecting the natural rate of interest is not easily interpretable.

To try to remedy this limitation, we explore a version of our augmented model in which

2t = 7,211 + YpRisks + v Ager + €7, (16)

where

1. Risk is the corporate risk premium from FRED (BAA10YM),

2. Age is a measure of young-age population share, calculated as the ratio of the population

aged between 20 and 39 over total population.’

The temporal evolution of these series is displayed in Figures 8a and 8b.

When we estimate our augmented model including equation (16), the maximum likelihood
estimates (and standard errors) of its parameters are v, = 0.529 (0.096), vp = —0.883 (0.130)
and v, = 0.070 (0.024), which have the right signs and are statistically significant.

Unfortunately, as Figure 8c illustrates, they give rise to natural rate estimates that move too

much relative to the models that do not include those economic determinants.

Spre:

1992
Time

(a) (Smoothed) Corporate risk premium (b) Young-age population share
A
v [
(¢) r* with economic determinants (d) r* with smoothed economic determinants

Figure 8: Economic determinants of the natural rate of interest and their relationship with rj.

9The ratio is available at an annual frequency, and quarterly values are obtained through linear interpolation.
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To investigate whether these seemingly excessive movements are the result of the high fre-
quency variation in the corporate risk premium, we have estimated an alternative version with a
smoothed version of this risk appetite proxy obtained by assuming a random walk plus noise for
it and filtering its transitory component out. Although Figure 8a confirms that the estimated
trend in the corporate risk premium is substantially less variable than the original series, Figure
8d shows that the natural rate that we obtain continues to display high frequency variation,
with movements that closely follow the behaviour of the real interest rate.

Taken together, this suggests that the mapping between observable slow-moving fundamen-
tals and the latent natural rate may be weaker or more nonlinear than commonly assumed. It
also indicates that caution is needed when attempting to ascribe structural interpretations to
the latent factors estimated in reduced-form state-space models.

To understand better the empirical failure of equation (16), it is important to emphasise that
trend growth in output does not represent trend TFP growth alone. Instead, g; corresponds
to the growth rate of potential output, which in a standard growth-accounting decomposition
satisfies

=0 +agt+01-a)dt, (17)

where g/ " denotes trend TFP growth, g/ the trend growth of the capital stock, and g/ the
trend growth of labour input. While empirically most of the low-frequency variation in g; tends
to be driven by trend TFP, equation (17) makes clear that g; encompasses all forces that influence
the long-run growth rate of potential output.

Specifically, demographic ageing affects g; primarily through its impact on trend labour
input. A decline in the growth rate of the working-age population or a permanent reduction in
labour force participation mechanically reduce the trend growth rate of effective labour, lowering
the contribution of these variables to potential output growth. In turn, slower labour force
growth raises the capital-labour ratio, reducing the marginal product of capital and therefore,
investment and capital accumulation. Moreover, ageing also depresses the trend growth of the
capital stock through this channel. As a result, demographic ageing lowers g; not only through
labour-input dynamics but also indirectly via reduced capital deepening. Therefore, ageing is
naturally embedded in the stochastic trend g,

A similar mechanism operates for persistent movements in risk premia. An increase in the
risk premium raises the required return on capital, thereby increasing the cost of investment
and reducing desired investment rates. Lower investment slows the growth of the capital stock,
reducing the contribution of capital accumulation g to potential output growth. Since trend

output growth reflects the contributions of TFP, labour input and capital, a persistent rise in
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risk premia depresses g; by lowering the long-run contribution of capital deepening. Because
this is a structural, low-frequency force that alters the balanced-growth path of the economy, it
is naturally incorporated into the stochastic trend g;.

These considerations imply that the stochastic trend g; in equation (5) already captures the
non-stationary structural determinants of the natural rate of interest: trend TFP, demographic
forces such as ageing, and persistent movements in risk premia. Therefore, the residual compo-
nent z; captures deviations from this balanced-growth path. In this respect, modelling z; as an
explicit function of some of the determinants of the natural rate might imply an identification
problem that may explain the poor results that we have obtained when we explore this path.

To further assess whether g; indeed captures the bulk of the structural determinants high-
lighted in the literature, we estimate a cointegration relationship between the filtered value of
gt in our augmented model and the three standard long-run drivers of the natural rate: trend
productivity growth,'® demographic dynamics and persistent movements in risk premia. We find
strong statistical evidence of cointegration among these variables, with coefficients displaying
the expected signs: higher TFP growth raises g;, while population ageing and an increase in the
risk premium reduce it.

The existence of a single cointegrating vector confirms that these three structural forces share
a unique common stochastic trend, which is precisely the trend component g; in our model. This
empirical result supports our baseline modelling choice. We interpret g; as capturing permanent
movements in the natural rate that arise from changes in the trend growth rate of potential
output, while z; captures other forces that shift the natural rate independently of long-run
growth. Factors such as demographic ageing or changes in risk premia may influence the natural
rate both directly and indirectly through their effects on trend growth. Because these channels
are difficult to disentangle empirically, including them separately in the model seems to create

identification problems.

6 Conclusions

The natural rate of interest remains a central but elusive concept in monetary policy anal-
ysis. The widely used Laubach and Williams (2003) framework and its later refinements (Hol-
ston, Laubach, and Williams, 2017, 2023) can only identify the natural rate when both the IS
and Phillips curves are sufficiently steep. When either aggregate demand or inflation responds
weakly—a common empirical case—the model becomes nearly unobservable in the Kalman sense,

making the natural rate, and particularly its non-growth component, estimated with extreme

10T compute A log(TFP;), we first obtain quarterly values of TFP by linearly interpolating the annual series
for Total Factor Productivity for the private business sector compiled by the U.S. Bureau of Labor Statistics.
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imprecision. This explains the wide confidence bands and interpretive ambiguity surrounding
HLW-type estimates.

We resolve this problem by imposing covariance stationarity of the real interest rate gap,
which effectively assumes monetary policy prevents the observed real rate from drifting per-
manently away from its natural level. This minimal and economically consistent modification
restores observability even under flat IS and Phillips curves. The augmented model delivers
natural-rate estimates with similar central tendencies to HLW23 but markedly narrower confi-
dence bands, especially for the non-growth component.

Better identification also sharpens the reading of monetary policy stance: while HLW23 often
suggests neutrality, our estimates reveal additional episodes of accommodative and restrictive
policy consistent with historical narratives. Finally, although the corporate risk premium and
demographic structure are statistically significant in explaining the non-growth component of
the natural rate, they imply excessive short-term volatility, highlighting that the link between
observable fundamentals and the latent rate is weaker or more nonlinear than typically assumed.

Overall, the imprecision of standard natural-rate estimates arises less from data limitations
than from lack of observability in the model itself. A model that allows the real interest rate
gap to be mean-reverting resolves this problem while maintaining conceptual continuity with
the existing literature. Future research could further investigate alternative sources of low-
frequency variation in the natural rate and assess the robustness of our identification result in

multi-country or structural DSGE settings.
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A Observability in the HLW model

A.1 The original model

Although it is possible to come up with a minimal state space representation, for the sake

of clarity we use the same state-space representation as HLW23, whose measurement equation

reads
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with innovation covariance matrix
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Consequently, the observability matrix will be given by
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In general, the rank of this matrix is 6 rather than 9 because the third, sixth and ninth
columns are proportional to each other and so are the fifth and eigth ones. Those rank def-
ficiencies are not worrisome, though, because they simply reflect the fact that the state space
representation contains too many elements, and we could not separately recover the values of
g—1 and z_1 or distinguish between y*,, g_2 and z_» even if we could observe the mesurement
errors ¢} and €7 and shocks 5;15’*, ef and &7 for ¢ > 1. Nevertheless, given that we could indeed
recover Y5, Yy, go and 2o, the first-order Markovian nature of ¢g; and z; and the second-order
Markovian nature of y; implies that we would be able to infer without error the values of y;, g;

and z for t > 1.
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When v = 0, so that the IS curve is flat, this matrix reduces to

1 —ay1 —ayg 0 00000
0 —K 0 0 00000O0
l—a,1 —ayz 0 10 00000
—K 0 0 0 00000
l—ay—ays 0 0 2 — a1 00000
—K 0 0 —K 00000
1—Oéy,1 —Oéy,g 0 0 3—20@,1 —Oéy,g 00000O0
—K 0 0 —2K 00000O0
1—04:%1 —Oéy72 0 0 4—3(1%1 —2Oéy72 00000O0
—K 0 0 —3K 00000O0]|”’
l—ay;—ays O 0 5—4ay1—3a,2 00000
—K 0 0 —4K 00000
l—ay;—ays 0 0 6—5ay1—4a,2 00000
—K 0 0 —5K 00000O0
l—ay—ays O 0 7—6ay1—5ay2 00000
—K 0 0 —6K 00000O0
l—ay—aya O 0 8—Tay1—6ay2 00000
I —F 0 0 —Tk 0000 0]

which only has rank 4 at best. Given that the basis of its nullspace is trivially

[N eNeNel =Nl
DO O+, OO O oo
SO Hr OO oo oo
O H OO OO o oo
_ O OO O oo oo

the entire process for z; will be unobservable even if we could observe all measurement errors

and shocks for ¢ > 1.
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Similarly, when k = 0, so that the Phillips curve is flat, the observability matrix becomes

1 —Qy1 —Qy2 0 —2cy —2cy 0 —v/2 —v/2]
0 0 0 0 0 0 0 0 0
1 — oy —ay2 0 1—2c¢y —2cy 0 —y/2 —y/2 0
0 0 0 0 0 0 0 0 0
l—ay1—ay2 0 0 2 —qy 1 —4dey 0 0 —y 0 0
0 0 0 0 0 0 0 0 0
l—ay1—ay2 0 0 3—-2ay1—ayz2—4cy 0 0 —y 0 0
0 0 0 0 0 0 0 0 0
l—ay1—ay2 0 0 4-3ay1—20y2—4cy 0 0 -y 0 0
0 0 0 0 0 0 0 0 0 |’
l—ay1—ay2 0 0 5—4day1 —3ay2—4cy 0 0 -y 0 0
0 0 0 0 0 0 0 0 0
l—ay1—ay2 0 0 6—5ay1 —4ays—4cy 0 0 —y 0 0
0 0 0 0 0 0 0 0 0
l—ay1—ay2 0 0 7—6ay1—5days—4cy 0 0 -y 0 0
0 0 0 0 0 0 0 0 0
l—ay1—ay2 0 0 8—Tay1 —6ays—4cy 0 0 -y 0 0
i 0 0 0 0 0 0 0 0 0 |

which also has rank 4 because in addition to the three singularities mentioned in the general
case, we have that the sum of the first three columns is proportional to the sum of the last three
ones, and the fifth column can be obtained as a linear combination of the second and third ones.

Specifically, the matrix

0 0 0 0% 0 T

0 0 0 0% —2cyay 2
2cy v/2 0 v 2cy(ay1 — oy 2)
0 0 0 0 0
0 0 v/2 0 a;Q
—Qy 9 0 0 0 0

0 0 0 1-— Ozy71 — Oéy72 0
0 0 —2cy 1—oy1—ay2 0

L 0 —Oéy,g 0 1-— Oéy71 — Oéyg 0 _

will constitute a basis of its nullspace. Consequently, in addition to the presample values men-

tioned above, we will not be able to tell apart z; from potential output or trend growth.

A.2 The augmented model

The assumption that the interest rate gap follows an AR(1) model requires the addition

of r; as an additional observed variable and 7; as an additional latent processes. Thus, the
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measurement equation becomes

Yt
Tt =
Tt

with covariance matrix of the measurement errors

1 —ay1 —ay2 0 —2¢y —2¢y 0 —y/2 —v/2 0
0
4c

0 —x O
0 0 0

0
0

Oy 1 Qy2 7/2 7/2 0
0 ar 1—a; 0

K 0 0
0 0 0

0

while the transition equation is

(i
Yi1
Yi—o

gt
gt—1
gt—2

2t
Zt—1
Zt—2

Tt

el eNeleoNeNeleoNel

=leleleoBoeoNBeoNel ==

DO OO OO OO oo

0

0

0

0
0

Rt:ﬂ?
1 00
0 00
0 00
1 00
1 00
010
0 00
0 00
0 00
0 00

g

0 0 0 0

1 0 0 1
¢ —pay1 —oay 2

—¢K 0

0 0 0
>0 0

0 o2 0},

0 0 O

000 O yr
000 0] (v,
000 0] /[ws
0 00 0 gi—1
000 0 G2
000 O0f][g--s
1 00 0 Zt—1
1 00 O Zt—9
010 O Zt—3
0 0 0 a Te—1
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Yi
Yi1
Yo

gt
gt—1
gt—2

2t
Zt—1
Zt—2

Yt—1
Yt—2
Tt—1
Tt—2
Tt—1
Tt—2,4
dt
di—1
di—o

(A3)

(A4)



with innovariation covariance matrix

032/* 00 0 00 O OO0 O
0 00 0 00 O OO0 O
0 00 0 00O O OO0 O
0 000,00 000 O
{0 00 0 00 0 0O0 O
Q= 0 00 0 00 O OO0 O
0 00 0 00 200 0
0 00 0 00O O OO0 O
0 00 0 00 O O0O0 O
0 00 0 00 0 0 0 o2
Consequently, the observability matrix will be given by
[ 1 —0y 1 —0y2 0 —2cy =2y 0 —vy/2 —v/2
0 —K 0 0 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
1—ay —ay2 0 1—2cy —2cy 0 —v/2 —y/2 O
—K 0 0 0 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
l—ay1—ay2 0 0 22—y —4cy 0 0 —y 0 0
—K 0 0 —K 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
1—oy1—ayo 0 0 3—2ay 1 —ay2—4cy 0 0 —y 0 0
—K 0 0 —2K 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
l—ay1—ay2 0 0 4-3ay1—2ay2—4cy O 0 —y 0 0
—K 0 0 -3k 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
l—ay1—ay2 0 0  S5—4day1—3ay2—4cy 0 0 —y 0 0
—K 0 0 —4K 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
l—ay1—ay2 0 0  6—-5ay1—4ays—4cy O 0 - 0 0
—K 0 0 —5K 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
l—ay1—ay2 0 0 7—6ay1—5ay2—4cy 0 0 —y 0 0
—K 0 0 —6K 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
l—ay1—ay2 0 0 8—Tay1—6aya—4cy 0 0 —y 0 0
—K 0 0 —TKk 0 0 0 0 0
0 0 0 4c 0 0 1 0 0
l—ay1—ay2 0 0  9-8ay1—Tays—4cy O 0 -y 0 0
—K 0 0 —8K 0 0 0 0 0
i 0 0 0 4c 0 0 1 0 0

which generally has rank 7 because of the presample observations.

When v = 0 and x = 0 simultaneously, this matrix becomes
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1 —Qy1 —0y2 0 0000O0 O
0 0 0 0 00000 O
0 0 0 4c 00100 1
l—ay1  —ayo 0 1 00000 0
0 0 0 0 00000 O
0 0 0 4c 00100 a
l—ay1—ay2 0 0 2 —ay 00000 0
0 0 0 0 00000 O
0 0 0 4c 00100 a2
1—Oéy,1—04y72 0 0 3—204%1—04%2 0000O0 O
0 0 0 0 00000 0
0 0 0 4c 00100 a?
l—ay1—ays 0 0 4-3ay,1—20y,2 00000 0
0 0 0 0 00000 O
0 0 0 4c 00100 af
l—ay1—ay2 0 0 5—4ay1—30,2 00000 0|’
0 0 0 0 00000 O
0 0 0 4c 00100 ad
l—ay1—ays 0 0 6—5ay1—4ay2 00000 0
0 0 0 0 00000 O
0 0 0 4c 00100 ab
IL—ay1—ay2 0 0 7—6a,1—5x200000 0
0 0 0 0 00000 O
0 0 0 4c¢ 00100 af
l—ayi—ay2 0 0 8—Tay1—6a,2 00000 0
0 0 0 0 00000 O
0 0 0 4c 00100 af
l—ay1—ay2 0 0 9—8ay1—Tay2 00000 0
0 0 0 0 00000 O
i 0 0 0 4c 00100 o]

which has rank 6 provided that o, # 1. Nevertheless, given that the basis of its nullspace is

DO DD OO OO OO
OO OO+ OO O oo
SO HrH OO OO o oo
O HrH OO OO oo oo

the only consequence of this rank failure is that we could not recover g_1, g_9, z2_1 and z_o
when we observed the values of all the measurement errors and shocks for £ > 1. In contrast, we
could recover y* ;, y*5, go and zp, and consequently all subsequent values of the state variables
thanks to the first-order Markovian nature of g; and z; and the second-order Markovian nature

of y;.
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B Estimating the augmented version of the HLW model

As we have seen in Appendix A, the different versions of the LW model can be cast in
state-space form, which allows the use of the standard Kalman filter to estimate its parameters
and filter its unobserved states. When estimating the model, though, LW encountered what is
known as a pile-up problem, whereby the maximum likelihood estimates of the variances of the
innovations to the nonstationary processes z; and g, are 0. This is a well-known problem in
models with unobserved components that reflects the fact that the sampling distribution of the
variance estimates has point mass at zero when 7' is not too large even though their true values
are positive (see Stock, 1994, and Laubach, 2001).

To avoid this problem, HLW17 and HLW23 employ the following sequential estimation
method. First, they extract a measure of potential output by estimating a simpler model which
assumes that the trend growth rate g; is constant and omits the real rate gap r,—; — r;_; from
equation (1). In this respect, they compute the real interest rate as the nominal interest rate
net of a four-quarter moving average of past inflation. They also compute Stock and Watson’s
(1998) median unbiased estimator of A\, = o4/0,+ by testing for a structural break with un-
known break date in equation (6). In a second step, they fix the estimated value of A4 from the
first step, and reintroduced the real interest rate gap in the output gap equation (1) under the
assumption that z; is constant. Again, they obtain Stock and Watson’s (1998) median unbiased
estimator of A, = vo,/0y by testing for a structural break with unknown break date on the
IS curve in equation (1). Strictly speaking, reparametrizing o, as a function of o5, A, and
~ creates a problem when v = 0, but this can always be avoided by reverting to the original
reparametrization or by fixing « to a very small constant. Their third and final step consists of
imposing the estimated values of A\; and A, from the first and second steps, respectively, and
estimating the remaining model parameters by Gaussian maximum likelihood. Next, we explain

how we have modified those three steps to deal with our proposed augmented model:

B.1 Stage 1

First, by omitting the interest rate gap from equation (1) and assuming that the trend

growth rate is constant, we estimate a simpler model that recovers a measure of potential
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output. Specifically, the state-space representation of this simpler model is

Yt —9g I —ay1 —ay2 0 git
m |=(0 -~ 0o oY
=g o 0o o 1)Y=
Tt
Yt—1—9
Yt—2— 9
ay1 ay2 0 0 ¢ —pay1 —days -1 &7
+ K 0 ar 1—a; 0 —¢k 0 Ti—2.4 + 17 |,
0 0 0 0 0 0 0 dy 0
di—
di—o
vt 100 0 Vi1 eV
Yia | _ (1 00 0 Yio |0
via| oo o] lus) o]
T 0 0 0 a Te—1 €y
2
Gon o (hoo
R;==x2[ 0 o2 0| and Q =
0 0 0 0O 0 0 O
0 0 0 o2

Like HLW17 and HLW23, we initialize the filter using values of potential output obtained
by applying the HP filter to log real GDP with smoothing parameter A = 36,000. Given that in
contrast to HLW17 and HLW23, the real interest rate gap 7 is a state variable in our augmented
model, we initialize it at 0. Finally, we initialize the covariance matrix of the state variables as
explained in footnote 6 of HLW17.

To help convergence of the estimation algorithm, we impose the following parameter con-
straints: (i) the slope 7 of the IS curve is negative (smaller than -0.0025); (i7) the slope & of the
Phillips curve is positive (larger than 0.025); (iii) the COVID-19 variance-scaling parameters
k2020, k2021 and Kapge are greater or equal to 1; and (iv) the autoregressive parameter of the
interest rate gap must be non explosive |a,.| < 1. Constraints (i) to (ii7) come from HLW23. In
addition, when we estimate the confidence bands, we also follow HLW23 in imposing that the
parameter draws of oy 1 and oy 2 add up to less than 1. Each draw is required to satisfy this
restriction, as well as the constraints (i) to (iv) above.

Equations (5) and (6) imply a local level model for the first difference of potential output,

Ayf = 9t71+€?,

gy = 9t—1+6§-

Consequently, given an estimate for potential output, we can use Stock and Watson’s (1998)
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median unbiased estimator of \; = o4/0,+, which is obtained by computing the exponential

Wald statistic of Andrews and Ploberger (1994), as in HLW17.

B.2 Stage 2

The second step consists of imposing the estimated value of A4 from the first step, followed by
the reintroduction of the real interest rate gap in the output gap equation under the assumption

that z; is a constant equal to zZ. The state-space representation of the model becomes

*

Y
Yi1
Yi I —ay1 —aye2 0 —2¢y —2¢y 0 Yi—a
| =10 —K 0 0 0 0 0 Gt
e 0 0 0 4¢ 0 0 1) | g
gt—2
Tt
Yt—1
Yt—2
Tt—1
a1l ayz V2 9/2 0 0 ag ¢ —dayn —dayz) | 7 el
+xk 0 0 0 a l—-ar 0 0 —¢x 0 Wt_1+€f
0O 0 0 0 0 0 0 0 0 0 tf"* 0
dy
di—1
di—2
yr 100100 0\ [y, =4
T 100000 O v, 0
v, 010000 0|y, 0
@ |=]1000100 0 g |+,
gt—1 0001 0O0 O GJt—2 0
Gt—2 000010 O gt—3 0
7y 000000 a/ \F er
oz 00 0 00 0
0 00 0 00 0
o2 0 0 0 0 0 0 00 0
Ri=r;|0 02 0fandQ=|[ 0 0 0 (M\goy)> 0 0 0
0 0 0 0 0 0 0 00 0
0 00 0 00 0
0 00 0 0 0 o2
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Equations (1), (5), and (8) form a local level model given by

Ti—1 + T2

5 —4dygr1 =21+ 6%7,

Ut — 0y 1Yt—1 — Qyoli—2 + 7Y

2t =21+ €5

Once again, we use Stock and Watson’s (1998) median unbiased estimator of A\, = 'yaza;l by
testing for a structural break with unknown break date using the exponential Wald statistics of
Andrews and Ploberger (1994). When v = 0, one can set v to a small number, or use equation

(14) instead of equation (1) to form the alternative local level model:

- 7
T —4cgy — ot = 2 + &y,

z
Zt = 241 + €%,

in which case \, = 0, /0.

As in the first stage, we apply the HP filter to log real GDP with A = 36,000 and take the
values of the trend component thus generated as the initial measure potential output, so that
its first difference proxies g. We also initialize the real interest rate gap 7 to 0 at period 0, and
the covariance matrix of the state variables as explained in footnote 6 of HLW17. Finally, we

impose the same parameter restrictions as in stage 1.

B.3 Stage 3

The third and final step consists of estimating the full model specified by equations (A3)
and (A4) by maximum likelihood but keeping fixed the values of A\; and A, estimated in the
first and second steps, respectively.

All the remaining details are as in the previous two stages.

C Log-likelihood comparisons

A key challenge in comparing the log-likelihoods of the original and augmented HLW models
is the fact that the baseline model maximizes the likelihood of output and inflation, whereas
the augmented model maximizes the likelihood of output, inflation and the real interest rate.
To compare the fit the two models provide, we focus only on the joint likelihood of output
and inflation, which we can obtain by exploiting the properties of the multivariate normal
distribution.

Specifically, let yy = (v, 7¢), y¢ = (ye, 7, 7¢)’, and

/
Wi = (Yp—1, Yt—2, Tt—1, T4—2, Tp—1, T¢—2,4, dp, dp—1, d¢—2)
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In the baseline model, the prediction equations of the Kalman filter imply that
yie|wi, wi1,... ~ N(Cxyp—1 + Dwy, CPt‘t_lcl +R),

whence we can easily calculate the sample log-likelihood function by using the prediction error
decomposition.

On the other hand, in the augmented model we have that
Vi W, W1, ..~ N(Cax?hff1 + D%y, CaPﬁFlC“’ +R%).

Define the marginalization matrix

100
M_(o 1 o)'

The joint normality of y¢|wy, w;_1,... implies that the distribution of y;|w¢, wy_1,... is also

(conditionally) normal. Specifically,
yt|Wt, Wi 1,...7 N(MCaxat_l + MD“wt, MCaPat_lca/M, + MR“M/)‘

In practice, the matrix M simply selects the relevant rows and columns of the conditional

mean vector and covariance matrix of the distribution of y{|w;, w;_1, ...

D Confidence bands for the state vector

Our approach closely follows Hamilton (1986). Consider the estimation of an unobserved
state vector x; when the true value of the parameter vector 8 is unknown, given the observed
data available up to time 7', z7 say, which includes both the endogeneous variables yr and the
predetermined ones wr. We take a Bayesian perspective and consider that the parameter vector
is a random variable with distribution @ ~ N (6, ¥(). We seek to evaluate the variance of the

unobserved state vector
E {[x: — %¢(z7)] [x¢ — Xe(27)] |27}

which can be additively decomposed as

E{[xt — %¢(z0)] [xt — Xe(z0)] |20} = Egpy {[xt — Xe(21,0)] [x¢ — %4(27,0)] |21} +

+  Egjzy {[Re(21,0) — %i(27)] [Xe (27, 0) — R4(27)] |27}

The first term in the right-hand side represents filter uncertainty, while the second term rep-

resents parameter uncertainty. To compute the filter uncertainty, generate B draws of the

-

parameter vector from a N[@(zr), 2(z7)] distribution, where 8(z7) is the MLE of 6 and 3(z7)
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is its associated asymptotic variance-covariance matrix. For each such draw, 6;, we calculate
the sequences {X;(zr, 0;)} and {lst(zT, 01)} by means of either the filter or smoother equations

of the Kalman filter. Next, we average the Pt(zT, 0;) across draws for each t, namely

B

1 N

E E Pt(zT,Oi), (D5)
=1

which yields a Monte Carlo estimate of the contribution of the filter uncertainty. Then, we

calculate the variance of %X;(zp, ;) across draws for the same ¢ as

B
=5 (o, 00) — ()] Ko7, 6) — ()] (D6)
=1

which yields an estimate of the parameter uncertainty. Finally, we compute the estimated total

variance by adding up (D5) and (D6).
D.1 Differences with HLW23

These are the main differences with the manner in which HLW23 compute their confidence

bands for the state variables:

1. We provide confidence bands for the filtered values of z;, which are more appropriate for

real time analysis, rather than the smoothed estimates.

2. We take into account the fact that the parameter c is freely estimated when computing
the filter uncertainty of 7. Specifically, let lstB be the MSE of the forecast of the state

variables averaged across the random draws:
1 B

py = B let(ZTa 0;)
1=

Given that in the R code posted on the NY Fed webpage r; = 4cg; + 2 even though

HLW23 exclude the 4 in the paper, we compute the contribution of filter uncertainty as:

B

1 . . R

5 > 16¢7Py(zr,0:)lg, 9] + Pi(zr, 0:)[z, 2] + 8ciPu(zr, 0,)]g, 2]
=1

where ¢; denotes the i draw of the parameter ¢ and Py(z7, 0;)[g, g], Pi(z1, ;)[z, 2] and

Pi(z1,0;)[g, 2] the relevant elements of the estimated matrix of MSEs.

In contrast, they use:

B
1 . .
5 D 16Py (27, 0:)g, g] + Pi(zr, 0:)[2. 2],
i=1
which implicitly assumes ¢; = 1 for all 3.
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E Observability

E.1 Definition

Consider the general state space form in Harvey (1989) for y;, an n-variate time series

observed at date t,

Yt = CXt + DWt + wg, ug ~ N (07 R) ) (E7)

Xy = Axy_1 + vy, vi~N (Oa Q) > (ES)

where x; is an s X 1 vector of unobserved states, w; a p x 1 vector of (observed) exogenous or
predetermined variables; C, D, and A matrices of parameters of dimension n X s, n X p, and
s X s, respectively; u; an n X 1 vector of zero-mean serially uncorrelated measurement errors with
covariance matrix R; and finally v; an sx1 vector of zero-mean serially uncorrelated disturbances
with covariance matrix Q, uncorrelated to u; at all leads and lags. This representation is slightly
different from the one in (9) and (10) in the timing of the state variables in the measurement
equation, but it is more appropriate for the discussion of the observability of the HLW and
augmented models, whose measurement equations are (A1) and (A3), respectively.

In section 3, we stated that the linear system (E7)-(E8) will be observable if and only if the

following condition holds
C

CA
rank | CA? | = (E9)

CAs
In what follows, we will provide an intuitive justification for this necessary and sufficient
condition. A crucial insight behind the idea of observability in Kalman (1960) is that the
problem of determining the path of the state vector x; for ¢ > 1 can be simplified to the problem
of finding the initial condition x¢. Once we know this condition, we can recover the subsequent
path of the state variables by exploiting the recursions of the transition equation in (E8) and
our knowledge of the disturbances v;.
Given that the s-dimensional vector xg contains s unknown components, one would expect

that s observations are sufficient to determine xg. Take ¢t = 0,1,...,s — 1 and generate the

following sequence:
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yo = Cxo+ Dwyg + uy,

y1 = Cx;+ Dw;+u; = CAxg+ Cv; +Dw; + uy,
y2 = Cx9+4+ Dwy+us = CA2X0 + CAvy + Cve + Dwy + uo,
s—1 .
ys-1 = Cxs1+Dws 1 +us 1= CAS_IXO + Z CAS_I_jVj +Dw,_1 +us-1,
j=1

which can be compactly written as

C Yo Vo Wo U
CA Y1 Vi w1 ug
2
CA xo=| Y2 |+T| V2 [+A]| W2 | 4+ | w (E10)
L CAs! | | Ys—1 | L Vs—1 | L Ws—1 | | Us—1 |

where T' and A are s x s and s X ps matrices, respectively, which depend on C, A and D.
Interestingly, the rows of the matrix that multiplies x¢ contain the impulse-response coefficients
that measure the impact of the shocks to the state variables v; on the observed ones y;; for
7 =0,...,s—1. Given perfect knowledge of the realizations of the observables and disturbances
that enter in the right-hand-side of (E10), the system contains s linear equations in the s
unknowns in xg. Therefore, the solution to this system will be unique if and only if the matrix
which premultiplies xg, known as the observability matriz, has rank equal to the number of

unknowns, s. If we denote such a matrix by O, then the system (E10) can be written as
Oxyg =W
If rank(O) = s, then the matrix O’O is invertible, and the unique solution to the system will be
x) = (0'0) ' O'®.

Thus, we can recover the unique path for the state vector, x; given the transition equation in
(E8) and perfect knowledge of the disturbances v;. In contrast, if rank(O) < s, then the matrix
O’0 is not invertible, and there are infinite solutions for xo that satisfy (E10). As a result, we
cannot recover a unique path for the state vector, and the model is said to be unobservable.
Finally, it is worth mentioning that the observability matrix is constructed using powers of
A only up to A*~!. This is justified by the Cayley-Hamilton theorem, which implies that At/
for 5 > 0 will be a linear combination of A through A*~!. Consequently, augmenting O in (11)

with further powers of A cannot increase its rank.
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E.2 Additional examples

For pedagogical reasons, next we consider the observability properties of some simple state

space models that are popular in macroeconomics.

E.2.1 Local Level Model

Consider a local level model as in Watson (1986), according to which a univariate observed

process, ¥, is the sum of a permanent component, y;, and a transitory component ¥,

e = Yi + U
vi = yia+el, e ~N(0,0,.),
:gt = Ol?jt—l + gtga gtg ~ N(07 U%)v

where we allow for a serially correlated transitory component with correlation coefficient that
satisfies |a| < 1. We can think of y; as of the output level, with y; being its potential level, and

7+ the output gap. We can then cast the model is state space form as

o= [1 1][3{:},

—— | Yt
C
(' _ Lo Yio + el
5ol = : 7
Yt 0 o Ut—1 e
—_———
A

Thus, the observability matrix of this system with two state variables is

C 11
O_[CA]_[l oz]'

The model is observable if the observability matrix has full rank, which always happens given
that |a| < 1. In contrast, if & = 1, then the observability matrix is rank deficient and the model
is not observable. Intuitively, the observed process y; is the sum of two nonstationary processes
that cannot be separately told apart.

Notice that we could have also written the model according to the following alternative state

space representation,

y = (I—a)y; g +ay1+ 5? + 5%*,

* * y*
Y = Y1 T &,

where the state vector includes y;_;only. In this case, the observability matrix boils down to a

scalar equal to 1 — a. As before, the model is observable as long as |«| < 1. This confirms that
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the specific choice of the state space representation does not affect the observability properties

of the original model.

E.2.2 Local Linear Trend Model

Now consider a local linear trend model,

ye = Y+

vio= Y tgtel, el ~ N(0, 03*)a
9 = g1 +¢f, el ~ N(0,02),

U = afi_1+ 5?, 5? ~ N(0, 0%),

where we restrict the transitory component to be stationary by imposing |a| < 1. This model
implies that the process for y; is integrated of order two because potential output depends on

trend growth, ¢g;, which in turn follows a random walk. We can write the model in state-space

form as
vr
vy = [1 0 1] & |,
S————— ~
C Yt
yi 110 Yi el
gt = 010 gi—1 | + 62
Yt 00 a Y1 el
————
A

Thus, the observability matrix of this system with three state variables is

C 10 1
0= CA =111 «
CAZ 1 2 o

As before, the model meets the observability condition rank(O) = 3 if and only if |a| < 1.
Again, in the special case that a = 1, it is easy to see that the first and third columns of
the O matrix, which are associated to the y; and y; processes, will be equal. Therefore, the
observability matrix will be rank deficient and the model is not observable because it is not

possible to separately identify potential output from the output gap.

E.2.3 Local Linear Trend Model with a Supply Equation

Consider the following local linear trend model for output augmented with a supply equation

that relates inflation, 7y, to past realizations of the output gap as follows:
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vy = i + U,

vi = yiitga+el, & ~N(OoL),
9 = g1 +ef, ef ~ N(0, 03)7

Ut = afi—1+ 8?, 8? ~ N (0, a%),

T = Ky-1t+Eq, ef ~ N(0,0%),

where we assume once again that |o| < 1. This model is similar to the HLW model, with the
only difference that in the latter the output gap also depends on the interest rate gap. It is also
similar in spirit to Kuttner (1994), which employs a local level model for output augmented by

a supply equation. We can write the model in state space form as

Ut 1 0 « v el
= gt + i— )
T 0 0 -k - €}
—— e | Yt—1
C
i 110 Yi1 &f
gt = 010 gi—1 | + §‘f
Yi-1 00 a Yt—2 el
A

Thus, the observability matrix of this system with three state variables is

1 0 o
0 0 —K
o— CCA 11 a?
N CA2 100 —ak
1 2 o
| 0 0 —a?k |

Let us consider two cases. First, suppose that k = 0, so that the model boils down to the

standard local linear trend model. In this case, the observability matrix has full rank because
la] < 1, as previously shown. Second, consider now the special case o = 1, so that the output
gap, 4, is nonstationary. We can still uniquely determine the state vector as long as x # 0.
Intuitively, inflation provides valuable information for the output gap because past realizations
of this variable have an effect on current inflation.

Finally, it is worth emphasizing that the observability conclusions do not change if we cast
the model in a different state space representation. In particular, given the identity that defines

the output gap, once we know potential output we also know the output gap.
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