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Abstract

In nonlinear panel data models, the incidental parameter problem remains a chal-
lenge to econometricians. Available solutions are often based on ingenious, model-
specific methods. In this paper, we propose a systematic approach to construct mo-
ment restrictions on common parameters that are free from the individual fixed effects.
This is done by an orthogonal projection that differences out the unknown distribu-
tion function of individual effects. Our method applies generally in likelihood models
with continuous dependent variables where a condition of non-surjectivity holds. The
resulting method-of-moments estimators are root-N consistent (for fixed T') and asymp-
totically normal, under regularity conditions that we spell out. Several examples and
a small-scale simulation exercise complete the paper.
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1 Introduction

A large amount of empirical work has demonstrated the usefulness of panel data to control
for unobserved individual heterogeneity. In applications, a common approach is to specify
a model that contains a finite-dimensional vector of parameters that are common across
individuals, and one or various unit-specific parameters (“fixed effects”) that may reflect
heterogeneity in ability, preferences, or technology.

Since the important paper by Neyman and Scott (1948), it is known that a maximum
likelihood approach that treats the individual fixed effects as parameters to be estimated
may provide inconsistent estimates of common parameters. This “incidental parameter”
problem arises because the number of fixed effects grows with the sample size, violating a
condition for consistency of maximum likelihood.

For several decades, econometricians and statisticians have proposed various solutions to
the incidental parameter problem (see Lancaster, 2000). In the spirit of linear models, where
differencing out the individual effects yields moment restrictions on common parameters
alone, ingenious methods have been proposed to difference out the fixed effects in various
nonlinear panel data models. A celebrated example is the conditional maximum likelihood
approach of Rasch (1961) and Andersen (1970) in the static logit model.!

In a likelihood context, one reaction to the problem is to try to isolate a component in
the likelihood that does not depend on the individual effects. This can be done when the
likelihood factors, as in the Poisson counts model with reparameterized effects. In general,
however, exact separation is not possible. Cox and Reid (1987) proposed an approximate
separation procedure, a Bayesian variant of which was applied to panel data models by
Lancaster (2002). Estimators based on this idea are first-order unbiased as T' increases,
although they are not fixed-7T" consistent in general.?

Another reaction to the incidental parameter problem is to impose some structure on
the distribution of unobserved heterogeneity, thereby following a (correlated) random-effects
approach (e.g., Chamberlain, 1984). Parametric specifications are popular in applied work.

More general semiparametric approaches based on sieve and penalized sieve estimators are

'Honoré and Kyriazidou (2000) provide a dynamic generalization of this insight. Other nonlinear models
where a modified differencing approach has been applied are censored regression models with fixed effects
(Honoré, 1992, 1993, Hu, 2002), sample selection models (Kyriazidou, 1997, 2001), multiple-spell duration
models (Chamberlain, 1985, Horowitz and Lee, 2004), and linear models with variance dynamics (Meghir
and Windmeijer, 2000).

2See Arellano and Hahn (2006) for a survey of the bias correction literature in panel data.



now available.® In panel data applications, however, the presence of conditioning regressors
and initial conditions may complicate the practical implementation of sieve-based methods.

In this paper, we propose a systematic approach to difference out the individual effects
and provide restrictions on common parameters alone. We adopt a likelihood setup where T’
is fixed and, following a “fixed-effects” perspective, the conditional distribution of individual
effects given exogenous regressors and initial conditions is left unrestricted.

For a given value of common parameters, the panel data model maps the unknown distri-
bution function of individual effects to the distribution function of the data. The main idea is
to search for functions that belong to the orthogonal complement of the range (or image) of
that mapping. By construction, such functions have zero expectation, and provide moment
restrictions on common parameters. Our approach thus transforms the difficult problem
of removing the “incidental” individual effects into a well-defined mathematical problem:
constructing functions that belong to the orthogonal complement of a set of functions.

To illustrate the idea, we consider three examples where ingenious ways of differencing
out the individual effects have been proposed: the random coefficients model of Chamberlain
(1992), the censored regression model of Honoré (1992), and the static logit model. In all
three examples, our systematic search for functions that are orthogonal to the range of the
model mapping delivers the proposed methods as special cases.

Moreover, as our approach is general, it may be applied to models where differencing
strategies are not yet known. A simple example is a censored random coefficients model, for
which we derive new analytical moment restrictions on the parameters. Another possible
application is a model of a nested CES production function with heterogeneous elasticity of
substitution between inputs (e.g., Duffy et al., 2004). In this nonlinear regression model,
our approach allows to numerically construct moment restrictions on structural technology
parameters. More generally, our approach is well-suited to deal with continuous outcomes
models with unobserved heterogeneity, potential applications including structural models of
firm investment (Cooper and Haltiwanger, 2006), or multiple-spell duration models in the
absence of proportionality (Van den Berg, 2001).

In analogy with standard differencing methods, moment functions may be constructed us-
ing an orthogonal projection. To describe our approach, we start with the special case where

the distributions of the data and the unobserved heterogeneity have known finite supports.

3See Chen (2007) for a survey of sieve methods in econometrics, and Hu and Schennach (2008) and Bester
and Hansen (2007) for applications to latent variables models.



This case is useful for expositional purposes, as its treatment requires only elementary linear
algebra. Indeed, the range of the model is just the finite-dimensional vector space spanned
by the columns of a (parameter-dependent) matrix of conditional probabilities. Elements
that belong to the orthogonal complement of the range can then be constructed using a
“within” projection matrix. In effect, this projection differences out the unknown vector of
probabilities of individual effects. We refer to this procedure as functional differencing.

The moment restrictions obtained in this way may be uninformative about the parameter
of interest, however. In particular, this will happen when the range of the model spans the
whole space. A condition of non-surjectivity is thus necessary for our approach to yield useful
restrictions. In the finite support case, a sufficient condition for non-surjectivity is that the
support of the outcomes be richer than that of the individual effects. As an example, non-
surjectivity generally fails in binary choice models, the static logit model being an important
exception.

When all variables in the model (including covariates) have known finite support, the
model is parametric. We show that the moment restrictions based on functional differencing
achieve the Cramer-Rao bound. This result is interesting, given that our projection-based
approach makes no use of the fact that the probabilities of individual effects belong to the
unit simplex.*

When supports are infinite, the matrix of conditional probabilities becomes a linear inte-
gral operator. Building on the recent econometric literature on inverse problems (Carrasco,
Florens and Renault, 2008, Carrasco and Florens, 2009), we endow the spaces of functions
with scalar products and make them Hilbert spaces. This construction allows us to define
a “within” projection operator that projects functions of the dependent variables onto the
orthogonal complement of the range of the model operator. Evaluated at the distribution
function of the data, this projection yields a set of restrictions on common parameters alone.
Although the within projection operator is generally not available in closed form, it can be
approximated using a simple discretization strategy.

As in the finite support case, the functional differencing restrictions can be equivalently

written as a system of moment restrictions, conditional on regressors. This means that

4In models with zero information bound, however, the restrictions from functional differencing may be
completely uninformative. As an important special case, recent work has studied models where the parameter
of interest is partially identified. See Honoré and Tamer (2006), who compute the identified sets for the
autoregressive parameter in a dynamic probit model, and Chernozhukov et al. (2009), who estimate bounds
on marginal effects in binary choice.



a nonparametric estimate of the outcome distribution function is not needed to estimate
common parameters. In infinite dimensions, one difficulty is that general sufficient conditions
for non-surjectivity are no longer easy to find. We show that 7" being strictly greater than
the dimension of the vector of individual effects is sufficient for non-surjectivity to hold in
random coefficients models and censored regression models with normal errors. In nonlinear
regression models with independent additive errors, in contrast, non-surjectivity requires
further restrictions on the range of the regression function.

We estimate common parameters using generalized method-of-moments (GMM), based
on a finite number of unconditional moment restrictions obtained from functional differenc-
ing. In practice, the choice of moment functions is important. One possibility is to combine
a large number of restrictions, generated using a dictionary of functions. Another possibility
is based on the insight that, as in the finite support case, there exists a finite subset of
unconditional moment restrictions that achieves the information bound of the panel data
model. This is because, given a suitable choice for the Hilbert space topology, the efficient
score of the model may be interpreted as resulting from a particular functional differencing
projection. Although efficient estimation of common parameters seems difficult in general,
this result can be used as a guide to select moment restrictions in practice.

To study the asymptotic properties of the GMM estimator of common parameters, we
impose regularity conditions that ensure that the model operator is compact. This convenient
assumption allows us to work with the singular value decomposition of the projection oper-
ator. Under identification and regularity conditions that we provide, the GMM estimator is
root-IN consistent and asymptotically normal. Thus, in our approach, common parameters
are estimated at a parametric rate in nonlinear models where the conditional distribution of
individual effects is left unrestricted. Note, however, that root-N consistent estimation of
common parameters does not imply root-/N consistent estimation of average marginal effects.
Estimation of the latter is addressed in a companion paper (Bonhomme, 2011).

The rest of the paper is as follows. In Section 2, we describe the model and our general
approach. In Section 3, we present the differencing approach in the case where the data and
individual effects have known finite supports. The finite support assumption is relaxed in
Section 4. Asymptotic properties are studied in Section 5. Section 6 presents a small-scale

numerical illustration. Lastly, Section 7 concludes.



2 Incidental parameters

In this section, we present the model and outline our approach in a few examples.

2.1 Likelihood models with fixed effects

Let (yi, x},)', i =1,..., N and t = 1,...,T be the set of observations of an endogenous variable
yir and a vector of strictly exogenous variables x;. Let also a; denote a vector of individual-
specific unobserved effects. We assume that y; = (yi1, ..., Yir), ;i = (2}, ..., ip), and «; are
jointly i.i.d. across individuals. The population contains an infinite number of individual
units (large N), observed in a finite number of time periods (fixed T').

The distribution function of y; conditioned on z; and «; is given by fyz.a (+|2i, ai;6o),
where fy1zq(¢]-,-;0) is a known function given # € ©. The conditional distribution of a; given
z; is denoted as f,|,. In addition, we let A be a set that contains the support of fu, (-|2)

for all values of x. The population distribution function of y; given x; = x is thus given by:

fy\ac (y|.1', 607 fa|:p) = Afy|x,a<y’$a Qg eo)fa\:p (Oé|x) dov. (1)

The model that we consider is semiparametric, because the distribution of the individual
effects is not restricted. In particular, we do not restrict the dependence between «; and x;,
thus following a “fixed-effects” approach.> Conditional on the effects, however, the model is

fully parametric. In addition, the model may incorporate dynamics such as:

T
fy|z,a(y|$a Q; 90) = H fyt|y(t*1)7x,a(yt’y(t_l), T, Qg 90),
t=1

where y = (y;, 91, ...), in which case x will contain strictly exogenous regressors and
initial conditions. When y; is a vector of random variables (e.g., outcome and state variables
in a dynamic economic model), this representation allows for general predeterminedness
and feed-back effects, as long as the researcher is willing to specify the feed-back process
parametrically.

Since Neyman and Scott (1948), it is known that the maximum likelihood estimator of
B is generally inconsistent for fixed 7. Our aim is to provide restrictions on 6, that are free
from the “incidental parameters” aq, ..., ay, thus leading to fixed-T consistent estimators

of common parameters. Our approach is general, and covers all semiparametric likelihood

5In common with much of the econometric literature, here we denote as “fixed-effects” an approach which
assumes that individual effects and regressors are random draws from an unrestricted distribution.



models of the form (1). To facilitate exposition, we will illustrate how the approach works

in various panel data models where standard maximum likelihood fails.

Example 1A: Chamberlain’s random coefficients model. As a first illustrative

example, let us consider the model:
Yi = a(z;,00) + B (24,60) o; + vy, (2)

where a (T x 1) and B (T x dim «) are known given x and #. Chamberlain (1992) considers
a version of (2) where errors are mean independent of regressors and effects. He proposes
a quasi-differencing strategy that removes the fixed effects «;, and provides restrictions on
common parameters alone.5

In addition, here we assume that errors are normally distributed:

vilz;, 0 ~ N[0, 2 (24, 00)], (3)

where ¥ (-, ) is known. This framework includes as special cases linear models with individual
specific intercepts, models with interactive fixed effects, and dynamic autoregressive models.

In this model, the conditional density of the data is given by:
T 1 1 _
Jylza Y|z, 050) = (27) "2 |E] 2 exp —§(y—a—Ba)lE “(y —a— Ba)|, (4)

where we have suppressed the reference to (z,6) for conciseness.

Example 1B: censored random coefficients model. As a variation of the first
example, let latent outcomes y; follow the normal random coefficients model (2)-(3), with
yr in place of y;. The difference with Example 1A is that y; = max (y};, ¢;) is observed,
where we assume that the censoring thresholds ¢y, ...,cr are known to the researcher. In
particular, note that (4) still holds in the censored model, for every y such that y; > ¢ for
all t € {1,...,T}.

In the model with a single heterogeneous intercept: y; = max (x},5, + a; + v, ),
Honoré (1992) has derived restrictions on f, under the assumption that errors are i.i.d.

(though not necessarily normally distributed). To our knowledge, no solution has been

proposed to deal with censored models with general random coefficients.”

6Moreover, Chamberlain (1992) points out that joint estimation of 6y and aq,...,ay will result in an
inconsistent estimator for 6y when B (z,0) depends on 6. This emphasizes the presence of an incidental
parameter problem in this model.

"Note that the random coefficients framework covers as a special case censored regression models with
lagged (latent) dependent variables as considered in Hu (2002).



Example 2: Static binary choice model. Our second example is a static panel data
model with a binary dependent variable, where y;; € {0,1} and y; are independent given
individual effects and regressors for all ¢t # s. Let Fy (x4, ;,0) = Pr(yy = 1|y, a450). In
this case, fyz.a(-|7,@;0) is a conditional probability mass function that satisfies:

T
fy\x,a (y|$7 Qg 0) = HE ("L‘7 «, e)yt (1 - Ft (l’, Q, 9))1*% :

t=1

When errors are logistic, the conditional maximum likelihood estimator based on the
sufficient statistic y;1 + ;o (for T = 2) is root-N consistent for 6y (Andersen, 1970). However,
when errors are not logistic the semiparametric information bound for 6 is zero and there
exists no root-N consistent estimator, although 6y may still be point-identified (Chamberlain,

2010).8

Example 3: Nonlinear regression. Our third example is a nonlinear regression model

with individual-specific effects:
yi = m (1, ay,60) + v;, (5)

where m (-, -,-) is a known 7" x 1 function. In addition, v; are assumed normal given by (3).

Nonlinear specifications of this form arise in production functions applications. An exam-
ple could be the following heterogeneous constant elasticity of substitution (CES) production
function:

log yir = Alog i + (1 — \) log [yhy! + (1 — ) k;’ti]l/ai +n, + vit, (6)
which allows for different degrees of complementarity between low-skill labor (¢;;), high-skill
labor (h;), and capital equipment (k;). In this case, 6 includes the structural parameters
(A, ) as well as the variance of vy, and oy = (1;, 7).

In model (5) the conditional density of y; given (x;, ;) is:

e (9l,0:6) = (20 F S exp |5 (y—m(@) S g -m(a)|, (7

where we have suppressed the dependence on (z, 8). Due to the nonlinearity, it does not seem
possible to difference out «; in a straightforward way. Our approach will allow to construct

moment restrictions on #y that do not depend on the individual-specific effects.

8Estimators that converge at a less-than-parametric rate have been proposed by Manski (1987) and more
recently Hoderlein and White (2009).



2.2 Moment restrictions

The methods used to solve the incidental parameter problem in Examples 1 and 2 are a priori
not obvious, and require the researcher to show considerable ingenuity. Moreover, once a
solution has been discovered in one specific model, it is not always clear how to generalize
the approach to even closely related models. The comparison between static logit and static
probit models illustrates this difficulty.

To present our approach, it is convenient to introduce the following linear mapping which,

for given values of § and x, maps any function g(«) to the function [Lg.g] (y) given by:

(Lo.g) () = /A fytealyl, o 0)g (a) da. 8)

The linear integral operator Ly, represents the parametric part of the panel data model. It
is a central object in this paper.? In particular, as (1) can be written as: Lo, 4 fajs = fyjz» the
operator Ly, , may be understood as mapping the distribution function of individual effects
to that of the data. We defer the precise mathematical definition and properties of Ly, until
Section 4.

Suppose now that we have found a function ¢ (-, x, ) such that, for every function g(«a):

/y o (5.,0) [Loag] (y)dy = 0, (9)

where the integral is taken over the support of the data. Equation (9) means that ¢ is
orthogonal (with respect to the L? scalar product) to the range— or image— of the operator

Ly . It then follows that:

E[@(ymiﬁo)‘xizw} = /yso(y,wﬂo)fyx(ylaf)dy
- /y 0 (5,2,00) [Loo fote] (9)dy = 0. (10)

As the conditional moment restrictions (10) do not involve the individual effects, this
discussion suggests that one can difference out the “incidental” individual effects provided
we solve the well-defined mathematical problem of finding some functions ¢ that satisfy
(9). When the solutions to this problem are not available in closed form, the functional

differencing approach will compute them numerically using projection methods. The next

9We follow the notation in Carrasco, Florens and Renault (2008), who provide an excellent overview of
linear operators and their applications to econometrics.



section presents our approach to solve this mathematical problem, starting with the finite
support case.
In the rest of this section, we illustrate this idea in our examples. Additional details may

be found in the supplementary appendix to this paper.'®

Example 1A (cont.) We introduce some notation. Denoting as [E_éB]T the Moore-
Penrose generalized inverse of the matrix Y2 B we define Q= Y :B [EéB]T, and W =
I — @, where I is the T' x T identity matrix. Note that () and W are orthogonal projectors,
and that WX 2B = 0. It follows from standard arguments that every function in the range
of Ly, can be written as:

Loas] ) = 1 (@550 exp |5 (-0 s =) (1)

for some function h : R — R. As an example, in the special case where T' = 2, B is a vector
of ones, and ¥ = 025, h <QE_%y> is a function of the individual mean 7 = (y; + y2)/2. If
rank (@) < T, the range of Ly, is thus strictly included in the space of T-variate functions.

In particular, if we find a function ¢ such that, for any function h:

/RT e (y)h <QZ*%y> exp [—% (y—a) S EWS"3 (y —a)| dy = 0, (12)

then ¢ will satisfy (9). Finding moment restrictions on #y thus amounts to solving the
mathematical problem of constructing such a function .

As @@ and W are orthogonal to each other, it is easy to see that if we define ¢ (y) =
Y WEs (y — a) then ¢ is orthogonal to all functions in the range of Ly ,. This implies:

E [2—%WE‘% (i — a) x] —0. (13)

Restrictions (13) remain valid when errors are non-normal, provided E (v;|x;, ;) = 0. Un-
der this assumption, Chamberlain (1992) shows that basing the estimation of 6y on the
generalized within-group conditional moment restrictions (13) achieves the semiparametric
information bound, using a suitable sample counterpart for the matrix 3.1

Example 1B (cont.) Similarly, in the censored regression model, any function in the

range of Ly, satisfies (11), for some function h and for all y such that y; > ¢; for all ¢. For

10 Available at: http://www.cemfi.es/~bonhomme/
1Note that in the version of model (2) that imposes normality our approach yields additional moment
restrictions. See the supplementary appendix for a detailed discussion.



example, in the special case: y;; = max (z},8, + a; + vy, 0), T = 2, with vy i.i.d. N(0,03),
then any element in the range of Ly, satisfies, for y; > 0,92 > 0O:

1
402

[Long) (y) = h(7,x)exp |——; (Ay — Ad'B)*|, (14)

where § = (y1 + 42)/2, Ay = yo — y1, Az = 25 — 21, and where 0 = (3, 0?).
So, every function ¢ orthogonal to the functions given by (14), and with support strictly
included in the positive orthant, will provide moment conditions on 6y. Consider for example

a rectangle included in the positive orthant:

{(91,92)7 (Y, Ay) € [a, 0] x [c, d]} - {(yl,y2)> y1>0,y2 > 0},

and the following function supported on that rectangle:

Py, y2) = 2 (Ay) 1{7 € [0, 0]} 1{Ay € [¢,d]}.

It is easy to see that ¢ will satisfy (9) if:

/cd @y (V) exp {—r; (v—A2'B)?| dv = 0. (15)

In particular, (15) will be satisfied for ¢, (v) = sign (v — Az/f) and ¢, (v) = v — A2'S
for example, provided ¢ and d are taken symmetric around Axz’5. Taking the union of all
such rectangles in the positive orthant, we obtain restrictions on J, that were first derived
in Honoré (1992).'2 Those restrictions remain valid in the absence of normality, provided
(vi1, v42) are i.i.d. When assuming normality, our approach suggests additional restrictions
which can be obtained by constructing other functions ¢, such that (15) holds. This strategy
will also deliver restrictions on o2.'3 In the supplementary appendix, we show that a similar
approach can be used to derive restrictions on #; in the general random coefficients models
with censoring.

In Examples 1A and 1B, the range of Ly, is a strict subset of the space of T-variate

functions, provided rank (Q)) < T, hence in particular when 7" > dim «. This condition,

which we refer to as non-surjectivity, ensures that the set of non-zero functions that are

12Tn the censored regression model, Honoré’s restrictions are slightly different. This is because he uses
observations that are partly censored: (y; = 0,y2 > 0) and (y; > 0,y2 = 0), while in the present discussion
we focus only on fully uncensored observations.

13As an example, it can be shown that, when ¢ and d are taken symmetric around Az’S3, o, (v) =
(v — Ax'B)? — 202 satisfies (15).

10



orthogonal to the range of Ly, is not empty. This paper proposes a systematic way to

construct functions in this set, thus providing moment restrictions on common parameters.

Example 2 (cont.) In static binary choice panel data models, our approach consists in

finding a 27 x 1 vector {¢(y, z,0),y € {0,1}7} such that, almost surely:

> oy, x,0)Pr(y; = ylz, a;0) = 0, (16)

ye{0,1}7

that is, denoting F;, = F} (z, «r,0) for conciseness:

Z o(y,z,0) HFyt )= (17)

ye{0,1}T

It can be shown that finding a non-zero {¢(y, z, 6)} that satisfies (16) is equivalent to all
T products of distinct F’s being linearly dependent: Ff* x ... x Fi7, (ky, ..., kp) € {0,1}7.
F; being a nonlinear function of individual effects, finding such a ¢ is often impossible. The
reason is that the range of the mapping Ly, is likely to span the whole space of vectors
in {0,1}7. An example is the static probit model, where F; = ® (2,0 + o;), with @ the
standard normal cdf. This situation contrasts with Examples 1A and 1B, where a condition
of non-surjectivity was guaranteed when 7' > dim a.
In contrast, when errors are logistic the situation is very different. In this case, F; =
A (2,0 + ), where A(u) = e/ (1 + ¢*) is the standard logistic cdf. We show in the supple-
mentary appendix that (17) is equivalent to:

Z {Zyt—S} (y,z,0)e vyl =0, forallse{0,1,..,T}. (18)

ye{0,1}T

This system of equations has non-trivial solutions as soon as T" > 2. For example, if

T =2, (18) implies that: ¢, = ¢, = 0, and:
10”1 + g7’ = 0, (19)

where with some abuse of notation we have denoted: ¢, ., = ©((y1,%2)",2,0). This yields

the following conditional moment restriction on 6y:

B (el e %0y [1 = yio] = [1 =y yia| ) = 0, (20)
which point-identifies 6y provided x;2 — x;; is not identically zero.

11



Interestingly, Chamberlain (1987)’s optimal unconditional moment restrictions in (20)

are:

1 /
S [xi2—wi1]'00,,. ol (1 — a1 _
E |(zi2 — 2a1) pE—— (6 yir [1 = yio] — [1 — yan] %2)} 0. (21)

This coincides exactly with the score equations of the conditional maximum likelihood esti-
mator based on the sufficient statistic y;1 + yio.

This discussion closely relates to Chamberlain (2010)’s analysis of identification and in-
formation in static binary choice panel data models. Chamberlain shows that, in non-logistic
binary choice models, the information bound for 6 is zero. The present discussion suggests
that those models are surjective, implying that our approach will not yield informative re-

strictions on 6.

Example 3 (cont.) Lastly, in the nonlinear regression model (5) the orthogonal com-
plement of the range of Ly, comprises the functions ¢ such that:

/]RT ¢ (y) exp [—% (y—m(a) S (y—m(a))|dy=0, foralla. (22)

Unlike in Examples 1A and 1B, (22) does not seem to have simple analytical solutions
in general. In this case, the projection approach of functional differencing will allow to
numerically construct functions ¢ that satisfy (22). As a result, this will deliver conditional

moment restrictions on 6.

3 Projection: finite supports

In this section, we present our differencing approach in the special case where the distribu-
tions of the data and individual effects have known finite supports. This special case is useful
for expositional purposes, as its treatment requires only elementary linear algebra. The next

section will consider the general case where supports may be infinite-dimensional.

14This result is also related to Johnson (2004) who shows that, in discrete choice panel data models with
compactly supported covariates, common parameters are unidentified unless equation (16) holds for some
¢ # 0 for at least some value of the covariates, and that when (16) does not hold for any value of = the
information bound for 0y is zero. Buchinsky, Hahn and Kim (2008) build on Johnson’s results to provide a
procedure to test whether the information bound for 6g is zero.

12



3.1 Functional differencing

When y; and «; have known finite supports, the linear restrictions (1) simply map the
probabilities of a; to those of y;, for a given value of z;.'> Specifically, let N, be the number
of points of support of y;, and let N, be the number of points of support of ;. Equation

(1) can be equivalently written as:

fy|x = Lao,acfoc\x: (23)

where fy|, is the N, x 1 vector of marginal probabilities of y; (for a given value x; = x), fo.
is the IV, x 1 vector of marginal probabilities of «;, and Ly, is the matrix of conditional
probabilities of y; given «a; (for given values of x and 6).

Denoting as Yy Yy and ay, ..., ay the points of support of y; and «;, respectively, we
- -y

thus have:

Pr (yz = g1|ﬂfi = iU) Pr (al- = gllxi = :c)

fy|$ = ) foz|m = )
Pr <yi =Yy |z; = x) Pr (O‘i =ay, |z = x)
'y
and:
Pr (yZ =y |vi=2,0; = gl;é’) .. Pr (yi =y lvi=z,0; = gNa;«9>
LG,JJ = ;

Pr (yi = gNy\:cl- =r,0, = g1;0> .. Pr (yZ = gNy]xi =x,0; = gNa;9>

where, for clarity, we have omitted the reference to (6o, fajz) i fyja-
When supports are finite, the range of the matrix Ly, is the finite-dimensional vector
space spanned by its columns. To construct vectors ¢ in R™v that are orthogonal to the

range of Ly, one can use the following “within” projection matrix:
Woe = Iy, — Lgvng’z, T — a.s. (24)

where Iy, denotes the N, x N, identity matrix, and Lgm is the Moore-Penrose generalized
inverse of Ly ,.
The N, x N, projection matrix Wy, satisfies our purpose, as it projects vectors of R™v

onto the orthogonal complement of the range of the matrix Ly ,. In particular, because L;z

15The assumption that the points of support of a; are known is restrictive. One possibility would be to
treat the points of support a, ...,y as common parameters to be estimated jointly with y, using the
conditional moment restrictions from functional differencing.
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is a generalized inverse, Wy, is such that:
_ T _
Wo.uLlow = Loy — LooLy Lox =0, x—a.s.

For every given vector h € R™v, the vector Wy ,h € R™ is thus orthogonal to the columns
of Ly ..'® Moreover, any vector that is orthogonal to the columns of Ly, is of the form Wy ,h,
for some h. So, if [Wy,h](y ) denotes the sth element of Wy h, where y (s = 1,..,N,)
index the points of support of y;, it follows that:

E ([Wo.:h] (3)

xz> =0, forall h € RM. (25)

Using the canonical basis of R as h-vectors in (25), this approach delivers N, (possibly
redundant) conditional moment restrictions on 6y. We will estimate 6, using generalized
method-of-moments (GMM), based on a set of R > dim # unconditional moment restrictions.
Interestingly, although the unknown probability vector f,, is conditional on covariates, ¢
may be estimated using a standard finite-dimensional GMM approach.

To interpret our approach, note that the moment restrictions are obtained by left-
multiplying (23) by the within projection matrix Wy, ,, yielding Wy, o fyiz = W2 Lo,z fales
and thus:

Wopafyz = 0, x—a.s. (26)

The functional differencing restrictions (26) are thus obtained by differencing out the prob-
ability distribution function of individual effects, yielding a set of restrictions on 6, alone.
This is reminiscent of first-differencing and within-group approaches commonly used in linear
panel data models.

As a second interpretation, notice that Wy ,h = h — Lg,:CL;xh is the least-squares residual
in the linear regression of a vector h € R on the columns of the matrix Ly ,. As an example,
in the special case where Ly , has full-column rank Wy ,h is simply h— Lg , (Lg}ngw) - Lg’xh.
By construction, this residual is orthogonal to the columns of Ly ,. In particular, at the true
value 0y, Wy, »h is orthogonal to Ly, ; fajz = fy|e- This means that the moment functions in
(25) can be obtained as residuals in a linear regression. Bajari et al. (2009) use a related

idea in a game-theoretic context.

16To see this, note that the projection matrix Wy , is symmetric, so (Wy oh) Ly » = W'Wp . Lg = 0, z-a.s.
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3.2 Identification and information

Depending on the form of the panel data model, common parameters 6y may fail to be point-
identified from the conditional moment restrictions (25). In particular this will happen if, for
some 0 # 0, in O, the matrix Ly, has full-row rank N, almost surely in z. Indeed, in that
case the range of Ly, is the full space R™v, so W, is identically zero. As a consequence,
(25) is satisfied at a f-value different from the truth.'” Hence, a condition of non-surjectivity
is necessary for 6, to be point-identified from the functional differencing restrictions.

Non-surjectivity holds in static binary choice models (Example 2) provided N, < 27.
When «; has more than 27 points of support, however, the condition generally fails. When
this happens, 0 is not point-identified from the functional differencing restrictions (25). Note
that, under support conditions on covariates, y is point-identified in Example 2 (Manski,
1987), irrespective of N,. This means that our approach may be uninformative about 6, in
models where it is actually identified.

In addition, 6y may fail to be point-identified from (25) even though the non-surjectivity
condition holds. Hence, non-surjectivity is not a sufficient condition for identification. To
provide an example, let us consider a static logit model with two periods and a scalar
time-invariant regressor x;; = x;2. In this model, as we argued above, the non-surjectivity
condition is satisfied irrespective of N,. However, the slope coefficient (6o in z4,0,) is not
identified from (25).

A general sufficient condition for point-identification is that, for every 6 # 6, in ©,
fyle does not belong to the range of Ly, with positive probability in z. In practice, this
condition may be difficult to check and it may be easier to verify local identification using a

rank condition on the following N, x K Jacobian matrix (where K = dim 6):

O0Lgy » O0Lgy »
00 1 89[(

G(x) = _Weo,w Lgmacfy\l" o _Weo,w Lgowfy\ﬂ? ’

PT(yi=gS|Ii7ai=Qn§90)
90y, :

- . - . i)
where 220051 ig an N, x N, matrix of derivatives with (s, n)th element

00,
The following result is shown in Appendix A.

Proposition 1 Let us assume that Ly, has constant rank in a neighborhood of 6y, and that
0 — Ly, is continuously differentiable at 0y, almost surely in x. If G (xz)c =0 almost surely

in x implies ¢ = 0, then 0y is locally point-identified from (25).

17As an example, if Ly, is square and non-singular then the Moore-Penrose inverse coincides with the
standard matrix inverse, and Wy , = Iy, — Lg,zL;i =0.
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The result is derived under the assumption that rank (Lg ) is locally constant. This type
of condition is important to ensure that W, be continuous (and differentiable) around 6,.'8
Rank constancy is intuitively necessary to ensure the continuity of a projection matrix, as
variations in the rank of Ly, induce jumps in its number of non-zero eigenvalues. A sufficient
condition for Ly, to have constant rank is that it has full-column rank N,. The constant
rank assumption is also satisfied in non-injective panel data models, such as static logit.’

To illustrate Proposition 1, consider the case where x; has finite support X. Then, a

necessary condition for the result to hold is:

Z (N, — rank (Lg, ,)) > dim#.

zeX

Note that this condition may fail to hold even though the model is non-surjective (i.e., even

if rank (Lg ) < N,).

Information. Let S denote the unit simplex in RV, The structure of the panel data
model implies that there exists an f,|, € S such that (23) holds. The following result shows
that, although the functional differencing restrictions do not exploit the fact that f,, belongs
to S, they achieve the information bound for 8,. We prove the result for finitely supported
regressors, in which case the model is parametric. A more general discussion of efficiency

will be given in Section 4.

Theorem 1 Let us assume that regressors x; have finite support, that f,, > 0 and fo, > 0,
and that, for all (y,x, «), 0 = fyz.a (Y2, a;0) is continuously differentiable in a neighborhood
of 0y. Then the information bound for 6y in the panel data model coincides with the GMM

bound based on the conditional moment restrictions (25).

In particular, Theorem 1 implies that the bound for 6 is zero when Ly, is surjective, as
in this case (25) is not informative about common parameters. Although imposing that fg,
is non-negative and sums to one may make a difference in finite sample, it does not improve

on the bound.?°

18See e.g. Corollary 3.5 in Stewart (1977).

YFor example, with 7' = 2 the null-space of L), _ has dimension 1, so rank (Lg ) = 27 — 1 = 3, irrespective
of (0,z). ’

20To see intuitively why equality constraints on fajz do not affect the bound, note that summing the

right and left-hand sides of (23) implies: Zgil fajz(@,|7) = 1. The reason why inequality (non-negativity)
constraints do not matter is that it is assumed that f,), > 0 is interior.
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In models with zero information bound, however, exploiting the constraints on fy, is
often essential. Examples that fall into this category are set identified models with discrete
outcomes, such as the dynamic probit model considered in Honoré and Tamer (2006). This
situation may also happen when 6, is point-identified, but not estimable at a root-N rate,
an example being a static probit model with an unbounded regressor (Chamberlain, 2010).

Let Ly, . (S) denote the image by Ly, . of the unit simplex. In order to incorporate the
constraints on f,|, in estimation, a natural approach would be to exploit the fact that, at
true parameter values, fy, coincides with its projection on Lg,, (S). Using a constrained
projection approach has intuitive appeal, especially in cases where the linear projection
matrix Wy, is zero.

Minimizing the distance between data probabilities and their projection on the convex set
Ly, .. (S) takes the form of a quadratic programming problem. Chernozhukov et al. (2009)
have recently used this strategy in discrete choice panel data models. Note however that, in
this minimum-distance approach, estimates of the conditional probabilities f,, are needed,
raising a curse of dimensionality as the dimension of z; increases. In contrast, the conditional
moment restrictions (25) obtained by functional differencing are immune to this problem. In
the rest of this paper, we do not exploit the fact that f,, is a distribution function, although

we think this is an important task for future work.

4 Projection: general case

When «; or y; have infinite support, Ly, becomes a linear integral operator. In this section
we describe our framework in this general case, derive the moment restrictions, and discuss

identification and efficiency.

4.1 Moment restrictions

We start with some notation. Let X denote the support of x;. Let also A C R? (respectively,
Y C R”) be a set that contains the support of fu, (|z) (resp. fy. (]z)) for all values z € X,
where ¢ is the dimension of the vector of individual effects and T is the number of time
periods. We start the analysis by taking a value x € X.

Given two positive functions 7w, > 0 and 7, > 0, we define two spaces of square integrable
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functions with domains A and Y, respectively, as:!
Go = {g A= R,/ g(a)mq(a)da < oo} ,
A

g, = {h:y%R,/))h(y)Qﬁy(y)dy<oo}.

The functions 7, and 7, are specified by the researcher, and they will be important to derive
projection-based moment restrictions on common parameters.

The spaces of functions G, and G, are Hilbert spaces, endowed with two scalar products
that with some abuse of notation we denote similarly: (g1,92) = [, g1(a)gz2(a)mqs(a)dey,
and (hy, he) = fy hi(y)he(y)m,(y)dy, respectively. The associated norms are denoted as
lgll = (9.9)* and [|A]] = {h, 1)*.

For a given value of common parameters 6 € ©, we define Ly, as the integral operator
that maps g € G, to Lyg,g € G,, where Lg,g is given by (8). The operator Ly, may be
understood as an infinite-dimensional analog of a matrix. Indeed, when A and ) are finite
and 7, and 7, are chosen as discrete uniform probability distributions, the operator Ly, is

just the matrix of conditional probabilities introduced in the previous section.

Let us denote the range of the operator Ly, as:

R (Los) = {Losg € Gy 9 €0a},

and let R (Lg,) denote its closure in G, (according to the Hilbert space topology). We define

the “within” projection operator as:
Wouh = h — Proj, [h\ R(LM)} , forallheg,

where the orthogonal projection of h onto R (L) satisfies:

Proj,, [ R{Le)| = arguin [ (R(w) =1 w) ', () . (21)

her(Los) 7Y
As m is a closed linear subspace of G,, the projection operator Wy , is well-defined
on G, is continuous in its functional argument (i.e., h — Wy h is continuous), and projects
functions in G, onto the orthogonal complement of the range of Ly ,. Note that W, depends
on 7, although for conciseness we leave that dependence implicit. In the special case where
the supports ) and A are finite and 7, is discrete uniform, Wj, coincides with the within

projection matrix of Section 3.

The next result provides the key restrictions on 6.

2INote that 7, and my may depend on z, although we omit the = subscript for conciseness.
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Theorem 2 Let us assume that f,, € G,, x-a.s. Then the two following equivalent condi-
tions are satisfied:

Wooefye =0, x—a.s. or, equivalently (28)

E (ﬂ'y(yi) (WP (i)

xl> =0, foralheg,. (29)

Theorem 2 provides a set of restrictions on 6. As in the finite-dimensional case described
in Section 3, these restrictions are obtained using a functional differencing approach that
differences out the distribution of individual effects.?? Note that the required condition on
Jyle 18 automatically satisfied if m,fy, is almost surely bounded by a constant, as in this

case:

/y Fyelyla)m, ()dy < (Sl;pﬂy(y)fm(ylx)) /y fallo)dy < oo, ©—as.

=1

The functional differencing restrictions are equivalently written as a set of conditional
moment restrictions. Importantly, the distribution function f, enters (29) only through the
expectation. We will base estimation on a finite set of unconditional moment restrictions

implied by (29), and study the properties of the GMM estimator in Section 5.

4.2 Non-surjectivity

As in the finite support case, the conditional moment restrictions given by (29) may fail to
point-identify 6. A necessary condition for point-identification of 6y based on (29) is that

Ly, be non-surjective in the following sense.

Definition 1 (non-surjectivity) The operator Ly, is non-surjective if, for all 0 # 6, in ©,
R (L) # G, with positive probability in x.

The non-surjectivity condition is related to the size of the support of the dependent
variables. For example, non-surjectivity is generally not satisfied in discrete choice models
when the support of individual effects is unrestricted, the logit model being an important

exception. By comparison, non-surjectivity holds in the random coefficients and censored

random coefficients models with normal errors (Examples 1A and 1B), provided 7' > dim «.?3

22Note that, although the present paper assumes that @ is finite-dimensional, the restrictions of Theorem
2 are still valid if # is infinite-dimensional.

ZWhen T = dim « and B is non-singular, Q = I7 and W = 0 in equation (12), and the non-surjectivity
condition is not satisfied in Example 1A.
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In contrast with the finite support case, however, non-surjectivity may fail to hold even
though the support of outcomes is richer than the support of individual effects. Indeed, it
is known that there exist surjective mappings from G, onto G,, even when 7' > dim a.*
When dimensions are infinite, non-surjectivity imposes a condition on the structure of the
nonlinear panel data model, in addition to a condition on the respective supports of outcomes
and individual effects.?

In the supplementary appendix to this paper, we study non-surjectivity in the nonlinear
regression model (5) of Example 3 with independent additive errors (possibly non-normal).
There we show that 7' > dim « is not sufficient for non-surjectivity to hold. To guarantee
non-surjectivity, a condition must be imposed on the image of the regression function in R”
which rules out space-filling mappings such as Peano curves (surjective mappings from R
onto R?).26

Lastly note that, as in the finite support case, non-surjectivity is not sufficient for 6,
to be identified from the functional differencing restrictions in general. In analogy with
simultaneous equations models, non-surjectivity may be understood as an order condition
for identification.?” Sufficient conditions for local point-identification similar to Proposition
1 may be obtained. As stating rank conditions requires additional notation and assumptions,
we will discuss them in Section 5, when analyzing the properties of GMM estimators based

on a finite number of unconditional moment restrictions.

4.3 Information bound

It is interesting to relate the functional differencing approach to the efficient score and

information bound of the panel data model. To proceed, let:

fy\x(y|x;9077]0) = Afy|x,a<y|xaa;90)fa|x (Oé|$;770) do

be a parametric submodel, where the parametric model for the individual effects depends on

a scalar parameter 7).

24This is because the Hilbert spaces G, and G, admit countable orthogonal bases. See for example Goldberg
and Kruse (1962).

25This discussion is reminiscent of the problem of verifying injectivity (or completeness) conditions in
instrumental variables models (Newey and Powell, 2003). Showing non-surjectivity is actually equivalent to
verifying the non-injectivity of the adjoint (or transpose) of the operator Lg ;.

26Tn addition, the discretization strategy outlined in Section 6 may be used to provide numerical evidence
on non-surjectivity. See the supplementary appendix for an illustration.

2"Note that although non-surjectivity is necessary for 6y to be point-identified from the restrictions (29),
6o may be point-identified in the panel data model even though Ly , is surjective. An example is a binary
choice model with an unbounded covariate, which we already mentioned in Section 3.
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We will assume that infoc 4 foe (@|z;19) > 0, and work under regularity conditions that
ensure that second-order moments of scores taken at true values are finite. Statements of the
required regularity conditions (mean-square differentiability) may be found in the literature
on semiparametric information bounds, such as Bickel et al. (1993), and more specifically
Chamberlain (2010) and Hahn (1997, 2001) in a panel data context.

Let L*(f,.) denote the space of square-integrable functions with respect to fy,. The
nonparametric tangent space is defined as the L*(f,,)-closure of the linear span of the 7-
scores across all parametric submodels. The efficient score for the k-th component of 6,
(where k € {1,...,dim#}) is then constructed as a residual in the population projection of
the #,-score on the nonparametric tangent space.

To derive the efficient score, let R, denote the set of zero-mean functions in R (Lg, ).
We show in Appendix B that the nonparametric tangent space of the model is the L?( fylz)-
closure of ﬁ - 'Ry. In particular, the zero-mean condition ensures that the tangent space is
a set of score functions. The characterization of the nonparametric tangent space in terms
of the range of the operator Ly, , is important, as it will provide the link with functional
differencing.

It follows from the characterization of the tangent space that the efficient score corre-

sponds to the following dim @ efficient moment restrictions on 6y:

L 0 TV () — BE 0 )| — - .
E[fm(yi‘xi) (8‘9k‘90 (Lo, fala(|2:)] (4s) hk(m,:m))]_o, k=1,..,dim6, (30)

where:

0
h®)(.. ) = argmin /(—
heRy y 90y,

To interpret the efficient moment restrictions in the light of the functional differencing

1

[L@,mfalm('|xﬂ (y) - h(y)> fy\x—

(y|:13)dy’ r—a.s. (31)

0o

approach, it is convenient to consider the following choice for the weight functions:

1 1

= Tmw, = .
fa|:c ’ Y fy|$

Note that, for this specific choice of weight functions, h*) given by (31) may be interpreted

(32)

Ta

Loy, f . .
—fealr on R, the closure of R, in G,. Moreover we show in

as the orthogonal projection of 2 T
the appendix that, for similar reasons as in the finite support case, the zero-mean condition
on the elements of the tangent space is irrelevant for the purpose of computing the efficient

score. As a result, h*¥) is also the orthogonal projection of % on R (Lgy.z)-
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This key observation implies that the efficient moment restrictions (30) coincide with the
following dim € restrictions from functional differencing:

Lo .
E (ﬂ'y(yi) {Wgo,zia"g—g:’c&'x} (yi)) —0, k=1,..dimé, (33)

where 7, is given by (32).

This discussion thus shows that, for the specific choice of Hilbert space norms implied by
(32), the efficient set of moment restrictions on 6, may be achieved using an equivalent set
of restrictions from functional differencing. When supports A and ) are finite, all norms on
G, and G, are equivalent, so the functional differencing approach is efficient for any choice
of weight functions. This result is consistent with the finite support case that we considered
in Theorem 1.

When supports are infinite, however, the equivalence of norms no longer holds and the
choice of weight functions becomes essential. As a consequence, taking the efficient moment
restrictions to the data is challenging.?® Although efficient estimation of 8, seems a difficult
task in general, in the next section we will use the above theoretical arguments as a guide

to choose moment functions in practice.

5 Estimation

In this section we study the properties of a GMM estimator of 6, based on a finite set of

unconditional moment restrictions obtained from (29).

5.1 Method-of-moments

Let {y;, x;}i=1..~ be an i.i.d. sample. Motivated by the conditional moment restrictions
(29) of Theorem 2, we propose to estimate #y by minimizing the GMM criterion:

= argmin E [gp (Ys, i, 0)’} TR (o (ys, 25, 0)], (34)
9

where the moment functions are given by:

7Ty<yi) [We,zihﬂ (yz) Csl (xz)
¢ (yi, v, 0) = : : (35)
Ty (Yi) Wowihrl (4i) G (22)

28 A first difficulty, common with other efficient estimation problems, is that faje and fy|, are unknown
and must be replaced by empirical counterparts. A second difficulty is that, when 7, and 7, are chosen
according to (32), Ly, may fail to satisfy the compactness assumption 1 i) below.

22



A~

In (34)-(35), E(z) = ~ SV, 2z denotes an empirical mean, hy,...,hg are elements of
Gy, Cy,...,Cy are functions of covariates, si,...,sg are indexes in {1,..,M}, and T =
[(UTLW)TMJ is a symmetric R x R weighting matrix.

Under regularity conditions given below (which include point-identification of 6y), 0 will
be root-N consistent and asymptotically normal. The main reason for this result is the
boundedness of the within projection operator. Importantly, 9 is consistent irrespective of
the form of the distribution of individual effects.?

Turning to the choice of functions h, and (, in (35), one approach is to choose a finite
family h,, r = 1,..., R, that covers (in some sense) G,. A possibility is to take orthogonal
polynomials on R (e.g., section 6.12 in Judd, 1998). As a closely related option, one may
choose {h,} as a “flexible” family of densities, such as normal mixtures. In the simulation
experiments reported in Section 6 we have set h, (y) = ¢ (y — p,.), with ¢ the pdf of the
normal distribution with zero mean and covariance matrix Iy, and iy, ..., pip elements of R”.

In the presence of covariates, one could let the coefficients of the orthogonal polynomials—
or of the chosen “flexible” family of densities— depend on x; in some way, e.g. letting u, in
¢ (y — p,.) depend linearly on z;. In addition, one may also want to choose the functions ¢,
and the weighting matrix T based on efficiency considerations.

A second approach to the choice of moment functions builds on the efficiency discussion
of Section 4.3. Indeed, the form of the efficient moment restrictions (33) suggests to base
estimation on the following feasible set of dim # restrictions:

6L~xv§a,xi .
E (ﬂy(yi) [W%m%#} (yz)) =0, k=1,..,dim0, (36)

for given <5, %x) € 0 xG,.

Note that (36) is a valid set of moment restrictions on 6y for any choice of 0, Jozs Tas
and 7,. In addition, it follows from the discussion in Section 4 that the choice (5, 'gva,m) =
(60, fa|x) achieves asymptotic efficiency, provided the weight functions are taken according
to (32).%° In the simulation exercise of Section 6, we will compare the performance of the

two above approaches to choose the moment functions.

29Tn the supplementary appendix we use this insight to construct a nonlinear analog of the Hausman
(1978) specification test for parametric random-effects models.
30In practice, a parametric random-effects model (based on a parametric model for falz) may be fitted to

the data to choose 8 and Jo,z, and one may take o = 1/ga,e, and m, = 1/Ly ga .. Although the resulting
GMM estimator of 6y will not be efficient in general if the random-effects model is misspecified, it will be
consistent under the conditions of Theorem 3 below.

23



5.2 Compactness

To derive the asymptotic properties of the GMM estimator /6’\, we will work with the following

regularity conditions (as in Carrasco and Florens, 2009).

Assumption 1 The two following statements hold true, almost surely in x:
i)
/ fa|x(a|x)27ra(a)da < 00,
A
y(¥)

/ / fy\x,a(y|$,04;9)27r—dyda <00, forallfe®.
yJA Ta(@)

Part ¢) in Assumption 1 restricts the distribution of individual effects to be square in-
tegrable with respect to m,. Note that [, fyz.a(yl®,;60)?/7o(a)do being bounded by a
constant independent of y, and 7, being integrable, are sufficient conditions for part 7).
In particular, it can be shown that éi) holds in Example 1A when A = R?, 7, = 1, and
7, is integrable, while it does not hold in that example when 7, = 1. Moreover, i) will
automatically hold when A is bounded in R?, provided my(-) fyjz.a(:|2,-;0) and 1/7,(-) are
bounded on Y x A and A, respectively.

Part i7) in Assumption 1 ensures that Ly,g € G, for all functions g € G,, and that
the operator Ly, : G, — G, is Hilbert-Schmidt, hence compact. Compact operators are
convenient to work with, as they can be approximated by finite-dimensional sums (see, e.g.,
Carrasco et al., 2008).

The spectrum of the compact operator Ly, consists of a finite or countable set of singular
values, which (when infinite) accumulates to zero.3! It will be convenient to work with the

singular value decomposition of Ly ,:
Lowg =Y _ ;0 (¢5,9), for all g € G, (37)
J

where \; > Ay > A3... > 0 is a sequence of positive real numbers, 1, ¥, ... is an orthonormal
sequence in G,, and ¢, ¢,, ... is an orthonormal sequence in G,. The sum in (37) ranges from
1 to the (possibly infinite) rank of Lg,. Note that, when Ly, is singular, {¢;} and {¢,}

(corresponding to non-zero singular values) do not generally span G, and G, respectively.

31'We refer to Kress (1999) and Engl, Hanke, and Neubauer (2000) for results on compact linear operators
in Hilbert spaces.
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Note also that A;, ¢;, and ¢;, j = 1,2, ..., depend on 6 and z, although here the subscripts
are omitted for clarity.

In this representation, the within projection operator can be written as:
Wouh = h—=> ¢;(d;,h), forall heg, (38)
J

Note that the singular values of the projector Wy, are zeros and ones. Moreover, note that
W, does not depend on the distribution of the data. Although the singular functions ¢, are
generally not available in closed form, they can be approximated using a simple discretization
strategy that we will describe in Section 6.

It is interesting to contrast the expression in (38) with that of the Moore-Penrose inverse

of Ly, which is defined on a domain D C G, by:*?

Li b = ij%j (¢;,h), for all h € D. (39)
J

In the infinite-dimensional case, the Moore-Penrose inverse L(T,,m is not bounded in general.
The reason is that, when the range of Ly, is not closed in G,, the singular values A; of the
compact operator Ly, tend to zero as j tends to infinity (e.g., Engl et al., 2000, p. 37).
Hence, h — L;xh is not continuous, and L;xh is very sensitive to any noise in h possibly
arising in estimation, reflecting an ill-posedness problem. In contrast, the within projection
operator is always bounded, and thus continuous in its functional argument.

A finite-dimensional intuition for this result is as follows. Following the least-squares
interpretation of Section 3, L;xh and Wy ,h may be understood as the least-squares coeffi-
cients and residuals, respectively, in the linear regression of h on the columns of Ly,. Now,
when y; and «; have large supports, the columns of Ly, tend to be close to collinear. This
will typically affect the precision of the coefficient estimates. However, the fitted values
and predicted residuals will not be sensitive to the multicollinearity problem, as accurate
(in-sample) prediction does not require to precisely estimate the contributions of the various

regressors separately.

5.3 Asymptotic properties

To derive the asymptotic distribution of 6 we will need some additional notation. We denote

the norm of a bounded operator as ||L|| = maxu<i [[Lh||. Let G and G, be two Hilbert

32The domain D is the linear span of R (Lg ) and its orthogonal complement in Gy. It is thus a strict
subspace of G, unless Lg , has closed range.
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spaces, and let L : G; — Gy be a bounded linear operator. We denote the adjoint of L as
L*, which is the unique linear operator that maps Gy onto Gy such that (Lg, h) = (g, L*h)
for all (g, h) € G X Go. The adjoint operator may be interpreted as an infinite-dimensional

analog of the matrix transpose.

5.3.1 Consistency

We make the following assumptions that ensure the consistency of 0 as N tends to infinity.33

For clarity, we now indicate with a subscript that ;g ., ¥ and ¢ depend on (0, z).

j’g?m jﬂeix

Assumption 2
i) © is compact.
i) E (my(yi) Wow,he] (i) €, (%)) =0, 7 = 1,..., R, has a unique solution 6y that is an
interior point of ©.
i11) The function 0 — fy..o (Y2, a;0) is continuous on ©, almost surely in y,, o
iv) Almost surely in x:
sup/ / Jylea(ylz, a; 9)2ﬂy—@)dyda < 00.
o Jy Ja To()
Moreover, for everyr =1,..., R:

v) For every j:

1

: 2
inf A7,
0cO 5,0,z

E | Fuicl[ 11 [, (@) | < oo

vi) Almost surely in x:

sup (Z <¢j,6,x7 fy|$>2> ‘];)OO 0.
0cO J>J
vii)

EFgwuwmAmemW@wmﬂ<m'
viid)

E [nyleQ 1 1€, (%)2} < 0.

33Note that the weighting matrix Y is assumed known. It can be replaced by a consistent estimate, with
no change in the proof.
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The compactness assumption i) is standard. Condition ii) requires 6y to be point-
identified from the moment restrictions. In particular, as argued above, this condition fails
when the non-surjectivity condition does not hold. Note that 6, being an interior point of
O is not needed for consistency, though it will be used to show asymptotic normality. Con-
dition 7i7) imposes that the conditional distribution of the data given «; varies continuously
with 6. Together with the uniform boundedness condition iv), this implies that the mapping
0 — Ly, is continuous on © with respect to the operator norm, almost surely in x.

Conditions v) and vi) guarantee that the population objective function is continuous in
6. Condition v) requires that \;g ., be bounded from below. This requires rank (Lg,), when
finite, to be constant on ©. When the rank of Ly, is infinite, it will always be the case that
eigcg)\jﬂ@ > 0, a.s. in x.3% Condition vi) requires that disg <¢j,9@, fy|x>2 tends to zero as J
tends to infinity, uniformly on ©. Note that the convergence to zero at each 6 value is ensured
by the fact that f,, € G,. Condition vi) imposes the stronger requirement that the conver-
gence be uniform, thus restricting the behavior of Fourier coefficients <¢j’97$, fy|x> across 6
parameters. For this reason, we refer to Condition vi) as uniform Fourier convergence.

Note that uniform Fourier convergence holds trivially when Lg, has finite rank. When
the rank is infinite, the rate of convergence to zero of Fourier coefficients is allowed to be
arbitrarily slow. This shows that Condition vi) does not restrict the distribution of the data
fyl= to belong to a certain smoothness class, unlike the source conditions often considered in
the literature on ill-posed inverse problems. Condition vi) seems new in the literature. In the
supplementary appendix to this paper, we analytically verify uniform Fourier convergence in
Chamberlain (1992)’s random coefficients model (Example 1A) with known error variance.
In addition, we provide numerical evidence supporting uniform Fourier convergence in the
two simple models that we use as illustrations in Section 6.

Condition vii) is useful to show the uniform convergence of the sample moment functions
to the population ones. This condition is stronger than actually needed for consistency.

However, it guarantees that the following variance-covariance matrix is well-defined:

This property will be useful to derive the asymptotic distribution of 9.3 This implies that

there is no need to regularize the estimates of the moment functions. Finally, viii) is a

34This is because the function @ — ;g . is continuous on ©, z-a.s. See Theorem 15.17 in Kress (1999).
35In particular, vii) requires that 7y fy|2 be bounded on the support ), x-a.s. See Carrasco and Florens
(2009) for a related assumption.
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moment existence condition.

We then can state the following consistency result, which is proved in Appendix C.
Theorem 3 Let Assumptions 1 and 2 hold. Then [N 0.

5.3.2 Asymptotic normality

We now state assumptions that ensure that 9 is a root-N consistent, asymptotically normal

estimator of 6.

Assumption 3 There exists a neighborhood V of 6y such that:

i) The function 0 — fy..o (Y2, 0;0) is continuously differentiable on V, almost surely in
Y, T, .

i) Almost surely in x and for (k,0) € {1,...,dim 0}*:

afy\x a |CL’ Q; 0) afy|x,a(y|xa Q; ‘9)
80k 898

Wy(y)

Tao(a)

sup dyda < o0.

9V
For everyr =1,.

i1i) Almost surely inx:

,h J%oo 0.
e (Z (G ) )
iv)

O0Lg 4,

E
Ki&‘i 90, ) |

v) The R x dim 6 matriz:

oL, .
(ot

is such that G'YG is nonsingular.

vi) As N tends to infinity:

Lgoﬁxify‘x ¢, (xi)\] <oo, k=1,..dimé.

G —

VNE[p (4. 21, 60)] 5 N 0,5 (60)].
Moreover, for all 0 € V:
VI (Bl (v, 21,6) = 0 (55, 0)] — E [ (i, )] ) 5 N [0, (6,60)],
where ¥ (0, 60) = Var [¢ (y;, zi,0) — ¢ (yi, 7, 600)].
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Conditions ¢) and i) impose regularity restrictions on the conditional density fy. o as a
function of common parameters. In particular, they allow us to define a bounded integral

operator E’aLTe;‘ :Go = Gy (for k=1,...,dim0) as:

{aLo,mg} (y) = /A 8fy|z,a(y!x,a;9)g(a) da, forall g €G,.

00), a0y,

Condition 4i7) is similar in spirit to Condition v) of Assumption 2. Indeed, as h € G, the
partial sums of squared Fourier coefficients converge to zero at each 6. Condition #i7) requires
this convergence to be uniform, here in a local neighborhood around 6,. Together with ;g ,
being bounded from below, this guarantees that the mapping 6 — Wj ,h, is continuous on
V), almost surely in x.

Condition iv) requires some moments to be finite. This will ensure the differentiability
of the population objective function at 6y. Then, Condition v) is a familiar condition on the
non-singularity of the Jacobian matrix. G' having full-column rank can be understood as a
rank condition for local point-identification of 6.

The two parts in Condition vi) will be satisfied if one can apply a central limit theorem
to the empirical moment functions. As, by Assumption 2, ¥ (@) is finite for all § € V, and
given that data are i.i.d, the conditions of application of the Lindeberg-Levy central limit
theorem are satisfied if 3 (0) # 0. In particular, this requires the model to be non-surjective.

We now can state the next result, which proves the root-N consistency and asymptotic

normality of 0.
Theorem 4 Let the assumptions of Theorem 8 be satisfied and let Assumption 3 hold. Then:

VN (5 - 90) 4N [o, (G'TC) " GITS (6y) TG (G’TG)_l] . (41)

Remark 1. The proof of Theorem 4 does not require the empirical moment functions
01— E [© (yi, x4, 0)] to be continuous. In practice, as outlined in Section 6 below, we will
work with a discretized version of the operator Wy, associated with continuous moment

functions.

Remark 2. In order to estimate the asymptotic variance of /Q\, we need to compute consis-

tent estimates of X and G. The outer product X is readily estimated as:
3 fas A N\ /
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T

In contrast, the Jacobian matrix G involves the unbounded Moore-Penrose inverse Ly .

Interestingly, the matrix G can be interpreted as an average marginal effect. As a conse-
quence, the problem of estimating GG, and hence the wvariance of the common parameter
estimates 5, may be ill-posed (as in Bonhomme, 2011). A simple truncated estimate that

relies on the singular value decomposition (39) is:

; dL:

R ~ 1 @

G = <_E ( E Ty (yz) ¢j,5,zi (yz> N\ .~ < a;;ﬁ W’é,mihra wj,g,:ri> Csm <x2)>) ) (42)
Jj=1 3.8 "

»Li

where J = Jy tends to infinity at a suitable rate so that G is consistent for G.%

6 Numerical illustration

In this last section of the paper, we illustrate the functional differencing approach in two

simple models. We start by discussing implementation issues.

6.1 Practical implementation

To implement our method in practice, we approximate the within projection operator using
a discretization approach.’” The approximation method uses the parametric probability
model of y; given (z;, ;) to generate natural bases of functions.

Specifically, we start by sampling NV, values Y, from ,, and approximate the projection

of h € G, on R (Ly,) by its projection on the span of {y,}, where:

1
ws(y) = /Amfyx,a (y|z, 0 0) fye.a (gs\x,a, 9) da, s=1,..,N,. (43)

This projection takes an explicit form, which we approximate by simulation using the N,
draws y . We approximate the integral in (43) using importance sampling, drawing N,
values q,, from a user-specified density 7 whose support contains A.3

This yields the following approximation to the moment functions (see Appendix D):

o o) 7y ) (e ) = (£02)) L) €. ) (44)

36Given that  has a stable asymptotic distribution, the subsampling approach of Politis et al. (1999)
provides a non-analytical alternative to conduct inference on 6.

3TThis approach is sometimes called least-squares collocation (e.g., Chapter 17 in Kress, 1999, and Carrasco
and Florens, 2009). Here we assume that 7, is a distribution function, although this may easily be relaxed.
Matlab codes implementing the approach are available at: http://www.cemfi.es/~bonhomme/

38The choice of the importance sampling weight function 7 may affect the quality of the numerical ap-
proximation. In the special case where the support A is known and finite, 7 may be chosen as a discrete
uniform distribution on A.
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where

hrz[(hr (a))] iéf’i:[( ﬁa(giwgn)fy'w’“W’%Q))J

are Ny, x 1 and N, x 1 vectors, respectively, and where:

1
e ( ey (e 9>)

= s,n
is an N, x N, matrix. So, approximating the moment functions in this way yields an
expression that is similar to the one that we obtained in the finite support case.

Note that, as the operator Ly ,, is parametric, i.e. known for given § and z;, we are not
limited in the precision of the approximation. This means (at least conceptually) that we can
choose unrestrictedly large values for N, and N,. In practice, however, matrix dimensions are
limited by memory requirements and computation time. As a consequence, a computational
curse of dimensionality may arise when 7', dim «, or the dimension of the covariates vector
are moderately large.

For this reason, it is interesting to assess the effect of approximation error. Under suitable
regularity conditions (Geweke, 1989) the simulation-based approximation to 6 has an error
of order O, (Na_ %> +0, (Ny_ %> As a result, the discretization will not affect the asymptotic
distribution of 8 if N, and N, tend to infinity faster than N. In contrast, the asymptotic
distribution will generally differ in an asymptotic where the size of the discretization grows
at the same rate as the sample size.

Lastly, an additional numerical issue arises when the dimensions of the matrix Ly, are
large. This is because, due to finite machine precision, the computation of singular vectors
corresponding to small singular values may be affected by numerical errors. For this reason,
we compute a modified generalized inverse that uses only J > 1 eigenvalues.?® The simulation

evidence displayed in the supplementary appendix suggests that taking any J in a reasonable

range leads to very similar results.

6.2 Simulation evidence
The first model we consider is a tobit model with fixed effects:

v = aituy, t=1,2, (45)

39This modification is easily implemented using the singular value decomposition: Ly, =2®-A U’ the J-
modified Moore-Penrose inverse being equal to ¥ [.,1 : J] (A [1:J,1: J]_l) D[, 1:J], where A[1: J,1:J]

and A[.,1: J] denote self-explanatory selections of a matrix A.
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where the distribution of vy given q; is i.i.d normal (0, 0?), where o is the common parameter
of interest. In addition, ¥}, is observed only when ¥}, > ¢, where the thresholds ¢; are known.
To generate the data, we take a; to be standard normal and ¢; = 0 (50% censoring).

The second model is a simple version of Chamberlain (1992)’s random coefficients model:

Yir = o; + i,

Yo = b+ i,

where v;; and v;5 are independent standard normal. We are interested in the common
parameter 6. In the simulations we take «; to be normal with mean 1 and unitary variance.

In the tobit model we let 7, be the density of a homogeneous tobit model with underlying
normal innovations (0,3). In the random coefficients model we let 7, be a normal density
(1,3). In both cases 7, is set to one, the weighting matrix T is chosen to be the identity, and
we let 7 be uniform on [—5,5]. Lastly, we set h, (y) = ¢ (y — p,.), where ¢ is the standard
bivariate normal pdf and p, belongs to either of three increasing sets containing 9, 25, and
49 points, respectively.*?

The first three rows of the two panels in Table 1 report the mean and standard deviation
of 3 and @ across 1000 simulations, for two sample sizes: N = 100 and N = 500. We
see that the functional differencing estimates present small biases. However, the difference
in standard deviations between the three specifications suggests that the choice of moment
functions may have important consequences on the estimator’s properties.*?

In the third rows of the two panels, we show the results for an infeasible estimator of
6y based on the optimal moment restriction (33). We see that this estimator has smaller
variance than the GMM estimators based on various moment functions, even though it is
based on a single restriction. In order to assess the effect of using different (feasible) moment
restrictions in practice, we experimented with different choices for (5, §a) when using the
strategy proposed in Section 4, and found similar results (not reported). Exploring the

performance of feasible counterparts to (33) is an important task for future work.

40Those three sets are {(0,0), (0,1), (0, —1)..., (=1, —=1)}, {(0,0), (0, 1), (0, 1), (0,2), (0, =2), ..., (=2, —2)},
and {(07 0)7 (Oa ]-)’ (07 _1)7 (07 2)7 (Oa _2)7 (Ov 3)a (07 _S)a ) (_37 _3)}

41Tn the discretization, we have taken N, = 1000 and N, = 100, and used Halton’s quasi-random sequences
to generate {y } and {a,}. We used J = 10 singular values in the computation.

42Note that estimates of asymptotic standard errors are not reported in Table 1. In our experience, the
simple truncated estimate that we described at the end of Section 5 gave good results. For example, we

found the average of standard errors estimates across simulations to be .078, .063, and .059 in the tobit
model for N = 500 (the Monte Carlo standard deviations being .079, .065, and .061 in Table 1).
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Lastly, it is interesting to compare the Monte Carlo standard deviations of GMM esti-
mates to the information bounds of the models. In the supplementary appendix, we show
how to adapt our discretization strategy to numerically compute the bounds. The last two
rows of the panels in Table 1 show the implied theoretical values for the standard deviations.
We see that not knowing f,|, entails a loss of information. This is reflected in the fact that
the infeasible random-effects estimator of 6y based on the true f, has small variance in all
designs. In addition, while the GMM estimators based on various moment functions have
a much higher variance in some cases, the standard deviations of the infeasible estimator

based on (33) are close to the bound.*3

7 Conclusion

Dealing with the incidental parameter problem in nonlinear panel data models remains a
challenge to econometricians. Available solutions are often based on ingenious, model-specific
methods. In a likelihood setup, we have proposed a systematic approach to construct moment
restrictions on common parameters that are free from the “incidental” individual effects.

The approach consists in finding functions that are orthogonal to the range of the model
operator. When supports are finite, this can be done using a simple “within” projection
matrix, which differences out the unknown probabilities of individual effects. When supports
are infinite, we have shown how to use a linear projection operator for the same purpose.

Our approach yields conditional moment restrictions on common parameters alone which
may be informative when a condition of non-surjectivity holds. The resulting method-of mo-
ments estimators are root-N consistent (for fixed 7) and asymptotically normal, under suit-
able regularity conditions. This situation contrasts with the estimation of average marginal
effects, which is potentially subject to a problem of ill-posedness (Bonhomme, 2011).

This paper raises a number of open questions. A first issue is implementation: the
functional differencing approach requires various inputs from the researcher, such as the
number and choice of moment functions to use in practice. In infinite dimensions, this choice
may very much affect the finite-sample performance of the estimator. We have introduced

an infeasible just-identified GMM estimator that is asymptotically efficient under suitable

43The second panel in the table also reports the performance of Chamberlain (1992)’s estimator: 0=
E (yi2) /IE (yi1). This estimator does not require knowledge of the distribution of «;. The results suggest
that it is more precise than the GMM estimators based on a combination of various moment restrictions,
but less precise than the infeasible estimator based on (33).
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conditions. Constructing feasible counterparts is an important task for the future.

A second avenue for future research is the treatment of partially identified models. In
those models, it is essential to exploit the non-negativity constraints implied by the panel data
model. It seems interesting to study the possibility of extending the functional differencing
approach in order to incorporate these restrictions.

Lastly, a maintained assumption in this paper is that, while the distribution of individual
effects given regressors is unspecified, the conditional distribution of the data given the effects
is parametric. It may be important to relax the parametric assumption. For example, Hu
and Schennach (2008) and Hu and Shum (2009) prove general identification results in models
with latent variables under conditional independence restrictions. In panel data models with
continuous dependent variables, the functional differencing approach generates a continuum
of identifying restrictions on common parameters. In linear models, this allows to relax the
parametric setting, provided some restrictions are imposed on the dynamics of time-varying
errors (Arellano and Bonhomme, 2011). The framework introduced in this paper should be

useful to extend those results to nonlinear panel data models.
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APPENDIX

A Proofs (Sections 3 and 4)

Proof of Proposition 1. Under the proposition’s assumptions, by a result in Stewart (1977,
p. 653), 6 — Wy, is differentiable at 6y, a.s in =, with derivatives:

OLg ,T OLg | ' .
Wz 00(; LZO,I— (Weo,x 892 Lgmx) , k=1,..,dim86.

Noting that Wy, . fyj. = 0, it follows that 6 — Wy, f,, is differentiable at 6y, a.s. in x, with
Jacobian matrix G (z). Therefore, G () ¢ = 0 having ¢ = 0 as only solution is the rank condition
for local point-identification of 6y in (25).

Proof of Theorem 1. As a preliminary, we shall first derive Chamberlain (1987)’s optimal
instruments and unconditional moment restrictions for the GMM estimation problem. For this
purpose, it is useful to introduce an N, x (N, — rank (Lg ,)) matrix Uy, with orthogonal columns
such that Ug’mUé » = Wy . Working with this matrix allows to remove redundant restrictions. We
will denote as 7 (y;) the index in {1, ..., Ny} such that y; = Y Lastly, A[r, ] and A[-, 7] will
denote the 7th row or column, respectively, of a matrix A.

Lemma A1l Assume that rank (Lg,) is constant in 6 in a neighborhood V of 0y, a.s. in x, and
that 0 = fyiza (Y2, ;0) is continuously differentiable on V, a.s. Lastly, assume that kg, ., =
E (Ugo,; [T (vi) , 1 Ugy s [T (i) 5] |z;) is a.s. non-singular.

Then the optimal unconditional moment conditions corresponding to (25) are given by:

— aLG T; .
E <U90,xi [T (yi) ] H(Jol,:ciE Uéo,xi 8901; LZ)O’% [, 7 (yi)] ’ xz]) =0, k=1,..,dim6. (A1)

Proof.
As the rank of Ly, is independent of § and Lg, is continuous, 6 — Wy, is continuous in a
neighborhood of 0y (Stewart, 1977, Theorem 4.1), and so is § — Up ;. We have:

E (¢ (ys, 2i,0) |zi] — E @ (yi,24,00) [2:] = Ug o, fyle — Upy i Syl
= Ué,miLHO,xiLgo,xifykc - Uéo,ziLeo,xiLgo,mifyu
= Ué,ziL%,mL(Eo,zifylx
= ~Upui (Loa, = L) L . Fylar

where we have used that fy, = LQO’Q,LJr fy|z» and that

0o,z;
UG,’,:ULGJC = Ué,ernyé,xLe,x = Ué,xwe,xL97I = 0.
As Uy, is continuous and as 6 — fy|, o (y|z, a; 0) is continuously differentiable in a neighborhood

of 0y, it follows that the moment functions are differentiable at 6y with derivatives:

0 aL@ T;
R E i i i —  _I7! ‘ 0,24
aek 0o [90 (y y L 9) ’.1‘ ] UGO,x, 801@

.I.
L907$¢fy\x




The conclusion then follows from Chamberlain (1987).

]

We shall now prove Theorem 1. We assume x away in the proof. Allowing for finitely supported
x’s complicates the notation, but leaves the substance of the proof unchanged.

To proceed, let 7 — f, (+;n7) be a model for the distribution of a;, which depends on a scalar
parameter 7, and coincides with the true f, when n = n,. The model tangent space consists of the
linear span of:

Ens Fyjavlan; 60) =Gl
1 f e [e7o%! 0 fa (S9! - on
' (Z Y y| ’ ( T])) Zn 1 fy\a(y‘fnv 60 fcv ( )

As the only restriction on %ﬁmo) is that Zivil %ﬁm = 0, the tangent space coincides
with:

onln

1 Ne Na
TN ;00)vn, n — .
{fy(y) nglfy|oz(:l/|05na O)U ;U 0}

So, as Eivzyl Tyla <g8]oz; 00) =1 for all «, the tangent space also coincides with:

i FyloWletm; 00)vn, ZS( )

Given that the scores are defined over the finite support of y;, it is convenient to work with

/
Ny x 1 vectors: S = (S (gl) sy S (%V,,)) . Using this convention, the tangent space is the set of
score vectors (which sum to zero) that belong to the range of D;ngo, where Dy is the N, x N,

matrix with sth diagonal element f, (gs)
The efficient score is obtained by projecting:

No  9fya(yla,;00)
Zn 1 = 00y - fOé (fn)

Na
In o erﬁe a &y =
t (gfy (Wl 0 )> SN Fora Wl 00) fo (a)

on the tangent space, and taking the residual.
In Vector form, we thus obtain the efficient score as the residual in the population regression of

0

00y,

k=1,..,dim#0,

D_ 9 0 f, on the columns of D7 1L90 The coefficient in that regression is:

1 L 9L,
(Df2L90> f 800.]00”

because the least squares weights— taking into account the fact that each Yy, is weighted by f, (gs>—

are: #)2 X fy (gs) = (ly y So the efficient score with respect to 6y, is:

fy(ﬂs
« 8L9 —1 8L9
_1 _1 _1 8L9
= D,? |Iy, — D;’Lg, (Df2L90> D; %Ofa

To make the link with functional differencing, we state the following result.
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Lemma A2 ;

_1 _1 t 1 1
Df2L90 (Df2L90> —l—D}%UgO (D;Ugo) ZINy,

where Uy is the Ny x (N, — rank (Lg ,)) matriz with orthogonal columns such that Ug,xUé,x =Who.

1 _1 f _1
Proof. Note that D, ? Ly, <Df 2L90> is the orthogonal projector on the range of D, * Ly, .

1 1 f 1
Likewise, D]% Uy, (D]% Ugo) is the orthogonal projector on the range of D]% Up,, which is the or-

_1
thogonal complement of the range of D f *Lg,. m

From Lemma A2 we can rewrite the efficient score as:

1 _1 f _19L
Si = D,? [IN - D, Lgo (DfZLQO)] 20 b ¢

f 00,
1 1 f _19L
= D;* D2U90 (D;U90> f2aagi°fa
1 0Ly
= UQO (U(;oner) Uéo agkofa’

where UéOD +Upg, is non-singular as Uy, has full-column rank.

Lastly, taking derivatives in the identity LngLg = Ly and left-multiplying by U) we obtain:

, 0Ly , 0Ly
L,L
Uogg, Lol = Usgg,
where we have used that UjLy = 0.
So, we finally obtain:
S = Uy, (U DsUs,) U, S0 L i fy-

Comparing with (A1) ends the proof.

Proof of Theorem 2. First note that:
Projny [fy\x‘ R (LGO,x)] - LGO,mfa|a: = fy|:z:

It follows that Wy, , fy» = 0, z-a.s. Hence (28). To show that (28) and (29) are equivalent, note
that, as Wy, , is self-adjoint (or symmetric, e.g., Yoshida, 1971, p. 83):

Wooafye =0 < (h, Weo,xfy|x> =0 for all h € G,
& (Wyyuh, fy1z) =0 for all h € G,

o [ | ¥ 1) )l )y = 0 for i € Qy}

& [E () Woyaih] ()

xizx)zoforallhegy].
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B Information bound (Section 4)

Information bound : characterization. We start by noting that the analysis may be
conditioned on an x € X (as in Hahn, 1997). The nonparametric tangent space of the model
consists of the L?( fy|z)-closure of the linear span of:

[ izl

0
| In([LogafaClzin)] (y) = :
G, ™ ([Fos o Clasm] W)= e T )
Note that %WWO) is not restricted beyond the fact that it has zero expectation and is

and thus f,(-|7) is interior. This guarantees that the tangent space is a linear vector space, as
opposed to a convex cone (see Lindsay, 1983). This assumption (which implies that individual
family models it is enough to assume that f,(-|) has non-empty interior in order not to restrict
the tangent space (Hahn, 1997).
v(®) oo v(ai, ;)
Do = (-, ), e L (f, ,IE( ri=x)=0p,
“ { foe|:c ( a\m) fa|a:(ai|xi) '
Leo,a:fod;v ’
Now, for all v such that % € L2 ( fa‘x) we have almost surely:*
= / </ fyx,oz(y’wva;‘g(])dy> ’U(Oé,.l‘)dOé
A y
= / v(a, z)da.
A

square integrable with respect to fu.(-[7;m9) = fajo(-[). This is because infoes foo(alz) > 0,
effects must have compact support) may be stronger than necessary. For example, in exponential
It follows from this discussion that, letting:
the tangent space is the L2(fy|m)—closure of the linear span of {M v(-,x) € Da}.
[ttty = [ ([ aatole.cstoota,zda) ay
Yy y A
It thus follows that the tangent space is the L?( fy|z)-closure of the linear span of:

1 h(yi, i) 1
— - sh(x) € R(Loy ), E< mizx) :O} = — Ry
fyla { 0 fylz(yilzs) foe

Denoting as Sy, the efficient score for 6} we thus have:

] 9 :

Sk‘ (ya%eo) = 7‘ 1n([L6’,$fo¢|z] (y)) _m(k)(ya ‘T)a k= 1a"'7d1m9’
80k 0o
where:
9 2
m®) (-, z) = argmin E |+ W ([Low fale] (wi)) —m(yi) ) ri=x|, T-—as
80k 0o o

méclosure (% -Ry>
ylz

The equivalence with (30)-(31) follows by taking h¥)(y, z) = fylz(ylz) - m®) (y, x).

4 Note that, by the Cauchy-Schwarz inequality:

(f o) = [ (%)’ ol <0, 5
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Information bound: adding-up constraint. To show that A(*) is the orthogonal projection

Lo ofale e . . .
of % on R (Lg, q), it is sufficient to show that:

L S—
—_— R(L(;O@)] € Ry. (B2)

From the above characterization of R, it is thus sufficient to show that:

/ ﬁ(k)(y,x)dy =0, x-—a.s.
Yy
Or, equivalently, given the choice of weight functions (32), that:

<%(k)(~,ac), fy|x(-|x)> =0, x—a.s. (B3)

Now, as fyz.o(-|z,a;6p) is a conditional distribution function, we have:

oL O,Ifa:c oL 07$focx
<989k|,fy|x(~\x)> - /y [%gk'} (y)dy =0, @ -as.

In addition, as fy, € R (Lg,.), we have that % —n® s Gy-orthogonal to fy|,. Combining

OLog.afale _ (OLog.afalz _ (k)
905, 00

the results, it then follows that hk) = -

) is also Gy-orthogonal to f, ;.

This shows (B3). Hence, h(*) = 1) coincides with the orthogonal projection of % on

R (Lgy,z)-

C Asymptotic results (Section 5)

Proof of Theorem 3. We verify the conditions of Theorem 2.1 in Newey and McFadden (1994).
First, note that observations are i.i.d., and that the global identification condition holds, with ©
compact. The rest of the proof consists of two steps.
Step 1 consists in showing that the population objective function is continuous on the parameter
space. Let, for g > 0:
Wy =1, ~ Lo (Lj Lo+ pla) ' Lj (C4)

We start with the following result.

Lemma C3 Let iii), iv), and viii) in Assumption 2 hold. Then, for every r and for > 0 given,
the function:

0—E ([Wg(f;)ihr} (i) my (yi) Cs, (fﬁz‘)>

18 continuous on ©.

Proof. Conditions #ii) and iv) imply that the mapping 6 — Ly, is continuous on © with

respect to the operator norm, z-a.s. This statement follows from the fact that, if 6, 5290 0, then

(e.g., Section 2.2 in Carrasco et al., 2008):

Lo,z — L 2§SUP// JyleaWlz, 05 05) = fylza(yle, a;0 QL(y)dyda>
|| 05, H,m” beo |y A[ ylz, ( ‘ ) ylz, ( ’ )] 7Ta(oz)

which tends to zero by iii), iv), and an application of Lebesgue’s dominated convergence theorem.

44



So, the mapping 0 — We(“ ) is also continuous on © with respect to the operator norm, a.s.
(u)

in z. Now, note that the singular values of W are either equal to 1 or to some _T’ for
7,0,
j€{1,2,...}. It thus follows that HWH’Z)H <1 for all 8, z. So, letting again 6, *=5° 6 we have:
‘E ([(We(ul - We(l;)) hr} (i) my (yi) Cs, (ﬂﬁi))‘ = ’E (< (WH(#?T - Wy ) he, fy|x> Cor (xz))’
(1)
< E <H (WOZQJ, - WG $1) H }CST xl |> :

The term within the expectation tends to zero by continuity of 6 — We(‘;). Moreover, it is dominated
by 2 || || nywH |¢s, (i) 1) and the Cauchy-Schwarz inequality.
The conclusion follows from the dominated convergence theorem.

|

Lemma C4 Let v), vi) and viii) in Assumption 2 hold. Then, for every r:

E (Wi he| o) 7y 0) G, (@) "3 B (Wil (w) 7y (01) G, ()

where the convergence holds uniformly on ©.

Proof. We have:
B = E([(Wi = Wow ) he] ) 7, )€, (1)
= B (W~ W) b fyie) G, (1))
= E ; /H_)\?e@z <¢j,9,xi’ fy\:v> <¢j,9,aci’ hT> Cs, (:)

So, for every J > 1:

< n) E mm N(sa00 ) (G0 ) Coy )

+E Z |<¢j797$i’ fy|3?> <¢j,9,zw h7“> Csr (:ZZZ)‘

§>J

So, using the Cauchy-Schwarz inequality:

sup|B| < MZ f)\2 ny|xH Hh H ‘Csr Z; }

1<J 96@ 5,0,%;
1
2

+E [sup | Y (05000 Fore)” | el S (22)]

0cO J>J

Fix ¢ > 0. By wvi), viii) and the dominated convergence theorem, the second term on the
right-hand side tends to zero as J tends to infinity. So there exists a J such that this term is < /2.
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For that J, take p small enough such that the first term is < €/2. Such a p exists by v). This
shows the lemma.
|

Combining Lemmas C3 and C4 then shows that

00— E ([Wag;ihr] (vi) Ty (vi) Csr (331))

is continuous on O, for all . This ends Step 1 of the proof.
Lastly, in Step 2 we show uniform convergence in probability of the sample moment restrictions
to the population moment restrictions. To do this, let us denote

Pr = Ty (yl) [WH,th] (yl) Cs,« (xl) .

We will show:

sup E([@ (o) —E(%)r) Nopeg (C5)

For this, we will show two lemmas.

Lemma C5 Let viii) in Assumption 2 hold. Then

21618 Var (E ((Wo,z; b (yi) Ty (i) Cs, (1) |2:)) < o0.

Proof.

Var (E ((Wa e, he] (yi) 7y (i) Cs, (23) |23)) = Var (Woz,he, fya) Cs, (24))

< E (<W0,a:ih7“’ fy\$>2 Csn (:E’)z)
< B (Wl l? el . (57)
< B (Il e o, 027).

where we have used that ||Wy 4, || < 1. The conclusion follows from viii).
|

Lemma C6 Let vii) in Assumption 2 hold. Then

sup E (Var ((Wo.z, bl (yi) Ty (yi) Cs, () |2:)) < oc.

Proof. We have, almost surely in z:

Var ((Wo,ohe] (yi) my (i) [2) < A{[We,xhr](y)ﬂy(y)}zfyz(y!w)dy

< sup (my () fya 012)) [ {Waahe) )Y 7, () dy
yey Y

= s (7y @) fye WD) [[Wo,uhe

< sup (y (¥) fye Wlo)) 1)1
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where we have used that ||Wp | < 1.
So, by vii), E [Var ((Wou;he] (i) my (ys) |4) Cs, (2;)?| is uniformly bounded, and the conclusion

follows.
| ]

Finally, combining Lemmas C5 and C6, Var (¢p,.) is uniformly bounded. So, the left-hand side
in (C5) is bounded by a constant divided by N. This shows convergence in mean squares, which
implies convergence in probability.

So the consistency of 6 is proved.

Proof of Theorem 4. We verify the conditions of Theorem 7.2 in Newey and McFadden (1994).
First, we prove that 6 — E (¢ (y;,x;,60)) is differentiable at 6y with derivative G. For this, note
that:

E(SOT‘ (yuxlve)) 7]E(<10r (yi’xi’eo)) = <W9 Cﬂzhﬁfy|a¢><—sr (xl)) - (<W90,$ihr’fy\$> Csr (xl))
(

Woz, — Wag ) b fyl) Csr ()
(W, = Woges) s Logei Ly o Fyja ) o, (20))
<L60 a:ZWG mzhm Leo mlfy|z> Csr ( Z)>

- _E (<(Lm — Loya,)* Woz,he, LY, xify|m> Csn (“‘i)) )

where we have used that fy, = Lgo,mz 0o ; fy‘x, and that Lj 2 Woz, =0 for all 6.
By i) and #4) in Assumption 3 the mapping 6 — Ly , is contlnuously differentiable on V, z-a.s.
It follows from the mean-value theorem that

E(
E(
- E(
B(

OLx

E (SOT (yia T, 9)) —E (‘pr (yiv Ty, 90)) = -E << 821271 We,xih"" Lgo,xify|x> CS’I’ ($2)> (9 - 90) )

where 0 lies between 6 and 0o.
Now, as in the proof of Theorem 3 and using in addition Condition i), the function § — Wy ,h,
is continuous on V, a.s. in z. To see this, note that, for every J > 1:

< /~L2Z)\4 <¢]6x7 T +Z %exa

.]7 »L j>J

HWQ(:‘;)hr - Wﬁx T

The second term on the right-hand side tends uniformly to zero as J tends to infinity by 4ii).
Moreover, as Aj g is bounded from below for j € {1,...,J}, and as (¢; ., hT>2 < || ||?, the first

term tends uniformly to zero as p tends to zero (for fixed J). This shows that We(‘;)hr tends to
We .h, as p tends to zero, uniformly on V.
It follows that, for every k € {1,...,dim#} and a.s. in a:

8L~ oL}
9—>0 0o,z 1
< 90, hraLeo xfym> ’ < 30(; WGO’IhT’LGO,LUfyx> ’

Thus, by iv) and the dominated convergence theorem, 6 — E (¢ (i, z;,0)) is differentiable at 6y
with derivative G.

Next, by the first part of vi) the empirical moment functions tend in distribution to N [0, X (6p)].
The theorem will thus be proved if we can show stochastic equicontinuity. Now, by the second part
of vi) we have:

VN (Elp (43, 71:6) = @ (02 00)) = E [ (s 5,0)] ) > N [0, Var (i (s, 0,0) = ¢ (3is 73, 00))].
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As in the proof of Lemma C5 we have:

Var (E ([(WQ,M - W90,x¢) hT] (yl) Ty (yl) Csr (1‘,) ’1’@)) < E <”W9755ih7' - Weo,xihTHQ ny\xHQ Csr (xl)2) .

The term inside the expectation tends to zero as ¢ tends to 6y, as 0 — Wy h, is continuous.
Condition viii) in Assumption 2 and the dominated convergence theorem thus imply that the
between-x variance tends to zero as 6 tends to 6.

Lastly, as in the proof of Lemma C6 we have, almost surely in x:

Var ([Wo,ohe — Wooohe] (yi) Ty (i) [2) - < sup (7y (W) fyja (W]2)) ([Woahe — Wy b
ye

The right-hand side in this expression tends to zero as 8 tends to g, again by the continuity
of 8 — Wg’mhr. Moreover, Condition vii) in Assumption 2 shows that this term (multiplied by
Cs, (x z) ) is dominated in expectation, and the dominated convergence theorem concludes that the
within-z variance tends to zero as 8 tends to 6.

This shows stochastic equicontinuity and ends the proof.

D Discretization strategy (Section 6)

Let M be the span of {u,}, and let a € Gy such that Proj,. [hﬂ R (ng)} = L97IL;’ma,45 We have,
for given y, x

y(Y)
o (@)

N Z Ys / Toy )fyloca< |x?05;0)fy\x,o¢ (gs\$7a;9> do,
=p(y)

dydo

(LooLia] (y) = / / oo (01,030 Sy (B, 030) a ()~

%

where the difference is O,(1/1/N,) under suitable assumptions (e.g. Geweke, 1989).
Let h, = Proj., [hr‘ R (Lg,x)] As the orthogonal projection of h, on M and the orthogonal

projection of h, on M coincide, h,(y) may thus be approximated by Ziv:yl aspig(y), where {as}

2
minimizes [, <hr(y) - Zivzyl as,%(?/)) my(y)dy. Solving for {a,} and approximating the integrals
by simulation we have:

Ny
A g (y)
s=1

tr/w,
[(@s)s] = Zusl Vs (1) > g wohe(w) | |- (D6)

81,52 - 51

where:

Lastly, in order to compute u4(y) we approximate the integrals with respect to a by impor-
tance sampling using 7 as our proposal density. This yields: [(1,(y)),] = N%ILO@ iéyg)c, where the

Note that R(Lg,.Lj ) is dense in R (Lg o).
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approximation is O,(1/v/Ny). So, using (D6) and the fact that AT = (AA)T A = A" (AA)T we
have:

LG,xLIG,xLG,mLIH,z) f Le,x—le,xh

Loy

%

ly) ~ (f éf’)),%,m
(

This yields the approximation (44).

49



Table 1: Simulation results (7' = 2)

Tobit model: o (true=1)
N =100 N =500

Mean  Std  Mean  Std
Grid (9 restrictions) 1.001  .143 1.003  .079
Grid (25 restrictions) 1.000  .123  1.001 .065
Grid (49 restrictions) ~ 1.000  .119  1.000  .061
Efficient (1 restriction) 1.014 113~ .990  .047
Infeasible REML 1.001  .092  1.000  .043
Bound (unknown f,) - 112 - .050
Bound (known f,) - .095 - 042

Q
Qo

Chamberlain’s model: 6 (true=1)
N =100 N =500
Mean  Std  Mean  Std
Grid (9 restrictions) 1.063  .326  1.014  .155
Grid (25 restrictions) 1.026 225 1.001  .104
Grid (49 restrictions) 1.016  .188 998 085
Efficient (1 restriction) 1.030  .136  .970  .054

Infeasible REML 999 083  1.000  .037
Chamberlain 1 173 1 078
Bound (unknown f,) - ~ .112 - ~ .050
Bound (known f,) - ~ .089 - ~ .040

Note: Mean and standard deviation of & and 6 across 1000 simulations. “Grid (R restrictions)”
refers to using ¢ (- — p,.), ¥ = 1,..., R, to construct moment functions, where the set of values u,
is indicated in the text. “Efficient” is the infeasible estimator based on (33). “Infeasible REML”
is the infeasible random-effects maximum likelihood estimate, which assumes knowledge of f,.
“Chamberlain” is Chamberlain (1992)’s estimator of §. Due to non-existence of moments for a
ratio of sample means, asymptotic means and standard deviations are reported for that estimator.
We checked that the implied quantiles provide a reasonable approximation to the quantiles of the
finite-sample distribution. Lastly, the “Bounds” are numerical approximations to the minimal
asymptotic standard deviations theoretically attainable.
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