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B Properties of Hermite polynomials

The jth derivative of a Hermite polynomial of order k (see Stuart and Ord, 1977), is

dj

dxj
Hk(x) =

√
k!

(k − j)!
Hk−j(x)

if j ≤ k, and zero otherwise. Using this result, Hk(a+b) can be expressed as the following
finite order Taylor expansion around a

Hk(a+ b) =
k∑

j=0

1

j!

dj

dxj
Hk(x)

∣∣∣∣
x=a

bj

=
k∑

j=0

1

j!

√
k!

(k − j)!
Hk−j(a)b

j (B4)

C Proofs

Proposition 1

We know that

1

ν ′ν

[
m∑

i=0

νiHi(x)

]2

=
m∑

i=0

m∑
j=0

νiνj

ν ′ν
Hi (x)Hj (x) =

2m∑
k=0

γk (ν)Hk (x) , (C5)

where it is verified that ∀i, j

Hi (x)Hj (x) =
∑
q∈Γ

1√
q!

(
q

i−j+q
2

)(i−j+q)/2−1∏
s=0

(i− s)

(j−i+q)/2−1∏
s=0

(j − s)

1/2

Hq (x) ,

(C6)
with

Γ =

{
q ∈ N : |i− j| ≤ q ≤ i+ j;

i− j + q

2
∈ N

}
.

We can rewrite (C6) as

Hi (x)Hj (x) =
∑
q∈Γ

(i!j!q!)1/2(
i+j−q

2

)
!
(

i+q−j
2

)
!
(

q+j−i
2

)
!
Hq (x)

=
∑
q∈Γ

aij,qHq (x)

after verifying that aij,q = aiq,j = aji,q = ajq,i = aqi,j = aqj,i by using some properties of
the binomial coefficients. Hence, we will have that

m∑
i=0

m∑
j=0

νiνj

ν ′ν
Hi (x)Hj (x) =

m∑
i=0

m∑
j=0

∑
k∈Γ

νiνj

ν ′ν
ai,j,kHk (x) . (C7)

Finally, if we equate (C5) and (C7), we obtain the desired result.
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Proposition 2

Consider the expanded SNP density function (4). Then

Ef [Hk (x)] =

∞∫
−∞

φ (x)Hk (x)

(
2m∑
i=0

γk (ν)Hi (x)

)
dx

=
2m∑
i=0

γk (ν)Eφ [Hi (x)Hk (x)]

We can easily obtain (7) by using the property that Eφ [Hi (x)Hk (x)] = 1 if i = k and
zero otherwise.

Lemma 1

By using Proposition 2 we can directly obtain the matrices:

Ak =

 a00,k

a10,k a11,k

a20,k a21,k a22,k


for k = 1, . . . , 4 and m = 2. Specifically,

A1 =

 0
1 0

0
√

2 0

 ; A2 =

 0

0
√

2

1 0 2
√

2

 ,

A3 =

 0
0 0

0
√

3 0

 ; A4 =

 0
0 0

0 0
√

6

 .

On this basis, we can directly compute Ef [Hk (x)] in (7). Finally, we can apply the
equations in (6) to obtain the values of µ′x (k).

Proposition 3

Note that

Ef

(
etx
)

=
2m∑
k=0

γk(ν)

∫ +∞

−∞
etxHk (x)φ (x) dx

=
2m∑
k=0

γk(ν)Eφ

[
etxHk (x)

]
, (C8)

and that ∫
Hk (x)φ (x) dx =

−1√
k
Hk−1 (x)φ (x) . (C9)

If we consider (C9), and integrate by parts (C8), we obtain:

Eφ

[
etxHk (x)

]
=

[
etxHk−1 (x)φ (x) /

√
k
]+∞
−∞

+
t√
k
Eφ

[
etxHk−1 (x)

]
=

t√
k
Eφ

[
etxHk−1 (x)

]
.
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where the subindex φ denotes integration with respect to the standard normal density.
By l’Hospital rule, we can then verify that etxHk−1 (x)φ (x) → 0 ∀k ≥ 1 when x→ ±∞.
Hence,

Eφ

[
etxHk (x)

]
=

tk√
k!
et2/2. (C10)

In addition, given (C8) and (C10), we will have that:

E
(
eλx
)

= et2/2

2m∑
k=0

γk(ν)
tk√
k!

= eλ2/2Λ(θ, t).

On the other hand, the characteristic function can be written as

ψsnp(t) =

+∞∫
−∞

exp (itx)φ (x)
2m∑
j=0

γj(ν)Hj (x) dx

=
2m∑
j=0

γj(ν)

+∞∫
−∞

exp (itx)φ (x)Hj (x) dx,

where
+∞∫

−∞

exp (itx)φ (x)H0 (x) dx = exp

(
−t2

2

)
coincides with the characteristic function of a standard normal variable. Then, using
integration by parts we will have that

+∞∫
−∞

exp (itx)φ (x)H1 (x) dx = − exp (itx)φ (x)]+∞−∞ + it

+∞∫
−∞

exp (itx)φ (x) dx

= it exp

(
−t2

2

)
.

Finally, we can combine the relationships in (2) with

H ′
k(x) =

√
kHk−1(x),

to show by induction that

+∞∫
−∞

exp (itx)φ (x)Hk (x) dx =
(it)k

√
k!

exp

(
−t2

2

)
.

Proposition 4

Since xk are iid, we can use Proposition 3 to show that the characteristic function of
q can be expressed as

ψq(t) =
n∏

k=1

[
exp

(
−p2

kt
2

2

) 2m∑
j=0

(ipkt)
j

√
j!

γj(ν)

]
. (C11)
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If we expand (C11), we will obtain:

ψq(t) = exp

(
−‖p‖2 t2

2

)
2mn∑
j=0

(it)j

√
j!
‖p‖j dj(ν,p), (C12)

where the coefficients dj(ν,p) are such that

n∏
k=1

[
2m∑
j=0

γj(ν)√
j!

(pkz)
j

]
=

2mn∑
j=0

dj(ν,p)√
j!

zj (C13)

for all z. Hence, from (C13), it is straightforward to obtain (12). Finally, we can use
Proposition 3 to show that the characteristic function of (11) is (C12), which proves that
the density function of q is indeed (11).

Proposition 5

Consider the generating function of Hermite polynomials (see Bontemps and Med-
dahi, 2005):

exp

(
zt− t2

2

)
=

∞∑
k=0

Hk(z)√
k!

tk. (C14)

Notice that, using both the relation z = a + bx and (C14), we can write the generating
function as

exp

(
zt− t2

2

)
= exp

(
b2t2

2

)
exp

(
btx− b2t2

2

)
exp

(
at− t2

2

)
= exp

(
b2t2

2

){ ∞∑
s=0

Hs(x)√
s!

(bt)s

}{
∞∑

m=0

Hm(a)√
m!

tm

}
. (C15)

If we compute the expected value of the product of the generating function in (C14)
times the Hermite polynomial of order i, both with argument x, where x is a standard
normal variable, we get:

Eφ

[
exp

(
(a+ bx)t− t2

2

)
Hi(x)

]
=

∞∑
k=0

Eφ [Hk(a+ bx)Hi(x)]√
k!

tk. (C16)

Analogously, we can obtain from (C15) that

Eφ

[
exp

(
(a+ bx)t− t2

2

)
Hi(x)

]
= exp

(
b2t2

2

){ ∞∑
m=0

Hm(a)√
m!

tm

}

×

{
∞∑

s=0

Eφ [Hs(x)Hi(x)]√
s!

(bt)s

}
.

If we then combine the orthogonality property of the Hermite polynomials with the
Taylor expansion for the above exponential function, we obtain

Eφ

[
exp

(
(a+ bx)t− t2

2

)
Hi(x)

]
=

(bt)i

√
i!

exp

(
b2t2

2

) ∞∑
m=0

Hm(a)√
m!

tm

=
bi√
i!

∞∑
j=0

∞∑
m=0

Hm(a)

j!2j
√
m!
b2jt2j+i+m.
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Finally, if we define l = 2j + i+m, we can write the above equation as

Eφ

[
exp

(
(a+ bx)t− t2

2

)
Hi(x)

]
=

bi√
i!

∞∑
j=0

∞∑
l=i+2j

Hl−i−2j(a)

j!2j
√

(l − i− 2j)!
b2jtl. (C17)

Next, we can find the coefficients that multiply tk for k = 0, 1, 2, · · · , by comparing (C16)
and (C17):

• When i > k :
Eφ [Hk(a+ bx)Hi(x)] = 0.

• When i = k :
Eφ [Hi(a+ bx)Hi(x)] = bi.

• When k > i and k − i is an even number:

Eφ [Hk(a+ bx)Hi(x)] = bi
√
k!

i!

k−i
2∑

j=0

Hk−i−2j(a)

j!
√

(k − i− 2j)!2j
b2j.

• When k > i and k − i is an odd number:

Eφ [Hk(a+ bx)Hi(x)] = bi
√
k!

i!

k−i−1
2∑

j=0

Hk−i−2j(a)

j!
√

(k − i− 2j)!2j
b2j.

Proposition 6

Since we can write yT as yT = δPt + λPtx
P, the arbitrage free conditions become

EP
[
exp

(
αtλPtx

P)∣∣ It] = exp [−αtδPt − βtτ − rtτ ] ,

EP
[
exp

(
(1 + αt)λPtx

P)∣∣ It] = exp [− (1 + αt) δPt − βtτ ] .

Then, using Proposition 3, we can easily obtain (22) and (23) from the previous two
equations.

Proposition 7

Using (3) and (25) we can write

fQ (yT |It) = exp(rtτ) exp(αtyT + βtτ)

×
φ
(

yT−δPt

λPt

)
ν ′

tνtλPt

[
m∑

i=0

νitHi

(
yT − δPt

λPt

)]2

. (C18)

We can rearrange the elements in (C18) as

fQ (yT |It) = exp(rtτ + βtτ) exp

(
αtδPt +

α2
tλ

2
Pt

2

)

×
φ

(
yT−(δPt+αtλ2

Pt)
λPt

)
ν ′

tνtλPt

[
m∑

i=0

νitHi

(
yT − δPt

λPt

)]2

(C19)

=
φ
(

yT−δQt

λQt

)
θ′

tθtλQt

[
m∑

i=0

θitHi

(
yT − δQt

λQt

)]2

, (C20)
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where δQt = δPt + αtλ
2
Pt, λQt = λPt. The parameters in the vector θt = (θ0t, θ1t, · · · , θmt)

can be easily obtained by noting that we can always rewrite (C19) in terms of a squared
sum of Hermite polynomials in (yT − δQt) /λQt. That is, we can always find the value of
θt such that

m∑
i=0

θitHi

(
yT − δQt

λQt

)
=

m∑
i=0

νitHi

(
yT − δPt

λPt

)
. (C21)

Starting from the right-hand side, we can write

m∑
i=0

νitHi

(
yT − δPt

λPt

)
=

m∑
i=0

νitHi

(
yT − δQt

λQt

+ αtλPt

)
. (C22)

Then, using (B4), we can show that (C22) equals

m∑
k=0

k∑
j=0

νkt
1

j!

√
k!

(k − j)!
Hk−j

(
yT − δQt

λQt

)
(αtλPt)

j ,

which, through the change of indices i = k − j becomes

m∑
k=0

k∑
i=0

νkt
1

(k − i)!

√
k!

i!
Hi

(
yT − δQt

λQt

)
(αtλPt)

k−i . (C23)

Now, if we compare (C23) with (C21), it is straightforward to find (29). Finally, we only
need to check that the integrating constants are equal, i.e.

θ′
tθt = ν ′

tνt exp

(
−rtτ − βtτ − αtδPt −

α2
tλ

2
Pt

2

)
. (C24)

We have already shown that both (C19) and (C20) are proportional. Since both ex-
pressions are well defined densities in the sense that both integrate to one, (C24) must
necessarily be satisfied. In consequence, yT can be written under the risk neutral measure
as

yT = δQt + λQtx
Q, (C25)

where xQ is a non-standardised SNP variable with parameters θt. Hence, both the real
and the risk-neutral measures have a SNP distribution of the same order. In particular,
if we express the asset price ST under the risk-neutral measure as in (26), where κ∗ =
a(θt) + b(θt)x

Q, then we can easily relate the risk-neutral drift and volatility by the
following relations (

µQ
t −

(
σQ

t

)2
2

)
τ + σQ

t

√
τa(θt) = δQt, (C26)

σQ
t

√
τb(θt) = λQt. (C27)

From (C27), it is straightforward to obtain (28), while the relationship for the drift can
easily be found by replacing (28) in (C26).
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Proposition 8

Let us start with (27). As we know, (21) implies

1 = EP [Mt,T exp(yT )| It]
= exp(−rtτ)EQ [exp(yT )| It] .

Hence, since yT can be written as (C25) in the risk neutral measure, we can use (C10)
to show that

exp

(
rtτ − δPt − αtλ

2
Pt −

1

2
λ2

Pt

)
= Λ (θt, λQt) , (C28)

where Λ (θt, λQt) is given in (8). From (C28), we can write

αtσ
2
t b

2 (νt) = rt − µt −
σ2

t

2

(
b2 (νt)− 1

)
− σt√

τ
a (νt)− log Λ (θt, λQt) ,

which, once substituted in (27), yields (30).

Proposition 9

Consider the general option formula (35) and equation (19), and express the set
corresponding to {ST > K}, denoted as A for brevity, as {x > dt}, where dt is given in
Proposition 9. Then, (35) can be rewritten as

CSNP
t = St PrQ1 [x > dt| It]−Ke−rtτ PrQ [x > dt| It] .

If we apply the limits of integration +∞ and dt to the indefinite integral (C9), taking
into account that Hk (x)φ (x) → 0 when x→ +∞ (use L’Hospital rule), then∫ ∞

dt

Hk (x)φ (x) dx =
1√
k
Hk−1 (dt)φ (dt) , k ≥ 1. (C29)

Given (4), (C29) and the fact that γ0(θt) = 1, we can easily compute:

PrQ [x > dt| It] =
2m∑
k=0

γk(θt)

∫ +∞

dt

Hk (x)φ (x) dx

= Φ (−dt) +
2m∑
k=1

γk(θt)√
k
Hk−1 (dt)φ (dt) .

Next, we will solve PrQ1 [x > dt| It] by working under the Q-measure, for which we must
apply the Radon-Nikodym derivative, which in this case is just the inverse of (34), i.e.

dQ1

dQ
= e−rtτ

ST

St

= e−rtτ+δQt+λQtx.

Then,

EQ1 [1(A)| It] = EQ

(
dQ1

dQ
1(A)

∣∣∣∣ It)
= e−rtτ+δQt

2m∑
k=0

γk(θt)

∫ ∞

dt

eλxHk (x)φ (x) dx

= e−rtτ+δQt

2m∑
k=0

γk(θt)Eφ

[
eλQtxHk (x)1(A)

]
. (C30)
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For the sake of brevity, define I∗k,t as Eφ

[
eλQtxHk (x)1(A)

]
. The next step consists

in computing I∗k,t for each k. When k = 0, the integral is easy to obtain, namely,

I∗0,t = eλ2
Qt/2Φ (λ− dt). But since γ0(θt) = 1, we can rewrite (C30) as

PrQ1 [x > dt| It] = e−rtτ+δQt

[
eλ2

Qt/2Φ (λQt − dt) +
2m∑
k=1

γk(θt)I
∗
k,t

]
.

Now, we will obtain the value of I∗k,t when k ≥ 1. To do so, we will integrate by parts
taking (C9) into account, which results in

I∗k,t =

∫ ∞

dt

eλQtxHk (x)φ (x) dx (C31)

= −
[
eλQtxHk−1 (x)φ (x) /

√
k
]∞

dt

+
λQt√
k

∫ ∞

dt

eλQtxHk−1 (x)φ (x) dx

= −
[
eλQtxHk−1 (x)φ (x) /

√
k
]∞

dt

+
λQt√
k
I∗k−1,t.

Since it is verified by applying L’Hospital rule that eλxHk−1 (x)φ (x) → 0 ∀k ≥ 1 when
x→∞, then

I∗k,t =
1√
k
eλQtdtHk−1 (dt)φ (dt) +

λQt√
k
I∗k−1,t.

Finally, we can recursively obtain the formula for I∗k,t given in (37).

Proposition 10

Since the roots of P2m(x) are real and double or complex conjugates, we can express this
polynomial as

P2m(x) =

j=m∏
j=1

[(x− aj)
2 + b2j ]

=

j=m∏
j=1

[(x− aj − ibj)(x− aj + ibj)]

Alternatively, we can write P2m(x) as a sum of two squared polynomials of order m:

P2m(x) =

j=m∏
j=1

(x− aj − ibj)︸ ︷︷ ︸
Q(x)

j=m∏
j=1

(x− aj + ibj)︸ ︷︷ ︸
Q(x)

= Re2[Q(x)] + Im2[Q(x)]

where Q(x) is the complex conjugate of Q(x). Furthermore, it can be shown that the
order of Re[Q(x)] = P1,m(x) is m, while the order of Im[Q(x)] = P2,m−1(x) is m− 1 at
most. Hence, we can express the GSNP as:

fGSNP (x; ν1,ν2) = φ(x)
[
P 2

1,m(x) + P 2
2,m−1(x)

]
where Pi,mi

(x) = ki [νi0 + νi1H1(x) + · · · νimi
Hmi

(x)], for i = 1, 2, m1 = m and m2 = m−
1. Since this density is homogeneous of degree zero, we can chose k1 = p(ν1,ν2)/(ν

′
1ν1),

and k2 = [1− p(ν1,ν2)]/(ν
′
1ν1) without lost of generality.
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Proposition 11

Given (26) for ST where κ∗ has a pdf defined in (15), and considering (17), we have
that

g (κ∗|It) = φ (κ∗)
∞∑

k=0

ck(θt)Hk (κ∗)

= φ (κ∗)

[
1 +

skt√
3!
H3 (κ∗) +

kut − 3√
4!

+
∞∑

k=5

ck(θt)Hk (κ∗)

]
.

Therefore, the call price CSNP
t can be rewritten as:

CSNP
t = ξ0t + ξ3tskt + ξ4t(kut − 3) + ζt

= e−rtτ

∫ ∞

ωt

(ST (κ∗)−K)φ (κ∗) dκ∗

+
skt√

3!
e−rtτ

∫ ∞

ωt

(ST (κ∗)−K)H3 (κ∗)φ (κ∗) dκ∗

+
kut − 3√

4!
e−rtτ

∫ ∞

ωt

(ST (κ∗)−K)H4 (κ∗)φ (κ∗) dκ∗

+e−rtτ

∞∑
k=5

ck(θt)

∫ ∞

ωt

(ST (κ∗)−K)Hk (κ∗)φ (κ∗) dκ∗,

where ωt is such that ST (ωt) = K. Next, we will compute the values of ξ0t, ξ3t and ξ4t.

• For ξ0t:

ξ0t = e−rtτ

∫ ∞

ωt

(ST (κ∗)−K)φ (κ∗) dκ∗

= Ste
−rtτ+µQ

t,τ

∫ ∞

ωt

eσQ
t,τ κ∗φ (κ∗) dκ∗ −Ke−rtτΦ (−ωt)

= Ste
(µQ

t −rt)τΦ (d∗1t)−Ke−rtτΦ
(
d∗1t + σQ

t,τ

)
,

where µQ
t,τ =

(
µQ

t − σQ 2
t /2

)
τ and d∗1t = σQ

t,τ − ωt.

To obtain ξ3t and ξ4t, we will use (37) and (C29). Specifically:

• For ξ3t:

ξ3t =
1√
3!
e−rtτ

∫ ∞

ωt

(ST (κ∗)−K)H3 (κ∗)φ (κ∗) dκ∗

=
1√
3!

{
Ste

−rtτ+µQ
t,τ

∫ ∞

ωt

eσQ
t,τ κ∗H3 (κ∗)φ (κ∗) dκ∗ −Ke−rtτ

∫ ∞

ωt

H3 (κ∗)φ (κ∗) dκ∗
}

=
1√
3!

{
Ste

−rtτ+µQ
t,τ I∗3,t −

1√
3
Ke−rtτH2 (ωt)φ (ωt)

}
, (C32)

Since

eσQ
t,τ ωt =

Ke−µQ
t,τ

St

,

9



then

I∗3,t =
eσQ 2

t,τ /2

√
3!

[
σQ 3

t,τ Φ
(
σQ

t,τ − ωt

)
+
Ke−µQ

t τ

St

φ (ωt)
2∑

j=0

√
j!σQ 2−j

t,τ Hj (ωt)

]
.

Plugging I∗3,t into equation (C32), we finally obtain

ξ3t =
e(µQ

t −rt)τ

3!

[
Stσ

Q 3
t,τ Φ

(
σQ

t,τ − ωt

)
+Ke−µQ

t τφ (ωt)
2∑

j=0

√
j!σQ 2−j

t,τ Hj (ωt)

]

− 1√
3!

1√
3
Ke−rtτH2 (ωt)φ (ωt)

=
e(µQ

t −rt)τ

3!
Stσ

Q 3
t,τ Φ

(
σQ

t,τ − ωt

)
+
K

3!
e−rtτφ (ωt)

[
σQ 2

t,τ + σQ
t,τωt

]
. (C33)

Following the same idea as Jurczenko, Maillet, and Negrea (2002a), we can write:(
σQ

t,τ − ωt

)2
= ω2

t + 2 log
(
Ste

µQ
t τ/K

)
,

so that
φ
(
σQ

t,τ − ωt

)
=
(
K/Ste

µQ
t τ
)
φ (ωt) ,

which implies that

Kφ (ωt) = Ste
µQ

t τφ
(
σQ

t,τ − ωt

)
.

If we substitute the above equation into (C33), we obtain:

ξ3t =
σQ

t,τ

3!
Ste

(µQ
t −rt)τ

[
σQ 2

t,τ Φ
(
σQ

t,τ − ωt

)
+
(
σQ

t,τ + ωt

)
φ
(
σQ

t,τ − ωt

)]
=

σQ
t,τ

3!
Ste

(µQ
t −rt)τ

[
σQ 2

t,τ Φ (d∗1t) +
(
2σQ

t,τ − d∗1t

)
φ (d∗1t)

]
.

• For ξ4t:

ξ4t =
1√
4!
e−rtτ

∫ ∞

ω

(ST (κ∗)−K)H4 (κ∗)φ (κ∗) dκ∗

=
1√
4!

{
Ste

−rtτ+µQ
t,τ I∗4,t −

1√
4
Ke−rtτH3 (ωt)φ (ωt)

}
.

Following the same procedure as with ξ3t, we can show that:

ξ4t =
σQ

t,τ

4!
Ste

(µQ
t −rt)τ

[
σQ 3

t,τ Φ (d∗1t) +
(
3σQ 2

t,τ − 3d∗1tσ
Q
t,τ + d∗21t − 1

)
φ (d∗1t)

]
.

Lemma 2

From (30), we have

µQ
t = rt −

1

τ
log

[
exp

(
σQ

t,τa(θt) +
1

2
σQ 2

t,τ

(
b2(θt)− 1

)) 2m∑
k=0

γk(θt)
(σQ

t,τb(θt))
k

√
k!

]
, (C34)
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where

exp

(
σQ

t,τa(θt) +
1

2
σQ 2

t,τ

(
b2(θt)− 1

))
= 1 + a(θt)σ

Q
t,τ +

a2(θt) + b2(θt)− 1

2
σQ 2

t,τ

+
a3(θt) + 3a(θt)b

2(θt)− 3a(θt)

6
σQ 3

t,τ

+
3b4(θt)− 6b2(θt) + 3 + 6a2(θt)b

2(θt)− 6a2(θt) + a4(θt)

24
σQ 4

t,τ

+o(σQ 4
t,τ ).

Then, from Proposition 1 we obtain that

γ0(θt) = 1,

γ1(θt) =
−a(θt)

b(θt)
,

γ2(θt) =
a2(θt)− b2(θt) + 1

b2(θt)
√

2
,

γ3(θt) =
skt − a3(θt)− 3a(θt) + 3a(θt)b

2(θt)

b3(θt)
√

3!
,

γ4(θt) =
6a2(θt)− 6a2(θt)b

2(θt)− 6b2(θt) + 3b4(θt) + 3

b4(θt)
√

4!

+
6a2(θt)− 6a2(θt)b

2(θt)− 6b2(θt) + 3b4(θt) + 3

b4(θt)
√

4!

Next, if we use the property that o(np)o(nq) = o(np+q) (see Davidson and MacKinnon,
1993), we will have

exp

(
σQ

t,τa(θt) +
1

2
σQ 2

t,τ

(
b2(θt)− 1

)) 2m∑
k=0

γk(θt)
(σQ

t,τb(θt))
k

√
k!

=

[
4∑

k=0

γk(θt)
(σQ

t,τb(θt))
k

√
k!

]

×
[
1 + a(θt)σ

Q
t,τ +

a2(θt) + b2(θt)− 1

2
σQ 2

t,τ +
a3(θt) + 3a(θt)b

2(θt)− 3a(θt)

6
σQ 3

t,τ

+
3b4(θt)− 6b2(θt) + 3 + 6a2(θt)b

2(θt)− 6a2(θt) + a4(θt)

24
σQ 4

t,τ

]
+ o

(
σQ 4

t,τ

)
.

Finally, we can use tedious but otherwise straightforward algebraic operations to show
that a Taylor expansion of the argument in the logarithm of (C34) around σQ

t,τ = 0 yields
the proposed result.

Proposition 12

We can rewrite CSNP
t in Proposition 11 as

CSNP
t = Ste

(µQ
t −rt)τΦ (d∗1t)

[
1 +

skt

3!
σQ 3

t,τ +
(kut − 3)

4!
σQ 4

t,τ

]
−Ke−rtτΦ

(
d∗1t − σQ

t,τ

)
+
skt

3!
σQ

t,τSte
(µQ

t −rt)τ
(
2σQ

t,τ − d∗1t

)
φ (d∗1t)

+
(kut − 3)

4!
σQ

t,τSte
(µQ

t −rt)τ
(
3σQ 2

t,τ − 3d∗1tσ
Q
t,τ + d∗21t − 1

)
φ (d∗1t) , (C35)
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where we have neglected ζt. From lemma 2, we finally have that

exp[(µQ
t − rt)τ ] =

1

1 + skt

3!
σQ 3

t,τ + (kut−3)
4!

σQ 4
t,τ + o(σQ 4

t,τ )

=
1

1 + skt

3!
σQ 3

t,τ + (kut−3)
4!

σQ 4
t,τ

+ o
(
σQ 4

t,τ

)
because as o(n0) + o(np) = o(n0) (see Davidson and MacKinnon, 1993), which, substi-
tuted into (C35), gives

CSNP
t = StΦ (d∗1t)−Ke−rtτΦ

(
d∗1t − σQ

t,τ

)
+
skt

3!
σQ

t,τSt

(
2σQ

t,τ − d∗1t

)
φ (d∗1t)

1 + skt

3!
σQ 3

t,τ + (kut−3)
4!

σQ 4
t,τ

+
(kut − 3)

4!
σQ

t,τSt

(
3σQ 2

t,τ − 3d∗1tσ
Q
t,τ + d∗21t − 1

)
φ (d∗1t)

1 + skt

3!
σQ 3

t,τ + (kut−3)
4!

σQ 4
t,τ .

(C36)

Then, using again lemma 2, we can obtain the relationship

d∗1t = d∗t + o
(
σQ 4

t,τ

)
,

which, once introduced in (C36), yields the Corrado-Su modified formula after neglecting
the terms o

(
σQ 4

t,τ

)
.

Proposition 13

Expanding d∗1t around d1t, we have

d∗1t = d1t −
1

σQ
t

√
τ

log

(
1 +

skt

3!
σQ 3

t,τ +
(kut − 3)

4!
σQ 4

t,τ + o
(
σQ 4

t,τ

))
= d1t −

skt

3!
σQ 2

t,τ − (kut − 3)

4!
σQ 3

t,τ + o
(
σQ 3

t,τ

)
,

Φ (d∗1t) = Φ (d1t)− φ (d1t)
skt

3!
σQ 2

t,τ + o
(
σQ 2

t,τ

)
Φ
(
d∗1t − σQ

t,τ

)
= Φ

(
d1t − σQ

t,τ

)
− φ

(
d1t − σQ

t,τ

) skt

3!
σQ 2

t,τ + o
(
σQ 2

t,τ

)
= Φ

(
d1t − σQ

t,τ

)
− φ (d1t)

skt

3!
σQ 2

t,τ + o
(
σQ 2

t,τ

)
,

skt

3!
σQ

t,τSt

(
2σQ

t,τ − d∗1t

)
φ (d∗1t)

1 + skt

3!
σQ 3

t,τ + (kut−3)
4!

σQ 4
t,τ

=
skt

3!

σQ
t,τSt

(
2σQ

t,τ − d1t

)
φ (d1t) + o

(
σQ 2

t,τ

)
1 + o

(
σQ 2

t,τ

)
=

skt

3!
σQ

t,τSt

(
2σQ

t,τ − d1t

)
φ (d1t) + o

(
σQ 2

t,τ

)
,

and

(kut − 3)

4!
σQ

t,τSt

(
3σQ 2

t,τ − 3d∗1tσ
Q
t,τ + d∗21t − 1

)
φ (d∗1t)

1 + skt

3!
σQ 3

t,τ + (kut−3)
4!

σQ 4
t,τ

=
(kut − 3)

4!
σQ

t,τSt

(
d2

1t − 3d1tσ
Q
t,τ − 1

)
φ (d1t) .

Then, we can easily take a Taylor series expansion of (C36) around σQ
t,τ = 0. If we only

retain the terms in σQ k
t,τ , for k = 0, 1, 2, we finally obtain the desired result.
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Proposition 14

Ψt is the implied volatility that equates the call market price Ct to the Black-Scholes
formula, i.e. Ct = CBS

t (Ψ) where CBS
t (.) is the Black-Scholes formula. Following

Jurczenko, Maillet, and Negrea (2002a), we can take a linear approximation of the Black-
Scholes formula around the true volatility σQ

t,τ of the underlying asset

Ct = CBS
t (Ψt) = CBS

t

(
σQ

t,τ

)
+
∂CBS

t (x)

∂x

∣∣∣∣
x=σQ

t,τ

(
Ψt − σQ

t,τ

)
Since

∂CBS
t (x)

∂x

∣∣∣∣
x=σQ

t,τ

= Kφ
[
d1t − σQ

t,τ

]
= Ste

rtτφ [d1t] ,

then
Ct ' CBS

t

(
σQ

t,τ

)
+ Stφ [d1t]

(
Ψt − σQ

t,τ

)
. (C37)

Finally, if the call market price follows the SNP model, i.e. Ct = CSNP
t , we can equate

(A2) and (C37) to obtain the approximation to Ψt given in (A3).
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