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1 Introduction

As is well known, the Gaussian pseudo-maximum likelihood (PML) estimators advocated by
Bollerslev and Wooldridge (1992) among many others remain root-7" consistent for the condi-
tional mean and variance parameters irrespective of the degree of asymmetry and kurtosis of the
conditional distribution of the observed variables, so long as the first two moments are correctly
specified and the fourth moments are bounded. Nevertheless, many empirical researchers prefer
to specify a non-Gaussian parametric distribution for the standardised innovations, which they
use to estimate the conditional mean and variance parameters jointly with the parameters char-
acterising the shape of the assumed distribution by maximum likelihood (ML). However, while
ML will often yield more efficient estimators of the conditional mean and variance parameters
than Gaussian PML if the assumed conditional distribution is correct, it may end up sacrificing
consistency when it is not, as shown by Newey and Steigerwald (1997).

If one is mostly interested in the first two conditional moments, the semiparametric (SP)
estimators of Engle and Gonzalez-Rivera (1991) and Gonzalez-Rivera and Drost (1999) offer an
attractive solution because they are sometimes both consistent and partially efficient, as proved
by Linton (1993), Drost and Klaassen (1997), Drost, Klaassen and Werker (1997), or Sun and
Stengos (2006). However, they suffer from the curse of dimensionality, which severely limits their
use in multivariate models. To avoid this problem, Hodgson and Vorkink (2003) and Hafner and
Rombouts (2007) have considered elliptically symmetric semiparametric (SSP) estimators, which
retain univariate rates for their nonparametric part regardless of the cross-sectional dimension
of the data, but which are unfortunately less robust.

The main objective of our paper is to study in detail the trade-offs between efficiency and
consistency of the conditional mean and variance parameters that arise in this context. While
many of the aforementioned papers provide detailed analyses of one of these issues, especially in
univariate models, or in models with no mean, to our knowledge we are the first to simultaneously
analyse all the hard choices than an empirical researcher faces in practice. Furthermore, we
do so in a multivariate framework with non-zero means, in which some of the earlier results
seem misleadingly simple. The inclusion of means in multivariate models not only provides
a unified perspective in an otherwise fragmented literature, but more importantly, it allows
us to cover many empirically relevant applications beyond ARCH models, which have been the
motivating example for most of the existing work. In particular, our results apply to conditionally
homoskedastic, dynamic linear models such as VARs or multivariate regressions, which remain
the workhorse in empirical macroeconomics and asset pricing contexts.

Another important differentiating feature of our analysis is that we explicitly look at the



efficiency ranking of the feasible ML procedure that jointly estimates the shape parameters, as
well as the Gaussian PML, SP, SSP and infeasible ML estimators considered in the existing
literature.

In addition, we provide consistency conditions for distributionally misspecified maximum
likelihood estimators, and show that they coincide with the partial adaptivity conditions of
semiparametric procedures. Specifically, we find that the parameters that are efficiently esti-
mated by the semiparametric procedures, and therefore by the feasible parametric estimators
under correct specification, will continue to be consistently estimated by the latter under dis-
tributional misspecification. In contrast, all the other parameters, which the semiparametric
procedures can only estimate with the efficiency of the Gaussian PML estimator, will be incon-
sistently estimated by distributionally misspecified parametric procedures. For that reason, we
propose closed-form consistent estimators for those parameters.

Finally, we propose simple Hausman tests that compare the feasible ML and SSP estimators
to the Gaussian PML ones to assess the validity of the distributional assumptions.

The rest of the paper is organised as follows. In section 2, we present closed-form expressions
for the score vector, Hessian and conditional information matrices of log-likelihood functions
with and without the assumption of elliptical symmetry, and derive the efficiency bounds of
the Gaussian PML estimator and both SP estimators. Then, in section 3 we compare the
efficiency of the different estimators of the conditional mean and variance parameters, and
obtain some general results on partial adaptivity. In section 4, we first study the consistency of
the conditional mean and variance parameters when the conditional distribution is misspecified,
and then introduce the Hausman tests. A Monte Carlo evaluation of the different parameter
estimators and testing procedures can be found in section 5. Finally, we present our conclusions

in section 6. Proofs and auxiliary results are gathered in appendices.

2 Theoretical background
2.1 The model

In a multivariate dynamic regression model with time-varying variances and covariances, the

vector of N dependent variables, y;, is typically assumed to be generated as:

yi = i (00) + 3% (B0)er,
1 (0) = 2z, I1-1;0),
34(0) = X(z¢, [1—1;0),

where p() and vech [2()] are N x 1 and N(N + 1)/2 x 1 vector functions known up to the

p X 1 vector of true parameter values 0g, z; are k contemporaneous conditioning variables, I;_{



denotes the information set available at ¢ — 1, which contains past values of y; and z, Ez“ / 2(9) is

some particular “square root” matrix such that 2,51 /2 (0)2,51 / 2’(0) = 3,(0), and € is a martingale

difference sequence satisfying F(ef|z¢, I1—1;600) = 0 and V (&} |z, [t—1;609) = In. Hence,

E(yt|ze, Ii-1560) = p4(60) } (1)
V(yi|ze, I—1:00) = X4(60) |-

To complete the model, we need to specify the conditional distribution of ef. Following
most of the literature, we shall assume that, conditional on z; and I;_1, € is independent
and identically distributed, or €}|z:, I;—1;60,09 ~ i.i.d. D(0,In, 0y) for short, where o are
some ¢ additional parameters that determine the shape of the distribution. Importantly, this
distribution could substantially depart from a multivariate normal both in terms of skewness

and kurtosis.

2.2 Maximum likelihood estimators

Let f(e*; @) denote the conditional density of e} given z;, I;_; and the shape parameters,
which we assume is well defined. Let also ¢ = (0’, @)’ denote the p + g parameters of interest,
which we assume variation free. Ignoring initial conditions, the log-likelihood function of a
sample of size T' for those values of € for which ¥;(0) has full rank will take the form Lr(¢) =
S (@), where Li() = di(8) +In f [€}(6), @], di(0) = In|S; /*(8)], 7 (0) = B, /(0)e,(6),
and €:(0) =y, — pn,(0).

The most common choices of square root matrices are the Cholesky decomposition, which
leads to a lower triangular matrix for a given ordering of y;, or the spectral decomposition, which
yields a symmetric matrix.! In what follows, we shall use the former because it is much faster to
compute than the latter, especially when 3,(0) is time-varying. Nevertheless, we discuss some
modifications required for the spectral decomposition in Appendix B.4.

Let s¢(¢) denote the score function 0l;(¢)/d¢p, and partition it into two blocks, sg.(¢p) and
Sot(¢), whose dimensions conform to those of @ and o, respectively. If u,(0), Ei/ 2(0) and
In f(e*, o) are differentiable, then we show in Appendix B.1 that

@) = [2u0).24(0)] | S10) | = Zu(®)eu(o) ©)
set(¢) = 0Olnfle; (0);0]/00 = en(9),

'The choice of square root matrix is non-trivial because I;(¢) may depend on it. In fact, it might even be

possible to identify 25/2(0) without imposing any restrictions such as lower triangularity or symmetry. One
such instance would be a constant mean and covariance matrix model whose innovations follow a multivariate
location-scale mixture of normals (see Mencia and Sentana (2009)), under the additional assumption that the
vector of asymmetry parameters is known. Even if this vector is unknown, time-variation in Etl / 2(0) may suffice
to identify this matrix unrestrictedly (see Mencia and Sentana (2010) for further details).



where

Z1,(8) = Opy(6)/96 - £, (6) 3
Z4(0) = dved [21%(0)]/00-[Iy @ =, /% (0)] [’
and
CTeu(d) | [ —0lnfle;(6); 0/0c*,
ca(9) = [ eu(9) } - [ “vec {Iy + 9In fle1(0): 0]/0" - £1'(0)) } ' )

Similarly, let h;(¢) denote the Hessian function 9s;(¢)/0¢" = 0l;(¢p)/0pO¢’. Assuming

twice differentiability of the different functions involved, we also show in Appendix B.1 that

hoo9) = Zu(0) )+ 7,,(0) 2207
+leh(o) o1, LN (g1 (g o1, 2ZO )
hog(6) = Zu(6)0e1(6)/0¢' + Zus(0)Den(6)/00 )
hoo($) — lnfle; (6):)/0ede
where
deulg) _ I Jei0) 0l i, 9) 1 (e(6) 1112, 0)) @
and
86525?) = {[sz‘(o>®1NJ82h})££§€(gm+ 1y o 20 /lei0):0) [5‘550);9]}}

x{Z1,(0) + [7'(6) ® In]Z(;(6)}- (8)

Importantly, while Zy(0), Zs(0), Ovec|Z;;(0)]/00" and Ovec|Zs(0)]/00" depend on the dy-
namic model specification, the first and second derivatives of In f(e*; @) depend on the specific
distribution assumed for estimation purposes.

Given correct specification, the results in Crowder (1976) imply that the score vector s;(¢) at
¢, follows a vector martingale difference. His results also imply that, under suitable regularity

conditions,? the asymptotic distribution of the feasible ML estimator will be /T (&T — ¢g) —
N [0,ZY(¢y)], where Z(¢pg) = E[Zi(¢hy)| ], and

() = V [si(@)|2y, It—15 ] = —E [hi(P)|zy, Li—1; @] .
In this context, we can prove the following result:
Proposition 1 If &f|z, [;_1; ¢ is i.i.d. D(0,Iy, @) with density f(e*,0), then

Ti(¢) = Zi(0)M(0)Zi(0),

o - (472)- (5 440 7).

?In particular, Crowder (1976) requires: (i) ¢, is locally identified and belongs to the interior of the admissi-
ble parameter space, which is a compact subset of RPT%; (ii) the Hessian matrix is non-singular and continuous
throughout some neighbourhood of ¢; (iii) there is uniform convergence to the integrals involved in the computa-
tion of the mean vector and covariance matrix of s¢(¢); and (iv) —E~" [-T7" 3, he(¢)] T 3, he(9) B,
where B! [—Tfl >, hi()] is positive definite on a neighbourhood of ¢
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and

My(e) Mis(e) Mir(o
M(e) = Mfidgg; ﬁdrggg = ESEQ; Mss((g)) Msr((g)) ,
ar " (@) Mi(e) M. (o)
with
Mu(e) = Vien(9)|¢] = E [0°In f(e}; 0)/0c* 0| o] ,
Ms(@) = Eler(¢)esi(¢) |¢] = E [0°In f(e]; 0) /00 - (ff @ In)| o] |
Me(@) = Viea(@)I¢] = B [(e] @ In) - 9°In f(<}: 0)/0" 9 - (e © In)le] — K,
Mir(0) = Elen(p)er(d)|9] = —E [0°In f(ef; @) /000 | o] ,
Msr(0) = Elesi(p)er,(9)|¢) = —F [(ef @ In)0%In f(ef; @) /0" 00 o] ,
and

M;r(0) = Vier(9)lg] = —E [0°In f(ef; 0)/0000'| 4] ,

where Ky is the commutation matriz of orders m and n.

2.3 Elliptically symmetric maximum likelihood estimators

The multivariate Gaussian and Student ¢ have been by far the two most popular choices made
by empirical researchers to model the distribution of standardised innovations. For that reason,
we specialise our previous results to those cases in which we make the additional assumption that
D(0,1Ix, 0g) is some member of the spherical family with a well defined density (see Appendix
A), or gf|zy, [1—1;00,m9 ~ i.3.d. s(0,Ix,7m,) for short. Elliptical distributions are attractive in
our context because they remain tractable irrespective of the cross-sectional dimension N. In
order to highlight the change in distributional assumption, we shall use 1) instead of g to denote
the parameters that determine the shape of the density of ¢; = €}’ej. The most prominent
elliptically symmetric example is the normal distribution, which we denote by g = 0. As we
mentioned before, another prominent example is a standardised multivariate ¢ with vg degrees of
freedom, or i.i.d. t(0, Iy, vq) for short. As is well known, the multivariate Student ¢ approaches
the multivariate normal as vy — oo, but has generally fatter tails. For that reason, we define 7
as 1/v, which will always remain in the finite range [0, 1/2) under our assumptions.

Let exp[e(n) + g(st,n)] denote the conditional density for € given z;, I;—; and the ¢ shape
parameters, where c(n) corresponds to the constant of integration, and g(s;,7) to its kernel.?
Let ¢ = (0',m)" denote the p + g parameters of interest, which once again we assume variation
free. Ignoring initial conditions, the log-likelihood function of a sample of size T' for those
values of @ for which X;(8) has full rank will take the form Ly(¢) = 3.1, l+(¢), where ls(¢p) =
04(0) + c(m) + g [5:(8),m] and <,(0) = &7'(8)<} (6).

3Fiorentini, Sentana and Calzolari (2003) (FSC) provide expressions for ¢(n) and g(s;,7n) in the multivariate
Student t case, which are obviously such that ¢(0) = —2m and g(s;,0) = —1c;.




Let s¢(¢) denote the score function 0l;(¢)/0¢, and partition it into two blocks, sg:(¢) and
snt(¢), whose dimensions conform to those of @ and 7, respectively. We show in Appendix B.2

that if p,(0), 3:(0), c(n) and g[s:(0),n] are differentiable, then

snt(@) = 9c(n)/0n + 0g[s:(0),m] /0N = en(e), (9)

while we can write sg;(¢) in (2) using®

2.(0) = Soved [£(0)] /005, "(0) © 3,7 (0)]

elt(ev T,) = 5[§t(e)7 77] : 6:(9), (10)
eq(0,m) = wvec{d[<,(0),n] i (0)ef'(0) — 1y}, (11)

where
6[st(8),m] = —20g[s+(8),n]/ s (12)

is a damping factor that reflects the tail-thickness of the distribution assumed for estimation
purposes. Given that this factor is equal to 1 under Gaussianity, it is straightforward to check
that sg¢(6, 0) reduces to the multivariate normal expression in Bollerslev and Wooldridge (1992),

in which case: *
0.~ | 216°0) | ={ vecrerorerior -1 }

Assuming twice differentiability of the different functions involved, we also show in Appendix

B.2 that we can write

hoot() 9?di(0) | 9*g[s:(8),n] 9s:(0) Ds4(8) | Dy [s:(8), 1] I*<:(6)
061 9000’ (05)2 06 00’ d 0000

honi(¢p) = 054(0)/00 - 9°gsi(0),m] /OsOn, (14)
hyni(¢) = 9%c(n)/0mon’ + 0%g[<(6),m] /Onon,

where 9¢¢(0)/00, 52d:(0)/0000" and §%c1(0)/06006" depend on the dynamic model specifica-
tion, while 9%g(s,7)/(0s)?, 8%9(s,n)/0sOn’ and dg(s,n)/Ondn’ depend on the specific elliptical
distribution assumed for estimation purposes (see FSC for the multivariate Student ¢).

The expressions in Proposition 1 simplify considerably in the elliptically symmetric case.
The following result generalises Propositions 3 in Lange, Little and Taylor (1989), 1 in FSC and
5.2 in Hafner and Rombouts (2007):

"Note that while both Z;(0) and eg; () depend on the specific choice of square root matrix thl/z(O)7 sot(®)
does not, a property that inherits from l;(¢). This result is not generally true for non-elliptical distributions.



Proposition 2 If ef|z¢, [;_1; ¢ is i.i.d. s(0,In,m) with density exp[e(n) + g(s¢,m)], then

My (n) 0 0
M(n) = 0  Myu(n) Mx(n) |, (15)
0 M(m) Mp(n)
My (n) = vy (n)ly, (16)
Mis(n) = Mgs(1) (Ty2 + Kyn) 4 [Mgs(17) — Hvece(In Jved (Iy), (17)
M (n) = vec(In)Mgr (1), (18)

206 (s,
My(n) = E [52(9,77)& n} =E [%% +5(<t7’7)‘ "7] )

Mss(n)N+2{1+V{6<§t,n)N’n}}E[ % NOVi2) n| +1,

M) = B { [o(ct.m) 3 — 1] elu(9)| & =~ [%_aéf;;;n) ' n} :

FSC provide analytical expressions for M, Mgs and Mg, in the multivariate Student ¢ case,
while Amengual and Sentana (2010a) do the same for the Kotz distribution (see Kotz (1975))
and discrete scale mixtures of normals. In this sense, an important point to note in relation to
the Student ¢ is that My (n) increases without bound as v — 2% while Ms(n) remains bounded.
This differential behaviour is also characteristic of other leptokurtic elliptical distributions, such

as the normal-gamma mixture, the Kotz distribution, or the Pearson type II.

2.4 Gaussian pseudo maximum likelihood estimators

If the interest of the researcher lies exclusively in @, which are the parameters character-
ising the conditional mean and variance functions, then one attractive possibility is to esti-
mate an equality restricted version of the spherical model in which 7 is set to zero. Let
éT = argmaxg L7 (0,0) denote such a PML estimator of 8. As we mentioned in the intro-
duction, 87 remains root-T' consistent for 8y under correct specification of p,(0) and 3(6)
even though the true conditional distribution of &f|z¢, I;_1; ¢ is neither Gaussian nor spherical,
provided that it has bounded fourth moments. The proof is based on the fact that in those
circumstances, the pseudo log-likelihood score, sg.(0,0), is also a vector martingale difference
sequence when evaluated at 8, a property that inherits from ez (8, 0). Importantly, this prop-
erty is preserved even when the standardised innovations, €f, are not stochastically independent
of z; and I;_1. The asymptotic distribution of the PML estimator of @ is stated in the following
result:®

Proposition 3 Assume that the regularity conditions A.1 in Bollerslev and Wooldridge (1992)
are satisfied.

>Throughout this paper, we use the high level regularity conditions in Bollerslev and Wooldridge (1992) because
we want to leave unspecified the conditional mean vector and covariance matrix in order to maintain full generality.
Primitive conditions for specific multivariate models can be found for example in Ling and McAleer (2003).



1. If €¥|zy, I_1; ¢ is ii.d. D(0,Iy, @) with tr[K(@)] < co, then VT (87 —6y) — N [0,
with
C(¢) = A" (@)B(p) A (),
A(¢p) = —E [hgg:(0,0)|¢] = E[A:(9)|9],
Ai(¢) = —E[hgp:(0;0)| 2, [;1; @] = Zar(0)K(0)Z7,(0)
B(p) =V se:(0,0)|9] = E[Bi(¢)|¢],
Bi(¢) = V[s:(0;0)| 21, [;-1; @] = Zar(0)K(0)Zq,(0),
K(o)= | In ®(e)
o) =Vlesl.0lz 1130 | 5% Y& |,
where

(o) = Elejved (e7e}’)| @]
Y (o) = Elvec(efe;y’ —In)ved (efel’ —In)| @]

(o)),

depend on the multivariate third and fourth order cumulants of €f, so that ®(0) = 0 and

Y(0) = (In2 + Kyn) if we use o =0 to denote normality.
2. If ef|ze, It—1; @y is i.i.d. s(0,In,mg) with ko < oo, then (19) reduces to

Iy 0

K (k) = 0 (k+1)(In2+Knn)+rvee(In)ved (In)

(20)

which only depends on n through the population coefficient of multivariate excess kurtosis

= B({In)/[N(N +2)] -

(21)

But if tr[[C(p)] is infinite then B(¢,) will be unbounded, and the asymptotic distribution of

some or all the elements of @7 will be non-standard, unlike that of @7 (see Hall and Yao (2003)).

2.5 Semiparametric estimators

As is well known, a single scoring iteration without line searches that started from 67 and

some root-1" consistent estimator of g, pr say, would suffice to yield an estimator of ¢ that would

be asymptotically equivalent to the full-information ML estimator q?bT, at least up to terms of

order O,(T~'/2). Specifically,

( Or —Or > _ [Ieo(fﬁo) Zoo(o) } Z [ sot(0r, 01) } '
Oor — Or Zoo(®0)  Zoo(eho) T set(01, Br)
If we use the partitioned inverse formula, then it is easy to see that

Or — 07 = [Too(¢by) — Ieg(fﬁo)zgg(ﬁbo)fég((ﬁo)] -
T

X% Z [Set(éT, or) _IGQ(¢O)I;gl<¢O)SGt(éT7Z)T)] 7%(¢o) Zse\gt 01, r),

t=1
where

T%(y) = [Too(do) — Too(d0)Top (o) Too(¢0)]



and
SB|Qt(00> Mo) = se:(0o, 09) — Ieg(ﬁbo)zgg}(d)o)sgt(aoy 20) (22)
is the residual from the unconditional theoretical regression of the score corresponding to 6,

sg¢(¢), on the score corresponding to @, spt(¢g). The residual score sg) (00, o) is sometimes

called the parametric efficient score of 6, and its variance,

P(bo) = Zoo(Pg) — Ie,;(%)%é(d)o)fég(%), (23)

the marginal information matrix of 8, or the feasible parametric efficiency bound. In this respect,
note that Z%(¢,), which is the inverse of P(¢y), coincides with the first block of Z~!(,), and
therefore it gives us the asymptotic variance of the feasible ML estimator, Or. In contrast,
Iggl(@)) would give us the asymptotic variance of an infeasible restricted ML estimator, which
we would obtain only if we could fix the shape parameters g to their true values. For that
reason, we shall refer to Zgg(¢y) as the infeasible parametric efficiency bound.

In the elliptically symmetric case, we can easily prove that (22) and (23) reduce to

st (00,M0) = Zar(00)ear(dg) — W) - [Msr(119) M, (110)e,, ()]

and
P(0) = Zoo(do) — Ws(do) Wi(eby) - [MST‘(”?O)M;}(nU)M;r(nO)] )

respectively, where

W) = Za(py) [0, ved (Iy)] = E[Zas(00)| o) [0, ved (In)]
=F { %8’060/ [X4:(60)] /80-1}60[2;1(00)] ¢0} — E[W(00)|po] = —E {0d(0)/00| ¢y} . (24)

It is worth noting that the last summand of (22) coincides with Z;(¢,) times the theoretical
least squares projection of eg(¢y) on (the linear span of) e,;(¢y), which is conditionally or-
thogonal to ez (60,0) from Lemma 2. Such an interpretation immediately suggests alternative
estimators of @ that replace a parametric assumption on the shape of the distribution of the
standardised innovations €} by nonparametric or semiparametric alternatives. In this section,
we shall consider two such estimators.

The first one is fully nonparametric, and therefore replaces the linear span of e,.(¢) by the
so-called unrestricted tangent set, which is the Hilbert space generated by all the time-invariant
functions of €; with bounded second moments that have zero conditional means and are con-
ditionally orthogonal to eg4 (8¢, 0). The following proposition, which generalises the univariate
results of Gonzalez-Rivera and Drost (1999) and Propositions 3 and 4 in Hafner and Rom-
bouts (2007) to multivariate models in which the conditional mean vector is not identically zero,

describes the resulting semiparametric efficient score and the corresponding efficiency bound:



Proposition 4 If ef|z, I;—1; 00, 0y is i.i.d. D(0,Iy, @) with density function f(ef; ), where @
contains some shape parameters and @ = 0 denotes normality, such that both its Fisher infor-
mation matriz for location and scale, Mgq (@), and the matriz of third and fourth order central
moments K (@) are bounded, then the semiparametric efficient score will be given by:

Z4:(60, 09)edt (00, 09) — Za(60, ) [€a: (00, 89) — K (0) KT (00)ea:(60,0)] , (25)
while the semiparametric efficiency bound is
S(¢9) = Zoo(00, 09) — Za(0, @p) [Maa(@g) — K (0) K¥(29)K (0)] Z(60, 0o), (26)

where + denotes Moore-Penrose inverses.

In practice, however, f(e;; o) has to be replaced by a nonparametric estimator, which suffers
from the curse of dimensionality. For this reason, Hodgson and Vorkink (2001), Hafner and
Rombouts (2007) and other authors have suggested to limit the admissible distributions to the
class of spherically symmetric ones. As a consequence, the restricted tangent set in this case be-
comes the Hilbert space generated by all time-invariant functions of ¢;(6g) with bounded second
moments that have zero conditional means and are conditionally orthogonal to e (69, 0). The
following proposition, which amends and extends Proposition 9 in Hafner and Rombouts (2007),
provides the resulting elliptically symmetric semiparametric efficient score and the corresponding
efficiency bound:

Proposition 5 When €f|z¢, Ii—1, ¢g is i.i.d. s(0,Iy,mg) with —2/(N + 2) < ko < oo, the

elliptically symmetric semiparametric efficient score is given by:

() = Za B0 ean( o)~ W) {9l 00). ] X0 1| — T SO L o)

N N+2)ko+2 | N
while the elliptically symmetric semiparametric efficiency bound is
. N +2 4
S =T - W, W/ S ——=——Mgs —-1| - . 28
(60) = Taolbo) = Wl 8o Wi(o) - { | “ - alm) ~ 1| = gy ) 29)

Once again, ez (¢) has to be replaced in practice by a semiparametric estimate obtained
from the joint density of €;. However, the elliptical symmetry assumption allows us to obtain
such an estimate from a nonparametric estimate of the univariate density of ¢, h (¢;; 1), avoiding

in this way the curse of dimensionality.f

3 The relative efficiency of the different estimators
3.1 General ranking and full efficiency conditions
In the previous section we have effectively considered five different estimators of 8: (1) the

infeasible, restricted ML estimator, whose computation requires knowledge of gy; (2) the feasi-

ble, unrestricted ML estimator, which simultaneously estimates g; (3) the elliptically symmetric

SHodgson, Linton and Vorkink (2002) also consider alternative estimators that iterate the semiparametric
adjustment until it becomes negligible. However, since they have the same first-order asymptotic distribution, we
shall not discuss them separately.
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semiparametric estimator, which restricts € to have an i.i.d. s(0,I,;,n) conditional distribution,
but does not impose any additional structure on the distribution of ¢;; (4) the unrestricted semi-
parametric estimator, which only assumes that the conditional distribution of &} is 4.7.d.(0,Iy);
and (5) the Gaussian PML estimator, which imposes 7 = 0 even though the true conditional
distribution of €} could be neither normal nor spherical. The following proposition ranks (in the

usual positive semidefinite sense) the “information matrices” of those five estimators:
Proposition 6 1. If €f|z¢, [;—1; ¢ is i.i.d. D(0,1y, @) with tr[K (0)] < oo, then
Toa (o) > P(o) > S(g) = C~(py)-
2. If ef|ze, It—1; @y is t.i.d. s(0,In,mg) with ko < oo, then

Too (o) = P(g) = S(g) = S(ebg) = CH(by).

In general, the above matrix inequalities are strict, at least in part. However, there is
one instance in which all the above inequalities become equalities: when the true conditional
distribution is Gaussian. In that case, the PML estimator is obviously fully efficient, which
implies that all the other estimators of @ must also be efficient. Moreover, normality is the only

such instance within the spherical family:
Proposition 7 1. If €f|z¢, Ii—1; ¢ is i.i.d. N(0,Iy), then

V[Set<0070)|zt7lt—1;9070] 0

It(e[),O) =V [st(HO,O)]zt,It,l;HO,O] = 0, M (0)

where

V [s6:(00,0)|z,, I1—1; 00,0] = —E [hgg:(60,0)|z,, [;—1;00,0] = A;(60,0) = B:(6o,0).

2. If eflze, Li—1; @ is i.i.d. s(0,1y,mg) with —2/(N +2) < kg < oo, and Ws(¢) # 0,
then S(¢g) = Zoa(pg) only if ct|ze, It—1; Pg is i.i.d. Gamma with mean N and variance
NI[(N + 2)ko + 2.

3. If €|z, Li—1; g is i.i.d. s(0,In,mg) with kg < 0o, and Zi(¢y) # 0, then S(py) = Zoa(dy)
only if ng = 0.

The first part of this proposition, which generalises Proposition 2 in FSC, implies that as far
as @ is concerned, there is no asymptotic efficiency loss in estimating @ when gy = 0. The second
part, which generalises the results in Gonzalez-Rivera (1997), implies that the SSP estimator
can be fully efficient only if €} has a conditional Kotz distribution, which is a sufficient but not
necessary condition for M, (1y) = 0, which in turn implies P(¢,) = Zgo(¢y). Finally, the last
part of Proposition 7 generalises Result 2 in Drost and Gonzalez-Rivera (1999) and Proposition

6 in Hafner and Rombouts (2007).
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While it is relatively straightforward to obtain closed-form expressions for the different ef-
ficiency bounds in conditionally homoskedastic, dynamic linear models such as multivariate
regressions or VARs (see e.g. Amengual and Sentana (2010a)), it is virtually impossible to do
so in dynamic conditionally heteroskedastic models, as one has to resort to numerical or Monte
Carlo integration methods to compute the expected values of Z4(0) or Zg(0)KC(0)Z,,(0) (see
e.g. Engle and Gonzalez-Rivera (1991) and Gonzalez-Rivera and Drost (1999)).7

3.2 General results on partial adaptivity

There are situations in which some, but not all elements of @ can be estimated as efficiently
as if oy were known (see also Lange, Little and Taylor (1989)), a fact that would be described in
the semiparametric literature as partial adaptivity. Effectively, this requires that some elements
of sg:(¢y) be orthogonal to the relevant tangent set after partialling out the effects of the
remaining elements of sg;(¢,) by regressing the former on the latter. Partial adaptivity, though,
often depends on the model parametrisation. The following reparametrisation provides a general
sufficient condition in multivariate dynamic models under ellipticity:

Reparametrisation 1 A homeomorphic transformation rs(.) = [ry,(.),75,(.)] of the condi-

tional mean and variance parameters 0 into an alternative set of parameters 9 = (19/1,19'2)’,
where Vg s a scalar, and rs(0) is twice continuously differentiable with rank[Or), (6¢) /06] = p,

such that ) 9)
My = MK \V1
2,(6) = 9,39 (91) } ve. (29)

Such a reparametrisation is not unique, since we can always multiply the overall scale para-
meter 5 by some scalar positive smooth function of ¥4, k(1) say, and divide X2(¥1) by the
same function without violating (29) or redefining ;. As we shall see, a particularly convenient

function would be such that after re-scaling®
E[0In|%}(91)]/001|¢] = 0. (30)

The following proposition generalises and extends earlier results by Bickel (1982), Linton
(1993), Drost, Klaassen and Werker (1997) and Hodgson and Vorkink (2003):

Proposition 8 1. If €f|z¢, I;—1; ¢ is i.i.d. s(0,1y,n) and (29) holds, then:

(a) the elliptically symmetric semiparametric estimator of Y1 is Y2-adaptive,

"But see Fiorentini and Sentana (2009, 2010) for closed-form expressions in the context of tests for univariate
or multivariate conditional homoskedasticity.

8 Amengual and Sentana (2010a) provide an example of a reparametrisation that achieves (30) in an unrestricted
conditionally homoskedastic context. Specifically, they model X as ¥23°(¢,), where ¥ are N(N +1)/2 — 1
parameters that ensure that |2°(¢9,)| = 1 V8. In other words, their reparametrisation is such that 9o = |Z|*/V
and X°(9,) = 3/|Z|V/N.
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(b) If O denotes the iterated elliptically symmetric semiparametric estimator of 9, then
192T = 192T(191T), where

11,
Yor(th) = Nfzgt(ﬂl)’ (31)
=1
(1) = [ye — () ST (01)lyr — e (91)], (32)

(¢) rank |S(dy) — C’l(qbo)} < dim(¥) = p — 1.
2. If in addition condition (30) holds at V19, then:

(a) Too(do), P(y), S(y), S(ehy) and C(¢py) are block-diagonal between 91 and 0.
(b) ﬁ(f?gT - QEQT) = op(1), where {‘}/T = ({(}/IT,%T) is the Gaussian PMLE of 9, with
Yor = Yor(Y17).

This proposition provides a saddle point characterisation of the asymptotic efficiency of the
elliptically symmetric semiparametric estimator of 8, in the sense that in principle it can estimate
p — 1 “parameters” as efficiently as if we fully knew the true conditional distribution of the
data, while for the remaining scalar “parameter” it only achieves the efficiency of the Gaussian
PMLE. Obviously, the feasible, unrestricted ML estimator of 1 will also be ¥2-adaptive when
the assumed parametric conditional distribution of €} is correct in view of Proposition 6.

It is also possible to find an analogous result for the unrestricted semiparametric estimator,
but at the cost of restricting further the set of parameters that can be estimated in a partially
adaptive manner:

Reparametrisation 2 A homeomorphic transformation ry(.) = [r},(.),r5,(.), rgg(.)]/ of the
conditional mean and variance parameters 6 into an alternative parameter set 1 = (7,0/1, Ph,Ph),
where Py = vech(¥y), Wy is an unrestricted positive (semi)definite matriz of order N, 15 is N X

1, andry(0) is twice continuously differentiable in a neighbourhood of 8y with mnk[@rfq (6o) / 80]
p, such that

w(0) = i () + =Py | 33
$0(0) = 572 (1) W25 (3py) ' =

This parametrisations simply requires the pseudo-standardised residuals

i (1) = = () Iy — 5 ()] (34)

to be i.i.d. (13, ¥a). Again, (33) is not unique, since it continues to hold with the same ), if
we replace Wy by K™1/2(3;) WK~/ (3);) and tp3 by K/2(3p; )b —1(3;), and adjust g5 (3p;)
and 2:1/2(¢1) accordingly, where 1(¢0;) and K(1);) are a N x 1 vector and a N x N positive
definite matrix of smooth functions of 1), respectively. As we shall see, particularly convenient

forms for these functions would be those which achieve that after re-centring and re-scaling

B [0 (w1) /0y - 22 y)| @] = 0

B {dveclsy 2 ()04 - [Iy 0 257 (9y)]| 0} = 0 w

13



The following proposition, which does not require sphericity, generalises and extends Theo-

rems 3.1 in Drost and Klaassen (1997) and 3.2 in Sun and Stengos (2006):
Proposition 9 1. If €f|z¢, I;—1; ¢ is i.i.d. D(0,1y,0q), and (33) holds, then

(a) the semiparametric estimator of ¥y, Vg, is (s, P3)-adaptive,

(b) If P denotes the iterated semiparametric estimator of ¥, then Yop = oy (h,7) and
Y3r = 3r(Pyr), where

T
Yor(hy) = wvech {% Z [€7 (1) — s (b)) [e7 (1) — ¢3T(¢1)],} , (36)

() = Do) (31)

(c) rank [S(¢g) — C Hepy)] < dim(¢p;) =p— N — N(N +1)/2.
2. If in addition condition (35) holds at 1, then

(a) Ty (o), P(g), S(pg) and C(¢g) are block diagonal between 1, and (g, 1P3).

(b) \/T[({b;T—{PlzT)a (ﬂ:’gT—{P;T)]/ = op(1), w~h€7”€ {blT = (fb,/lTa {PIQTAZ;,T) is the Gaussian
PMLE of v, with %op = op(th17) and Ysp = Pap (7).

This proposition provides a saddle point characterisation of the asymptotic efficiency of the
semiparametric estimator of 6, in the sense that in principle it can estimate p — N(N + 3)/2
“parameters” as efficiently as if we fully knew the true conditional distribution of the data, while
for the remaining “parameters” it only achieves the efficiency of the Gaussian PMLE.

Many conditionally homokedastic multivariate regression models, including VARs, can be
written as in (33) by identifying v, with the slope coefficients after suitably redefining the
intercepts. In contrast, the constant conditional correlation model of Bollerslev (1990), which
assumes that 3,(01,602) = Dy(61)RDy(01), where Dy is a positive diagonal matrix, 82 = vecl(R)
and R a correlation matrix, seems to be the only multivariate GARCH specification proposed so
far that can be parametrised as (33) if we additionally assume that p,(0) = 0 V¢, in which case
15 is unnecessary. And even in that case, we could only adaptively estimate the parameters
of Efl/g(wl) = Dy(01){E[D¢(61)]|¢pg} !, which will typically correspond to the relative scale
parameters of the N univariate ARCH models for the elements of y;, although Ling and McAleer
(2003) consider a more general specification. In most other models, we may need to artificially
augment the original parametrisation with 1, and 13 even though we know that 15 = vech(Iy)
and 135 = 0, which could be associated with a substantial efficiency cost. Furthermore, in doing
so, we must guarantee that the parameters 1p; remain identified (see Newey and Steigerwald

(1997) for a detailed discussion of these issues in univariate models). In this sense, the main
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difference between Propositions 8 and 9 is that in the elliptically symmetric case we can restrict
Wy to be a scalar matrix, and 13 to 0 regardless of the mean specification, which reduces the

number of parameters involved by a factor of N(N + 3)/2.

4 Distributional misspecification and parameter consistency

4.1 Parameter estimation

So far, we have maintained the assumption that the true conditional distribution of the
standardised innovations € is correctly specified. However, one of the most important reasons
for the popularity of the Gaussian pseudo-ML estimator of 6 despite its inefficiency is that it
remains root-1' consistent and asymptotically normally distributed under fairly weak distribu-
tional assumptions provided that (1) is true. In contrast, some of the elements of an efficient
ML estimator may become inconsistent if the true distribution of €} given z; and I;_; does not
coincide with the assumed one, as forcefully argued by Newey and Steigerwald (1997) in the
univariate case. To focus our discussion on the effects of distributional misspecification, in the
remaining of this section we shall assume that (1) is true.

Let us first consider situations in which the true distribution is i.i.d. elliptical but differ-
ent from the parametric one assumed for estimation purposes, which will often be chosen for
convenience or familiarity. Note that this covers situations in which the conditionally elliptical
distribution is correctly specified, but we fix 17 to some a priori chosen value 77 which does not
coincide with the true value 7.

For simplicity, we shall define the pseudo-true values of 8 and n as consistent roots of the
expected elliptical pseudo log-likelihood score, which under appropriate regularity conditions
will maximise the expected value of the pseudo log-likelihood function. The first part of the
following proposition extends the first part of Theorem 1 in Newey and Steigerwald (1997) to
multivariate dynamic models, while the rest does the same thing for Proposition 5 in Amengual

and Sentana (2010a).

Proposition 10 If (29) holds, and €} |z¢, It—1; g, isi.i.d. s(0,1y), where ¢ includes ¥ and the
true shape parameters, but the spherical distribution assumed for estimation purposes does not
necessarily nest the true density, then:

1. The pseudo-true value of a feasible spherically-based ML estimator of ¢ = (¥),92,m),
Do, 18 such that Y10 s equal to the true value V9.

Els¢(po0)|2s, It—1; 0] = 0,
Ot Booi P0) = VSt (Do) |24, -1 P0] = Zi(0o0) MO (do0i 00) Zy(90),
Hi(Pooi P0) = —Ehi(¢o0)|24, Ti—15 0] = Zit(9o0) MY (dos; 00) Z,(90),
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where both MO (¢p; ) and MH(p.; ) share the structure of (15), (16), (17) and
(18), with
M7 (5 ) = E{8[5u(9), ] - [«0(9)/N]| o}
MG (¢ ) = NV +2)7H L+ V {8[6e(9), ] - [6(9)/N]| }],
MG (¢ 9) = E [{0[s1(9),m] - [s+(8)/N] — 1} €},()| ] ,
M7 (d30) = Vewn(d)| @],
Mif (¢ ) = E{206[5(9), m)/0c - [1(9)/N] + 6[54(6),m]| #}
M (@) = E{200[:(9),m]/0s - (9)/[N(N +2)]| ¢} +1,
Mg (5 ) = —E{[ct(9)/N] - 98[<4(9), m]/ |},
M (@5 p) = —E[ deni() /00| ).

3. If in addition (30) holds at Y19, then E[Oi(¢s;o)l@,] and E[Hi(¢u; @o)|po] will be
block diagonal between 91 and (V2,m).

Part 1 says that a spherically-based, unrestricted PMLE can consistently estimate all the
parameters except the expected value of ¢f(¥19) in (32), while Part 2 allows us to obtain the
asymptotic variance of the spherically-based PML estimators with the usual sandwich formula.
Importantly, the above results also apply suitably modified to restricted spherically-based ML
estimators of ¥ that fix 1 to some a priori chosen value 7.

Remarkably, note that the transformed parameters that we can estimate in a partially adap-
tive manner by means of the SSP estimator, and therefore by the feasible parametric procedures
under correct specification, coincide with the parameters that we continue to estimate consis-
tently with a misspecified, spherically-based, pseudo-ML estimator. In contrast, the remaining
parameter, which the SSP procedure can only estimate with the efficiency of the Gaussian PML
estimator, will be inconsistently estimated by distributionally misspecified parametric proce-
dures. Nevertheless, it should be straightforward to consistently estimate the overall scale para-
meter Y5 by combining D17 with the expression for the concentrated Gaussian PML and iterated
SSP estimators in (31).

If €f|zt, I;—1, pq is not spherical, then in general some elements of the feasible elliptically-
based PML estimator will be inconsistent, and the same applies to the SSP estimator. Indeed,
such inconsistencies will also affect a parametric non-elliptical estimator if the distribution used
for computing the log-likelihood function does not nest the true distribution, or even if it is
correctly specified but we fix o to some a priori chosen value p which differs from the true value
0y- Once again, though, it may still be possible to estimate consistently some parameters:
Proposition 11 If (33) holds, and €|z, It—1; pq is i.i.d. (0,1Iy), where @ includes ¥ and the

true shape parameters, but the distribution assumed for estimation purposes does not necessarily
nest the true density, then:
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1. The pseudo-true value of the feasible parametric ML estimator of ¢ = (¥, 5,5, o),
Do, 18 such that 1., is equal to the true value .

Elsi(po0)|2s, It—1; 0] = 0,
Ot(¢m; (100) = V[St(d)oo)|zt’ It—l; ‘PO] = Zt(,lzboo)MO(d)oov QDO)Zt(’l:boo)’
Ht(¢00; CPO) = _E[ht((ﬁoo)lzt’ It—l; ‘PO] = Zt(¢m)MH(¢m’ QOO)Zt(’Qboo)’

where MO (¢; p) = View(d)|ep], while

Ml (¢;p) = E{0°In f[e] (4); 0] /0" 0| ¢},

M (p;9) = E{0°In fle}(); 0]/ 0e*0e™ - [¢}' () @ In])| 0},

MZ(pi¢) = E{lef (¢) ® In] - 0% In fle] (¢); 0] /0™ 0™ - e} () @ In]lp} — K

Mil(¢;p) = -E [32 In f[e} (1); o] /0™ 0@ ] ,

M (¢;0) = —E [[e} (4) ® In]0* In fle] (v); @] /0e*0€ |0},
and

ML (d;0) = —E {0 In fle] (v); 0] /0000 |} -

3. If in addition (35) holds at g, then E[Oi(poo;po)ley] and E[Hi(Ps; o)le,] will be
block diagonal between b, and (4,3, 0).

The first part of this proposition is the multivariate generalisation of Theorem 2 in Newey and
Steigerwald (1997).° Obviously, it also applies when the density assumed for estimation purposes
is elliptical, whether or not it is parametrically specified, although in that case the expressions
for Oi(doo; o) and Hi(do; o) will simplify considerably along the lines of Proposition 10.
And as in the case of Proposition 10, the above results also apply to restricted ML estimators
of 1 that fix @ to some a priori chosen value p. In simple terms, Proposition 11 says that in
general, a misspecified parametric ML estimator cannot consistently estimate either the mean
or the covariance matrix of the 7.i.d. pseudo-standardised residuals &§ (1) in (34), which is the
precise multivariate analogue to the Newey and Steigerwald (1997) univariate result, who only
needed 1, and 15 scalar.

Once again, note that the transformed parameters that we can estimate in a partially adap-
tive manner by means of the unrestricted semiparametric estimator, and therefore by the feasible
parametric procedures under correct specification, coincide with the parameters that we con-
tinue to estimate consistently with a misspecified parametric ML estimator. In contrast, all the

other parameters, which the semiparametric procedures can only estimate with the efficiency

Tt is also possible to generalise the second part of their Theorem 1, in the sense that if the true conditional
mean of y; is 0, and we impose this restriction in estimation, then 15 is unnecessary. Since a zero conditional
mean assumption is in principle as contentious as any other parametric specification for the first moment, we shall
not separately discuss this case any further.
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of the Gaussian PML estimator, will be inconsistently estimated by distributionally misspeci-
fied parametric procedures. However, it should be straightforward to consistently estimate 1),
and 13 by combining 'lZlT with the expressions for the concentrated Gaussian PML and SP
estimators in (36) and (37).1°

Propositions 10 and 11 will trivially yield the expressions in Proposition 3 when the distrib-
ution used for estimation purposes is the multivariate normal. It turns out that there are other
cases in which the whole of @ will be consistently estimated despite distributional misspecifica-
tion. In particular, imagine that we decide to use a Student ¢ (pseudo) log-likelihood function,

which requires us to impose the inequality constraint n > 0:

Proposition 12 1. Let ¢, denote the pseudo-true values of the parameters @ and n implied
by a multivariate Student t log-likelihood function. If the unconditional coefficient of mul-
tivariate excess kurtosis of €; is not positive, where the expectation in (21) is taken with
respect to the true unconditional distribution of the data, then 8. = 0y and 1., = 0.

2. If the unconditional coefficient of multivariate excess kurtosis of €; s strictly negative,
and the reqularity conditions A.1 in Bollerslev and Wooldridge (1992) are satisfied, then
VTip = 0p(1) and VT (01 — 1) = 0,(1).

3. If the unconditional coefficient of multivariate excess kurtosis of €; is exactly 0, and the
reqularity conditions A.1 in Bollerslev and Wooldridge (1992) are satisfied, then \/TﬁT will
have an asymptotic normal distribution censored from below at 0, and 01 will be identical
to Op with probability approaching 1/2. If in addition

Hon(dooi Po) = EI[N + 2 — c1(60)[{e](0)lvec'[e} (Bo)e}’ (B0)]} Zq (B0) 0] = 0, (38)

where po = (00, 0p), then VT(Or — O7) = 0,(1) the rest of the time.

In fact, as far as @7 is concerned, this result is valid not only for the Student ¢, but also for
any pseudo ML estimator based on a symmetric generalised hyperbolic distribution (see Mencia
and Sentana (2010) for details). In addition, it is also true for ML estimators based on fourth
order elliptically symmetric expansions of the multivariate normal density, as well as on discrete
scale mixtures of normals in which the odds ratio of the components is given (see Amengual and
Sentana (2010b)). More generally, it will be true for any leptokurtic spherical distribution that
nests the normal as a limiting case, and which is such that the scores with respect to the shape
parameters evaluated under Gaussianity are proportional to the second generalised Laguerre
polynomial

c2(0)/4 — (N +2)5(0)/2 + N(N +2)/4. (39)

In all those cases O = éT whenever 7)7 = 0, which will occur when the sample coefficient of

excess kurtosis is non-positive.

1"See also Fan, Qi and Xiu (2010) for consistent estimators of univariate GARCH models with zero conditional
mean.
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Finally, it is worth pointing out that the semiparametric estimator may also become incon-
sistent if the 4.i.d. assumption does not hold.!' In this sense, one should bear in mind that in
non-elliptical models the conditional distribution of y; is not invariant to the specific choice of

Etl / 2(0) assumed to generate the data, a choice that could conceivably change over time.

4.2 Hausman tests

There are several ways in which we can test the validity of the parametric assumption made
for estimation purposes. One possibility is to nest that distribution within a more flexible
parametric family, which allows us to conduct an LM test of the nesting restrictions. This
is the approach in Mencia and Sentana (2010), who use the generalised hyperbolic family as
nesting distribution for the multivariate normal and Student ¢. An alternative procedure would
be an information matrix test that compares some or all the elements of MO (¢ ;) and
M (¢ ) in Propositions 10 or 11 by means of an unconditional moment test. But we can
also consider a Hausman specification test. The rationale is that the feasible parametric ML
estimator @7 is efficient under correct specification of the conditional distribution of y;. In
contrast, if the conditional mean and variance of y; are correctly specified, but the conditional
distribution of e} is misspecified, then 61 will remain root-T' consistent as long as the fourth
order moments are bounded, while 01 will probably not, as Propositions 10 and 11 illustrate.

More formally

Proposition 13 Let
w N AN/ 00 + - -~

and

A + .
H = Tsyr(Br,0) [B(d) — Aldo) T (d0) Alo)]  5or(Br,0),

where §9T(@T,O) is the sample average of the Gaussian PML score evaluated at the feasible
parametric ML estimator Op. If the regularity conditions A.1 in Bollerslev and Wooldridge

(1992) are satisfied and tr[K(0)] < oo, then ng <, X2 and Hg‘; - HgT = 0,(1) under correct
specification of the conditional distribution of y;, where s = rank [C((ﬁo) - Iee(qbo)].

In practice, we must replace A(¢y), B(¢y) and Z(¢,) by consistent estimators to make H g‘;
and H ST operational. In order to guarantee the positive semidefiniteness of their weighting
matrices, it is convenient to estimate all those matrices as sample averages of the corresponding
conditional expressions in Propositions 1 or 2 and Proposition 3 evaluated at a common estimator

of ¢, such as the joint MLE {ﬁ% or the Gaussian PML 67 coupled with sequential ML or method

""Hodgson (2000) shows that the consistency of the conditional mean parameters is preserved in non-linear
univariate regression models when the innovations are conditionally symmetric but not 4.i.d. if certain conditions
are satisfied. See also Proposition 7 in Amengual and Sentana (2010a) for a multivariate example.
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of moments estimators of g (see Amengual, Fiorentini and Sentana (2010)), the latter often being
such that B(6, g) remains bounded.

Unfortunately, these feasible versions of the Hausman tests will not work properly when
tr[K(0)] becomes unbounded, which violates one of the assumptions of Proposition 3. Similarly,
in view of Propositions 7 and 12, a feasible Hausman test for the Student ¢ and related distribu-
tions will become numerically unstable when the true distribution is Gaussian but the estimator
of n is strictly positive because [C(¢g) — Z%%(¢y)] = 0 in that case.

Given that the power of these Hausman tests depends on the asymptotic biases of 61 under
misspecification of the conditional distribution of the standardised innovations, it may be con-
venient to concentrate on those parameters that may be more affected by such distributional
misspecification. For instance, in the situation discussed in Proposition 10 power would be max-
imised if we based our Hausman test on the overall scale parameter 5 exclusively, and the same
will be true in the context of Proposition 11 if we look at 15 and 13, which contain the variance
and mean parameters of the pseudo standardised residuals €7 (1);) in (34), respectively.

Given that the SSP estimator is also efficient relative to the PML estimator under sphericity,
but it may lose its consistency otherwise, we can assess the elliptical assumption with the

following alternative specification tests:
Proposition 14 Let
HY = T(B7 — 07)'[C(¢) — S ()] (Br — br),

and

Hj = TSpr(0r,0) [B(do) — Ald)S ™ (90 Ald0)]| " Sor(Br,0),

Euhere §9T(5T, 0) is the sample average of the Gaussian PML score evaluated at the SSP estimator
Or. If the regularity conditions A.1 in Bollerslev and Wooldridge (1992) are satisfied, then

ng 4, X2 and Hg‘; - HgT = 0,(1) under correct specification of the conditional distribution of
yi, where s = rank[C(dg) — S~ He)] < p — 1.

Once again, it may be convenient to concentrate on the parameters that are more likely to

reflect the distributional misspecification, such as 1, and 5.

5 Monte Carlo Evidence

5.1 Design and estimation details

In this section, we assess the finite sample performance of the different estimators and testing
procedures discussed above by means of an extensive Monte Carlo exercise, with an experimental

design that augments the single factor version of the conditionally heteroskedastic factor model
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in Sentana and Fiorentini (2001) with covariance stationary diagonal VAR(1) dynamics for the

mean, and GARCH dynamics for the variance of the common factor. Thus:

yi = (o, po) + 2, > (Bo)e;,
py(m, p) = [Iy — diag(p)|m + diag(p)y;_;,
3(0) = cc/\(0) + T, (40)
A(0) — A= a[fZ_1(0) +wi—1(8) — N + B[N—1(8) — ],
ef|ze, I—1;00,mg ~ i.3.d. s(0,In,mg),

where fi;(0) is the conditionally linear Kalman filter estimator of the underlying common factor,
wt(0) the corresponding conditional mean square error (see Sentana (2004) for details), 8 =
(w', o',y a0, 8), ® = (m1,...,7n), p = (p1,---,pn), and v = vecd(T). Specifically, we
simulate and estimate a model in which N =6, wg = .1-tg, pyg = .1 - g, Co = L6, Yo = 2 - L6,
e = (1,1,1,1,1,1), Ao = 1, ag = .1 and S, = .85. As for €, we consider a Gaussian
distribution, and two multivariate Student t’s with 8 and 4 degrees of freedom respectively. In
order to assess the effects of distributional misspecification, we also consider an i.i.d. normal-
gamma mixture with the same coefficient of multivariate excess kurtosis as the tg, an i.i.d.
asymmetric Student ¢ such that the marginal distribution of an equally-weighted average of the
six series has the maximum negative skewness possible for the kurtosis of the tg, and a symmetric
Student t distribution with time-varying kurtosis, in which the degrees of freedom parameter

evolves according to the following stochastic difference equation
vi =8+ 8(ff_1 +wi)\ Y + Sy,

which can be regarded as a multivariate version of expression (7) in Demos and Sentana (1998).12
We exploit the results in Mencia and Sentana (2010) to simulate standardised versions of all these
distributions by appropriately mixing a 6-dimensional spherical normal vector with a univariate
gamma random variable, which we obtain from the NAG Fortran 77 Mark 19 library routines
GO5DDF and GO5FFF, respectively (see Numerical Algorithm Group (2001) for details). As
we mentioned in section 2.2, we systematically resort to Cholesky decompositions to factorise
3+ with the objective of speeding up the computations. This choice is inconsequential for all
simulated distributions except the asymmetric ¢, and all estimators except the SP one. Although
we have considered other sample sizes, for the sake of brevity we only report the results for T' =
1,000 observations (plus another 100 for initialisation) based on 10,000 Monte Carlo replications.
This sample size corresponds roughly to 20 years of weekly data, or 4 years of daily data.

Our ML estimation procedure employs the following numerical strategy. First, we estimate

the conditional mean and variance parameters @ under normality with a scoring algorithm that

'2A direct application of the formulas in Demos and Sentana (1998, sect.3.1) yields inf, v, = 4 and E(v;) = 8.
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combines the EO4LBF routine with the analytical expressions for the score in Appendix B.3
and the A(¢y) matrix in Proposition 3. Then, we compute the sequential MM estimator 7,

proposed by FSC, which is given by

. max|0, RT(éT)]
= 4max|0, i (07)] + 2 (41)

where T -
5 Ty _isi(07)
#r(0 — t=1 >t
Fr (1) N(N +2)

is Mardia’s (1970) sample coefficient of multivariate excess kurtosis of the estimated standardised

-1

residuals. Then we use 7 as initial value for a univariate optimisation procedure that obtains
the sequential ML estimator of n that maximises the Student ¢ log-likelihood function with the
E04ABF routine keeping 0 fixed at its Gaussian PMLE, 0. This estimator, together with the
PML of 8, become the initial values for the t-based ML estimators, which are obtained with the
same scoring algorithm as the PML estimator, but this time using the analytical expressions for
the information matrix Z(¢y) in Proposition 2. We rule out numerically problematic solutions
by imposing the inequality constraints |p;| < .999 and v, > 107 fori =1,..., N, o > 1074,
B>0,a+ B <.999 and 0 < n < .499.13 Given that the scale of the common factor is free,
we set A = 1 in estimation for computational convenience but report results for the alternative
normalisation ¢; = 1.

Computational details for the two semiparametric procedures can be found in Appendices
B.3 and B.4. Given that a proper cross-validation procedure is extremely costly to implement
in a Monte Carlo exercise with NV = 6, we have done some experimentation to choose “optimal”

bandwidths by scaling up and down the automatic choices given in Silverman (1986).!4

5.2 Sampling distributions of estimators

Figures 1A-1F display box-plots with the sampling distributions of the Gaussian- and t-based
ML estimators, and the two semiparametric ones. In the case of vector parameters, we report
the values corresponding to the third series. As usual, the central boxes describe the first and
third quartiles of the sampling distributions, as well as their median. The maximum length of
the whiskers is one interquartile range. Finally, we also report the fraction of estimates outside

those whiskers to complement the information on the tails of the distributions.

13We implicitly impose the restrictions on o and 8 by numerically maximising the Gaussian and ¢ log-likelihood
functions with respect to 67 and 6%, subject to the restrictions 107* < 6% < .999 and 0 < 6%, < .999, where
B = 0707; and a = 07(1 — 07;). Nevertheless, we always compute scores and information bounds in terms of «
and [, using the chain rule for derivatives whenever necessary.

“We considered .3, .5, .8, 1, 1.25, 1.5, 2, 2.5, 3 and 4 times the bandwidth [4/(N + 2)]Y/(V+4) . 5. p~1/(N+4)
recommended by Silverman (1986) for multivariate density estimation under normality, where s? is the second
sample moment of Eft(éT) averaged across t and ¢ in the case of the SP estimator, and the sample variance of

{/<4(87) in the case of the SSP estimator. The reported results use scaling factors of 1.25 (SSP) and 2.5 (SP).
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As expected from Proposition 7.1, the distribution of the four estimators is essentially iden-
tical under normality across all the parameters, with the only exception of the SP estimator of
73, which is not very surprising given that the ML and PML are numerically identical over half
the time. However, they progressively differ under correct Student t specification as the degrees
of freedom decrease.

Another thing to note is that the sampling distributions of the Gaussian PML estimators
of w3 and p3 do not seem to be affected much by the true conditional distribution of the data,
which suggests that the different information bounds of the simulated model are almost block
diagonal between the conditional mean parameters (7, p) and the rest. The same seems to be
true for the SP estimator of 73, which essentially reflects the fact that there is no SP adjustment
for unconditional means. In contrast, the behaviour of the SP estimator of the autoregressive
coefficient p3 described in Figure 1B is very much at odds with the theoretical predictions,
probably as a result of the fact that the adjustment of this parameter described in (25) becomes
very noisy once we replace the unknown score by the one obtained with the multivariate kernel
estimator.

On the other hand, the sampling distributions of the SSP and ¢-based ML estimators of
mg and ps are quite sensitive to the nature of the underlying distribution. In particular, when
the true distribution is elliptical, the sampling distributions of those estimators are narrower
than the distributions of the PML and SP estimators. This is particularly noticeable in the t4
case, but also in the normal-gamma case, for which the ML estimator should lose its asymptotic
efficiency but not its consistency according to Proposition 10. At the same time, an asymmetric
distribution introduces substantial positive biases in the ML and SSP estimators of m3. Intu-
itively, since the true distribution of the standardised innovations is negatively skewed, those
estimators are re-centring their estimated distributions so as to make them more symmetric.
Somewhat surprisingly, though, the biases in the unconditional mean seem to go a long way in
mopping up the biases in the autocorrelation coefficients. As for time-varying kurtosis, it seems
to have little effect on the estimators of the two conditional mean parameters that we analyse,
with results that broadly resemble the ones obtained for the tg.

Unlike what happens with the conditional mean parameters, the sampling distributions of
the PML estimators of both the static variance parameters cs and s, and the dynamic variance
parameters « and [ are quite sensitive to the distribution of the innovations. In this sense,
the first thing to note is that those sampling distributions deteriorate as the distribution of
the standardised innovations becomes more leptokurtic. In fact, when vy = 4 the shape of the

distribution of the PML estimators of the ARCH and GARCH parameters is clearly non-standard,
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as discussed after Proposition 3. On the other hand, the PML estimators of o and 5 are the
least affected by the existence of time-varying higher order moments. The SP estimators of the
conditional variance parameters also suffer when kg increases, becoming substantially downward
biased in the case of 73, as well as in the case of @ when the innovations are 4.

In contrast, the ML estimators of the conditional variance parameters behave very much as
expected: there are substantial efficiency gains when the distribution of the innovations coincides
with the assumed one, and some noticeable biases when it does not. However, it is interesting
to note that those biases only affect 73 and « in the normal-gamma case, and o and f in the
time-varying leptokurtic case. The unbiasedness results that we obtain with the asymmetric ¢
are somewhat remarkable, and suggest once again that the biases in the unconditional mean
that we observe in Figure 1A adequately re-centre the estimated distribution of the innovations.

The behaviour of the SSP estimators of the conditional variance parameters is mixed. When
the distribution is elliptical, this estimator does a reasonably good job, although by no means
does it achieve the efficiency of the ML estimator. This is especially true in the case of t4
innovations, when it also shares a downward bias for a with the SP estimator. Like the ML
estimators, though, the SSP estimators also seem somewhat resilient to misspecification, since
the only noticeable biases correspond to v for the asymmetric Student ¢, and o and [ for the
t distribution with time-varying degrees of freedom.

Model (40) can be easily reparametrised as in (29) if we ignore the small adjustment term
wi—;(0). For instance, we can choose Y2 to be the cross-sectional average of the idiosyncratic
variances (= 'ty /N), and then re-scale A, o and the elements of 4 accordingly. Figures 1G and
1H display box-plots of v53/%2 and a/¥2. As can be seen, the t-based ML estimators of these
two derived parameters become consistent when the true distribution is normal-gamma, which
confirms Proposition 10.a (see also Thm.1 in Newey and Steigerwald (1997)). But contrary
to the asymptotic results in Proposition 8.a, they seem to be at least as efficient as the SSP
estimator in that case. Similarly, the SSP estimators also seem to be consistent in the case
of the asymmetric Student ¢, but the downward bias that affects @ when the distribution is t4

continues to contaminate /.
5.3 Finite sample performance of Hausman tests

Following our discussion on power in section 4.2, we focus our attention on two parameters
only: the cross-sectional mean of the unconditional mean parameters 7’s and the cross-sectional
mean of the idiosyncratic variances 4's. In the remaining of this section, we shall refer to those
two average parameters as T and 7. The Wald version of single coefficient tests is straightforward.

The LM version is also easy to obtain if we use the results in the proofs of Propositions 13 and
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14 to show that

VT(07 — 07) — A (o) VTser(07,0) = 0,(1),
VT (07 — 07) — A7 (po)VTSer(07,0) = o0,(1).

To simplify the comparisons between parametric and semiparametric testing procedures, we
systematically use the PML estimator of 8 in computing the different information bounds. We
also use the sequential MM estimator of 7 in (41), which amounts to replacing ko by its sample

15 We provide further details on how we compute the SSP bound

analogue when it is positive.
50'(¢0) in Appendix B.3.

The first two panels of Table 1 report the fraction of simulations in which the parametric
and SSP Hausman tests in Propositions 13 and 14, respectively, exceed the 1, 5 and 10% critical
values of a x? when the true distribution is a Student tg, while the last panel reports the
corresponding fractions for the SSP test in the normal-gamma case. All tests tend to overreject,
but the size distortions of the parametric tests are typically small, especially if compared to the
huge distortions shown by the SSP Hausman procedures based on 5. Although the estimators
of S(¢py) are noisier than the estimators of Z(¢) or C(¢y), the main problem with the SSP tests
is that the difference between the Monte Carlo variances of the PML estimators of 7 and 4 and
its asymptotically efficient SSP counterparts is smaller than the Monte Carlo variance of the
difference between those two estimators, which violates the principle underlying Hausman tests.
In fact, the Monte Carlo variance of the SSP estimator of 4 turns out to be higher than that of
the PML estimator both in the case of the Student tg and the normal-gamma mixture, despite
the fact that the Monte Carlo variances of the estimators of the individual /s are in the correct
order, which suggests that the SSP estimators of the +}s have a more positive cross-sectional
correlation. Monte Carlo experiments with 7" = 10,000 indicate, though, that those problems
are mitigated as the first-order asymptotic results become more representative.

Table 2 contains the fraction of simulations in which the parametric (upper panels) and SSP
(lower panels) Hausman tests exceed the 1, 5 and 10% empirical critical values obtained by
simulation when the true distribution is a Student tg (see Table 1).

As expected, the parametric test based on 7 has little power when the true distribution
is normal-gamma, which is not surprising given that in that case the ML estimators of the
conditional mean parameters are consistent, albeit no longer efficient. In contrast, the power is

essentially 1 if we base the test on the idiosyncratic variance parameter 4. In the case of the

5 As we mentioned before, the feasible versions of the Hausman tests will not work properly when n > 1/4
because in that case k becomes unbounded in the population but not in the sample. Moreover, it may also have
poor finite sample properties for 1, > 1/8 because the asymptotic distribution of #; will not be root-7" consistent
in that case (see Amengual, Fiorentini and Sentana (2010) for further details).

25



asymmetric ¢, though, the parametric Hausman tests based on the unconditional means have
substantially more power than the tests based on the unconditional idiosyncratic variances, which
is also in line with the Monte Carlo distributions presented in the previous section. Finally,
neither of those parameters is useful to detect a t distribution with time-varying degrees of
freedom.

In turn, the SSP Hausman test based on 7 and 4 have a lot of power to detect departures
in the asymmetric direction, but again no power against time-varying kurtosis. The odd size-
adjusted power results observed at the 1% level simply reflect the imprecision of the estimated

Monte Carlo critical values.

6 Conclusions

In the context of general multivariate dynamic models with non-zero conditional means
and possibly time-varying variances and covariances, we compare the efficiency of the feasible
ML procedure that jointly estimates the shape parameters with the efficiency of the Gaussian
PML, SP, SSP and infeasible ML estimators of the conditional mean and variance parameters
considered in the existing literature. As one would expect, we show that if the standardised
innovations are strong white noise with a possibly asymmetric and leptokurtic distribution the
ranking is infeasible ML, feasible ML, SP and Gaussian PML. We then particularise our results
to elliptical distributions, and show that the efficiency bound of the SSP estimator lies between
those of the feasible ML, and SP estimators, the second of which in turn is more efficient than
the Gaussian PMLE, with equality if and only if the spherical distribution is in fact Gaussian, in
which case there is no efficiency loss in simultaneously estimating the shape parameters. In this
respect, our results generalise earlier findings by Gonzalez-Rivera and Drost (1999) and Hafner
and Rombouts (2007), who look at univariate models and multivariate models with zero means,
respectively. By explicitly considering a multivariate framework with non-zero conditional means
we are able to cover many empirically relevant applications beyond ARCH models, which have
been the motivating example for most of the existing work. In particular, our results apply to
conditionally homoskedastic, dynamic linear models such as VARs or multivariate regressions,
which remain the workhorse in empirical macroeconomics and asset pricing contexts.

More generally, we show that in the elliptical case the SSP estimator is adaptive for all but
one global scale parameter in an appropriate reparametrisation of the model. This result directly
generalises the one obtained for univariate GARCH models by Linton (1993), as well as the results
in Hodgson and Vorkink (2003) for a specific multivariate GARCH-M model. We also show that

when the conditional distribution is not only leptokurtic or platykurtic but also potentially
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asymmetric the general SP estimator is adaptive for a much more restricted set of parameters
in an alternative reparametrisation that in a conditionally heteroskedastic context only seems
to fit the constant conditional correlation model of Bollerslev (1987) when the conditional mean
is 0, but which covers the slope coefficients of many conditionally homokedastic multivariate
regression models, including VARs. This second result generalises the ones obtained for specific
univariate GARCH models by Drost and Klaassen (1997) and Sun and Stengos (2006), which seem
overly simple from a multivariate perspective. Importantly, we prove that both semiparametric
estimators share a saddle point efficiency property, in that they are as inefficient as the Gaussian
PMLE for the parameters that they cannot estimate adaptively.

We also thoroughly analyse the effects of distributional misspecification on the consistency
of the conditional mean and variance parameter estimators. In particular, we show that when
the true conditional distribution is elliptical but different from the parametric one assumed for
estimation purposes, the feasible spherically-based ML estimator is consistent for exactly the
same parameters for which the SSP estimator is adaptive, and the same is true when we fix
the shape parameters to some a priori chosen value which does not coincide with the true one.
This result generalises Theorem 1 in Newey and Steigerwald (1997), which applies to univariate
models.

Furthermore, we show that when the conditional distribution is not necessarily spherical,
the feasible ML estimator based on a misspecified parametric distribution will be consistent for
exactly the same restricted subset of parameters for which the general SP estimator is adap-
tive, which excludes both the mean and the covariance matrix of the i.i.d. pseudo-standardised
innovations. This second result also directly generalises Theorem 2 in Newey and Steigerwald
(1997), which again looks misleadingly simple from a multivariate perspective.

In both cases, we also show that the remaining parameters, which the semiparametric proce-
dures can only estimate with the efficiency of the Gaussian PML estimator, will be inconsistently
estimated by distributionally misspecified parametric procedures. For that reason, we provide
closed-form expressions for consistent estimators of those parameters.

Intuitively, the reparametrisations that we consider are such that both the covariance of the
(pseudo) score and the expected Hessian are block diagonal between a subset of the conditional
mean and variance parameters and the rest, including those that characterise the shape of the
distribution. In turn, this block diagonality leads to full efficiency under correct specification,
while under misspecification it protects the estimators of those parameters from inconsistencies
in the remaining ones.

In addition, we show that when the conditional distribution is either platykurtic or mesokur-
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tic, so that the coefficient of multivariate excess kurtosis is non-negative, the feasible ML esti-
mators based on certain leptokurtic spherical distributions, including the multivariate Student ¢
and indeed any symmetric generalised hyperbolic distribution, as well some discrete scale mix-
tures and Laplace expansions of the multivariate normal, provide consistent estimators of all the
parameters irrespective of the ellipticity of the true distribution because they converge to the
Gaussian PML estimators.

In view of the importance of the distributional assumptions, we propose simple Hausman
specification tests that compare the feasible ML and SSP estimators to the Gaussian PML ones.

In a detailed Monte Carlo experiment we find that there is a substantial difference between
the estimation of the following four groups of parameters: (a) the unconditional mean parame-
ters, (b) the unconditional variance parameters, (c) the dynamic mean parameters, and (d) the
dynamic variance parameters. We also find that the finite sample performance of the semipara-
metric procedures is not well approximated by the first-order asymptotic theory that justifies
them. This is particularly true of the SP estimators of the dynamic mean and variance pa-
rameters, but also affects the SSP estimators of the latter. As for the feasible ML estimators
based on a Student ¢ log-likelihood function, we find that they offer substantial efficiency gains
relative to the Gaussian PML estimators when the true distribution coincides with the one as-
sumed for estimation purposes, but they may be biased otherwise. Nevertheless, we find that
the biases seem to be limited to the unconditional mean parameters when the true distribution
is asymmetric, and the variance parameters when it is elliptical but not ¢. In this second case,
our simulation results also confirm that we can obtain consistent estimators of all parameters
but one by using one of the reparametrisations previously discussed.

As for the Hausman tests, we find that the one based on the feasible ML estimator works
quite well, both in terms of size and power, while the one based on the SSP estimator suffers
from substantial size distortions when we base it on the unconditional variance parameters. In
this sense, it would be useful to explore bootstrap procedures that exploit the fact that elliptical
distributions are parametric in N — 1 dimensions, and non-parametric in only one.

Further work is required in at least four other directions. First, from a modelling point
of view, the assumption of .i.d. innovations in non-spherical multivariate models seems rather
strong, for it forces the conditional distribution of the observed variables to depend on the choice
of square root matrix used to obtain the underlying innovations. For that reason, Mencia and
Sentana (2009, 2010) model the asymmetry parameters as a function of the information set in
such a way that this dependence disappears. However, this implies that there is no longer a

clear separation between the parameters that enter in the first two moments, and those that
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determine higher order ones. The beta ¢ ARCH model of Harvey and Chakravarty (2008), or the
conditionally heteroskedastic factor model of Harvey, Ruiz and Sentana (1992) with elliptically
distributed factors are other examples in which this separation also breaks down.

Secondly, from an estimation point of view, the development of semiparametric estimators
that do not require the assumption of i.i.d. innovations remains an important unresolved issue
that merits further investigation. Thirdly, the availability of analytical finite sample results
would probably make the choice between bias and efficiency look more balanced than what
standard root-T" asymptotics suggests.

Finally, empirical researchers are often interested in features of the distribution beyond the
first two conditional moments, which implies that one cannot simply treat the shape parameters
as if they were nuisance parameters. For that reason, Amengual, Fiorentini and Sentana (2010)
consider sequential estimators of the shape parameters, which can be easily obtained from the
standardised innovations evaluated at the Gaussian PML estimators. In particular, they consider
sequential ML estimators, as well as sequential GMM estimators. The main advantage of such
estimators is that they preserve the consistency of the conditional mean and variance functions,
but at the same time allow for a more realistic conditional distribution.

More generally, the existing literature, including our paper, places too much emphasis on
parameter estimation, while practitioners are often more interested in functionals of the con-
ditional distribution, such as its quantiles or the probability of the joint occurrence of several
events. An evaluation of the consequences that the different estimation procedures that we have

considered have for such objects constitutes a fruitful avenue for future research.
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Appendix

A Proofs and auxiliary results

Some useful distribution results

A spherically symmetric random vector of dimension IV, €7, is fully characterised in Theorem
2.5 (iii) of Fang, Kotz and Ng (1990) as ey = e;u;, where u; is uniformly distributed on the
unit sphere surface in R, and e; is a non-negative random variable independent of u;, whose
distribution determines the distribution of €7. The variables e; and u; are referred to as the
generating variate and the uniform base of the spherical distribution. Assuming that E(e?) < oo,
we can standardise &7 by setting F(e?) = N, so that E(ef) = 0, V() = Iy. Specifically, if 7
is distributed as a standardised multivariate Student ¢ random vector of dimension N with v
degrees of freedom, then e; = \/m, where (; is a chi-square random variable with N
degrees of freedom, and &, is an independent Gamma variate with mean vy > 2 and variance
2vg. If we further assume that F(ef) < oo, then the coefficient of multivariate excess kurtosis
ko, which is given by E(e})/[N(N +2)] — 1, will also be bounded. For instance, kg = 2/(vo — 4)
in the Student t case with vg > 4, and kg = 0 under normality. In this respect, note that since
E(e}) > E?(e?) = N? by the Cauchy-Schwarz inequality, with equality if and only if ¢; = VN
so that ey is proportional to us, then k9 > —2/(N + 2), the minimum value being achieved in
the uniformly distributed case.

Then, it is easy to combine the representation of elliptical distributions above with the higher
order moments of a multivariate normal vector in Balestra and Holly (1990) to prove that the

third and fourth moments of a spherically symmetric distribution with V' (e7) = Iy are given by
E(ejey ® €) =0, (A1)
E(eje) ®ejey) = Evec(efey ved (e7€7)] = (ko + 1) [(Iyz + Knn ) +vec (In) ved (In)].  (A2)

Lemmata

Lemma 1 Let ¢ denote a scalar random variable with continuously differentiable density func-
tion h(s;m) over the possibly infinite domain [a,b], and let m(s) denote a continuously differen-
tiable function over the same domain such that E [m(s)|n] = k(n) < co. Then

E[0m(s)/0s|m] = —E [m(s)01Inh(s;n)/0s|n],

as long as the required expectations are defined and bounded.

Proof. If we differentiate

b
k() =E [m(<)| n] = / m()h(s; m)ds
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with respect to ¢, we get

bom(s), b JOh(sm) [P Om LG
0= M h(C,n)dC—i-/a m(s) e d§/a (;m d§+/ m(s B —dg,
as required. O

Lemma 2 If ef|z, I;_1; 60, 0y is i.i.d. D(0,1y,0) with density function f(e};0), where o =0
denotes normality, then

E{eq(0,0) [ey(0,0),€,(0, 0)]| 2, ;-1;6, 0} = [K(0)]0]. (A3)

Proof. We can use the conditional analogue to the generalised information matrix equality (see

e.g. Newey and McFadden (1994)) to show that

0s9:(0,0)| 0se:(0,0
E {50:(0,0) [s6,(0, 0),54(0,0)]| 21, 1: 1;0, 0} = —E{[ Se(f)(al )‘ Soé(g/ )}

= — E{[hgg:(0;0)|0]| z¢, I;_1; 0, 0} = [A(¢)|0]

z¢, 14150, Q}

irrespective of the conditional distribution of €}, where we have used the fact that sg;(6,0) does
not vary with @ when regarded as the influence function for 7. Then, the required result follows

from the martingale difference nature of both ez (6, 0) and e;(6g, @) O

Proposition 1

Since the distribution of €} given z;, I;_; is assumed to be i.i.d., then it is easy to see from
(2) that e/(¢p) = [e/,(¢),e};(¢)] will inherit the martingale difference property of the score

st(¢y). As a result, the conditional information matrix will be given by

Mu(e) Mis(e) Mir(o Z,(0) 0
{ thée) ZStO(e) IO 25((@)) Mss((gg Msr((g)) Z’it((ﬁ’)) 0
! (@) Mi(e) Mm(e) 0 I
_ [ Z1(0)Mu(0)Z},(0) + Zst(0) M () Z,(8) + Zuy(0) Mis(0)Z(0) + Zst (0) Miss(0) Ziy (0)
1+(0)Z1,(0) + M, (0)Z, (6
th(B)MZT(Q) + Zst(e)Msr(Q) :|
M, (o ’

where

elt(aag)
Es(g) MSS(Q) Msr(Q) =V est(e, ) 0,0,
(@) Mi(e) M (e) 0

which confirms the variance of the score part of the proposition.

|:Mll(9) Mis(e) Mi-(o)

As for the expected value of the Hessian expressions, it is easy to see that

EThge(@) |2, Ii—1; @] = Zi(0)E [% Zt>It1§¢] +Zy(0)E [% ZtJtlQ‘/—”]
because
Elew(0,0)|z, Ii-1; 9] = —E[01n fle;(0); 0] /0™ |2, [1-1; 0] = 0 (A4)
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and
Elest (0, 0)|2t, [1-1; @] = —E [vec{Iy + 0n f[e;(0); 0] /0™ - €;(0) } 21, [1-1; ] = 0. (A5)

Expression (7) then leads to

dey (6 9%1n f[e}(0);
E[ elta(e” . Z“I“”p] - E{ aisats(*/)’g]{zét(e) + [e17(6) © Iy)Z., ()} zt,ftl;‘f’}
0%1 7 (0); 921 *(0):
:E[ e “”} ZW”E[ inlie [62*<0>®IN1]¢} Z.,(0).

Likewise, equation (8) leads to

p|2a2 0 s ti0| — £ [{l@) o1

9%1n fle}(0); o]
Oe*0e*

i [ive 2ntcioLel] )
& 1n flef (6); o]
Oe*0e*!

<{20(0) + [0 (6) & INJZ, (O} 21 i 8] = [ €7(6) 9T

0%In f[e}(6); o]
Oe*0e*

because of (A4) and (A5), which in turn implies

£{ 1y DL gy o1,

Oe*
dln fle; (0); ol
Oe*

= KNNE{ [% ® IN] [e1(0) © 1]

- K] [0

in view of Theorem 3.1 in Magnus (1988).

4 (0)

[e"(6) ® 1]

B [[ez*(e) Tyl

2, Iy —1; 4 Z/st(a) - KNNZ/st(e)

Zt7[t1§¢}

= KynE { Knn |:IN ® } [e("(0) ® In]

2, Ip—1; ¢}

2, It—1; ¢}

Zt>It—1§¢} =-Kuyn

As a result, the information matrix equality implies that

Mu(e) = E{0°Infle}(0);0]/0c 0| ¢}

Mis(e) = E{*Infle;(0):e]/0e*0e™ - [ (0) @ In]| ¢}

Ms(e) = E{[ei(8) ® In]0%In f[e](0); 0]/ 0™ 0™ - [e"(0) @ In]| ¢} — Kvn
Similarly, equation (6) implies that

Elhggi(P)|2t, Ii-1; ] = E[Z11(0)0e11(0, 0) /00" + Zs1(0)Dest (0, 0)/00 |21, It—1; @)

But then the information matrix equality together with equations (C37) and (C38) imply that
El0e1(0,0)/9d |z, I-1;¢] = —E{0In f[e{(0); 0]/0e* 00 |9} = My, (o),
Eldes(0,0)/00 |2, Ii-1;¢] = —E{[e;(0) © In]0*In f[e}(0); €]/ 0" 0 |} = M (0)-
Finally, the information matrix equality also implies that
M;r(e) = —E{9*In f[€7(6); €] /000¢'| 6}

as required. [l
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Proposition 2

For our purposes it is convenient to rewrite e4(¢,) as

eir(po) = 0s(60), moler (Bo) = d(cs,m0)v/Sru,

est(dg) = wvec{d[s(B0), molef(Bo)er’(B0) — Ly} = vee [d(cr, mo)srupu; — In]

where ¢; and u; are mutually independent for any standardised spherical distribution, with

E(w) =0, E(wu,) = Ny, E(s;) = N and E(s?) = N(N +2)(ko + 1). Importantly, we only

need to compute unconditional moments because ¢; and u; are independent of z; and I;_1 by

assumption. Then, it easy to see that

Eleir(o)|9] = Eld(se,m)v/Si|n] - E(w) = 0,

and that

Elest()|@] = vec {E [d(ct, mo)se|n] - E(uput) — Iy} = vee(Iy) {E[3(st,m0) (st/N)m] — 1}

In this context, we can use expression (2.21) in Fang, Kotz and Ng (1990) to write the density

function of ¢; as

o/* Y exple(n) + glst,m)],

whence

2
[6(ce; m)(<t/N) = 1] = = [L+ - Olnh(cy;m) /0]
On this basis, we can use Lemma 1 to show that F(¢;) = N < oo implies
Elct-0Inh(s;n)/0cn] = —E[1] = -1,

which in turn implies that

E[6(st,m)(se/N) =1 =0

in view of (AT). Consequently, Ees(¢)|¢] = 0, as required.

Similarly, we can also show that

Elen(¢)el(p)lo] = E{6*(se,m)simpuiln} = Iy - E[6%(st,m0)(s¢/N)|m],
Elen(¢)ey(o)|ld] = E{6(st,m)veruwed [6(s, m)srupuy —Iy] n} =0
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by virtue of (A1), and

Elesi(¢o)e(¢o)|@] = E {vec [6(si, mo)srusu; — L] ved [3(sy, mo)srupw; — I ] I}

= B[B(semsiinl® 577D + Kovw) +vee (Iy) vee! (1)

—2E [6(st,m)(s¢/N)|n)vec (In) ved (In) + vec (Iy)ved (Iy)

~ g B B m /Nl (e + Kovw)
N ) /
+{ gy P18 m) /N = 1 vee (L) e (L)

by virtue of (A2), (A7) and (AS).
Finally, it is clear from (9) that e,+(¢y) will be a function of ¢; but not of u, which imme-

diately implies that Eley(@)el,(¢)|¢] = 0, and that

Elea(@)en(@)ld] = E{vec[d(st,n)s: - wug — In] e, ()
= wee(In)E {[0(st,m)(st/N) — 1] ef4(#)} -

To obtain the expected value of the Hessian, it is also convenient to write hgg:(¢py) in (13)

as

—4Z(60)[In @ {6[s¢(60), moler (Bo)ef’ (B0) — Iy} Ziy(60)

_ Ovec [0, (0
Oy )7 (0) 0 1) | 2

3 lelOpmo)lE 60 o 37 6] w1,) 7 { 2O

—2Zy(0o) [e1; (09, m0) ® In]Zi;(80) — 2Zit(60)[ewt (8, mo) ® L] Zi;(60)
315u(60) 0|0 (00) 24 (90) 22,00 00)~ UV 0L 7, ) 60 )i (00) 2, 00
+Z1t(60)<7 (Bo)vec'[e7 (00)e}’ (00)] 254 (80) + Zst(B0)vecle; (Bo)e;’ (Bo)]et (00) Ziy (60)

+ Zst(Bo)vecle; (Bo)e}’ (Bo)]vec [€] (Bo)e7’ (80)1Z4,(60) }

Clearly, the first four lines have zero conditional expectation, and the same is true of the

sixth line by virtue of (Al). As for the remaining terms, we can write them as

—0(st, M) Z1(00)Z1;(80) — 206(s1,m0)/ 05 - Zix(80)sruru; Zy, (0o)
—2Z(00)Z,(00) — 206(st,m0)/0s - g%Zst(Oo)vec(utu;)vec’(utué)Z’St(ao),

whose conditional expectation will be

—Z11(00)Z,(80) E[0(st5m0) + 2(st/N) - 93(st,10) /Ds|m0] — 2Z51(80) Z,(80)

—Zs(60) 255t ']%5((]\[%?%))/&!?70] [(Tne @ Kyn) + vee(In)ved (In)]Z,(00).
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As for hgy (), it follows from (14) and (B33) that we can write it as
{Z11(60)e7 (00) + Zst(Bo)vec [€7 (B0)e’(00)] } - 93 [s1(80), mo] /On'
= [Zu(0)wi/Si + Zst(0)vec(upuy)si] - 05(se,m)/On',
whose conditional expected value will be Z (60)vec(In)E[(si/N) - 8(st,m0)/07 |n)]. O
Proposition 3

The proof of the first part is based on a straightforward application of Proposition 1 in
Bollerslev and Wooldridge (1992) to the i.i.d. case. Since sg:(09,0) = Z;,(600)eq(60,0), and
eq(00,0) is a vector martingale difference sequence, then to obtain B;(¢,) we only need to

compute Vegz (0o, 0)|z:, I;—1; ¢p], which justifies (19). Further, we will have that

[ e;¢(00,0) } _ ( ef(6o) ) _ [ VSiug

est(69,0) vec [ef(00)e;’ (0p) — 1] vec(spupu) — Iy)

for any spherical distribution, with ¢; and u; both mutually and serially independent. Then (20)
follows from (A1) and (A2). As for A¢(¢y), we know that its formula, which is valid regardless

of the exact nature of the true conditional distribution, coincides with the expression for B:(¢y)

under multivariate normality (g, = 0) by the (conditional) information matrix equality. O

Proposition 4

It trivially follows from (19) and (A3) that
E { [edt(07 Q) - ,C (0) IC+ <Q) edt(97 0)] e:it<97 0) |Zt7 It—l; 07 Q} =0

for any distribution. In addition, we also know that

E {[ea(8,0) — K(0) K" (0) e4(8,0)] |2, I;-1;0,0} = 0.

Hence, the second summand of (25), which can be interpreted as Z;(¢,) times the residual from
the theoretical regression of eg(¢y) on a constant and eg(6p,0), belongs to the unrestricted
tangent set, which is the Hilbert space spanned by all the time-invariant functions of e} with zero
conditional means and bounded second moments that are conditionally orthogonal to ez (8o, 0).

Now, if we write (25) as

[Zdt(e) - Zd(0> 9)] edt(aa Q) + Zd(07 Q)IC (0) K+ (Q) edt(aﬂ O)a

then we can use the law of iterated expectations to show that the semiparametric efficient score
(25) evaluated at the true parameter values will be unconditionally orthogonal to the unrestricted

tangent set because so is eg (09, 0), and E [Z4(0) — Z4(0, 0)|0, 0] = 0.
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Finally, the expression for the semiparametric efficiency bound will be

> {Z4(0)eq(0,0) — Zy(0, 0) [eq:(0,0) — K (0) KT (0) eq(6,0)] ]
x {ea (8, 0)'Zy,(0) — [€,(0, 0) — €,(0,0)KT (o) K (0)] Z},(0, Q}
= E [Zy(0)ew (8, 0)ey,(0, 0)Za(0)]0, o]

~E{Zy(0)ea(0. o) [e4(0, 0) — €4(0,0)K™ (0) K (0)] Z3(6, 0)|0, 0}
~E{Z4(8, 0) [ew(0,0) — K (0) K" (o) eat(6,0)] ear()'Z,(0)10, 0}
+E{Z4(0, 0) [eat(8, @) — K (0) KT (o) ear(6,0)] [ (0, @) — ey, (8,0)K™ () K (0)] Z;(6, 0)|6, 0}
= To0(0, 0) — Za(0. @) [Maa (@) — K (0) KT () K (0)] Z5(6, o)

by virtue of (19), (A3) and the law of iterated expectations. O

Proposition 5

First of all, it is easy to show that for any spherical distribution

€;1(00,0) ) B £1(60) '
esi(e(), 0) Sts ¢O:| =F { vec [EZ(BOSSEZ/(OO) . IN] Sty ¢0}

[ veC(cﬁlzt—IN) gt] <% - 1> [vec?IN) ] ! (A9)
at(dg) = E [ eu (b
d[s¢(60),mo] - €

_ #(60)
B E{ vec [8[st(60),m0] - €7 (00)er’ (00) — Iy]

{ 5(%;"0)\/5“75
vec[d (s, Mo)seuruy — In]

é4:(00,0) = E[

and

Ct;¢0}

e S

where we have used again the fact that E(u;) = 0, F(usu,) = N 'Iy, and ¢; and u; are

stochastically independent.

In addition, we can use the law of iterated expectations to show that

E [&4(¢)eq(0,0)|p] = E [eq(4)&(0,0)|¢] = E [84:($)&(0,0)|¢]

and
E [édt(67 0)6:#(9, 0)|¢] =F [edt(aa O)éﬁit(67 O)’(ﬁ] =F [édt(aa O)éﬁit(ev 0)|¢] .

Hence, to compute these matrices we simply need to obtain the scalar moments

2 (5 ) [psem -1 n}

and




In this respect, we can use (21) to show that the latter is simply [(N + 2)x + 2|/N, so that

E [édt(0,0)e&t(0,0ﬂqﬂ - W ( 8 vec(IN)(z)Jec’(IN) ) - K(K)

As for the former, we can use Lemma 1 to show that E(¢?) = N(N + 2)(k + 1) < oo implies
E [} - 0l h(s;m)/ds|n] = —E[254n] = —2N.

If we then combine this result with (A7) and (A8), we will have that for any spherically symmetric

distribution

F{(5 1) ey ~1]fn} = %
so that

E [8q(¢)el,(6,0)|p] =K (0),

which coincides with the value of E [€4(6,0)e/,(6,0)|¢] under normality.

Therefore, it trivially follows from the expressions for K (0) and K (ko) above that

E { [édt(cﬁ) K (0) K (k) &q(6, 0)} e/, (0, 0)) 20, L1 ¢}
- E{ [édt(gb) K (0)K* (k) &a(6, 0)] &,(0,0)| z, I_1; ¢} —0

for any spherically symmetric distribution. In addition, we also know that
E{ [sa(9) = K(0) K" (x) &a(6,0)]| 1, I1-1: 0} = 0.

Thus, even though [édt(qbo) — K (0) K+ (ko) &4:(60, 0)} is the residual from the theoretical re-
gression of €4 (¢) on a constant and €4(0,0), it turns out that the second summand of (27)
belongs to the restricted tangent set, which is the Hilbert space spanned by all the time-invariant
functions of ¢;(6p) with bounded second moments that have zero conditional means and are con-
ditionally orthogonal to ez (8o, 0).

Now, if write (27) as

Zar(0)ea () — Za(9)8u(d) + Za(#)K (0) K™ (k) &4:(6, 0),

then we can use the law of iterated expectations to show that the elliptically symmetric semi-

parametric efficient score is indeed unconditionally orthogonal to the restricted tangent set.
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Finally, the expression for the semiparametric efficiency bound will be
{Za(0)ea($) — Za(¢) [ea(@®) — K (0) K (x) &a(8,0)] |
x {ea(9)'Z14(0) — [84(9) — €40, 00K () K (0)| Zi(@) }
= F [Za:(0)ear(d)ey(P)Z4(8)| 9]
~E{Za(0)ea(®) |&(9) — &,(0,0K" () K (0)] Zi(@)|6}
—E{Z4(@) [8u(®) = K (0)K* () 81(0,0)| ear($) Zi(@)l8 |
+E{Za(9) [a(@) ~ K (0) KT (r) (6, 0)] &) — (6, 00K () K (0)] Zi@)l o |

~Taolo) ~ W) Wi(n) - { | T3t -1 = S g

by virtue of the law of iterated expectations. O

E80:(¢)8p: ()] 6] =

Proposition 6

The proof that Zgg(¢y) is at least as large as P(¢) in the positive semidefinite matrix sense
follows trivially from the fact that the latter is the residual variance in the multivariate theoretical
regression of sg(y) on syi(@g), while the former is the unconditional variance of sg;(¢py). The
fact that the residual variance of a multivariate regression cannot increase as we increase the
number of regressors also explains why P(¢) is at least as large (in the positive semidefinite
matrix sense) as S(¢y), and why the latter is at least as large as S(¢), reflecting the fact
that the relevant tangent sets become increasing larger. Finally, the positive semidefiniteness
of S(¢y) — A(0)B~1(¢).A(8) follows from the fact that it coincides with the residual covariance
matrix in the theoretical regression of the semiparametric efficient score on the Gaussian pseudo-

score since

E[{Zu(0)ea(0, 0) — Za(8, @) [ea(6, @) — K (0) K (0) ea(6,0)] }e, (6, 0)Zy,(0)|¢] = A(6)

because €/,(0,0) is conditionally orthogonal to [e4 (0, @) — K (0) KT () eq(60,0)] by construc-
tion. ]

Proposition 7

The proof of the first part is trivial, except perhaps for the fact that Mg,(0) = 0, which
follows from Lemma 2 because ey (6o, 0) coincides with ey (¢,) under normality.

To prove the second part, note that Zgg(¢) — S(¢) is Wi(p)W/(¢) times the residual
variance in the theoretical regression of § (¢, mg)s¢/N—1 on (¢;/N)—1, which given that W 4(¢) #
0 can only be 0 if the regression residual is identically 0 for all ¢. The solution to the resulting

differential equation is
N(N +2)k hes
AN + 2k +2 T [(N+2)k + 2]

g(se,m) = — st +C,
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which in view of (A6) implies that

+,1 1
h(sem) o™ " exp {—mct},

i.e. the density of Gamma random variable with mean N and variance N[(N +2)ko+2]. In this
sense, it is worth recalling that k > —2/(N + 2) for all elliptical distributions, with the lower
limit corresponding to the uniform.

Finally, to prove the third part we use the fact that after some tedious algebraic manipula-
tions we can write Mgq (1) — K (0) KT (k) K(0) as

My (n)-1In 0
{ 0 [Mss(n)—%ﬂ} (In2+Knyn) + Mss(no)—l%—m vec(In)ved (Iy) }
Therefore, given that Z;(¢g) # 0, Zgg(¢p) — S(¢) will be zero only if My (n) = 1, which in turn
requires that the residual variance in the multivariate regression of d(<¢, mg)e; on €f is zero for

all t, or equivalently, that d(¢;,my) = 1. But since the solution to this differential equation is

g(st,m) = —.5¢; + C, then the result follows from (A6). O

Proposition 8

Given our assumptions on the mapping rs(.), we can directly work in terms of the 9 para-
meters. In this sense, since the conditional covariance matrix of y; is of the form V237 (1), it
is straightforward to show that

Zan(9) = { 95 % 0w (91)/001] 5 )

Lloved [25(191)] /009 }[20_1/2/(19 ) ® 20_1/2’(19 N | Zoyu(9) Zg, (V)
’ 1 %15112_11120’(1]\1) 1 t 1 N [ 196 Zzgst(ﬂ) } - (Al

Thus, the score vector for ¥ will be

s9.t(0,m) | | Zo,(P)en(9,m) + Zy, st(9)eq (9, )
[ s9,¢(9, 1) ] B [ Zog,st(9)est (9, 1) } : (A12)

where e (19, 1) and ey (19, n) are given in (10) and (11), respectively.

It is then easy to see that the unconditional covariance between sy, (9, 1) and sy, (9, n) is

E{[ Zo,1(9) Zo,st (9) ] [ Ml(l)(n) Ms(z(n) ] [ zZ; i(g) Hﬁﬂ?}
R CRCES NGRS S 2

=V (9, @ Y Q’wn]] 9, n} vee(Ly)

219 2 0%
2Mgg + N|Mgs -1
- B+ 19[2 =1 (9, mpvec(i),

with Zy,s(9,n) = E[Zyg,s(9)|9,n], where we have exploited the serial independence of €}, as

well as the law of iterated expectations, together with the results in Proposition 2.
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We can use the same arguments to show that the unconditional variance of sy,.(9,n) will

be given by

e{10 2 ) [ 57 4l | [ i | 27)

= 4—119%1)66,(1]\7)[1\435(7’]) (Inz + Kyn) + Mgs(n) — 1)) vec(In)ved (In)]vec(In)

{2Mss(n) + N[Mss(’rl) — 1]}N
493 '

Hence, the residuals from the unconditional regression of sg,:(9, 1) on sy,:(9,n) will be:

9,105t (9, M) = Zgy11(0) e (9,m) + Zg, st (9)est (9, m)

493 {2Mgs () +N [Mss(n)-1]} 1 /
_ {QMSS(n)—l—N[lilss(n)-l]}N 20, Zgls(ﬁ)vec(IN)2—192fuec (In)est (9, m)

= Zy,1:(9)ey(9,m) + [Zy,5t(9) — Zy,s(9,m)]es:(I,m).

The first term of sy,19,+(90, M) is clearly conditionally orthogonal to any function of ¢;(9o).
In contrast, the second term is not conditionally orthogonal to functions of ¢;(1), but since the
conditional covariance between any such function and ey (90, 1) will be time-invariant, it will be
unconditionally orthogonal by the law of iterated expectations. As a result, Sﬁl‘ﬁzt(ﬁo, 1p) will
be unconditionally orthogonal to the elliptically symmetric tangent set, which in turn implies
that the elliptically symmetric semiparametric estimator of 9, will be ¥s-adaptive.

To prove Part 1b, note that Proposition 5 and (A11l) imply that the elliptically symmetric

semiparametric efficient score corresponding to 9o will be given by

S9,¢(9) = —2%921160'(11\/)1160{(5[9(19),7)]5?(19)62"(19) — IN}
N §t(’l9) 2 Ct(’ﬁ)
_2_192{[5[“(19)’"] N 1} TN R2 [ N 1}}
= s tolst0)als9) 3 - 2 { [plato) 82 1) - 2 [ )
_ N |:§t('l9) _ 1]
Po[(N+2)k+2] | N '

But since the iterated elliptically symmetric semiparametric estimator of 9 must set to 0 the sam-
ple average of this modified score, it must be the case that Z?:l qt({éT) = Zle gf(@lT) / 1092T =
NT, which is equivalent to (31).

To prove Part 1c note that

$02(9.0) = 5= [5t(9) ~ (A13)

is proportional to the elliptically symmetric semiparametric efficient score $y,.(19), which means

that the residual covariance matrix in the theoretical regression of this efficient score on the

40



Gaussian score will have rank p — 1 at most. But this residual covariance matrix coincides with

S(¢) — A(p) B~ (¢) A(¢) since
El36:(¢)s5:(6,0)|¢] = E[Zqy(0)eq:(h)ey (6., 0)ZL,(8)|¢] = A(6) (A14)

because the regression residual

St 2 St
Slopm)t 1] - = (S
(sem) (N+2)m0+2(N 1)

is conditionally orthogonal to eg(00,0) by the law of iterated expectations, as shown in the
proof of proposition 5.

Tedious algebraic manipulations that exploit the block-triangularity of (A11) and the con-
stancy of Zy,s () show that the different information matrices will be block diagonal when
Wa,s(¢g) is 0. Then, part 2a follows from the fact that Wy, s(¢g) = —E {9d(V¥0)/09,| ¢g}
will trivially be 0 if (30) holds.

Finally, to prove Part 2b note that (A13) implies that the Gaussian PMLE will also satisfy
(31). But since the asymptotic covariance matrices in both cases will be block-diagonal between

¥ and ¥ when (30) holds, the effect of estimating 1¥; becomes irrelevant. O

Proposition 9

We can directly work in terms of the 1) parameters thanks to our assumptions on the mapping
ry(.). Given the specification for the conditional mean and variance in (33), and the fact that
e} is assumed to be i.i.d. conditional on z; and I;_1, it is tedious but otherwise straightforward

to show that the score vector will be

S¢1t<¢7g) lellt(’lp)elt(’(ﬁv )+Z'¢)1st(r¢))est(¢7g)
S’l,bzt(wag) = Z’(,bzst('ltb)est(wa ) ) (A15)
S%t(",bag) Zwslt( )elt(¢a )
where
Zug () = { O’ (1) /00, + e (52 ()] /0y - (33 @ Tv) 5% () w57,
Zg, () = vec [ (1)) Oupy - [0 © 577 () 05 1), (A16)
Zop, () aec(\vl/?)/aw (L & W52 =2 (),

er(y) = Wy ST 2 (g )y — i (apy) — 5012 (a1 )abs). (A17)

It is then easy to see that the unconditional covariance between sy ¢(1), @) and the remaining

elements of the score will be given by

0 Z,,(¥)
Zl

My(o) Mls(g)} »
s 0

[ Zou(.0) Zuis®:0) ]| g () Mo(o)
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with Zy,i(1, @) = ElZy,1(¥)|¥, 0] and Zy,s(¥, @) = E[Zy,st(¥)|9, 0], where we have ex-
ploited the serial independence of €} and the constancy of Z, (1) and Zy,1:(v), together with

the law of iterated expectations and the definition

e ][Rl

Similarly, the unconditional covariance matrix of sy,¢(1, @) and sy (1, @) will be

0 Zy, (%) ]
Al

{ 0 Zy,s() } [ Myu(e) Mis(o) } 7 ()
Pss

Z'(,b3l(1»b) 0 23(9) Mss(g)

Hence, the residuals from the unconditional least squares projection of sy, + (1, @) on sy.,:(, @)

and syt(1, @) will be:

Supy [ipyapst (W5 @) = Zop n()en(, 0) + Zy, st(P)est (¥, 0)

— [ Z¢1z(¢79) Z¢1S(¢’g) ] [ Zi((:iiz)) }

= [Zp,u(®) = Zyp,i(h, 0)lew(V, @) + [Zy,5t(V) — Zyp,s(¥, 0)]est (4, 0),

because both Zy, () and Zy () have full row rank when W5 has full rank in view of the
discussion that follows expression (B36).

Although neither e (1, @) nor ez (1, ) will be conditionally orthogonal to arbitrary func-
tions of e}, their conditional covariance with any such function will be time-invariant. Hence,
Sup, 4y ap5t (¥, @) Will be unconditionally orthogonal to dIn f[e}(v); 0] /0@ by virtue of the law of
iterated expectations, which in turn implies that the unrestricted semiparametric estimator of
1, will be (¢4, 13)-adaptive.

To prove Part 1b note that the semiparametric efficient scores corresponding to ¥4 and 15
will be given by

O Zd’zs(,lp) Et('lp)
Zyy() O ]’C(O)’@("O){vec[s H(p)el’ <¢>—1N]}

because Zy,st(9) = Ziyp,s(V9) and Zy4(9) = Zy,(9) Vt. But if (36) and (37) hold, then the
sample averages of ey[11, Yo7 (1), ¥3r(¢1); 0] and ex[thy, Por(th1), P37(11); 0] will be 0, and

the same is true of the semiparametric efficient score.

To prove Part 1c note that

spot($,0) | [ 0 Zy,(¥) et (1)
[ Syt (1, 0) } N [ Zy, (V) 0 } [ veclef (el (¢) —In] |’ (A18)

which implies that the residual covariance matrix in the theoretical regression of the semipara-

metric efficient score on the Gaussian score will have rank p — N (N +3)/2 at most because both
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Zy,s(¥) and Zy,i (1)) have full row rank when W has full rank. But as we saw in the proof of
Proposition 6, that residual covariance matrix coincides with S(¢,) — A(8)B~1(¢).A(6).
Tedious algebraic manipulations that exploit the block structure of (A16) and the constancy
of Zy,st(1) and Zy,i1(1p) show that the different information matrices will be block diagonal
when Z., (1, @) and Z, s(1, 0) are both 0. But those are precisely the necessary and sufficient
conditions for sy, +(1), 0) to be equal to sy |y, 4,¢(¥, 0), Which is also guaranteed by (35). In
this sense, please note that the reparametrisation of 1, and 15 associated with (35) will be

such that the Jacobian matrix of vech[K~1/2(ah,) WK~ (ah)] and K~ Y2(ah, )aps —1(ah;) with

) o b

Finally, to prove Part 2b simply note that (A18) implies that the Gaussian PMLE will

respect to 1 evaluated at the true values is equal to

_Vf [ S¢2t 'lp() ‘(f) ] S¢2t(¢0)siﬁlt(¢0)
Sngt 0 S¢3t(¢o)siplt(7/’o)

Invt1)/2
0

also satisfy (36) and (37). But since the asymptotic covariance matrices in both cases will be
block-diagonal between 1, and (%4, %5) when (35) holds, the effect of estimating 1; becomes

irrelevant. O

Proposition 10

As in the proof of Proposition 8, we can directly work in terms of the 19 parameters thanks
to our assumptions on the mapping rs(.). Let us initially keep 7 fixed to some admissible value.
The elliptically symmetric score vector for the remaining parameters will then be given by (A12).

But since
e (910,92) = V170255 2 (910)ye — 11,(910)] = D20/ D¢,
so that
$t(910, V200) = (V20/92)st,

we will have that

e1t(V10, U2, m)=08[(V20/V2)st, N/ P20/ D2€f =8[(V20/V2)st, N/ P20/ D2 /St 1y,
est (010, V2, m)=vec [0[(V20/V2)st, ] (V20/V2)er e’ —In | =vec [6](920/P2)st, M) (V20/V2)srupuy—In ] .

Then, it follows that Eey (910, Y2, m)|2¢, [i—1; ¢y) = 0 regardless of ¥2 and 1 because of the

serial and mutual independence of ¢; and wu, and the fact that E(u;) = 0. On the other hand,

Elest (910,92, m)2e, It—1; o] = E{0[(920/02)st, 1] (V20/P2) (5:/N) = 1| o } vee(ly)

because of the serial and mutual independence of ¢; and uy, and the fact that E(u;u}) = N~ 11y.

43



If we define ¥900(n) as the value that solves the implicit equation

E[6{[020/D2(m)]st, m}[D20/P2(m)](st/N) — 1| ] =0, (A19)

which we assume is positive, then it is straightforward to show that

E{s9:[Y10,%200(n),N]|2¢, It—1: g} = O, (A20)

which means that 919 and ¥2o(17) will be the pseudo-true values of the parameters corresponding
to a restricted PML estimator that keeps n fixed.

If instead we choose 1, as the solution to the implicit equation

E{sni[910, V200(n), M|} = 0,

which we assume lies in the interior of the admissible parameter space, then it is clear that
910, Y200 (M) and m, will be the pseudo-true values of the parameters corresponding to an
unrestricted PMLE that also estimates 7. In addition, since sy:[910, ¥200(1), 1] only depends

on ¢;(910, Y200), Which is i.i.d. over time, we will have that

Elsyt (Y910, Y200, Moo ) 12t5 Tt—1; Pg] = 0, (A21)

which confirms the martingale difference nature of the elliptical score evaluated at the pseudo-
true values.

To obtain the variance of the elliptically symmetric score under misspecification, we can
follow exactly the same steps as in the proof of Proposition 2 by exploiting the fact that (A20)
and (A21) hold at the pseudo-true parameter values ¢.

These conditions also allow us to obtain the expected value of the Hessian along the lines of
Proposition 2.

As we mentioned in the proof of Proposition (8), we can tediously show that the condition
for block-diagonality of the expected value of the Hessian and the covariance matrix of the
score is E[Wy, st(910,V200)|¢g] = 0. But this condition will be satisfied if (30) holds because
Wy, st(P10, V200) coincides with W, (P10, 920) in view of (Al1). O

Proposition 11

As in the proof of Proposition 9, we can directly work in terms of the ¥ parameters thanks
to our assumptions on the mapping ry(.). Let us initially keep g fixed to some admissible
value. The parametric score vector for the remaining parameters will then be given by (2), with

Zy,1t() = 0, Zy, (1) = 0 and the remaining elements in (A16).
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Since we are systematically working with lower triangular square root decompositions, we

can write

Zop,st() = Ovech! S92 (4p1)] /0% - L [®y* @ 5% (), V%)

Z¢23(¢) - aveChl(‘Ill/2)/6'¢)2 . LN[IN ® "-[12—1/21]7

9

where Ly is the elimination matrix of order N (see Magnus (1988)), which is such that vec(A) =
L'yvech(A) for any N x N lower triangular matrix A.
Given that ¥, Vg upper triangular, ¥, 12 O 1/2 (%) is lower triangular and Iy is diagonal,

Theorem 5.7.i in Magnus (1988) implies that

Oy 0w, PR Ly = ThIa9y e wy s )Ly,

Iy ®®, ALy = LyLy[Iy® %, VALY,
whence

Zop,st() = Ovech' S5 (3p1)] /0y - Lv[y/” @ 5552 ()@, /Y| Liy Ly,
Zop,s () = Ovech!(0y/%) /0, - Ln[Iy @ ¥y /YLy Ly.

As a result,
Syat(h,0) = —Oveeh(23/%)/04, - Ly[Iy © ¥, ¥ [Liyvech {IN + Wew}
—1/2:01
spp(¥.0) = —," %
and

S, 0) = {015 (1) /0y + 0vec (272 ()] /0%, (w03 @ T) b 257 (1)80,0(8, )

—8’1)6(3}7,/[ 01/2(’1#1)]/8’1/)1 LN[‘I’1/2 ®2<> 1/2/("7[]1) 1/2/] ;V'UGCh {IN I 81nf[§;£¢)ag]€:/(¢)}

since vech(A) = Lyvec(A) for any N x N square matrix A regardless of its structure.
Let ¥5..(0) and 95, (@) denote the solution to the implicit system of N + N(N + 1)/2

equations

E{S¢2t[w10> '¢2c>o(9)7 ¢3oo(9)> Q] ’900} =0
E{S¢3t[¢107 ,l:b2oo(9)a ¢3m(9)7 Q”QDO} =0 } ’ (A22>

which we assume is such that Wa (@) is p.d. Given that

er() = Uy P P (Ve — pd () — =5 %ebg),

so that
. —1/2 1212
e (P10, ¥9,73) = ¥, / (30 —3) + ¥y / ‘I’l/ ts
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we can immediately see that this variable will be i.i.d.[\Ilgl/Z (Y30 — V3), \1'2_1/2\1'20\1'2_1/2/] con-

ditional on z; and I;—1. This, together with the full rank of ¥, Lz implies that

E Oln flef 110, Ya00(0), Y300(0)]; O]
Oe*

ZtaItI,Soo} =0.
In addition, we know from Theorem 5.6 in Magnus (1988) that the matrix
Ly[Iy @ ¥, /” LYy

will be upper triangular of full rank. Similarly, given that we have defined ¥, = vech(¥3),
the matrix dvech/ (\Ilé/ 2) /0, would also be of full rank in view of the discussion that follows
expression (B36).

As a result, we will also have that

vech {E [IN L O flef W10 B3 (0). Yiocl@)]s 0]

Oe* 5:’[@010,1?200(9),@5300(9)]

ZuItl,(Po} } =0.

Consequently, we will have that

E{syt[¥10, ¥200(0), Y350 (0), 0]|2t, It—1; 99} = O, (A23)

which confirms that 1,4, ¥ (@) and 13, (0) will be the pseudo-true values corresponding to
a restricted PML estimator that keeps g fixed.

If instead we choose g, as the solution to the g equations

E{SQt[d)lO? ¢200(Q)7 11b3oo(g)7 QH‘PO} =0

which we assume lies in the interior of the admissible parameter space, then it is clear that

Y105 Voo = V900(00)s W3eo = P300(0s) and g, will be the pseudo-true values of the pa-

rameters corresponding to an unrestricted PMLE that also estimates o. In addition, since

Set[¢1oa¢2oo<9)7¢3oo(9)a Q] only depends on 5?(¢107¢2ooa¢3oo)7 which is i.i.d. over time, we
will have that

E{SQt [wlﬂa I»b2oo(g)7 ¢300(Q)7 Q] |Zt7 I q; 900} =0, <A24)

which confirms that the score evaluated at the pseudo-true values will remain a martingale
difference sequence.

Therefore, in order to compute the variance of the average score we can follow exactly the
same steps as in the proof of Proposition 1 by exploiting the fact that (A23) and (A24) hold at
the pseudo-true parameter values ¢,,. The martingale difference nature of the score also allows

us to obtain the expected value of the Hessian along the lines of Proposition 2.
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As we mentioned in the proof of Proposition (9), we can tediously show that the conditions
for block-diagonality of the expected value of the Hessian and the covariance matrix of the score

are that E[Zy, 11(¥)|®o] and E[Zy s(1.)|po] are both 0. But given that

Zp1t($10, Y2, ¥3) = [8u§’(w10)/a¢1 : 2?71/2/(1#10)] o,
+ {avecl[zzlm(’lﬁm)]/a"ﬁl Iy ® 2:—1/2/<w10)]} (5 ® \112_1/2,),
Zy,st(th10, ¥, P3) = {8vec’[2§1/2(¢10)]/8¢1 Iy ® 2?*1/2/(1#,10)]} (\Ilé/Q 2 W;1/2'),

those condition will be satisfied if (35) holds in view of the full rank of ¥s. 0

Proposition 12

The consistency of the Gaussian PML derives from the fact that E[sg.(00,0)|z¢, I;—1; 00, 0¢] =
0. Thus, if the pseudo-true value of 1, 1, say, is 0, then the Student ¢ based pseudo-true values
of the conditional mean and variance parameters, 8., say, will coincide with their true values 8
by the law of iterated expectations. But since 7 is estimated subject to the inequality constraint

1 > 0, the population KT conditions that define n.,, will be
E[Snt(9oo,%o)|90, QO] + /\7700 =0; N =0; Anoo >0; Ny )‘noo =0,

where A\, is the pseudo-true value of the KT multiplier, and the expectation is taken with
respect to the true unconditional distribution of the observations (see Calzolari, Fiorentini and
Sentana (2004)). Hence, ., = 0 if and only if E[s,:(89,0)|60, 0y] < 0.

FSC show that in the multivariate Student ¢ case s,;(6o,0) it is proportional to the second

generalised Laguerre polynomial (39). Given that ¢;(6y) = &}’e}, we can write

N(N + 2 N +2 1
( 1 ) _ 5 <t(90)+1<f(90)

*/ k)2
N(J\;Jr 2) []\E?;vejr)m - 1] + ?[(et’ef) - NJ.

syt(60,0) =

But since we have normalised the innovations so that E(eie}’ |z, I;—1; 00, 09) = In, then
N =tr(Iy) = tT[E(€:€:/|Zt, It-1560, 00)] = E[tT(ETZEI/)’Zt? It-1;60, 0] = E(€:/€:|Zt7ft—l§ 60, 00)
by the linearity of the expectation and trace operators. Therefore, it immediately follows that

N(N +2
Moo = min{0, — E[sy:(60, 0)[6o, @]} = min {0, —%m)}

in view of the definition of xg. Therefore, 7., = 0 if and only if ko < 0.
To prove the second and third parts, we can use Propositions 1 and 2 in Calzolari, Fiorentini

and Sentana (2004) if we regard the Student ¢ based estimator @T as the “inequality restricted”
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PML estimator of ¢, and the Gaussian-based estimator &T = (éT, 0) as its “equality restricted”
counterpart, both of which share not only the pseudo-true values (6o, 0, \yoo) When ko < 0,
but also the modified pseudo-score m¢ (0o, 0, A\joo) = 5¢¢(60,0) + €py1 - Ayoo, Where e, is the
(p + 1) column of 1,41, as well as the expected value of the average Hessian H(¢oo; @) =

E[ET(¢0)‘00» Qo)-
Specifically, Proposition 1 in Calzolari, Fiorentini and Sentana (2004) implies here that

>\noo : \/TﬁT = Op(l)a
while their Proposition 2 implies that

[ Hoo(doo; P0)  Hoy(Boos P0) | ( 07 — 6, ) -
/917((:25007300) H7777(¢00)(P0) ] \/T f’T +ep+1ﬁ(>\nT )\7700)

Tz (09,0, Apoo) = 0, (1),

_ H99(¢oo?900) Han(¢oo;¢0) ] ( éT ' ) _—
on(®oci P0)  Hun(Pooi #o) | vT 0 teps1VT(Agr = Ayoo)

—\/TﬁlT(OO» 07 )‘7700) :Op(1)7

where 5\77T and S\WT are the sample versions of the KT and Lagrange multipliers associated to

the constraint n = 0. As a consequence,

Hoo(Pooi P0)  Hon(Pooi P0) 0r — By o
on (Do’ P0) HWZ((;')OO; o) } VT < s ) + ep+1\/T()\nT — \yr) = 0p(1).

nr
Part 2 immediately follows from the fact that A, > 0 when kg < 0. Similarly, the first
statement of Part 3 follows from the fact that A\, = 0 when kg = 0. As for the condition (38),
which derives directly from the expression for hg,(¢) in FSC evaluated at (89, 0), its role is to
guarantee that He,(¢..; @) = 0. In this sense, it is worth mentioning that condition (38) will
be satisfied for instance if €} |z, [;—1; ¢ is i.i.d. s(0,I,,ny) with ko = 0 irrespective of whether

or not it is Gaussian because in that case
E{[N +2 —c4(680)]e; (80)|2¢, 1115 600,m0) = E[(N + 2 — 61)y/Stug|me] = 0
by the serial and mutual independence of ¢; and u;, and the fact that E(u;) = 0, while

E{[N 42 —<(60)]e; (80)e; (60)|zt, I—1, po} = E[(N + 2 — ¢¢)siugug|ng)

= N'E[(N +2 = ¢)st|molIv = 0

by the definition of kg and the fact that F(uu}) = N~ . O
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Proposition 13

Let ¢, denote the pseudo-true values of ¢ corresponding to the assumed log-likelihood
function. If we assume that they belong to the interior of the admissible parameter space, we

can be implicitly characterise ¢, by the moment conditions

E[s6t(000; 000)|p0] = 0,
Elsgt(0c0, 050) 0] = 0. (A25)

The score version of the Hausman test can be regarded as an unconditional moment test of
E[Sgt(aooa 0) |900] =0, (A26>

which will hold if the conditional distribution of & is i.i.d. D(0,1, g,) because O = 6y in that
case. If we knew O, it would be straightforward to test whether (A26) holds. But since we do
not know 6., we replace it by its consistent estimator 9T, where 9T and @ satisfy the sample
analogues of (A25). In order to account for the sampling variability that this introduces, we can
compute the limiting unconditional least squares regression of \/T§9T(000, 0) on VT'Sg7(0co, 0o)
and \/ngoT(eoo; 0.), and retain the residuals. But since sg.(09,0), sg:(60, 0y) and s (6o, ©p)
are martingale difference sequences under the null, we can simply regress the first on the last
two. To do so, we need their joint asymptotic distribution, which in view of Propositions 1, 3

and Lemma 2 will be given by

Ser(60,0) 4 0 B(¢y) Alep) 0
VT | Ser(00,00) | &N 0 |, | AlPo) Zoo(Po) Zoo(do)
o7 (00, 00) 0 0" Iy,(¢0) Zoo(do)

Hence, we can use standard arguments to show that
_ A d
VTSer(8r,0) = N[0, B(¢g) — Alp)Z% (¢00)Alho)]
and

Taa ) [ ey ]}

whence we can easily prove that

VTsor(67,0) — A(do)VT (B — O1) = 0,(1),
VI (Br —br) — N |0,C(¢) — (o)

as well as the asymptotic chi-square distribution of H, g‘i/p. O
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Proposition 14

The proof proceeds along the same lines of the previous one once we show that

El80:(¢)sp;(0,0)|¢] = —0E[se:(6,0)|¢] /00 (A27)

and
E[361(¢)8p,(0)|¢] = —OFE[30:()|]/00. (A28)

Condition (A27) follows immediately from (A14) and the generalised information matrix equal-
ity. As for (A28), we can use the same equality together with some of the arguments in the

proof of Proposition 5 to show that
_ 0E[89:(¢0)| 9]

Do)l _ g (st (60)16] = ELZur (B0)ews(hy)el (60) 2 (00) 6]
~E{ Wa(@n) | [pten 5 ~1] - e (= 1) | o0 Zu(60)] @0}

2 St

= Zoo(o) — Ws(¢o)E{ [{5(%?70)% - 1} TN T2 <N - 1)} eq(do)
s (51) } 3500 5g-1] | 0| W00

¢0} Z4(00)

= Zoo(¢po)-Ws(eg) E H [ﬂ%ﬂo)ﬁ 1} N Dot 2
B B , JIN+2 4 &
= IGG(¢O) Ws(¢0)ws(¢0) { |: Mss(n()) :| N [(N I 2)%0 + 2] } - S(¢0)
O
B Computational issues
B.1 Score and Hessian for non-elliptical distributions
Since l:(¢p) = di(0) + In f [ef(0), o], it trivially follows that
_ 9d(0) | 9ei” (0) OIn f[e7 (0) ; @]
seu(0,0) = —— + —59 de* '
To prove (2), we can then use the fact that
/ 1/2
9dy(6)/06 = —WWC[E;W(@)} = —Z(0)vec(Iy)
and
Oef (6 - op (0 . - dvec[,/%(0
O ) 2O () o w20 2 O
= —{Zy(0) + [e7(0) ® IN|Z{,(0)}, (B29)
where Zq(0) = [Z14(0),Zs(0)] are defined in (3).
As for the Hessian, given that
dey (0, 0) = —d{01n f[e; (0); 0] /0e™}, (B30)
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expression (B29) implies that
Oer(0,0) _ 9*In flef(0); 0] 9ef (0) _ 9°In flef (6); o]

i'(0) ®IN]Z{,(0)}.

00’ Oe* e 00’ Oe* e {Z,(6) + e

In turn,

dou(0.0) = —dvec [alnf[as *( ); @] el (9)}
= —[e}(0) ® In]d { Oln f;t* } { alnf 9In flei(0); o] } det(0) (B31)
implies that
des(0, 0) « 9%In f[e}(0); o] Oe; () O0ln fle;(0); 0] | O¢; (0)
A AR e, e T {IN O } 06’

2 n * . n * .
~{let0) o 1 T 1 o IO 17, ) 1 (e(0) 0 1112 0))

Finally, (B30) and (B31) trivially imply that

0%en(0.0) _ _0°Inflef(0); @]
0000’ Je*0g’ ’
0%es(0, 0) 0*In f[e;(6); o]

Oe*0p’
B.2 Score and Hessian for elliptically symmetric distributions

Since in this case l;(¢p) = di(0) + c(n) + g [s¢(0), n], it trivially follows that

sulg) = 20 WO D) 17,(0) 2.0)) | %) | ~Zat@)eats). @22
swl6) = 0clm)/om + 0 [<(0),m] [m=e(6).
where
0d,(8)/00 = —Z..1(0)vec(Iy)
0,(0)/00 = —2{Zy(0)}(0) + Zy (B)vec [} (0)e(0)] 1, (B33)

Zu(0) = 0pi(0)/06 -7 (0),

)
Z.(0) = oved [S(0)] /005, /2(60) & 5,7 ()]
ew(0,m) = 0d[s(0),n]- £ (0),

m) = vee {5lo(0),m] €1 (O)<F'(0) Ty}

|

= —20g[s(0),m]/0s.

est(
[s1(0),m

As for the Hessian function hy(¢) = 9s;(¢)/0¢’ = 0%1;(p) /0O, we will have

hoou(d) — 0%d;(0) 029 [s(0),7m] Os¢(0) Os4(0) N dg [<+(0), 1] 82¢4(0)
oot 0000’ (0¢)? 00 00 ¢ 9000’

honi () = 09<4(60)/06 - 8%g[s¢(0),m] /O<On',
hyni (@) = 0%c(n)/0ndn’ + 82g[<(6),n] /omon’,
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where

0%dy () /aeae’:2zst(0)z;t(e)-% {ved [£;1(0)] ® I} vec {dvec [£4(0)] /00} /06', (B34)
9%1(0)/0006" = 27.,(0)Z1,(8) + 8Zs(8) Iy ® €7 (8)e;’(0)1Z,(6) + 4Z44(6) [ (0) @ In]Zi,(6)
+4Z.(6)[e5(0) © In|Zi,(8) — 2[e7' (0)=, /7 (8) ® L |vec|dp;(6)/96)06'
—{ved [B;%(0)eX(0)er (0)%,V%(0)] ® I, }ovec{dved [£4(0)]/90} /06

B.3 Elliptically symmetric efficient score and semiparametric efficiency bound
for model (40)

The vector of conditional mean and variance parameters corresponding to model (40) is given
by 8 = (', p/,c',v', a, B)" after normalising the unconditional variance parameter \ to 1.

The Jacobian matrices of p,(0) and 3.(0) are:

Op(6) , on op
= Iy — _
80/ [ N dzag( )] 801 + dza’g(Yt 1 ﬂ-) 80,
and
dvec [X4(0 dc 0 o\ (6
—Ueca[elt( ) = (In2 + KNN)[)\t(O)C & IN] 290’ + ENag, + (c® C) ate(/ ),
respectively, where E}y = (eje]|...|ene€)y), with (e;]...|ex) = Iy, is the unique N? x N

“diagonalisation” matrix that transforms vec(A) into vecd(A) as vecd(A) = Eyvec(A) (see
Magnus (1988)).

After some straightforward algebraic manipulations, expressions (B32) and (11) lead to:

Ly — diag(p)| ;" (0)e,(0)3[<:(8), m]
diag(yi—1 — )% . (0)e,(8)6 [<t(9) l
57 (0)e,(0)e1(0)=1(0 CAt(9)5[<t( )l — ( JeA:(6)
1
(6

S@t(e) ) )
Yveed 7 (0)e,(6)<)(0)%; )[ct(e),n] ()]

0

0

%% =7 (0)2,(0)<,(0) 5, (0)co[s(0), m] — ¢'=7 (B)c]
NO) _ a[%1(9)afk501<0>+8wt8_;<9> PAa0)
Oa op

B2 (6) +w1(60) — =2 + 1 (6) — 1] 5.

+ 8

Finally, if we take as initial conditions g1 (0) = 7 and \1(6) = 1, then O, (0)/00" = dm /06’
and O\1(0)/06" =
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If v > 0, we can use the Woodbury formula to prove that

fi(0) = wi(0)c'T e(8),

wi(@) = [N'(O) +cT e

() = el(0)T 'eu(8) — fiy(8)/wi(6),
2710 = T —w (0T e T,

21 (0)c =T ewi(8)/M(0),
' H0)c = T tew(0)/ M (0)
2, 1(0)e,(0)el(0), 1 (0)chi(0)d]5(0), ] — 2y 1 (8)cAi(8) =T~ [v4(6) f1:(0)5[s (), m] — e (6)]
2, 1(0)e,(0)e,(0)2; 1 (0)3[5:(0), n] — B (8) = T [vi(6)v}(0)3[s1(6), m] + wie()cc’ — TIT ™

and

fia(6)
A (9)

5l64(6). ] — %drlc,

where v;(0) = €,(0) — cfi(0), which greatly simplifies the computations (see Sentana (2000)).

'S (0)e,(0)e ()27 (0)cdlc:(6),m] — 'Sy (B)e =

Specifically,

[In — diag(p)]T~ Vt<0) [<(6), 7]
diag(yi—1 — )T~ 'v4(8)[<(8), n]
L1 [v(0) fre(0)5 c

(
sec(0) = Lyecd {I‘*l[vt(e)v;(eﬁ[(t(@)

_i_l@)\;((?) [f,?t(H)é[(t(H),n] wt(O)cT—lc} ‘

2 06 22 (0) ()

The last two items that we require for the score are

00ul0) _ g, g 2l®) | O

-1
20 = e(0) 20 80F e1(0)w+(0)
3’7 1 -1 1.9 op(0) 11
00 —E [F st(ﬂ) (%9 wt(B)I‘ C] —89 cT wt(ﬂ)
and
Owi(0) o 9,9 0¢ M 1y, wi(8) 0N(8)
29— (9)60F c+w(0) BOE NI el te) + X0 90
To compute the elliptically symmetric semiparametric bound we need expressions for
op(0) 71(9) o (0)
00 ! 00"’
dvecd [24(0)] 11 _1, ., 0vec[24(0)]
e S (6) B 0 e

53



and

dved [24(0)]

—1 Irer—1 uec [24(0)]
S vedl B, O)ved (B, (0)

06’
The first term will be given by

Ouy(0) 1, Opy(6) _ O’

om
0 s ()2l _ T 1 — diag(p)] 5 0) L — diag(p)] o
8 / _ . 0
+5g diag(yir — )%, (O)diag(yis — m) =
op' omr  on' _ ) op
+5g diag(yi-1 — ™), H(0) [Ty — diag(p Plog + g Iy — diag(p)] 2, (0)diag(y;—1 — =

26"
which effectively has four non-zero blocks only, two of which are equal by symmetry.

The second term is also straightforward. Specifically:

3066'£§t(0)] =7(0) 2 371(0)] dvec 6%:;(0)]
?99/ M (0)C © In](Iyz + Kyn)[51(0) © 74(0)] (Inz + K Me(0)c ® IN]%
O )0 50, 2L+ DO oimi0) o 3 @) e 022
+g—;[%(0) ® Iv](In2 + Kyn)[37(0) @ 2_1(0)]EN%
+%—ZE'N[2? (6) © =,71(0)](Iy2 + Knn) [M(0)c ® IN]%
+%[At(0> @ In](Iy2 + Kyn)[Z7'(0) © 2,7 (0)](c ® c)ag’f_;,”)
+3A52 ) (@)= 10) @ 2,1 (0)](In2 + Kyn)[M(0)c® IN]%
?;; EN[Z;(0) @ 3,1 (0)](c @ c) 0A56(V0) N axatée) (@) S1(0) 0 %, (BB, %
=2X}(6) 20/ {[¢'=; 1 (0)c-=,(0) + Etl(B)cc’Etl(O)]%

2 501(0) 0 B (012 + (57 (0)¢) AN O
+2At<0)8—(;[c'2; 0) ® =, (O)Ey S} +2X(0) 8379 EN[Z 1 (0)c® 2;1(9)]%
+20(0)[c'2y 1(9)0]2—(;2{ 1(6)cagté, )4 2At(9)[c/zgl(e)c]mat—?c/zgl(g) gg/

S w0 0 5 (00 200 L OMO) ) o ey 0) 2

where ©® denotes Hadamard products.

But if we assume that v > 0, we can use again the Woodbury formula to considerably

simplify the previous expressions. The only slightly complex term left is

['27'(0) @ B (0)|Ey
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)" element of this

But if we exploit the explicit shape of Ey, then we can show that the (i,

matrix takes the following form

wi(0) b [I(i=4) biby

— we(0) ],
A(0) v, i Vi #9)
where I(.) is the usual indicator function.
Finally,
1 dvec [34(0)] 1 10¢ , 1
Wi (0) = -—————=wvec[E; 7 (0)] = === [M(0)c’ @ In|(In2 + Kyn)vec[E;, " (0)]
2 00 200
104 _ 1oM\(0 _
3 I Blyeel 57 (0)) 5 2 (¢ & e (0)]
8(:/ —1 ]. 87/ -1 1 8)\t(0) / -1
)\t(B)%Et (0)c+§%vecd[2t (0)]—1—5 50 '3, (0)c,

whose computation can also be greatly simplified by using the Woodbury formula.

To estimate d[¢:(0), ] non-parametrically, we can exploit expression (A7) to write

_20g[s¢(6),m] _ 20Inh[s(0),n] N-2 1

+ .
s [0S 2 ()

Then, we can compute h[¢.(0); n] either directly by using a kernel for positive random vari-
ables (see Chen (2000)), or indirectly by using a faster standard Gaussian kernel after exploiting
the Box-Cox-type transformation v = ¢* (see Hodgson, Linton and Vorkink (2002)). In the

second case, the usual change of variable formula yields

N/2
p(vin) = WU‘HM% exple(n) + g(v'/*;m)],
whence
g% m) = Inp(v;n) + <1 - %) Inv— gln%r +Ink —InT'(N/2) — ¢(n)
and

dg(v'/%m) kalnf(v;’l?)vl_l/k + k- N/2
oul/k ov ol/k

We use the second procedure in our Monte Carlo simulations because the distribution of

(@) becomes more normal-like as N increases, which reduces the advantages of using kernels
for positive variables. Still, we use a cubic root transformation to improve the approximation,
with a common bandwidth parameter for both the density and its first derivative.

The last thing we need is to estimate Mj;(n) and Mss(n). In our experience, the sample
analogue of the OOS expression for My (n) in Proposition 10 based on the nonparametric esti-

mators of d[s;(0), n] tends to overestimate My (m) even in fairly large samples because 0[s:(0), 7]
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is imprecisely estimated when ¢; is either very small or very large. For that reason, we have

considered an alternative estimator based on the following equivalent expression:

St

My (n) = cov {5[%(0), n, 5[%(9)777]]\7

n}+ (N = 2B (0)n),
where we have exploited (A8), as well as Lemma 1 applied to m(1) = 1, which yields
E[3(se,m)] = —(N = 2) E[c™[n], (B35)

as long as E[¢~!|n] is bounded, which in the Gaussian case, for instance, requires N > 3.
Importantly, note that (B35) does not depend at all on the semiparametric estimator. Still, its
sample analogue typically underestimates My (n), for which reason in the end we average the
two estimators.

As for Mgs(n), our experience is that the sample analogue of the OOS expression for Mss(n7)
in Proposition 10 tends to underestimate it. For that reason, we divide it by the square of the
sample mean of 0[¢:(0),n]s;/N, which converges in probability to 1 asymptotically in view of
(A8).

In order to make sure that S(¢) — S(¢) is positive semidefinite, we also impose the theo-

retical restrictions My (ny) > 1 and

VI e (5] e - S g 20

after replacing kg by its sample analogue. These restrictions also guarantee that our estimates

of C(¢py) — §_1(¢0) will be positive semidefinite too as long as we evaluate these matrices at
the same parameter values using the analytical expressions in Propositions 3 and 5. Finally, we
deal with the fact that rank[C(¢y) — S (¢g)] < p — 1 in view of Proposition 8.1.c by setting
to 0 those eigenvalues that are smaller than 10~7 /7" in computing the Moore-Penrose inverse of

the difference between those matrices.

B.4 The semiparametric efficient score of model (40)

As we mentioned in footnote 1, the first thing to note regarding a non-elliptical distribution
function for the innovations is that the choice of 22 / 2(0) affects the value of the log-likelihood
function and its score. For the standard (i.e. lower triangular) Cholesky decomposition of ¥:(0),

we will have that
dvec(X;) = [(2;/2 @Iy)+(Iv® 22/2)KNN]dvec(22/2).

Unfortunately, this transformation is singular, which means that we must find an analogous

transformation between the corresponding dvech’s. In this sense, we can write the previous
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expression as
»1/2 ! 1/2 / 1/2
dvech(2;) = [Ly(%," @ Iny)Ly + Lyv(Iy ® ;") KynyLiy]dvech(X,"7), (B36)

where Ly is the elimination matrix (see Magnus, 1988). We can then use the results in chapter
5 of Magnus (1988) to show that the above mapping will be lower triangular of full rank as long
as 2, 1/2 has full rank, which means that we can readily obtain the Jacobian matrix of vech(El/ 2)
from the Jacobian matrix of vech(X;).

In the case of the symmetric square root matrix, the analogous transformation would be
dvech(E;) = DL (S @ In)Dy + DI (Iy ® S/ Dydvech(S;/%),

where Dy is the duplication matrix and D}, = (D\yDy) 1D’y its Moore-Penrose inverse (see
Magnus and Neudecker, 1988).

From a numerical point of view, the calculation of both Ly (X; »2 g In)L)y and Ly(Iy ®

»// 2)K ~nL'y is straightforward. Specifically, given that Lyvec(A) = vech(A) for any square

matrix A, the effect of premultiplying by the %N (N+1)x N? matrix Ly is to eliminate rows N+1,
2N+1 and 2N+2, 3N+1, 3N+2 and 3N+3, etc. Similarly, given that LyKyyvec(A) = vech(A’),
the effect of postmultiplying by KynL’y is to delete all columns but those in positions 1, N+1,
IN+1,... . N+2, 2N+2...., N+3, 2N+3,..., N2

Let F; denote the transpose of the inverse of LN(ZI}/2 Q@ IN)Ly +Ly(Iy ® Ztlﬂ)KNNL;V,
which will be upper triangular. The fastest way to compute

8@60’[2t1/2

00

(0)] [IN ® 2_1/2<0)] — lavech/ [Zt(g)]

: g FLn(ly © 3 172y

is as follows:

1. From the expression for dvec [3,(0)] /00 we can readily obtain dvech’ [X:(0)] /06 by

simply avoiding the computation of the duplicated columns
2. Then we postmultiply the resulting matrix by F

3. Next, we construct the matrix

=2 o 0
—-1/2
Ly(Iy ® 2% =Ly 0 Et_ 0
0 0o ... X2

by eliminating the first row from the second block, the first two rows from the third block,

, and all the rows but the last one from the last block
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4. Finally, we premultiply the resulting matrix by dvech’ [:(0)] /06 - F;.

The last task that we must perform is the computation of K(0)K*(g)es(6,0). The two
main problems here are the singular nature of (@), and its positive semidefiniteness. The first

problem is easy to solve because
K(0)K* (0)ea (8, 0) = K(0)K ' (e)ey(8,0),

where

(Iy 0 (v @ _ £(0)
K(O) - < (]]V 2DE, > ’ K(p) - < g Y > 7¢dt(070) _{ vech [E?(Z)E?I(e) _ IN] } )
® = E{vech[e(0)e'(0) — 1] - €1'(0)(6, 0}

and

Y = E{vechle;(0)e}’(0) — Iy] - vech'[e] (0)e}'(6) — 1,]|0, e}
As for the second problem, there are two alternative solutions:

1. Re-centre and orthogonalise €7 (0) as €;*(0) = 13;1/ 2 [e7 (@) — pr], where pr is the sample
mean of €}(0) and Pr its sample covariance. In this way, the sample covariance matrix of

the vector {e;*(0),vech’[ef*(0)e;*(0)]} will have exactly the same structure as K(o).

2. Replace K(p) by either the sample covariance matrix or the second moment matrix of the

vector e (6, 0).

The advantage of the first procedure is that we can exploit the fact that the sample covariance
matrix of €;*(@) will be the identity matrix in using the partitioned inverse formula for K(po).
On the other hand, the advantage of the second procedure is that there is no need to standardise
again the standardised innovations €} (0), which in our experience makes it more attractive.

It is also worth mentioning that the most convenient way to compute K(0)K~*(0)ey(8,0) is
by first computing K=1(g)ey(0,0), and then exploiting the shape of K(0) as follows: (a) copy
the first N elements of K~!(g)ey (6, 0); and (b) duplicate the remaining 4N(N+1) elements, but
doubling the ones in the following positions: N41, 2N+1, 3N, 4N-1, 5N-2,... ,N+N?2. Intuitively,
in doing so we are simply using the fact that 2D}/vech(Ar) = vec(Ap + A}) for any lower
triangular matrix Ap.

Finally, we use a multivariate spherical Gaussian kernel to compute the density of €} (6) and

its derivatives with a common bandwidth parameter.
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Size properties of Hausman tests in finite samples

Nominal
size (%)
1

5

10

Nominal
size (%)
1

5

10

Nominal
size (%)
1

)

10

Table 1

Parametric
Student tg

7_7 gl
Wald LM Wald LM
1.68 1.77 2.35 1.33
6.28 6.67 6.69 5.23
11.2 11.7 11.1  10.2

Semiparametric

Student tg

7_7 gl
Wald LM Wald LM
2.68 4.75 36.1 23.1
8.95 114 52.5 36.9
15.2 17.5 61.9 45.7

normal-gamma

Qo gl
Wald LM Wald LM
1.13 2.53 66.0 48.4
5.40 7.03 80.9 66.1
10.5 12.2 87.0 74.5
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Table 2

Size-adjusted power properties of Hausman tests in finite samples

Parametric

normal-gamma
Actual T ol
size (%) Wald LM Wald LM
1 3.40 3.04 99.9 99.9
5) 11.1 10.1 100. 100.
0

18,5 16.8 100. 100.

1

asymmetric ¢

Actual T ol
size (%) Wald LM Wald LM
1 100. 100. 52.5 55.0
) 100.  100. 78.7 76.5
10 100.  100. 879 84.6

t with time-varying df
Actual T o
size (%) Wald LM Wald LM
1 1.03  1.09 0.59  0.65
5 490  5.08 410 4.25
0 10.3  10.3 9.55  9.83

1
Semiparametric

asymmetric ¢
Actual T ol
size (%) Wald LM Wald LM
1 100.  50.8 99.9  0.37
5 100.  100. 100.  99.8
0 100.  100. 100.  99.9

1

t with time-varying df
Actual 7_r 5
size (%) Wald LM Wald LM
1 094 0.85 098 0.63
5 5.06 5.10 5.07  4.56
0 102 9.71 9.37  9.19

1
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Figure 1A: Monte Carlo distributions of estimators of unconditional mean
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length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t-based maximum likelihood estimator,
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Figure 1B: Monte Carlo distributions of estimators of autoregressive coefficient
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Figure 1C: Monte Carlo distributions of estimators of normalised factor loadings
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Figure 1D: Monte Carlo distributions of estimators of idyosincratic variances
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.



Figure 1E: Monte Carlo distributions of estimators of ARCH coefficent
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
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Figure 1F: Monte Carlo distributions of estimators of GARCH coefficent
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t-based maximum likelihood estimator,
SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.




Figure 1G: Monte Carlo distributions of estimators of re-scaled idyosincratic variances
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
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Figure 1H: Monte Carlo distributions of estimators of re—scaled ARCH coefficent
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.





