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B General versions of the propositions

Here we extend the propositions in section 3 to those models in which reparametrisation 1
does not necessarily hold, but maintaining the assumption that the regularity conditions A.1 in
Bollerslev and Wooldridge (1992) are satisfied. We also drop the ellipticity assumption when it

is not essential for the statement of the proposition.

Proposition B1 If €f|z, [;_1;¢g is i.i.d. D(0,Iy,mg) with bounded fourth moments, then
VT(Rp —mo) — N[0, F(¢y)], where

F(pg) = Ly (D0) + Ly (60) Loy (60)C(D0)Zon (60) Ly (¢0)-

Proof. We can use standard arguments (see e.g. Newey and McFadden (1994)) to show that
the sequential ML estimator of 7 is asymptotically equivalent to a MM estimator based on the

linearised influence function

Snt(HO) 77) - Ién((bO)A_l((bO)set(aov 0)

On this basis, the expression for F(¢) follows from the definitions of B(¢y), C(¢g) and Zyy, ()
in Propositions 1 and 3 in Fiorentini and Sentana (2010), together with the martingale difference

nature of e (6o, 0) and e,+(¢), and the fact that E {e4(0,0)e..,(@)| 2, I;—1; ¢} = 0. O

Proposition B2 If f|z, [;_1; ¢y is i.i.d. D(0,Iy,n,) with bounded fourth moments, then
IM(pg) < F(pg), with equality if and only if

T (o) {C(%) — [Zoo (o) — Ien(%)zﬁﬁ((i’o)zén((ﬁo)]_1} Zon(bo) = 0.

Proof. A straightforward application of Theorem 5 in Pagan (1986) allows us to show that

VT (i — fir) — N[0, V()] .

where

V(gy) = I«?ﬁ(ﬁbo)zén(ﬁbo) {C(Cbo) — [Zoo() — Ien(¢o)I;$(¢0)I{9n(¢o)]_I}Ion(@))zﬁﬁ(fbo)-

Therefore, the sequential ML estimator will be asymptotically as efficient as the joint ML esti-
mator if and only if Y(¢y) = 0. O

Proposition B3 If e}z, Ii—1; @ is i.i.d. D(0,1y,mg) with bounded fourth moments, then the
optimal sequential GMM estimator of i based on nt(ﬂT,n) will be asymptotically equivalent to

the optimal sequential GMM estimator based on ntL(GT, n), where

n (0,m) = 1n,(0,1) — Na(e) A~ (¢9)s6:(6, 0),



with . . 500 (0
Natgo) = jim 57 £ (=200 g,).

are the residuals from the theoretical IV regression of n(0,m) on sg:(0,0) using se:(d) as
mstruments.

Proof. Under standard regularity conditions, we can use the expansion

*Zt . W(07,m0) = *Zt . +(60,m0) — n(¢0)ﬁ(éT—90)+0p(1)
T

— LA 00l 3L | B ] o)

to show that

will be given by

o Gn
b = [ ~Naldo) 4™ <¢”)](D;<¢o> Bl(sbo) )(—Nn<¢o>A‘l<¢o>>’

Guold) Dald) \ _ o o (VI ~T [ mil60,mp)
(Zofem o )‘Tlféov< I e H"’“)'

Similarly, it is easy to see that under standard regularity conditions

where

th L (67,m0) th 1 i (60,m9) — nL(¢0)\/T(éT—90)+0p(1)a

o).

Nat (¢g) = Na(dg) — Na(dg) A () Aldy) = 0,

where

T 1 T an#(goall’IO)
NMat (@) = lim — thl E (_39'

T—oo T

But since

it immediately follows that

(VT
lim V ( thl n(0r,1m)

T—o00 T

¢0> = &En(Py)-

Finally, given that
antL(ea "7) — ant(e, 77)
on' on’ ’

it follows that the optimal sequential GMM estimators based on n;(67,n) and ni (67, 1) will

be asymptotically equivalent. O



Proposition B4 Let Jy(¢pg) and Kar(¢y) denote the asymptotic variances of the optimal se-
quential GMM estimators of  based on p’[s:(0),n] = {p2[sc(0), M), .., par[se(0),m]} and £,(0, 1) =
[02:(0,m), ..., Lare(0,m)], Tespectively, which are the orthogonal polynomials and higher order mo-
ments of order 2 to M for ¢4(0y). If

[Na(o) — Np(hg)l A () = D:;(d’o)B_l(d’o): (B6)

where No(y) = cov{o[s:(60), mo,s6:(60,70)|P0}, Dolpy) = cov{olsi(6o), o), s6:(60,0)¢o},
o[s+(0),m] are some generic influence functions and '[s¢(0),m] = {qa2[s¢(0),n], ..., qr[s:(0), M},
with

m—1
. . CO’U{Emt(OO, nO)apj[gt(eo)anOH(ﬁO} .
Qm[gt<0)?n] - gmt(ovn) ]22 V{p] [gt(00)7n0]|¢0} q] kt(a)’n]

forj=2,..,M, then T (o) < Kar(y), with equality if and only if (¢¢/N — 1) can be written
as an exact linear combination of sg;(0o,0), in which case (B6) necessarily holds.

Proof. The first thing to note is that the mapping from ¢,(0,n) to q[s¢(0), n] is bijective because
the coefficients used to recursively construct q[s;(0),n] from ¢;(6,n) are the same as the coeffi-
cients used to recursively construct p[s:(0),n] from ¢;(6,m) and p1[s¢(0),n] (see (C9)). Hence,
the sequential GMM estimators of 1 based on q[s:(0),n] and ¢;(6,n) will be asymptoticaly
equivalent.

It is also straightforward to see that

cov{qa[st(8), ml; sni(P)|d} = covllar(0,m), 8ni(P)|P] = covipa[(8), M, sne(P)| D}

because cov[p1(0,m),sn:(@)|p] = 0. We can then show by induction that

cov{qmlst(0),n], st (@)@} = cov{pm[s:(0),n], sn:(¢)[ P}

for all m > 2, so that

Ha(@) = cov{d[s:(0),n], sni(@)|@} = cov{p:[si(0),m], 5n:(P) D} = Hp ().

Therefore, we can ignore the Jacobians in comparing Jar(¢) with Kus(¢pg), focusing instead on
the asymptotic variances of the relevant sample moments evaluated at éT, which we denote by

Ep(@) and Eq(¢). Following Proposition B3, we work with the modified influence functions

a’[<(0),m] = alst(8),n] — Na(o)A™ (¢g)s6:(6.0),
p°[<t(8),m = plct(8),m] — Np(dg)A™" (g)s6:(6,0),

which lead to asymptotically equivalent estimators of  but are invariant to the sampling un-

certainty surrounding Or. It is easy to see that the asymptotic variance of the sample average



of q°[s(00), mo] is
Eq(do) = Gq(Pg) + Ng(b0)C(do)Ng(o) — 2Né(¢O)A_1(¢O)Dq(¢O)y

where Go(¢p) denotes the asymptotic variance of the sample average of o[s;(0¢), ], while the

the asymptotic variance of the sample average of p°[¢:(8¢), ny] will be

Ep(Po) = Gp(g) + Np(P0)C () Np (o)

For our purposes, though, it is more convenient to write q°[¢¢(8),n] as the sum of two asymp-

totically orthogonal components, namely:

{als1(8), n] — Dq(epg) B~ (¢9)s0(0,0)} + {Dq () B (¢bg) — Na(ebg) A~ (¢y)}s0(6,0),

which yields

Eq(Po) = Gq(p) — D&(¢0)Bfl(¢o)pq(¢o)
+[Nq(¢o) — Df;(ﬁbo)B*l(¢0)A(¢o>]lc(¢0)[Nq(¢o) - D:;(%)Bfl((f’o)-"l(%)]-

In order to compare Gp(¢g) with Gq(¢pg) — D&(qﬁo)b’_l(qbo)l)q(qbo) we exploit the fact that
pls(0),n] = Y(¢)n[s¢(6),n] while qfc:(6),m] — Dq(dg)B~" ($)s6(0,0) = Y(¢)ml[c,(6),7],
where n[s;(6),n] and m[¢,(0),n] are the residuals from the theoretical regressions of ¢;(6,n)
on p1[s¢(0),n] and sg:(00,0), respectively. Although the proof by induction of this statement
is rather tedious, intuitively the reason is once again that the coefficients used to recursively
construct q[s¢(0),n] from ¢,(0,n) are the same as the coefficients used to recursively construct

plst(0),n] from ¢,(0,n) and p1[s:(0),n]. It is then possible to prove that

cov{l;(0,m), p1[s:(0), nl|p}cov'{4:(6, ), p1[<+(6), nl| &}

while

V{m[c,(8),n]|¢} = V[(:(8,m)|¢] — cov{€:(8,n),56:(60,0)|p} B~ (¢)cov{:(8,1m),56:(60,0)|}

i, — CeOmpilsiO) nlld}eor (66, m). pilsu(6). m$} g($)B(d)g(¢)
| g (9)B(0)g() + v(9) g (9)B(0)8(d) +v($)

with g(¢) = cov{pi[s¢(8), 7], 56:(6,0)|p} B~ () and y(¢) = V{ps[c:(0), n]|$}—g'(¢)B(#)g(9),

where we have used the fact that

s0:(0,0) = [&'(9)B(9)g(®) + ¥(#)] "' B(d)g(@)p1[st(0), m] + we,

4



with w; orthogonal to p1[s.(0),n], so that

cov{£(0,m),50:(00,0)[¢p} = cov{(:(0,n),[g (#)B(P)g(®) + ()] ' B(¢)g(¢)p1[s(6), m]|p}
= cov{t:(8,m),p1[s¢(0),m]| D} (&' (#)B(P)g(9) + v()] & (#)B().

As a result,

V{m[c:(6),nl|¢} > V{n[<:(0),n]|d},

with equality if and only if ¢(¢) = 0, in which case (¢:/N — 1) can be written as an exact linear
combination of sg.(6o, 0).

Hence,

Io(do) = Y(P)V{n[.(6),n]|¢} T ()
< Y(P)V{mls(6),n]|p}X'(¢) = Gq(dbg) — Doy(bo)B™" (9) D (o).

Therefore, given that

Np(00)C (o) Np (o) = [Nq(¢0)—DZ;((ﬁo)B_l(¢0)A(¢0)],C(¢0) [Nq(fbo)—D:;(Cﬁo)B_l (¢p0)A()]

if condition (B6) holds, the main result in the proposition follows.
Finally, the proof that condition (B6) is satisfied when ¢ (¢) = 0 involves the following steps.

First, we can prove that in those circumstances

cov{o[s+(6),m], p1[s:(60), n]|P}
Vipils:(0), mll#}

cov{o[s:(0),n],s6:(6,0)[p} = cov{p1[s:(0),m],s0:(6,0)|¢}

for any influence function o[s;(8), n] which only depends on @ through ¢;(0). Second, given that

0 is trivially orthogonal to both sg:(69,0) and sg:(6o,n), it is clear that the coefficients in the

IV regression of pi[s.(0),n] on sg:(0o,0) using sg:(0p,n) as instruments will coincide with the

coefficients in the least squares projection of p1[s¢(6),n] on sg:(0g,0) when (¢;/N — 1) can be
)

written as an exact linear combination of sg.(6g,0), so that

cov{p1[s+(8), ], s0:(60,m)| ¢} AT () = cov{p1[s:(8), 1], 50:(8,0)|} B~ ().

Finally, we can prove by induction that

El{aml<t(8),1] — pm[se(8), n}s6:(0,m)|#] AT () = E{am[se(8), nse:(6,0)|} B~ ()

when ¢(¢) = 0. O



Proposition B5 If €f |z, [;_1; ¢ is i.i.d. D(0,1y,ny) with bounded fourth moments, then the
efficient influence function is given by the efficient parametric score of n:

Sn|0t(07 77) = Snt(aa TI) - Ién(¢0)1.9_01(¢0)50t(97 77)7 (B7)

which is the residual from the theoretical regression of syi(dy) on set(¢pyg).
Proof. The first thing to note is that

COU[STIt(Oa 77) - Zén((bO)Ie_Ol((pO)set(ea 77)7 Set<07 77)] =0,

which means that
as Ot(aan)
BT 0
=

by virtue of the generalised information equality, which in turn implies that the asymptotic
distribution of the sample average of sy ,(6,7n) will be invariant to parameter uncertainty in 6
(see Bontemps and Meddahi (2012) for further discussion of this point).

Following Newey and Powell (1998), if s,,9,(6,7) is efficient then it will satisfy

Sn|0t(07 "7)} ‘

Vv [Sn|9t(07n)] =-F [ on

But

V [sni(8,m) — Ién(ﬁﬁo)zgel(%)set(ea n)] = Zyy(e) — Ién(%)lgel(cﬁo)fén(%),

which coincides with

_E Sn|9t(07n)

on
Proposition B6 If €}|z;, I; 1, ¢, is i.i.d. t(0,1y,v0), with vo > 8, then VT(ip — 1) —
N [0, E(g)/H? ()] and VT (i — m9) — N [0,Ep(¢)/H?(¢o)], where iy and iy are the
sequential MM estimators of n based on the square of ¢; and its second order polynomial, respec-
tively, while

E(po) = Gildg) +N](¢o)C(Po)N, (o) — QM(¢0)A_1(¢0)D€(¢0)a
E(do) = Gpldhg) + Ny(o)C(do)Np(o),
4(vo —2)(N +vo — 2)

D€(¢o) = COU[SGt(G()v0)7£2t(007770)‘¢0] = N(l/o — 4)(V0 — 6) WS(¢0)a

(vo —2)? [(N +6)(N +4) (vo — 2)(vo — 4)

] — cov [sy(8.1), 51 (0.7) — T () L (60)50:(6, )] O

Gildo) = Vieulbo,moln] = (10— [y A0 Be = ),
o) = Vipalo00) i} = Gilgy) - e T2,

N(o) = conlsan(Ba. o) b 80,10 ] = 37— W),

Nilbo) = covfsar(B0.m0)s prlsi(B0),mollgho} =~ 2wy, (g,

N(VO — 4)(V0 — 6)

2
H(py) = cov[syi(Bo,m0); Lat(60,M0) o] = cov{sni(Bo, ), p2t[st(B0),molldo} = (U:iz)g

6



and

Wis(¢0) = Za(¢)[0', vec (I)]" = E[Za:(00)|][0", vec (In)]'

=F { %Ovec’ [2:(600)] /00-vec[Z; 1 (00)] ¢0} = E[W4(00)|po] = —E {0d(0)/06| ¢y} . (BS)

Proof. The linearised influence functions corresponding to 7, and 7 are
02t(80,1) — N7 (o) A" (¢g)s6:(60,0),
and
p2[s(60), 1) — Ny (o)A~ (dg)ser(60,0),

respectively, whence we can directly obtain the formulae for &/(¢y) and &£,(¢y). Therefore,
the only remaining task is to obtain closed-form expressions for the required moments. In this

respect, we can use the law of iterated expectations to show that

cov[se:(00,0), £2t(00,10) o] = Za(y) - E{E[ear(00,0) - L2(00,m0)lst; Polldo }

= W,(¢y)FE [(% - 1) €2t(907770)‘ ¢0}

and

cov[sgy (0o, no)a”nt(ao,no)’@)] = Zq(po) - E{Elear(00,m0) - ”nt(aoaﬁo)kt% ®ollPo}

N+4+vg qb]
O-

= W5(¢O)E |:<IJ()MN - ]-> nnt(007770)

Then, we can use the properties of the beta distribution to show that

E[( 2 V0—2)2] (-2 {(N+6)(N+4)(1/0—2)(y0—4)_1

N(N+2) w—4 (vo—4)* [ NNN+2) (vo—6)(vo—8) ’

2 vy — vy — Vo —
E [(ng -1) (N(J\gftJr 5 v —iﬂ = 4(.7\?(;/022%(;%)2)’

and
B N + v Sty 2 v —2  A(vo—2)
vo—2+¢ N N(N+2) wvg—4)| N(o—4)

On the other hand, since pa[s(00), 7] is the residual from the least squares projection of

02(00,my) on ¢;/N — 1, we can obtain the relevant expressions for pa[s(6¢), 7] from those of

l2:(00,mp) by using the fact that

E {C\f} - 1)1 = 2%0”3 ;)2)

and

N 2
E &2_1 (2_1) ———
I/[)—2+§tN N N



Proposition B7 If €} |z, I;_1; ¢y, is i.i.d. s(0,1y), where ¢ includes @ and the true shape
parameters, but the spherical distribution assumed for estimation purposes does not necessarily
nest the true density, then the asymptotic distribution of the sequential ML estimator of m, N,
will be given by

\/T(/F’T - noo) — N {Oa H:Tl (¢ooa SOO)gT((booa SOO)H;I‘I (¢ooa 900)} 3
where ¢oo = (007 ’rlé)o)lf N solves E[ e?‘t(e()a ,rloo)’ SOO] = 07 HT‘T(¢; SO) = _E[ 8ert(¢)/an/’ 80]7

gT’(¢ooﬂ (700) = [OTT(Q,)OO’ 900)]_1
O (Do0i P0)] T Olr(Do0i 20)C(£0) Osr (Do 00) [Orr (Do 0)]

Osr(¢; (P) = E[_aert(oﬂv 7700)/39,| ‘10] and OTT’(¢; 90) = V[ e’rt(¢)| ‘P]

Proof. To obtain the variance of the elliptically symmetric score of 1 under misspecification,
we can follow exactly the same steps as in the proof of Proposition 10 in Fiorentini and Sentana
(2010) by exploiting that E[ e;+(®)| o] = 0 holds at the pseudo-true parameter values ¢, =

(60,m,)". Specifically, under standard regularity conditions

VT T - VT T 1 T 0en(00,m) VT -
T thl e (07, M) = T thl et(60,Moo) + T thl t(a;/)T(eT —60) + 0p(1).

Finally, the same steps used in the proof of Proposition 3 yield the expression for &.(¢..; ¥).0

C Orthogonal polynomials

The m!" orthogonal polynomial associated to a spherical distribution for €} is given by

m

polst(0),m] = ai(n)s}(6),
h=0
where ¢,(0) = €;(0)ef(0) and n are the shape parameters. The first two non-normalised
polynomials are always po[s:(0)] = 1 and
(0
pils(®) = 19,

which do not depend on m. Subsequent polynomials can be obtained by recursively regressing

Cmt(0,m) in (8) on p;ls(0),n] for j =0,1,...,m — 1. Specifically,

-1

Pmlse(8),m] = Lot (0,m) = >

=1

cov{lm(0,m),pilst(0),n]}
V{pjlst(0),m]}

Dbj [%(9)777]‘ (Cg)

As a result, the polynomials have zero mean and are orthogonal to each other by construction,
although not orthonormal unless we standardise them by their respective standard deviations.
Next, we present the coefficients for the second and third orthogonal polynomials of the

distributions we use in Sections 3, 4 and 5 to illustrate our results.



C.1 Orthogonal Laguerre polynomials for the standard normal distribution

The coeflicients of the second order polynomial are

1
agzi,
1
a‘({:—N
and
g 1
ay = —————:
279N (N +2)

while the third order polynomial coefficients become

1
(Ig = 5,
3
T
g 3
Q. =
27 2N(N +2)
and
1

U——
BT TANN+2) (N +4)
C.2 Orthogonal polynomials for the standardised Student ¢ distribution

In this case the coefficients of the second order polynomial are

N(N+2)(v—2)?°

ao(n) = Av—Dw—6)
MRSCES 2
and
ahln) = 1

while the third order polynomial coefficients become

N (N +2) (N +4)(v-2)?
8(v—16)(v—28)(v—10) ’
(N+2)(N+4)(v-2)
8(v—28)(v—10) ’
(N+4)(v—2)

az(n) = — S0 _10)

ag(n) = —

aj(n) =

and



C.3 Orthogonal polynomials for the standardised DSMN distribution

In this case the coefficients of the second order polynomial are

N(N
aj’ (o 20) = : 8+ g [a(l — ;1{) + 5t (20t — @)+ (N + 4)(1 — 2Josc

—2(N +2)(1 — a)as® + (N +4)(1 — a)as + 2a2} ,

ds _ N2 L -« o)’
a®(a, ) = 5 [a(l—%)+%]3 {2(1 )(4+ Na)

—N(l—04)04%2—N(l—oe)oe%+a[N(1—a)+4]},

and

a3’ (e, ) =

1 1 — 04%2— —Q)oxx — )|«
8[06(1_%”%]2{(1 )24 Na)s? —2N(1 — a)ax + 2+ N(1 — a)]a} .

Similarly, the coefficients of the third order polynomial are

N(N +2)(N +4) 1
192 [((1 — ) + %]6
x {8(1 — )35 + (N 4+ 4)(N +6)(1 — a)?as®

af*(a, ) = —

—4(N +2)(N +6)(1 — a)?asx” + 6(N + 4)%(1 — a)?asx’
+(N +6)(1 — a)a[(BN + 24)a — 4(N + 4)] »°
—(N +6)(1 — @) [24a + N (5a — 1) — 8] »*
+6(N +4)%(1 — a)a?s® — 4(N 4 2)(N 4 6)(1 — a)a?s?
+(N +4)(N +6)(1 — a)a?s+8a°},

(N +2)(N +4) 1

192 [(a(1 = 5) + 5°
x {(1 —a)?[N(N + 10)a + 24] 5* — 2N (N + 6)(1 — a)?ause”

a(lis(a7 %) =

—2N(N +8)(1 — a)?as®
+2(1 — @)a[4N(N +7) — N(3N + 14)a + 48] »°
—(N +6)(TN +24)(1 — a)asc*
+2(1 — a)a [N(3aN + N + 14(a + 1)) + 48] 5
—2N(N 4 8)(1 — a)a?»® —2N(N + 6)(1 — a)a?sx

+[24 — N(N 4 10)(a — 1)] &*},

10



o) = _N+4 1
2T 192 (a1 - ) +
x {2(1 — a)? [N(N + 8)a + 12] 5" — N(TN + 38)(1 — a)?as®

+(1 — @) [8(N +2)(N +3) — N(TN + 26)a] »°
—2(N +2)(N +6)(1 — a)as* —2(N +2)(N +6)(1 — a)asx®
+(1 — @)a[N(TaN + N + 26a + 14) + 48] 5

—N(7TN +38)(1 — a)a?s + 2[12 + N(N + 8)(1 — a)] &}
and

ds 1 1
) = i =) + P

X {(1/04)2 [N(N +6)a + 8] »° —4N(N + 4)(1 — a)?asd®

+(1 = a)a [6(N +2)*> — N(5N + 14)a] »*
—4(N + 2)(N +4)(1 — a)as®
+(1 — a)a [N(5aN + N + lda + 10) + 24] 5

—4N(N +4)(1 — a)a?sc+ [8 = N(N +6)(a — 1)] o} .
C.4 Orthogonal polynomials for the standardised 3"%-order PE distribution

The coefficients of the second order polynomial are

1
4

pe

ab(co,c3) = = (8¢5 + 2N (N + 8)cy + N (N(N +2) — 12¢3)) ,

e 1
al(eg,c3) = ~5 [N(N +2) + (N +6)ca — 3c3],

and
pe 1
as (cg,c3) = 1 (N + 2¢2) .
In turn, the coefficients of the third order one are

pe

1
ab’(ca,c3) = == {(N +2)*(N + 4)N? — 4 (N? + 32N +192) &3

24
+6¢3 [N(N + 4)(N(N +2) +48) + 4((N — 4)N + 48)c3]
—12¢3 [(N +2)(TN + 48)N? + 3(N (N + 6) + 24)c3N — 72¢3]
—6caN2(N + 2)(N + 4)(N +12)

+24cac3 [N(N(N + 14) + 120) + 6(N — 12)¢s]}

11



al®(co,c3) = = {N2 N +4)(N +2)2 =12 [3(N(N + 10) + 32) + 4ca c2
+2(N +4)cg [N(N 4+ 2)(3N + 32) + c2 (N(3N + 14) — 2Nc¢a + 96)]

—8[3N(N +2)(3N + 20) + 2c5 (N(N + 14) — Necg + 96)] e3},

¥ (ca, c3) = f{ N +2)(N + 4)N? — 36(N + 8)c2

+2(N 4 4)ca [N(3N + 26) + (3N — 2¢3 + 8) c3]

—4[15N(N 4 6) +2(N — c3 4+ 12) ¢2] e3}

and

. 1
ab(ca, c3) = i [N?(N +2) — 4¢3 + 6Nc3 + 6N (N + 6)cy — 12c3 (4N + 3c3)] -

D Auxiliary results

D.1 Positivity of Laguerre expansions

To identify the region in the parameter space for which Ps(¢) =1+ Zjﬁ ¢j-pi(s,N) >0
it is convenient to reparametrise Py(<) as ﬁ)J(CQ, 3, t), with t =(s, ¢y, ..., cj). For each value of
t €R’2, the equation P 7(c2, c3,t) = 0 defines a straight line in the t-hyperplane. To determine
the set of n’s as a function of t such that ﬁJ(CQ, 3, t) remains zero for small variations of t,
we should also impose 8ﬁ)J(C2,C3,t) /0t = 0. Finally, once this bound is found, we need to

determine the subregion in which Pj(s) > 0 for ¢ > 0.
D.1.1 Second order expansion

In this simple case the positivity region corresponds to those values of ¢y for which the
polynomial 1 + ¢y - pa(t, N) is positive. Since the vertex of this quadratic function occurs at
t = N + 2 > 0, positivity requires that its roots are either complex or double, which holds for

0 < Cco < N.
D.1.2 Third order expansion

For a given ¢, the 3" order polynomial frontier that guarantees positivity must satisfy the

following two equations in two unknowns

1+co-po(t,N)+c3-p3(t, N)=0
C9 -6p2(t,N)/at—C3 '8p3(t,N)/at:0

12



whose solution is

®) 8+ 6N + N2 — 8t — 2Nt + t2 ®) N+2—t
C = anda c =
2 8A(N, t) s 2A(N, t)
with
AN1) = N3t+Nt3—5N2+t3—N3 N*+ ¢
T 24 12 96
+Nt — 2N N N2t — Nt2 — 2 N2
3 4 16

The solid (dashed) black line in Figure 1 represents the frontier defined by positive (negative)
values of ¢. Notice that if we imposed the above conditions for all ¢ € R, then c¢g3 = 0 and
0 < ¢ < N. Such a frontier, however, is overly restrictive because it does not take into account
the non-negativity of ¢. In this sense, the blue line represents the tangent of P3(s) at ¢ = 0
while the red line is the tangent of P3(¢) when ¢ — +o00. The grey area, therefore, defines the
admissible set in the (c2, c3) space. Focusing on ¢ € Ry only allows for a larger range of (ca, c3)

with c3 < 0, which is given by the difference between the dashed black line and the blue one.
D.2 Higher order moments

The higher order moment parameter of spherical random variables defined in (E10) for the
four distributions that we use to illustrate our results are:

(a) Student t distribution with v = 1/n degrees of freedom:

e« I -
147y, (1) = (1= 21) 1Hm when 7 < (2m)~L.
j=2

(b) Discrete scale mixture of normals distribution with mixing probability « and variance

ratio sz
a+ (1 —a)x™
[a+ (1 — )™

14 7%, 20) =

(c) 3"%-order polynomial expansion distribution with parameters ¢y and cs:

2m(m — 1) 4m 2 + m(m — 3)]
N(N+2)? NN +2)(N +4)

1+ 7%, ) =1+ cs3.

Derivation of the results:
(a) If ¢, is a chi-square random variable with N degrees of freedom, and ¢, is a Gamma
variate with mean v and variance 2v, with (; and §; mutually independent, then the uncentred

moments of integer order r of (v/N) x ((,/,;) are given by

¢/N\" v\*r—1+N/2r -2+ N/2 1+ N/2 N/2
E[(gt/y>]_<> —141/2 —2:1//2 X"'X—(r—+1)+y/2—r+y/2

N

13



(Mood, Graybill and Boes, 1974). Given that ¢; = (v — 2)(,/&;, it is straightforward to see that

&)™ N 202" (/245 - Dy
fle-2g] }-3 27 1

& v v—2j

7j=2
from where the result follows directly.
(b) When €} is distributed as a DSMN, ¢; is a two-component scale mixture of x%s, so that

conditioning on the mixing variate s,

Bl =11 = || B and Bl =0 = |~

i =] B

a+(l-«
where (; is a X%v variate. Then, the required expression follows directly from the law of iterated
expectations.

(c) Since E[s{"pn/2-1,j(st)|0] = 0 for m < j, we only need to compute E[si"py/2—1,j(s¢)|0] for
m > j, which can be written in terms of the higher order moments of the Gaussian distribution.

For the 2"-order Laguerre polynomial we have

1 1 1
E[s)" Do 0] = -E["0] - —E[)™0] + o
i'prjz12(6)I0] = SEI0] = B0+ grry

1 2N/2+m+1) AN24+m+1D)(N2+m+2)] . ..
- 27 N + 2N (N +2) Elsi"(0]

2m(m—1) . .
= mE[gt 0].

E[s7?|0]

The same procedure applied to the 3"%-order Laguerre polynomial yields the required result.
D.3 Moment generating functions

Not surprisingly, the moment generating function of a spherical random variable €} depends
only on ¢. Although it cannot be defined for the Student ¢ distribution, it takes the following
forms for the remaining distributions that we consider:

(a) Discrete scale mixture of normals distribution with mixing probability a and variance

ratio s
2t —N/2 2t —N/2
T ys(t = Elel*t N"=al|l - ——M— 1-— 1-— .
ds (t|e; ) [e™[(a, )] = @ a+(1—a)%] +{1-e) [ 04+(1—04)%]
(b) 374-order polynomial expansion with parameters ¢y and cs:
2t2 4¢3
J=3 _ t n_ —N/2
Tpe (t‘c% C3) = E[e gt‘(027 C3> ] - (1 - 2t) / I:l + (1 _ 2t)202 B (1 _ 2t)3c3:| .

Derivation of the results:

14



(a) Since ¢; is a two-component scale mixture of x%s, we can compute E[e’t|a, s, s] for
s = 1 and s = 0 by exploiting the fact that the relevant conditional distribution are Gamma

with shape parameter N/2 and scale parameters

2 e
a+(1—a)x a+(1—a)x

respectively. Finally, the law of iterated expectation yields the desired result.
(b) The moment generating function of the polynomial expansion distribution can be easily
obtained by applying Lemma 1 in Amengual and Sentana (2011). For the 2"-order Laguerre

polynomial we have

B 1 1
! = tse Elc,et 2t
[ PN /2-1,2(51)[0] Ele™t|0] — N [see™t]0] + 2N (N +2) _Q)E[gte 5t|0]

1 N/2 1 N/2+1 1 1 N/2+2
<1—2t) _<1—2t> +2<1—2t)
_ o2 [ =202 =201 = 2t) 1
= (=2 [ 2(1 — 2t)2

N = N

22

— —on N/
- 2t)N2(1_2t)2.

The same procedure applied to the 37%-order Laguerre polynomial yields the required result.

D.4 Marginal and conditional distributions required for VaR and CoVaR
calculations

Theorem 2.6 in Fang, Kotz and Ng (1990) characterises the marginal distribution of a
partition of €} into n components. In particular, if we split €} into its first n elements, €7;, and

the remaining N — n ones, €3, say, this theorem implies that

[ €14 ] _ [ erdyuyg }
E;t et(l — dt)llgt ’

where e; is the generating variate, d; ~ Beta[n/2, (N —n)/2] and uj; and ug; are two independent

vectors which are uniformly distributed on the unit sphere surface in R” and RV, respectively.
D.4.1 Marginal densities and CDFs of zj; = [¢%,(0)]*

In the particular case of univariate marginals, it is easy to obtain the marginal probability

density function of €2 (see Mood, Graybill, and Boes, 1974) by computing

N_3
272

s _ V/AL(N/2-1/2) [ (2 (1-y)
hi(z,m) = T(N/2) /0 h (y,n,N) dey.

>From here, we can easily obtain f;(e,n) using the change of variable formula as h§(e%,7) - |2].
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Student ¢t For the N-variate standardised Student ¢ distribution with v = 1/n degrees of

freedom, the univariate marginal probability density function of z = 2 is
W (o) — LIL20 )] 1 [ 1- 27 } 2
Z? = b
e Vrl[(2n) 1] 2(z+nt=-2) [1-2n+nz

while its cumulative distribution function is

i, v TIL20+07h)] nz 1 n-—1
i) == et 45t (7 5 M)

where ¢ = v/—1 and Beta(z,a,b) is the incomplete beta function, defined by

Beta (z,a,b) = / w1 — u)* " du.
0

Discrete scale mixture of normals For the N-variate standardised DSMN distribution with

mixing probability « and variance ratio s:

B (2, 0, 30) = ﬁi/ﬂ {a\/gexp (—Q;Z> + <1 ;O‘> \/;exp <—2;%z> } ,

where @ = [a+ (1 — a)s] ™!, while its cumulative distribution function is

Hfls(z,oa,%):(l—a)erf< Ve >+aerf<\/g>,

2w V2w

where erf (x) is the standard “error function” defined by erf (z) = % o exp(—t?)dt.

3% order polynomial expansion For the N-variate standardised 3"%-order PE with para-

meters ¢ and cg

[2(z — 6) + 3] [2(45 + z(z — 15)) — 15]03} 1 < z) ’

B ~ 11 - _z
I (ze2,65) { TONNT2) T aN(N+2)(N +4) Vavar AT

while its cumulative distribution function is

e 154+ (2 —10)2]e3 — (N +4)(z — 3)c2 A Lo vz
Hy (7 ez, 0) = N(N 1 2)(N + 4)v2r Ve (-3) + f( )

S

D.4.2 Cumulative density functions of conditionals (¢7,(0)|¢5,(0))

Using again Theorem 2.6 in Fang, Kotz and Ng (1990) we can obtain the marginal bivariate
distribution ff5(e1,€2,m), which together with f7(e,n) = hi (e2,7m) - ||, allow us to obtain the

conditional pdfs. In this way,
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Student t

1 T[1+ (2n)""] ne? 1 1
Fﬁ““”””‘2{1+«ﬂﬂ1+m@m4ﬁ%w<‘1+@§4mfy—%)}~

Discrete scale mixture of normals

s 200 + 1 05"‘%-1-04%2 1 -
F1d|2(€1’5270‘7%) = {(1—04)6?(13( 5 8%)\/;+aexp<2%5§) \/;}
1 20(+J{2 \/T
2@{(1 a)exp( 5 £2> 1+erf< 2w%51>]
1
1 f —
+er (\/;51>]},

o+ x+ax?

3) vz

2

—i—aexp(

where @ = [a + (1 — )] L.

3"l-order polynomial expansion

pe
F1|2

3 2 6 4 2 -1
—Gey +3 — 1564 +45e2 — 15
(517527 C2,C3, N) = 35 €9 + €y €5 + &5 03:|

1
+2ﬁr[2+ N(N+2) 27 "NIN+2)(N+4)

o () on () e (3)

(2 €3 —6c3 +3 €8 — 15e3 + 45¢% — 15 >
C_
N(N+2) > N(N+2)(N+4) °

4132 +3e2+3(e2-9)e2+33 24962
+\[2€1<(51 €1 1 3€3 (1-9)¢3 ) _ Ept 28 5(:2 .

N | —

N(N + 2)(N + 4) ST NN +2)
D.5 Standard errors for parametric VaR and CoVaR

Given that q; (A, n) satisfies

q1(\m) i X
Aszummnn:A £ (Eim) dety,

if we differentiate this expression with respect to 17 we obtain

9q1 (\,m) / 2O 0 f (ef5m)
0

0= fila (A, m);m] on on

*
d51t7

whence

dq1 (A, m) 1 / a9 f (e3,;m)
0

on  filg (Ohm)iml on

To relate this expression to the asymptotic variances of the non-parametric quantile estimators,

*
del;

it is convenient to write

/0 1(3;) DU /0 18(77lt)fl (1 m) dety

= Prle}, <q (A Elsyi(P) e, < a1 (\,m)],
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where, importantly, the distribution used to compute the foregoing expectation is the same as
the distribution used for estimation purposes. Hence, we will have that

)2
f2 lar (A ) 3mo
Further, given that

V[Ql()‘v'f?T)] =

0=F [Snt(¢) o] = AE [Snt(¢) lels < a1 (A m),me] + (1 =NE [S'Ir,t(d)) leTs > a1 (A, m) 7770] )

we can finally write
A(1=))
f2la (A m)smg

Let f12 denote the joint bivariate distribution of €], and &3,. By definition, we know that

V[Ql ()‘7 'f’T)] =

@21 (A2, A1,m) satisfies

q1(A1,m) i q211(X2,A1,m) . . .
A1 = / EGHE)) / f2|1(52t751t;n)d52t deyy

—00 —00

a(A1,m)  paon (A2, m)
x %, x* 7 %
= / / f1,2(€14, €345 M) deq,deTy
—0o0 —00

0 (0
= [ [ Al aOumiss + an O m) ez,
—o0 J —00o
where we have achieved constant limits of integration in the last expression by means of the
change of variable
u(ery, e3) = €1y + qu(A1, ), and v(eqy, €3) = 3, + qo1 (A2, A1, M),
whose Jacobian is 1. Differentiating the previous expression with respect to n yields

0 - / / fi2(el + q1(Ar, )52t+Q2|1()\2,)\1> n);n)

* *
dEQtdE]_t

8q1 )\1, / /0 df12( 51t+€I1()\1, n), €2t+Q2|1(>\2,>\1,77);77)d5* Jet
FE 2td€ 4
+GQ2\1 ()\27 A1, M / /0 Of12(el; + (A1, m), €5 + qo;1 (A2, A1,m) 1) deF de
377 85;,5 2tYe 1t

Finally, undoing the change of variable we obtain

Ogap1 (A2, A1, m) /‘”(M’" /q21 Q2 Xm) 511 5 (es €345 M) ok get -
= degdeTy
on Desy

q1 )‘1’/'7 Q2|1(>\27)\1ﬂ7 8f1 2(61t7€2t’ ) d "
€2tC1t

851t

f1 [(h()\l,?’l);?ﬂ o0 on 1t

a1(A1m)  pazi(Az,A1m) fio(efnesnm) o . .
_/ / 8—d€2td€1t .
—0oQ — 0o n
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E Inference with elliptical innovations

Some useful distribution results

It is easy to combine the representation of elliptical distributions with the higher order
moments of a multivariate normal vector in Balestra and Holly (1990) to prove that the third

and fourth moments of a spherically symmetric distribution with V' (ef) = Iy are given by
E(ejei’ ® €7) =0,
and
E(eje;’ @ e7e}’) = Elvec(erey’Jvec' (€7e7)] = (ko + 1)[(In2 + Kyn) + vee (Iy) ved' (In))],

respectively. In this regard, note that since E(e}) > E%(e?) = N? by the Cauchy-Schwarz
inequality, with equality if and only if e, = v/N so that g; is proportional to u, then ko >
—2/(N +2), the minimum value being achieved in the uniformly distributed case. For example,
ko = 2/(vo —4) in the Student ¢ case with g > 4, and k9 = 0 under normality.

An alternative characterisation can be based on the higher order moment parameter of
spherical random variables introduced by Berkane and Bentler (1986), 7,,(n), which Maruyama
and Seo (2003) relate to higher order moments as

m
E[}"[n] = [L + 7(n)]E[s}|0] where E[s["(0] = 2™ [ [(NV/2 +j - 1). (E10)

j=1
For the elliptical examples mentioned above, we derive expressions for 7,,(n) in Appendix D.2.
A noteworthy property of these examples is that their moments are always bounded, with the

exception of the Student t. Appendix D.3 contains the moment generating functions for the

Kotz, the DSMN and the 3"-order PE.
E.1 The log-likelihood function, its score and information matrix

Let ¢ = (0',m)" denote the p + g parameters of interest, which we assume variation free.
Ignoring initial conditions, the log-likelihood function of a sample of size T for those values of 8
for which 33,(0) has full rank will take the form L (¢) = Zthl li(@), with I;(¢p) = d(0)+c(n)+

g[s¢(0),m], where di(0) = —1/21n|34(0)| corresponds to the Jacobian, ¢(n) to the constant of
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integration of the assumed density, and g[s:(0),m] to its kernel, where <;(0) = &}’ (0)e; (),
€i(8) = 2, (0)e,(0) and ,(8) =y, — 1 (6).

Let s¢(¢) denote the score function dl;(¢)/d¢, and partition it into two blocks, sg:(¢p) and
snt(¢), whose dimensions conform to those of 8 and 7, respectively. Then, it is straightforward

to show that if u,(0), 3:(0), c(n) and g [s:(0),n] are differentiable

salg) = P9+ CLEEOIND) z60) z0) | 19 | = zal0)eato)
Su(@) = Dcln)/om + 99 [51(6),m] /0m = en(9), (B11)
where
0di(0)/00 = —Zg(0)vec(Iy)
9s1(0)/00 = —2{Z;(0)e;(0) + Zs(0)vec [e7 (0)e;’ ()]},
Zu(0) = ouy(0)/00 -3, (0),
Z.(0) = oved [S(0)] /005, /7 (0) & 577 (6)],
cu(,m) = dlsi(6).m]-<i(6). (E12)
ea0.m) = vee{dlsi(6),m]-<; (0)er'(6) ~ Ty}, (B13)

Op,(0)/00" and dvec [X4(0)] /00’ depend on the particular specification adopted, and
3[s+(0),m] = —20g[s+(6),m]/0s (E14)

can be understood as a damping factor that reflects the kurtosis of the specific distribution
assumed for estimation purposes (see Appendix E.3.1 for further details). But since d[s:(0), 7]
is equal to 1 under Gaussianity, it is straightforward to check that sg;(6,0) reduces to the

multivariate normal expression in Bollerslev and Wooldridge (1992), in which case:

0.~ | 260 | ={ wecrezorerior 1

Given correct specification, the results in Crowder (1976) imply that e;(¢) = [€/, (), er¢(d)]
evaluated at ¢ follows a vector martingale difference, and therefore, the same is true of the score
vector sy(¢). His results also imply that, under suitable regularity conditions, the asymptotic

distribution of the feasible, joint ML estimator will be v'T (¢ — ¢g) — N [0,Z7(¢y)], where
Z(¢o) = E[Li(d0)| b0l

Ti(p) = Visi(®)lz,, [i-1; ) = Ze(0)M($)Zy(0) = — B [hy(e) |2, 1-1; @],
Zy(6) O Z,4(0) Zs(0) O
o - () (0 Y



h;(¢) denotes the Hessian function 9s;(¢)/0¢" = 8%1;(¢)/0pdP’ and M(¢) =V [ei(9)|o)].
The following result, which reproduces Proposition 2 in Fiorentini and Sentana (2010), con-

tains the required expressions to compute the information matrix of the ML estimators:

Proposition E1 If €f|z, I;_1; ¢ is i.i.d. s(0,In,m) with density explc(n) + g(st,n)], then

Mu(n) 0 0
M(’?) = 0 Mss('r]) Msr(n) s
0 M, (n) My(n)

Mu(n) = View(@)|o] = Mu(n)ly,
Mss(n) = V]ex ()] ¢] = MSS( ) (In2 + Knn) + Mgs(n) — Hovee(Iy)ved (In),
Mr(n) = Eles(¢ ‘ )| @] = —E{aest(@/@n'\ ¢} = vec(In)Msr(n),
Mw(n) = [ert( ®)| ¢] = —E[de,(¢)/0n'| ),

() = £ { #16(0), 1) <z>}=E{28‘*;(f’)’”]“]$’)+5[<t<e>,m\¢},
Maoln) = g [1+V {Slon(@), e | 0] —E{mggie)’ U N+2 ‘¢}+1
() = 5 | {sla0) ) ~ 1) o] = - { P PO g}

Fiorentini, Sentana and Calzolari (2003) provide the relevant expressions for the multivariate
standardised Student ¢, while the expressions for the Kotz distribution and the DSMN are given

in Amengual and Sentana (2010).1°
E.2 Gaussian pseudo maximum likelihood estimators of 6

If the interest of the researcher lied exclusively in 8, which are the parameters characterising
the conditional mean and variance functions, then one attractive possibility would be to estimate
a restricted version of the model in which 7 is set to zero. Let 01 = arg maxg L7(6,0) denote
such a PML estimator of 8. As we mentioned in the introduction, 61 remains root-T" consistent
for By under correct specification of p,(0) and 3;(0) even though the conditional distribution of
€71zt I1—1; ¢y is not Gaussian, provided that it has bounded fourth moments. The proof is based
on the fact that in those circumstances, the pseudo log-likelihood score, sg:(8,0), is a vector
martingale difference sequence when evaluated at 6y, a property that inherits from ey (6, 0).
The asymptotic distribution of the PML estimator of @ is stated in the following result, which

reproduces Proposition 3.2 in Fiorentini and Sentana (2010):

YThe expression for Mgss(x) for the Kotz distribution in Amengual and Sentana (2010) contains a typo. The
correct value is (Nk + 2)/[(N + 2)x + 2].
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Proposition E2 If ef|z, [;-1; ¢g is i.i.d. s(0,1y,mg) with kg < 0o, and the regularity con-
ditions in Bollerslev and Wooldridge (1992) are satisfied, then /T (@7 — 0g) — N [0,C(¢,)],
where

C(¢) = A (9)B(o) A (),

A(¢) = —FE [hgg:(0,0)|¢] = E [Ai(9)|4],
Ai(¢) = —E[hgg:(0;0)| z¢, I—1; | = Zar(0)K(0)Zy, (0),
B(¢) =V [s6:(6,0)|p] = E [Bi(9)|4],
Bi(¢) = V[s6:(0;0)| 21, [;—1; @] = Zar(0)K(r)Z1,(0)
Iy 0

and ’C(H):V[edt(9,0)|zt,ft,1;¢] = 0 (/{+1) (IN2—I—KNN)—I-IQUGC(IN)USCI(IN)

which only depends on m through the population coefficient of multivariate excess kurtosis.
But if ko is infinite then B(¢,) will be unbounded, and the asymptotic distribution of some

or all the elements of 87 will be non-standard, unlike that of @7 (see Hall and Yao (2003)).

E.3 Computational details

E.3.1 Scores and first order conditions

The damping factor (E14) reduces to
0'[<t(8),n] = (N + 1)/[1 = 2n + n<:(6))]

for the Student ¢,

a+ (1 — a)eN/2HD) exp [_ [a+(1*c2v)%](1*%) Ct(9)}

4

0% [64(0), v, 5] = [a + (1 — @) -
+ (1= a)e M2 exp [_ ot (1—a)x](1—2) gt(g)]

2

for the DSMN, and

Zj:1 CiPN/2,j [s¢(0)]
1+ 37 ¢ipnya—t,jlse(6)]

07¢[<e(8), 2, 5] = 1 —

for the PE.
As for €,4+(0,n), Fiorentini Sentana and Calzolari (2003) show that in the multivariate Stu-

dent t case it becomes

w00 = gz e (Tn) v (5)

Nn+1 5¢(0) ( n >
— +—In(1+ 0) ).
201 —2m) 120+ 1<.(0) 2% 1— Qngt( )

For the multivariate discrete scale mixture of normals, we can use (E11) to write the score
with respect to the mixing parameter o as

N 1— 0g[s+(0), 7]

ds _
sa' (0,00 7%) = 5 oo

22



where

9g(s+(0),m] _ 1 L —N/2 1
oo ewlk@ |\ Tag®) T e (Tl
_ 1 11— 1 o)
exp (gl<(8),m]) [+ (1 — )2 252
1 1
X (v €Xp (—2§t(0)> + (1 — ) V2 exp <— gt(0)> )
w 2w
and the score with respect to the relative scale parameter s as
N l-a 9gls¢(0),n]
ds _ v
SO0 = S A —a] T T ex
where
59[§t(0)a7ﬂ _ 1 —E(l _ a)%—N/Z—leXp _ 1 ¢ (0)
95 exp (9l (0),m) | 2 23"

() % qexp (-2;9(0))

+(1 - a)agg(%o?)%N/Q exp (— 2;%9(9)) } .

Finally, the scores of the 3% order PE distribution with respect to ¢o and c3 will be

pN/Q,Q[gt(éT)}

pe
Se t(gac?aci’)) = =
’ L+ Z}Izl cjpN/2—1,[st(07)]

and .
pN/2,3[§t(9T)]
1+ E}‘le cipn/2—1,j[5t(07)]

P (07,c2, c3) =

We can then use 87 to obtain a sequential ML estimator of n as 1), = arg max,, LT(éT, n),

possibly subject to some inequality constraints on 7. For example, in the Student ¢ case 7 will

be characterised by the first-order Kuhn-Tucker (KT) conditions

5,007, fip) + 00 = 0; 7p > 0; O >0; Op iy =0,

where 5,7(0,7) is the sample mean of s,,(6,7n), and O the KT multiplier associated to the

constraint n > 0.

Fiorentini, Sentana and Calzolari (2003) show that in the multivariate Student ¢ case s,:(8,0)

is proportional to the second generalised Laguerre polynomial. Similarly, Amengual and Sentana

(2011) show that this is also the case for the score of the scale parameter of a DSMN. Therefore,

Sfyt(07 O) = Si‘i(e, 0) = p?v/2,1’2[§t(0>]-
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Amengual and Sentana (2011) also provide the corresponding expressions for the a-component

of eSMN(9,0) in the case of “outliers”, which is given by

1-— 1-—
lim s%(8,a, ) = »V/2 exp ( 5 %Ct(9)> —-1- %(§t(0)—N).

a—0t

In contrast, in the case of “inliers” it will be given by

-1 1—
lim s%(0,a,50) =1 — 3N 2exp - st(0) | — %(§t(0)—N).
a—1— 22¢ 2

As for the polynomial expansion, we saw in Appendix D.1 that the shape parameters are

also inequality constrained. Not surprisingly, Amengual and Sentana (2011) also show that
efzf(aa 0) = {p?\[/g_lg[gt(a)]ap?v/2_173[§t(0)]}/'

E.3.2 Numerical issues

Random number generation We sample Student ¢ and DSMN exploiting the decom-
position presented in section 2.1. Specifically, we simulate standardised versions of all these
distributions by appropriately mixing a N-dimensional spherical normal vector with a univari-
ate gamma random variable, and, in the case of DSMN, a draw from a scalar uniform, which
we obtain from the NAG Fortran 77 Mark 19 library routines GO5DDF, GO5FFF and GO5CAF,
respectively (see Numerical Algorithm Group (2001) for details). To draw innovations from a
PE, we use a modification of the inversion method. Specifically, we first compute the square
Euclidean norm of the N-dimensional spherical normal vector, ¢ say, which is distributed as a
x2 with N degrees of freedom. We then use the GO5NCF routine to find the solution to the

equation F'(s,co,c3, N) = Fx?v@)’ where

I'(N/2,5/2) ¢N2e=s/?
F(§7027637N) = 1- W X 2N/2+2I‘(N/2+2)(g_2_N)
+eg X e/ [ = 2d(N +4) + (N + 2)(N +4)]
2N/2+3F(N/2 +3) !

with ¢ = ( as starting value. In this way, we make sure that the three distributions that we
simulate share the random draws from the underlying NV x 1 uniform vector, which minimises

Monte Carlo variability.

Estimation strategy Our estimation procedure employs the following numerical strat-
egy. First, we estimate the conditional mean and variance parameters € under normality with

a scoring algorithm that combines the EO4LBF routine with the analytical expressions for the
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score and the A(¢,) matrix in Proposition E2. Then, we compute consistent estimators of n
using the expressions in the next subsection, which we use as initial values for the optimisation
procedure that obtains the sequential ML estimator 7, with the EO4JYF routine. This estima-
tor is then used as initial value for the efficient sequential MM estimator, which is obtained with
the CO5NCF routine. Since our model admits reparametrisation (1), we use expression (9) with
Mg and Mg, computed either analytically, or by Monte Carlo integration or quadrature. We use
again N as initial value for the sequential GMM estimators based on orthogonal polynomials
using the E04JYF routine. As for the joint ML estimators, we employ the E04JBF routine with
numerical derivatives starting from the PML estimators of & and the sequential ML estimators

of n.

Initial consistent estimators of shape parameters

Student ¢ The initial value of 7 is the moment estimator proposed by Fiorentini, Sentana

and Calzolari (2003):

At 1 T 2/p
_ T2 At _ T > i—15:(07)
Ningt = Max {(4725 n 2),0] where 75 = —(N N -1

Discrete scale mixture of normals The initial values for o and 3¢ are obtained by

running a standard EM algorithm that does not impose E[s;(67)] = N.

3"-order polynomial expansion The initial values for ¢, and ¢3 are moment estimators

obtained as
i3 0r)  N(N+2)

C2:init = AT - 4
and
N4 NN+ 3 s 0r)
3init — 2 2:init 24 0UT .
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F Supplemental tables and figures

Table F1: Maximum likelihood estimates of mean and variance parameters

Asset Parameter Gaussian Student ¢ DSMN PE
EMU commercial bank index
s 0.136 0.202 0.187 0.168
U?M 11.290 9.089 8.595 10.848
Y 0.152 0.106 0.109 0.132
Bar 0.834 0.882 0.880 0.854
Vs —0.040 —0.026 —0.028 —0.038
Deutsche Bank
aDEU —0.070 —0.037 —0.0375 —0.0520
bpru 1.197 1.147 1.1529 1.1835
WDEU 7.559 6.551 6.800 8.910
YDEU 0.089 0.061 0.063 0.072
BpEU 0.894 0.930 0.928 0.917
YpEU 0.000 —0.022 —0.026 —0.010
BNP Paribas
ABNP 0.061 —0.004 0.016 0.025
benp 1.193 1.194 1.185 1.186
WBNP 10.150 13.400 12.814 14.649
YBNP 0.113 0.096 0.098 0.104
BeNp 0.870 0.899 0.898 0.889
YpNP 0.039 —0.028 —0.021 0.024
Banco Santander
ASAN 0.066 0.092 0.074 0.072
bsan 1.049 1.033 1.031 1.047
WSAN 24.367 27.659 29.889 38.566
YSAN 0.153 0.077 0.077 0.115
Bgan 0.839 0.921 0.921 0.881
VgaN 0.074 0.007 0.020 0.033
Unicredit Group
AUNT —0.109 —0.152 —0.134 —0.124
buni 1.036 1.049 1.054 1.045
WUNI 51.005 42.404 40.377 53.926
YUNT 0.092 0.071 0.073 0.081
BunT 0.906 0.927 0.926 0.917
VUNT —0.190 —0.148 —0.138 —0.169

Notes: The balanced panel includes 984 weekly observations from mid October 1993 to the end of
August 2012. Excess returns are computed by subtracting the continuously compounded rate of return
on the one-week Eurocurrency rate in DM /Euros applicable over the relevant week. ML and SML denote
joint and sequential maximum likelihood estimator, respectively. We consider a generalised version of
(10) in which we allow both systematic and idiosyncratic variances to evolve over time as GQARCH(1,1)
processes i.e. 0%, = 03 +Yar (€351 — 0ay) TV mEMi—1+ Bar (03,1 — 03f) for the variance of the bank
index and wy; = w; +v;(e%_; — wi) + ¥;€i—1 + B;(wit—1 — w;) for the idiosyncratic variance of bank 4.
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Table F2: Maximum likelihood estimates of shape parameters

Student DSMN PE
ML SML ML SML ML SML
Student ¢
n 0.154 0.148
DSMN
« 0.159 0.173
P 0.260 0.275
PE
co 2.412 2.262
c3 —0.708 —0.619

VaR and CoVaR quantities
VaR (1%) 2.549  2.538 2.563  2.556 2.538 2.524
CoVaR (5%) 2.121  2.094 2,171  2.141 2.031 2.006

Notes: The balanced panel includes 984 weekly observations from mid October 1993 to the end
of August 2012. For model specification see Section 6. Excess returns are computed by subtracting the
continuously compounded rate of return on the one-week Eurocurrency rate in DM /Euros applicable over
the relevant week. ML and SML denote joint and sequential maximum likelihood estimator, respectively.
For Student ¢ innovations with v degrees of freedom, n = 1/v. For DSMN innovations, adenotes the
mixing probability and s is the variance ratio of the two components. In turn, c; and c3 denote the
coefficients associated to the 2" and 37¢ Laguerre polynomials with parameter N/2 — 1 in the case of
PE innovations.
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Figure F2: Asymptotic efficiency of Student ¢ estimators

Asymptotic standard errors of 7 estimators
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Notes: N = 5. For Student ¢ innovations with v degrees of freedom, n = 1/v.
Expressions for the asymptotic variances of the different estimators are given in Section

3.
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Figure F3: (a) Asymptotic efficiency of DSMN estimators (sc = 0.5)

Asymptotic standard errors of a estimators
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Notes: N =5 and » = 0.5. For DSMN innovations, o denotes the mixing probability
and s is the variance ratio of the two components.

variances of the different estimators are given in Section 3.
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Figure F3: (b) Asymptotic efficiency of DSMN estimators (3¢ = 0.5)

Asymptotic standard errors of s estimators
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Notes: N =5 and » = 0.5. For DSMN innovations, o denotes the mixing probability
and s is the variance ratio of the two components. Expressions for the asymptotic
variances of the different estimators are given in Section 3.
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Figure F3: (c) Asymptotic efficiency of DSMN estimators (a = 0.05)

Asymptotic standard errors of a estimators
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Notes: N =5 and a = 0.05. For DSMN innovations, o denotes the mixing probability
and s is the variance ratio of the two components. Expressions for the asymptotic
variances of the different estimators are given in Section 3.
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Figure F3: (d) Asymptotic efficiency of DSMN estimators (a = 0.05)

Asymptotic standard errors of s estimators

10 T T T
9_ -
8t ]
7t ]
6_ -
5t ]
4_ -
3t ]
oL , —Joint ML |

- = - Sequentid ML
1t == sey. 2" & 3%0rth. Pol. |
------- Seq. 2", 39& 4" orth. Pol.

O 1 I I
0 0.2 0.4 0.6 0.8 1

!
!
1.8 y
1
\

1.6F \ T

14 " 1

12

T
K4
|

H -
ceen. -~,

0.8 1 1 1 1

Notes: N =5 and a = 0.05. For DSMN innovations, o denotes the mixing probability
and s is the variance ratio of the two components. Expressions for the asymptotic
variances of the different estimators are given in Section 3.
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Figure F4: (a) Asymptotic efficiency of PE estimators (c; = 0)

Asymptotic standard errors of ¢, estimators

8 T T T T
q —Joint ML
75_‘\. - —-Sequentid ML i
: \\ ———— nd rd
.“ “. Seg. 27 & 37 Orth. Pol.
L D Seq. 2" 39& 4" orth. Pol. ||

4 1 1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0

15 T T T T

1.4F -

T
/.
1

13

1.2} T ]

T
/

11 T TS I

0. 9 1 1 1
-1 -0.8 -0.6 0.4 -0.2 0

Notes: N = 5 and ¢ = 0. For PE innovations, ¢; and c3 denote the coefficients
associated to the 2" and 3"¢ Laguerre polynomials with parameter N/2— 1, respectively.
Expressions for the asymptotic variances of the different estimators are given in Section
3.
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Figure F4: (b) Asymptotic efficiency of PE estimators (c; = 0)

Asymptotic standard errors of c3 estimators
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Notes: N = 5 and ¢ = 0. For PE innovations, ¢; and c3 denote the coefficients
associated to the 2" and 3"¢ Laguerre polynomials with parameter N/2— 1, respectively.
Expressions for the asymptotic variances of the different estimators are given in Section
3.
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Figure F4: (c) Asymptotic efficiency of PE estimators (c3 = 0)

Asymptotic standard errors of ¢, estimators
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Notes: N = 5 and ¢3 = 0. For PE innovations, ¢ and c3 denote the coefficients

associated to the 2" and 3"¢ Laguerre polynomials with parameter N/2— 1, respectively.
Expressions for the asymptotic variances of the different estimators are given in Section

3.
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Figure F4: (d) Asymptotic efficiency of PE estimators (c3 = 0)

Asymptotic standard errors of c3 estimators
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Notes: N = 5 and ¢3 = 0. For PE innovations, ¢ and c3 denote the coefficients
associated to the 2" and 3"¢ Laguerre polynomials with parameter N/2— 1, respectively.
Expressions for the asymptotic variances of the different estimators are given in Section
3.
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