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B Properties of Hermite polynomials

The j** derivative of a Hermite polynomial of order k (see Stuart and Ord, 1977), is

dx?
if j < k, and zero otherwise. Using this result, Hy(a+b) can be expressed as the following
finite order Taylor expansion around a
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C Proofs

Proposition 1

We know that
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after verifying that a;;, = aiq; = @jig = @jqi = Qgij = Qgj; Dy using some properties of
the binomial coefficients. Hence, we will have that
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Finally, if we equate (C5) and (C7), we obtain the desired result.
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Proposition 2

Consider the expanded SNP density function (4). Then

Bl @) = [ 6@ M (Z () H, <x>) dr

= Z Y (V) Ey [H; (x) H, ()]

We can easily obtain (7) by using the property that Ey [H; (z) Hi (z)] = 1 if ¢ = k and
zero otherwise.

Lemma 1

By using Proposition 2 we can directly obtain the matrices:

0o,k
A, = a10,k  A11,k
20,k A21k Q22k

for k=1,...,4 and m = 2. Specifically,

0 0

A = 1 0 , A= 0 V2 ,
0 vV2 0 1 0 22
0 0

Ay = 0 0 ; A= 00
0 V3 0 0 0 V6

On this basis, we can directly compute Ey [Hy (z)] in (7). Finally, we can apply the
equations in (6) to obtain the values of p, (k).

Proposition 3

Note that
@@%::??Wqﬁjwm@m@mx
::§%@@WmmL (C8)
and that o 4
[ )o@ e = s @0, (C9)

If we consider (C9), and integrate by parts (C8), we obtain:
t

By [“Hy ()] = [e“Hin ()0 (@) VE] _+ 2

Ed’ [emHk_l (CL’)]

= %E’(ﬁ [ Hy—q ()] .



where the subindex ¢ denotes integration with respect to the standard normal density.
By I'Hospital rule, we can then verify that e Hy,_; (z) ¢ () — 0 Vk > 1 when x — +o0.

Hence,
N th
E¢ |:€t Hk (l’)} = ﬁet /2. (ClO)

In addition, given (C8) and (C10), we will have that:

2m
tk
(™) = Y )
k=0 '
M2N(, ).

On the other hand, the characteristic function can be written as

+oo 2m
Von®) = [ expita) 9 () S 20 H, (0) da
= ZW(V)/GXP (itz) ¢ (x) H; (x) dz,
where oo
[ expit) 6 2) Ho (2) do = exp (%)

coincides with the characteristic function of a standard normal variable. Then, using
integration by parts we will have that

/ exp (itx) ¢ (v) Hy (z)dr = —exp (itz) ¢ (v)] 72 + it / exp (itz) ¢ (x) dz

—¢2
= texp (—) .
2

Finally, we can combine the relationships in (2) with
H”f<x) = \/EHk—l(x)v

to show by induction that

“+oo

/ exp (itx) 6 () Hy (2) dz = P20 exp (_ﬁ) |

—00

Proposition 4

Since z; are iid, we can use Proposition 3 to show that the characteristic function of
q can be expressed as

: —p3®\ o (ipit)’
Yy(t) = H [eXp ( 5 > Z ij(u)] : (C11)

k=1 j=0




If we expand (C11), we will obtain:

Uy l1) = exp <W>Z< D ol ), (c12)

7=0

where the coeflicients d;(v, p) are such that

ﬁ[ ~ (v ] Ny d ' (C13)

k=1

for all z. Hence, from (C13), it is straightforward to obtain (12). Finally, we can use
Proposition 3 to show that the characteristic function of (11) is (C12), which proves that
the density function of ¢ is indeed (11).

Proposition 5

Consider the generating function of Hermite polynomials (see Bontemps and Med-

dahi, 2005):
2 o0
exp (zt - %) = Z H\;;)tk. (C14)

Notice that, using both the relation z = a 4+ bz and (C14), we can write the generating
function as

t? b2 b*t? t2
exp (zt — 5) = exp <7) exp (bt:r; — T) exp (at — 5)

= exp <¥) {; H\S/(S;T) (b )s} {mzzo H%)tm} . (C1b)

If we compute the expected value of the product of the generating function in (C14)
times the Hermite polynomial of order ¢, both with argument x, where x is a standard
normal variable, we get:

E, [exp ((a bt — g) Hi@)] _ § Lo [H’“(a\jk_i’x)H’m]tk. (C16)

Analogously, we can obtain from (C15) that

E, [exp <(a + bx)t — g) Hi(:r)] = exp (b2t2> i H% }

=0

y {Z Ey [Hs% Hi(x) (W} |

s=0

If we then combine the orthogonality property of the Hermite polynomials with the
Taylor expansion for the above exponential function, we obtain

Ey4 [exp ((a+ bx)t — g) Hz(fﬂ)] = <\b/t% ex (b2t2) f: \/_

_ R i H,,(a) p2i2ititm.
Vil ¢ j129y/m!




Finally, if we define | = 2j + i + m, we can write the above equation as

Ey {exp ((a—l—bx)t— g) il } Z Z ,w%b”tl. (C17)

]oz 12 J

Next, we can find the coefficients that multiply ¢ for k = 0,1,2, - - -, by comparing (C16)
and (C17):

e Wheni > k:
Ey [Hi(a + bx)H;(z)] = 0.

e Wheni==Fk:
E,[Hi(a+ bx)H;(z)] = b'.

e When k > ¢ and k — 7 is an even number:

[kl Hy_; .
Ey [Hy(a + bx)H(x)] = b° Z ’“_ sz_ 2?7) 2]b21.

e When k >4 and k — 7 is an odd number:

k‘fzfl

H .
B, [Hela+ ba) ()] = 1y [ Z ‘f_zl%_;j) .

Proposition 6

Since we can write yp as yp = op; + Apx’, the arbitrage free conditions become

Ep [exp (at)\ptxlp)! L] = exp|—ubp — BT — 107,
Ep [exp (14 o) dpe”) [ 1] = exp[— (1 + ) 0 — Bi7] .

Then, using Proposition 3, we can easily obtain (22) and (23) from the previous two
equations.

Proposition 7
Using (3) and (25) we can write

feyrlL) = exp(reT) exp(ayr + BiT)
b <yT>\—5m> m _5 2
Pt Yyr Pt
X ——" vilH; | =—— . C18
ViV Apy iz:; ' ( Apt ) ( )

We can rearrange the elements in (C18) as

O‘?A]%t
f@ (yr|ly) = exp(ryT + By7)exp (atépt + 5 >
& <yT—(5pt+at/\§>t)

% l/il/j}:u»t ) [io (yTA_HjM)r (C19)
_ gb(yTA@th) [ZQZtH ( 5@t)]2, (C20)

0,0, )
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where dg; = 0p; + A}, Agr = Api. The parameters in the vector 6, = (6os, 014, + , Oe)
can be easily obtained by noting that we can always rewrite (C19) in terms of a squared
sum of Hermite polynomials in (yr — dgt) /Age. That is, we can always find the value of
0, such that

yr — O = yr — Op
ZenH ( )\Qt ) ZyitHi ( )\Pt ) . (021)
=0

Starting from the right-hand side, we can write

@ — 0 — 0
; VitHi (yT)\Pt Pt) Z Vth ( Q + at)\IP’t) . (C22)

Aot

Then, using (B4), we can show that (C22) equals

m k

1 k! — 0 ;
ZZV’“T\/ mkaj (H) (o der)”
k=0 j—0 J): Q¢

which, through the change of indices : = k — j becomes

m k

1 ! ) »
E g Vit ——\| = H,; yr — e (OétAIP’t)k . (023)
pr e (k—d)!V al

Now, if we compare (C23) with (C21), it is straightforward to find (29). Finally, we only
need to check that the integrating constants are equal, i.e.

)2
0.0, = Vv, exp (—Tﬂ' — BT — ay0py — t2 Pt) ) (C24)
We have already shown that both (C19) and (C20) are proportional. Since both ex-
pressions are well defined densities in the sense that both integrate to one, (C24) must
necessarily be satisfied. In consequence, y can be written under the risk neutral measure
as

yr = Oqe + A, (C25)

where 29 is a non-standardised SNP variable with parameters 6;. Hence, both the real
and the risk-neutral measures have a SNP distribution of the same order. In particular,
if we express the asset price Sy under the risk-neutral measure as in (26), where k* =
a(0;) + b(0;)x?, then we can easily relate the risk-neutral drift and volatility by the
following relations
Q 2
(o)

(u? - T) T+ o2\/Ta(8,) = dgr, (C26)

o2\/Th(6;) = Ay (C27)

From (C27), it is straightforward to obtain (28), while the relationship for the drift can
easily be found by replacing (28) in (C26).



Proposition 8
Let us start with (27). As we know, (21) implies
1 = Ep[Myrexp(yr)| 1]
= exp(—n7)Eg [exp(yr)| I1]

Hence, since yr can be written as (C25) in the risk neutral measure, we can use (C10)
to show that

1
exp <7’t7' — (5[% — Oét)\?pt — 5)\12%) = A (Gt, )\Qt) y (C28)

where A (6;, \g¢) is given in (8). From (C28), we can write
272 0} o Ot
OétO'tb (Vt> =Ty — W — ? (b (Vt) — 1) — F(I (Vt) — lOgA (0t7 /\Qt> s

which, once substituted in (27), yields (30).

Proposition 9

Consider the general option formula (35) and equation (19), and express the set
corresponding to {Sy > K}, denoted as A for brevity, as {z > d;}, where d; is given in
Proposition 9. Then, (35) can be rewritten as

CSNP = 8, Pro, [x > di| I]] — Ke™™" Prg[x > dy| 1] .
If we apply the limits of integration 400 and d; to the indefinite integral (C9), taking
into account that Hy (z) ¢ (z) — 0 when x — 400 (use L’Hospital rule), then
o 1
Hi (x) ¢ (x)de = —=Hy_1 (dy) ¢ (dy) , k> 1. (C29)
dy vk

Given (4), (C29) and the fact that ~y(68;) = 1, we can easily compute:

2m 400
Proo>di| L] = > 7(6:) Hy, (z) ¢ () dx
k=0 e

= B(~d)+ > 7’“\</%>Hk1 (d) & (dy) .

Next, we will solve Prg, [z > d;| I;] by working under the Q-measure, for which we must
apply the Radon-Nikodym derivative, which in this case is just the inverse of (34), i.e.

dQl _ —rﬂ& _ e—TtT+6Qt+)\th
Then,
dQy

dQ S,
aQ It)

2m
_ 6—7’t7’+6@t Z’Vk(et) / eAka (l’) qb (CL’) dr
k=0

o0
d¢

B [1(A)| 1] = E@( 1(A)

= e THuN "y (00)Ey [ Hy () 1(A)] . (C30)
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For the sake of brevity, define I, as E, [e**H}, (x) 1(A)]. The next step consists
in computing [;;, for each k. When k& = 0, the integral is easy to obtain, namely,

I, = /2P (X — dy). But since v9(6;) = 1, we can rewrite (C30) as

2m
Pro, [ > dy| I,] = e 770w [ekét% A —di) + > ’Yk(et)]l:,t] :
k=1

Now, we will obtain the value of I}/, when k > 1. To do so, we will integrate by parts
taking (C9) into account, which results in

K= [ @6 @) (C31)

d¢

= [P @ o VAT + 2 [ @) (o) da

= — [eAQtIHk_l () ¢ (x) /\/ﬂ W )\\/Q%Ik 1t

Since it is verified by applying L'Hospital rule that e** Hy_; (z) ¢ (z) — 0 Vk > 1 when
xr — 00, then
1 A
Iy, = ﬁex@m Hyy (dy) & (dy) + %I,ju.

Finally, we can recursively obtain the formula for I}, given in (37).

Proposition 10

Since the roots of P, () are real and double or complex conjugates, we can express this
polynomial as

Il
3

Poy(x) = []l(=—a;)*+b]]

1

<.
Il

I
::1?

az—aj—zb )(x — a; +ib;)]
1

J

Alternatively, we can write Py,,(x) as a sum of two squared polynomials of order m:

j=m j=m
Pon(z) = (x — a; —ib;) [ [ (@ = a; + iby)
=1 j=1
Q) o)

= Re[Q(z)] + Im?[Q(z)]

where Q(z) is the complex conjugate of Q(z). Furthermore, it can be shown that the
order of Re[Q(x)] = Py ,(z) is m, while the order of Im[Q(z)] = Pyyp_1(z) is m — 1 at
most. Hence, we can express the GSNP as:

fasnp(x;v1,v3) = ¢(2) [me(ﬁ) + P22,m—1($):|

where P, ,, (v) = k; [vio + vir H1(2) + - - - Vign, Hy, ()], for i = 1,2, my = m and my = m—
1. Since this density is homogeneous of degree zero, we can chose ky = p(vy,vs)/(Vivy),
and ke = [1 — p(v1,v9)]/ (¥ v1) without lost of generality.
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Proposition 11

Given (26) for Sy where x* has a pdf defined in (15), and considering (17), we have
that

g(K1) = (7)Y (8 Hy (r

= ¢ (k") 1+—H3( ") +

V3!

Therefore, the call price CPVF can be rewritten as:

CfNP = o + &gk + §4t(kut - 3) + G

| " (Sr (67) — ) 6 (%) dr®

t

j’“i °° (St (k%) — ) Hy () 6 () di”
(=3 e [T (S (6) — ) Hy (5) 6 (57) di®

va oL,
”Tch et/ Sr (K*) — K) Hy, (k) ¢ (v*) dK",

where w; is such that Sp(w;) = K. Next, we will compute the values of &y, &34 and Ey.

e For &y

by = e / (e () = K) 6 (5) di”
Q

= Ste_””“gf / 7t ¢ (k) dr* — Ke " ® (—w,)
= Ste(ug_rt)Tq) (di,) — Ke ™7 (dj, + 097) )
where ,ugf = (,u(t@ — o 2/2) T and dj, = 0,97 — wy.

To obtain &;; and &y, we will use (37) and (C29). Specifically:

e For &3;:
= e [T S 60) = ) By () 0 ()
1 —TtT-i-;,LQ O' SR —T¢T
:ﬁ Sie tr H; (k") ¢ (Kk” — Ke H3 K*) dr*
1 Q 1
= ——{Se T — —Ke ""H,y (w w } , C32
@{ =75 2 (@) & (1) (C32)
Since .
o0 .,  Ketur
et =

Se



then

eour 12 Ke nir
I3, = 75 o2 (o —wy) + o (wr) Z Vo2 H; ( :

Plugging I3, into equation (C32), we finally obtain

(13-
e
§3t = T StO'Q3CI)( _wt)+K6 Ht7'¢ Z\/_O.QQ JH
_LLKQ*HTH (W)¢(W)
\/g\/g 2 t t
(1) p
—6 —TeT
= 31 Sto_tT d ( — wt) + 56 ¢ (Wt) |:0-t7' + gy th} . (033)

Following the same idea as Jurczenko, Maillet, and Negrea (2002a), we can write:
(O'Q —w )2 2 u?r
e —w) =w; +2log (ST /K,

so that
¢ (o0 —wi) = (K/St€“97> ¢ (wr),

which implies that
Q
K¢ (wi) = Sieti7¢ (UST —w) .

If we substitute the above equation into (C33), we obtain:

Q
O¢r

b = Gl 0220 (0 — i) + (0 + 1) 0 (08 — )]
Q
a. T —r )T " . .
— §' G,e (=) (0220 (d7,) + (202 — di,) & (d5,)] -
e For &y
1

b = et [ Sn () = K) i) 6 ()
1 1
— ﬁ {Ste—rtT-I-M?T[it _ ﬁKe_”THi; (wt) Qb (Wt)} ‘

Following the same procedure as with &3, we can show that:

Q
O r Q_r)r * * * *
§at = il Syelri=re) [0973@ () + (30" — 3d1t‘79¢ +di; — 1) ¢ (dy,)] -

Lemma 2

From (30), we have
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where

0 b*(0
eXP(UtT (0t>+;UQ2 b( )_1+a0t oy + a t)+2( ! P
a’(6:) + 3a(6:)0°(6) — 3a(6) o3
6 t,T
3b4(0t) - 6b2(0t) + 3+ 6CL (et) ( ) - 6(12(0t) + a4(9t) Q4
+ 24 O-tﬂ'
+o(o")
Then, from Proposition 1 we obtain that
70(01‘/) = 17
_ —a(6y)
71<0t> - b(et) )
(12(0t) — b2(0t) +1
0 - )
’72( t) bQ(Ot)\/?
~ (0 ) _ Skt — (13(0,5) — 3@(9,5) + 3&(075)62(9,5)
3\Vt b3(0t)\/§ )
(0 ) . G2(0t> — 6(12(0t)b2<0t) — 6b2<3t) + 3[)4(015) +3
74 t b4(0t)@
+6a2(0t) - 6a2(0t)b2(9t) — 6b2<0t) + 3b4(0t> +3
b (0,) v/l

Next, if we use the property that o(n?)o(n?) = o(n*9) (see Davidson and MacKinnon,
1993), we will have

exXp (OtT (et)‘i‘;a@2 b*(6:) — 1) )Z’Yk (0;)——F—"— UtT [Z% (6,) \/(k_e)) ]

— 2 —
><[1+a(9t)a;%+ <9t)+g(9t) oo, a (Ot)+3a(9)6b (6:) = 3a(61) o

| 30'(0,) — 61(0) +3 + 6a22(2t)b2(0t) —60%(8,) +a'(6)) o } +o (")

Finally, we can use tedious but otherwise straightforward algebraic operations to show
that a Taylor expansion of the argument in the logarithm of (C34) around UST = ( yields
the proposed result.

Proposition 12

SNP
&

We can rewrite in Proposition 11 as

CSNP — g gy 14 Sepes y Bu=3) o4

ﬁo—tﬂ' Al tr | Ke ™ ® (dit — o'g_)
k Q_Tt T * *
T 3! U”Ste(ut ) (2‘797 —dy,) ¢ (dy,)
ku; — 3 Q_, . . .
( - ).OSTSte(ut 07 (3022 = 302 + 42 — 1) 6 (dYy), (C35)
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where we have neglected (;. From lemma 2, we finally have that
1

Lt ol + Crol + o(of)

1
— Q4
- 1+skt Q3+(kut—3)UQ4+O(UtT)

t,T 41 t,T

expl(uf —re)T] =

because as o(n®) + o(n?) = o(n) (see Davidson and MacKinnon, 1993), which, substi-
tuted into (C35), gives

CENP = 5@ (dy) — Ke ™0 (th O¢ T)

Skt Q IS (2atT - d?t) ¢ (dft)

BT g2 8y B0

(b =3) o o (Bour” = 3dion, +dif —1) 6 (di,)

Ot 70t —
41 T 14 ko038 (u) 00

(C36)

Then, using again lemma 2, we can obtain the relationship
th - d: + 0 (0-1(5@7'4) ’

which, once introduced in (C36), yields the Corrado-Su modified formula after neglecting

the terms o (0,974).

Proposition 13

Expanding dj, around d;;, we have

1 ske g3 (kut - 3) 4
di, = dy———=1 1 2 —_— 2
1t 1t a;@ﬁ og< + 31 Tt + A1 Utr "‘O(Utr)
sk (ku; — 3)
= dy— 3!t 07(5@7—2 t4| JSTS t+o (097'3) )

sk
() = B (di) — 0 (di) Thol? +0(o2?)

sk
) (d’{t — ag) = ¢ (du — ag) -0 (du O‘t7_> 3't 0972 To (0_;@7_2)

k
— (dy - atT)_qs(dlt)Sta;@3+o(093),

sk o o Qo —di) () skioinS (205 = du) 6 (du) +0(01)
T = 57
BT poskip0 | (bues) 0 4 3! 1+0(c2?)
sk
= 3t0—1(,‘@7'5t (QO—tT_dlt)QS(dlt)—i_O(Otr ) s
and
(ks —3) o o (3o =3djols +d7 —1) o (df) _ (hui—3) o o 0
Ta”st 14 shoQ3 (rue—3) o2t T 045 (diy — 3dyoy, — 1) ¢ (duy) .

Then, we can easily take a Taylor series expansion of (C36) around O'ST = 0. If we only
retain the terms in a%k, for kK =0,1,2, we finally obtain the desired result.
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Proposition 14

U, is the implied volatility that equates the call market price C; to the Black-Scholes
formula, i.e. C; = OP%(¥) where CP°(.) is the Black-Scholes formula. Following
Jurczenko, Maillet, and Negrea (2002a), we can take a linear approximation of the Black-
Scholes formula around the true volatility agT of the underlying asset

oCPs (x)

Cr = CP (W) = CP% (o) + Ir |, (U — o)
Since DCES (2)
T or _r =Ko [dlt - Ugv} = 5" ¢ [du]
then ’T
Cy = CP¥ (o) + Seo [due] (T — o) . (C37)

Finally, if the call market price follows the SNP model, i.e. C; = CoNP we can equate
(A2) and (C37) to obtain the approximation to W; given in (A3).
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