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A Proofs
Proposition 1

Given the discussion in Supplemental Appendix E, to find the score function, the expected
value of the Hessian and the variance of the score of the pseudo log-likelihood function, all we
need is the matrix Zg4(60s), which in turn requires the Jacobian of the conditional mean and

covariance functions. In view of (1), we will have that

a,ut(Tr,O,w)/80' = ( 1 Yt—1 — 7 0 )

and
0?(,0,w) /00" = (00 1),
whence )
w1/2 0
Zdt(ﬂ',O,W) = Etfl(e&o) 0 ) (Al)
0 %wil ]
so that )
wal/Q 0
Zd(ﬂ—OavaO:nO) = 0 0 . (AQ)
0 3w
As a result, the score under the null will be
St (7T7 07 w, 77) _w_l/Qaf [et(osv 0)7 7]] /88*
Spt(W,Oawa"?) = _af [Et(osvo)an] /85* : Et,1(05,0)
Swt(ﬂ-a 07 w, 77) _%wil[af [et(e& 0)7 77] /85* ’ 6t(087 O) + 1]

Given Assumptions 1-3, we can then use standard arguments (see e.g. Newey and McFadden
(1994)) to show that

T - T 1 X
\217 Zj:l Spt((,bs, 0) - ? Zj:l Spt(¢5w, O) + f Zj:l hp¢st(¢soo> O)ﬁ(¢s - ¢soo) + 0p(1)
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T
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where ¢, = (0,,m')’. Hence, the asymptotic variance of g S $pt(s,0) will be given by
-,Fpp(esooa Oa Noos 9807 07 QO)a where
-1 -1 -1
Foo = Bop = 2409, Ag 4 Bog, + Aps, Ay s Bo.o, Ag s Aps.

and By, Ay, , etc. are the relevant elements of

B<987077’;050707 QO) = V[S¢t(0870777)|080707 90)7
A(087Oan;950707 QO) - _E[h¢¢t(0570777)|050707 QO)



Tedious but straightforward algebra shows that at p =0:

hort(9) = w '0%In f [e4(05,0),7m] /Oe*Oc*

heot(9) = 3w {0 In f [e(65,0),m] /00 - €(05,0) + O f [e4(05,0),m] /0="}
honi(@) = —w /20%In f [1(6s,0),m] /0" o'

hwot (@) = 3w {1+ 301n f [e(85,0),n] /0" - (65, 0)

+10%In f [€:(65,0),m] /00" - €] (85,0)}
hni(p) = —%w*282 In f [e:(05,0),m] /000 - €(05,0)
hvmt(¢’) = & In f [€:(05,0),m] /377877/

Similarly, we can show that at p =0

hprt(9) = w /?{0%In [ [€(85,0),m] /0" 0" -€,-1(85,0)+1n [ [e:(65,0),m] /0" }

hopt(®) = 0°In f[€1(85,0),m] /0" 0™ € (05,0)+0In f [e,(85,0),m] /Oe*-€1-2(6s, 0)
hoot(9) = 3w {0%In £ [€1(65,0),m] /0" 0" -€,(05,0)+0n f [e,(05,0),m] /O™ }-€,-1(65,0)
by (@) = —0%In f[e(65,0),m] /0="0n €1 (85,0)

Given that the pseudo-true values of 7, w and n are implicitly defined in such a way that

E{0In [ [€:(05,0),n50] /0" |0} = 0,
E{1+01n f[€(05,0),m00] /0™ - €(85,0)[po} = 0,
E{0In [ [€:(05,0),m5] /Onlpo} = O,

the law of iterated expectations implies that

= wo Hu(dse; Po)
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(¢o0) ]

&
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& &

E[hwnt ¢oo |[t—1;‘PO = _%w;oler(d)oo;‘PO)
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Elhprt($oo)| lt—1500] = waa*Hu(booi @) - €1-1(85,0)
E[hppt(d)oo)ut—l; 900] = Hll(¢00; (100) ’ 6571(08’ O)
E[hpwt((boo)utfl; 900] = %wgolHls((b; ‘PO) : etfl(asa 0)
E[hn'r/t((»boo) |It71§ 900] = _le((poo; LPO) ’ Et*1(087 0)



where

Hi(Pooi o) = E0*In f [€(65,0), no] /0™ 0e* [ Ii-1; g
His(Poci o) = B0 f[e1(05,0),m00) /0 0™ - €(05,0)| 115 o]
Hir(PoosPo) = E[0*In [ [e1(85,0),m00] /00| I1-1; o)
Hos(@ooiPo) = E[0°In f[e1(84,0),my) /00" - 6(65,0)|I—1; 0]
Hor(PooiPo) = B0 f[e(05,0),m00] /0*0n - €1(5,0)| 115 o]

and ¢, = (6%,0, 0})’.

Consequently,
Elhprt(foo)lp0] = wd/? - Eler—1(65,0)]ep)
Elhppi(9s0)l00] = Mu(Poo; @0) - Elei_1(85,0)|q]
Elhput(fso)lp0] = 5woo His(doo; P0) - Bler—1(65,0)]pq]
Ehpnt(doo)lpe] = —Hir(boos o) - Eler—1(05,0)]ep0]
where

Ele(85,0)|po) = Elw™Y2(y, — m)|ipo) = Elw™Y2(mo + wy *ef — m)|epo) = w2 (w0 — )
and
E[€2(85,0)|p0] = Elw ™ (y: — m)%|90) = Elw ™ (w0 + wy/ e} — m)2Jipg] = w ™ (70 — 7)? + wo),

so that
Ve (05,0)|p0] = w two. (A3)

Given that A, is proportional to the first column of Ay ¢ _, we can immediately show that

Aptﬁs'A;slqﬁs = ( Elet(85,0)olyoooe 0 0" ) = Eley(Bs00, 0)|pplwil’e] (Ad)

if we evaluate these expressions at the pseudo true values, where ey is the first element of
the canonical basis. Therefore, the only elements of B(¢..;¥.,) that we need are the ones

corresponding to 7 and p. But since

et (@) Ku(d;9) Kis(p;0) Ki,(d; )
Klgip) = VI| est(d) ||e| = | Kis(d;p) Kss(ds) Kip(dse)
ert(9) Kir(;p) Ksr(p;) Kir(ds )
we will have that under the null of Hy : p = 0,
|: B7r7r(¢oo;900) Bwp(¢oo;900) :|
Brp(@ooi o) Bpp(Pooi o)
Wt Wgol/2E[6t—1 (6500, 0)| 0]

= Ku(P0; #0)

woo P Eler-1(0500,0)|g]  E[€21(B500,0)|pg)



Finally we obtain

F/’P(B&XM 07 MNoos 0507 07 QO) = Icll(¢’0<w @O)V[Et—l(esooﬂ 0)|¢0]7

which is precisely the denominator of the R? in the regression of d1n f [€;(0s00,0), ] /Oc* on a
constant and €;_1(0sx0,0).

We can also use these expressions to derive the asymptotic variance of the pseudo ML
estimator of p under the null. Specifically, straightforward algebra shows that the “pp” element

of the matrix
CPoo; Poo) = A (Boo; Poo) B(Poo; Poo) A (@0 Poo)

will be given by
(05007 07 MNoos 0807 07 QO)
(03007 0: Noos 9807 O> QO) ’

Fop
G
where
-1
Gpp = App — Ap¢s“4¢s¢s ;qbs'

But (A4) immediate implies that

gpp(gsooaoanoo;080707 QO) = Hll(¢oo;(p()) {E[egfl(esooa0)|900]_E2[6t—1(080070)|900]}
= Hu(doo; Po)V[et—1(0s00, 0)| 0],
whence

Ku(¢so; Po) Woo
Hl2l(¢oo7 SOO) wo

in view of (A3). Not surprisingly, this expression nests both the usual Gaussian PML expression,

VTpp — N |0,

as well as the true ML expression when the information matrix equality holds.
Let us now find the remaining elements of C(¢.; ¥.,). We need to find out an expression

for B(¢; Yo ), Which is given by the unconditional expected value of

-1/2

oo o0 o | [Ku@e) Kuée) K
0 1,1 o IClS((b;SO) ICSS(¢;QO) ’CST(¢;§0)
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q

w2 ¢ (8,00 0 0

X 0 0 w7l 0
0 0 0 I,

W PRu(#3 ) w2 Ks(3 ) w1 KL (¢ )
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- s s (@5 ) 30 K5 (0 ) WKL (9 )
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w™ Kyu(¢; ) w™26_1(05,0)Ku(¢; )
w1 26_1(05,0)Ky(9; ) &7_1(05,0)Ku(; o)

o %w_3/2lcls(¢; QD) %W_lﬁt—l(am O)Kls(¢§ (P)
w_l/lelT(gb; QO) €t71(057 O),Clr((b; 90)
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%wilﬁt—l (05; 0>Icls(¢; 90) 6,5_1(05, O)K:;r(d); QO)
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As for A7 (i P ), We can use the partitioned inverse formula to write

—1 1
U o) = Aglo, +A¢¢ 0.9 A0 g0, b0, 0,900 Y

But if we use the expression for A, A;iﬁ‘, we will get

1y _( Ass, 0)

1 [ —Ele(8s50,0 oL
%3( 0 Olirfres ) (= Blea(Oume, i€, 1)
Hence,
~ _ At By o AL, 0
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~1
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pp ( 1 < [€¢(0500, 0) | 0] 1 ) BP¢SA¢51¢S 0
Al B Al
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+G; ( oy 4.9 Bro, )
— E[et(B500, 0) [ipplwib’er 12,
x 1 ( ~Bler (B Olpoliel, 1)
— ) 5009 éé €
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But
Al 0
—Fle SO0 w})éQe 1 PsPs ¢ s =0
( [€1(B500, 0)[ 0] 1 )( p¢>s“4¢>¢ 0
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w (s )
Bo,o, Ag' o App. = | 30 2Kis(59) | Eler(Bso0,0)|spolw?
W_l/QKlT(¢; 90)
and

/ -1 !
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As a result,

ClDo0i Poo) = A D o0i Poo) B(DPoo; Poo) A (Dooi o)

_ _ 1/2
_ < Aglo Bo.o, Agls. 0 ) G < E?[64(Bs00, 0) | polwscere]  —Eler(Bss0, 0)]pplwss 1 ) ’

0 0 — El(8500, 0) | 0ol e 1

which means that the PML estimator of p will be asymptotically orthogonal to the PML esti-
mators of w and 1, but not to the PML estimator of .

To prove the third part of the proposition, we need to find out what would happen for
a restricted pseudo ML estimator that fixes the shape parameters to some arbitrary value 7.
Fortunately, all the previous expressions remain valid after eliminating the rows and columns
corresponding to 1, and replacing 0o, by 0o (1) = [Too (M), woeo(7)], which are the values that

solve the system of equations

E[0In f{e[00(7),0], 7} /0" [g] = O,
E[l+81nf{€t[eoo("_7)a0]7ﬁ}/8€*'Et[eoo(ﬁ)aOHQOO] = 0.

In fact, we would obtain exactly the same expressions even if fixed both w and 1 to some
arbitrary values @ and 7], as long as we replaced 7o by Too (@, 1), which would be the value that

solves
B[ f{w ™[y — moo(@,B)], M} /0" |pg) = 0.

O

Proposition 2

Let us first proof that the moment condition (2) continues to hold when the true DGP is

(4), in which case

—-1/2

675(7I-<307"‘)OOa 0) = Wy [(MO - 7I-00) + Utff]-

On this basis, we can write the moment condition underlying our proposed test as

E alnf{et(esoo,()),n} 81nf{€t(030070)7"7}

-1/2 5er ' 900:| + wgol/QE [ p Jt71€:_1

Woo (ﬂO - 7700)

]

The first summand is 0 because it is proportional to the moment condition that defines m,.
In turn, the second summand is also 0 thanks to the zero mean ¢.7.d. assumption on €.

Next, we need to find the expected values of the ten different elements of the Hessian evalu-
ated under the null that appear in the proof of Proposition 1. Unfortunately, we cannot directly

rely on the law of iterated expectation conditional on the past. Nevertheless, we can still prove



that

Elhprt(¢o0)lp0] = wio/*Hut(Pooi P0) - Eler—1(8500,0) 0]
Elhppt(doo)lp] = Hit(Posi P0) - Elef_1 (8500, 0)|0]
Elhput(doo)lpo]l = %wgolHls((poo;(pO)'E[etfl( 500, 0) o]

Elhpni(doo)lpol = —Hir(boo; po) - Eler-1(0s00,0)|p]

where
Elet(85,0)|p0] = Elw™ 2 (y: — m)lspo] = Elw ™2 (so + 015} — m)lepo) = w™ /(g — )
and
Ele}(85,0)|p0] = Elw™ (41 — m)?|spo] = Elw ™ (1o + 04ef — m)?|pg) = w™ (1o — )% + 07,

with 02 = E(0?), so that V]e:(0s,0)|po] = w102, as in (A3).
Let us start with the expression for h,:(¢):

82lnf{woo [(No—ﬂoo)ﬂLUtgt] n} w2

Oe*Oe* 7[-00) + UthEI—l} %o
12 0 In f{wso®[(po — moo) + 0ui)im}
= W (MO - WOO)E De*De* %o
B 0%1In w;ol/Z — Too) + 01T ]; .
+W001E I [%L;*ag* ) t€r];n} Ti1et 1| @y

The second summand is 0 because €f_; has 0 mean. In contrast, the first summand is clearly
seen to be Ele;—1(05,0)|pg] times Hy(¢hoo; o), as required.

Let us now move on to hy, (). The expectation of its first component is given by

0 In f{wso?[(1rg — 7oo) + 0ui]im} w21y —

* 2
Oe*0e* Too) + 01-1€11]

;

%o

%o

0% In fws*[( — oo) + ove}) )
Oe*Oc*

0°In f{wsd (o — mo0) +orcilim} o
Oe*Oe* =1l

- 82 1n Flwsd (g — moo) + 01l]; \
+2Wool(ﬂo — Too) [ M [(6/;;*85* ) tcil n}at—lgtfl

+wtE

%o

We have already seen that the third summand is 0, while the first summand will be

o (o — Too) *Hu(Poo: 00)-

w

As for the second one, the zero mean, unit variance ¢.7.d. assumption on €7 together with the defi-

nition of 02 yields w3l o?Hy (b ; o), s0 that the required expectation becomes Ele? {(85,0)|pq]
times Hiy(Poo; Po)-



Nevertheless, we still need to worry about the expected value of the second component of

hppt (@), which is given by

6lnf{w;ol/2[(/to — Too) + 047

Ny *
- bom (kg — o) + 01-21

.

But the arguments above immediately imply that both these terms will be 0, as required.

E

%o

O flwse”*[(110 — Too) + 0uei]im}

_ -2 E
w1ty = oc) "

On f{ws (1t — Too) + o12]]; 1}

-1
HWoq Oe*

*
0t—2&¢—2| Po

Let us now consider h:(¢). Given that the second term will have 0 mean, we can focus on

the following expectations

O f{wod (1t — 7o) + ove})s )
Oe*

weo B (1o = Too) + o187 ][(1g = Too) + 0t-187_1]

:

%o

On f{wod[(pg — 7o) + ovel)s M}
Oc*

= Wao () = Too)*E

O f{wse”*[(1o — o) + aei]; )

twag (Ho — Too) E e Ot-1€1—1| Po
1 Ol f{ws* (o — 7o) + oveflin}
Fweo (Mo = Too) E pe Tt€¢ | Po
dln f{ws/? — Too) + Ol ]; . N
IS LY TP SRS TR Y

We have already seen that the first two summands will be 0. For analogous reasons, the
fourth one will also be 0. In contrast, the third one will be given by Ele;—1(0s,0)|¢g] times

Hiw(Poo; Po), as required.
Finally, we need to study h,,:(¢). But its expected value will be given by

OJe*on

9% 1n wgol/Q — Too) + OtEL]; - x
E 1 [(gg*an LT 77}“)001/2[(/% — Too) + 011871 g
] 91 (g — 7o0) + o51]:

02 In f{woa’?[(1o — 7o) + o4ei]; M}
Oe*0n

—1 *
Woo I O1-16t-1| Po

Once again, the second summand is clearly equal to 0, while the first one will be given by
—Hir (Do P0) - Elet—1(0s00,0) ], as desired.



If we combine these expressions with the fact that

Elhant(¢oo)lP0] = woo Hu(doo; #0)
Elhrot(do)lpe] = 305 His(doo; o)
Elbnni(doo)lpo] = —wod*Hir(Booi o)
Elhuor(boo)lpo] = 0o [Has(Poci o) = 1]
Elbuni($oo)lo] = —3ws Har(Pooi #0)
Elhpni(doo)lpo] = Her(doo; p0)

it is easy to see that A,y will be proportional to the first column of Ag ¢ , so that we can

immediately show that

qubSA;:% = ( Ele(0500, 0)pg] /woo 0 0O ) = E[ft(eswvo)“PO]wéfe/l

if we evaluate these expressions at the pseudo true values. The rest of the proof follows the
same steps as the proof of Proposition 1, but with Bgg representing the long run variance of the

average scores. ]

Proposition 3

The first thing we can show in this context is that the pseudo true value of the mean
parameter coincides with the true mean. To understand why, we can use the law of iterated

expectations to express the moment condition defining 7., evaluated at mo, = p as

E{alnf[et(uo,woo,());n]’%} _E [E{alnf[et(uo,wooﬁ);n] It_l;%H ‘

Je* Oe*

But since

1

—1/2 *
€t(M0,Wo<>a0) = woo/ Oy,

we can write the conditional expectation as

o0 -1/2 .
/ 8lnf[woo UtEt’n]h(é‘:)dE:.

oo Oe*

The symmetry of the assumed conditional density implies that its derivative with respect to its

argument is an odd function, which makes the integral above 0 in view of the symmetry of the
true conditional distribution of &}.

Let us know turn to the moment condition (2) evaluated at moo = 9. If we use again the

law of iterated expectations, we can re-write it as

ol , Woo, 0);
E{ nf[et(,tg)g*w )”]et_l(um%o’o)"‘%}

Itl?‘PO}“POj| ;

= B [€t1(u0,woo,o)E { alnf[ﬁt(/gog*woo,o);n]




which is 0 for exactly the same reason.

These two results also imply that sx¢(fg, Woo; M) and s, (g, Woeo; M) are martingale differences

despite the misspecification of the distribution and the disregard for the time-variation o7, so

that the asymptotic variance of their averages will coincide with their unconditional variance.

Once again, we need to look at the Hessian matrix in this case. But the only difference with

respect to the conditionally homoskedastic case in Proposition 1 is that the exact expressions

for Hi(Pa; Po)s Hss(Poo; Po)s ete. will be a function of o7. Nevertheless, the symmetry of the

true conditional distribution implies that both Hst(@o; o) and Hyre(Poo; o) Will be zero. But

given that
Elhpnt (@)l Ii-1:00] = wa”*Hut(oo: P0)et—1(0s00,0)
Elhppt(o0) | Li—1:00] = Hut(Poo; Po)€r—1 (0500, 0)
E[hpwt(¢m)|ft—1§ Yol = %w;olHlst(d)oo; P0)€t—1(0500,0) =0
E[hpnt(‘iboo)mfl; ‘Po] = —Hit(Poo: SOO)et*l(esooa 0)=0

we do not need to worry about the sampling uncertainty in estimating ws, and 7,,. In general,

EHi(¢s; P0)€t—1(0500,0)] will be different from 0, but if the conditional variance is a sym-

metric function of €;_1, then this moment will be 0 too. In any case, we can still conduct the

usual test by regressing 01n f[e:(1g, woo, 0); M]/Oc on a constant and €;—1(fg, Woo, 0). O

Proposition 4

Consider the following model:

yr = mo + o1(0o)e;,
o7(8) = wll +(ye—1 — )%,
ef|li—1;m w,y,n ~i.i.d. D(0,1,n),
with density function f(.,n)

where the parameters of interest are ¢ = (6',1), @ = (0,v)" and 6 = (7, w)’. In this context,

the null hypothesis is Hy : v = 0.

It is then easy to see that

while
do?

a0’

Oy

=( “2wy(zm1 —7m) 14+7y(zm1 —7)? wlze— —m)? ).

As a result, the score vector will be

St

_ 1 alnf [et(e)vn]
Wl t @ —nANE o
Y(zt—1 —7) Oln f [€:(0), 7]
[P {1 ) 50 } ’

_.I_
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B 1 dln f [e,(0), n]
Swt — —% {1 +6t(9) . 8{:‘*}’

_ (T4—1 — 7T)2 €
T 2[1 + (w1 — 7)?] {1+ 0)
o omfla®).m

nt - on

. 8lnf [Et(9)777] }
Oe* ’

which under the null of v = 0 reduces to

1 81nf [ﬁt(OSa 0)777]

Smt = w2 Oc* ’
B 1 Oln f [e(05,0),n]
Swt = _2&){1"{'615(0870)' He* ’
01 0s,0),
Syt = —%6?_1(055 0) {]- + 675(05, 0) ’ nf [Eéi* ) n] } ’
_ OIn fe(65,0),m)
S”It = 8’!’[ :

Note that we could have obtained the same expressions by using the chain rule for first

derivatives since

1w gy O 0).1)
St = 2wu+w@ty—Mﬂ{1*t”) e }

IR o1 £ [c(8),m)
Sw'bwu+%%4_ﬁm{1+QWf‘%*}

and

()
@ :<Gﬂm2wm—wﬁ)'
IO(w 7v) ¥ w
Given Assumptions 1-3, we can then use standard arguments (see e.g. Newey and McFad-
den (1994)) to expand the average score and obtain the asymptotic distribution of the sample
analogue to the moment condition (5) evaluated at the pseudo maximum likelihood estimators

of the parameters under the null, as in the proof of Proposition 1.

Similarly,
_ 1 &Infle(8),n wy(zi1—m) (0lnf[e(8),n] 9*1n f [¢,(8),n]
hwﬂt(ﬁb) = ;% pap — U;?l < De* + Et(a) Oe*Oe* )
—1+ (24— — m)? Oln f [e1(60), ]
P ot 1) P
V(w1 — ) _i wy(Tt—1 — 77)6
o (o o)
nfie R 2In €t s
OO B
WY\ L1 — T n €t s 2 n €t 5
B () = _% <_01t + V(Utzl)et(g)) [W i et(a)a 1 a]!aif) ul

11



(x4—q —m) Oln f[e(0),m

_ |
(@) = ot [ty 2Ll

(w41 —m)° 1 wy@e—m)
34 Ao 1—w> (ot 77 )
alnf et

82 In f [Gt(g)a 77]
+:(6) OJe*0e* }

(s
- ( i (- 1 — 7r>6t(0)> 0? lnagi;;?),n]

X

Ot

houn(9) = & 2{1+et(e).W}

n €t y " 2 n €t s
R e =

82 In f [Et(o)a T’]:|
Je*0e*

2

Oln fer(0),n] | .o

T +5%0)-

a9 = et )

0%1In f [e:(0),
o) = — 5 a(0) L (01

_ (1 —m)* Oln f [e:(0), 7]
he($) = 53 7(;71 R {1 +€(6) - 06*}

(ze1 —m)* Oln f[er(0),m | . 0*1n f [:(6), m]
AL + (1 — m)?)? [et(e) Oe* +eit(0) Je*Oe* }
Ti_1 — m)> 0%1n f [e:(9),
home (@) = o1 j_fy(;t_l z ] €(0) 8@%5,(7/) n

and

0?21 *(8,,0),
hnnt(¢) = nfa[i;én/ ) 77]‘

Under the null of v = 0 these expressions reduce to
10%In f [e:(6), n]

w Oe*0e*
| [alnf[etw),n] .

hmrt(‘b) =

«(6) Je*Qe*

821 0),
h7rwt(¢) = 2w3/2 Oe* nf[Et( )n]:|

hryt(P) = w'?e;1(0) {1 +€(0) - W}

1/2 Oln f [e:(0 21n e, (O
R N0 {W OLAT] £§§*>,n]}
1 9%Inf[e(6),m]
h7r77t(¢) = _w1/2 agz‘at'r,’
hi(@) = 3t (0) {1+ a(o). L0
Oln 82 In 0
+iw2ef 1(0) |:€t( )f(‘[;;f)] +€?(9) . a{;ieati*)?n]
0%In f[e
hyni(¢) = —%wef_l(g) - &(0) L 8{22[557/)777]
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e *In f [(6). )
0°In f [(0),m
hnnt(¢) = 8"”87’],
Given that the pseudo-true values of 7, w and 1 are implicitly defined in such a way that
E{0In [ [€1(B500,0),Moo] /0" |0} = 0,
E{l + 8lnf [et(asomo)anoo] /65* : ( 500 )|‘P0} = 0,
E{alnf [Et(esocn 0)7 Tloo] /877‘900} = 0,

the law of iterated expectations implies that

{h7r7rt ¢oo |It—l;900 = wo_olHll((z)oo;"PO)

(o) ]
Elhaut(Poo) -1 0] = %w;og/2Hls(¢oo;(pO)
Elhrni(doo) | l1;00] = —wod/*Hir (oo 00)
Elhwwt(doo) | It—15 P0] = iwgoz[Hss(¢oo;Sa0)_l]
Blhuni(foo)ll-1:00] = —3was Hir(Dooi P0)
Elhynt(doo)l lt-1:00] = Her(Pos: o)
and
Ehat(foo)lpo] = 30l His(Pooi @0) - Ele7—1(Bs00, 0)|p0)]
Elhwyt(¢o0)lo] = f[ ss(@o0s P0) = 1] - E[€}_1(85,0)] 0]
Elhyt(¢oo)lpe] = §wie[Hos(Pooi o) — 1] - Elei_1(65,0) 4]
Elhyni(dso) o] = —§Woo Hsr(Poo; o) - Elei—1 (8500, 0) 0]
Elhaut(o)i-1500] = §woc [Hss(Booi o) — 1]
where

Hiu(doo; o) = FE[0*In f [€1(0500,0),Moo) /O* O™ I;—1; )]
His(Pooi Po) = FE[0%In f[€1(0500,0),Moo] /O 0* - €4(05)| Ii—1; o)
Hir(Pooi o) = FE[0°In f[€:(6500,0), M) /0" 0N | Ii—1; 0]
Hos(@ooi00) = El0°In f [et(Bio0,0), 7o) /070" - 2(B5,0) 15 0]
Hsr(Poo; o) = E[0%In f [€1(0500,0),m0g] /0% 0N - €(85,0)|11—1; )]
and @y = (07,0, 0;)". Finally,
E[e(85,0)|po] = Elw™ (s — 7)) = Elw (o + wy'*e; — m)2Jepo] = w™ (0 — m)% + wo

and

E{[e/(0:,0)lp0} = E{w [y — 7)o} = w 2E{[(m0 — ) + wy *e; 1400}

= W 2[(mo — m)* + 6(mo — m)2wo + 4wy (0 — w)p(@o) + wiK(gp)].

where p(g,) = E(c}3|0y) and k(0y) = E(ej*|g,y) are the skewness and kurtosis coefficients of
the true distribution of &.

The rest of the proof is entirely analogous to the proof of Proposition 1. O
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B Additional results
B.1 Joint tests for mean-variance predictability

In this appendix, we consider joint tests of AR and ARCH effects. Specifically, our alternative
in the first-order case will be

Yt = (o, po) + 01(6o)e;,
:ut(ﬂ-vp) = 7'[‘(1 - p) + PYt—3, (B5)

9

01(6) = w(l = a) + aylyi—1 = (7, p)%,

6:|It*1; 90, Mo ~ i..d. D(Oa 1, TIO)

where the parameters of interest are ¢ = (6',n')’, with 8’ = (0, p, ). When the conditional
variance 07(0) is constant (o = 0), the above formulation reduces to (1). Similarly, when the
levels of the observed variable are unpredictable (p = 0), the above model simplifies to (5).
Finally, the joint null hypothesis of lack of predictability in mean and variance corresponds to
p=0and a=0.

In this context, the double length artificial regression of Davidson and MacKinnon (1988)
might seem natural. However, there are two potential problems. First, in general the mean and
variance regressands, namely 01n fe:(05,0),n]/0c* and 1+ €(05,0)01n fe(05,0),n]/0c*, have
different variances, which introduces heteroskedasticity. More seriously, those two regressands
will be correlated unless the true distribution is symmetric. The solution is a system of seemingly
unrelated regression equations (SURE) in which one simultaneously regresses each of those
regressands on the corresponding regressors, €,_1(60s,0) and ef_l(es, 0), respectively, and jointly
tests the significance of both slope coefficients. In effect, this is a joint moment test of (2) and
(6). Under the null, the covariance matrix of those moment conditions is

Et_l(gs(),O) Oln f[et(as()vo)?noo]/aE*
v |: %6%_1(0807 0) ‘ 050’ 07 QO:| © v |: 1 + Et(03070)81nf[6t(03070)7 7’]00]/88*

0507 07 QO:| )

where ® denotes the Hadamard (or element-by-element) product of two matrices, which reduces

to Lo
[ 1 ; 2 1 2% 2
360 4(ko—1)
when the assumed distribution is Gaussian but the true one has skewness and kurtosis coeflicients
¢o and Ko, respectively.

Nevertheless, if the true distribution of €f is symmetric, then it turns out that the joint tests

of AR(1)-ARrRCH(1) in Propositions 1 and 4 is simply the sum of the separate tests:

Proposition 5 Ifc} is symmetrically distributed, then under the joint null hypothesis Ho : p =0
and o = 0 the score test statistic

LM ary-arcu)(M) = LMagray(m) + LM grcmy(n),

will be distributed as a x> with 2 degrees of freedom as T goes to infinity. This asymptotic null
distribution is unaffected if we replace 85 and m by their joint MLFEs.
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Proof. The proofis trivial if we combine several results that appear in the proofs of Propositions
1 and 4, respectively, with the fact that the corresponding efficiency bounds are block diagonal
between O, p and v when the true distribution of €} is symmetric. g

Intuitively, the serial correlation orthogonality condition (2) is asymptotically orthogonal to
the ARCH orthogonality condition (6) because all odd order moments of symmetric distributions

are 0, which means that the joint test is simply the sum of its two components.

B.2 Exploiting the persistence of expected returns

Let us now consider a situation in which

h h i}
ye =m(1 - lel p) + lel PrYe—1 + Vwer,

with h > 1 but finite, so that the null hypothesis of lack of predictability becomes Hy : p; = ... =
pp, = 0. In view of our previous discussion, it is not difficult to see that under this maintained

assumption the score test of p; = 0 will be based on the orthogonality condition

5 { Oln fle (65, 0), 1)

Do €r—1(0s, O)’ 04,0, 770} =0. (B6)

In this context, it is straightforward to show that the test against AR(h) dynamics will
be given by the joint test of the moment conditions (B6) for | = 1,...,h, whose asymptotic
distribution would be a X]21, under the null.

Such a test, though, does not impose any prior knowledge on the nature of the expected
return process, other than its lag length is h. Nevertheless, there are theoretical and empirical
reasons which suggest that time-varying expected returns should be smooth processes.

A rather interesting example of persistent expected returns is an autoregressive model in
which p; = p for all [. In this case, we can use the results in Fiorentini and Sentana (1998) to

show that the process for expected returns will be given by the following not strictly invertible

ARMA (h,h — 1) process:

h h—1
pri1 =m(1—hp) + ijl Phr1—j + P [Et + ijl 5t—j:| . (B7)

As long as the covariance stationarity condition hp < 1 is satisfied, the autocorrelations of

the expected return process can be easily obtained from its autocovariance generating function

(1+ 32 2) (1425 =)

1—pSh 2i) (1= pSh 2-3)
P j=1% P Zj:l z

which contrasts with the autocovariance generating function of the observed process

1
1= p>t o) (1= p iy =)

In this context, we can easily find examples in which the autocorrelations of the observed

Puu(2) = < (B8)

() =
(

return process are very small while the autocorrelations of the expected return process are much
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higher, and decline slowly towards 0. For example, Figure S1 presents the correlograms of y;
and g, on the same vertical scale for h = 24 and p = .015. Note that expression (B8) implies
the correlograms of y, ., and an overlapping sum of h consecutive returns coincide.

This differential behaviour suggests that a test against first order correlation will have little
power to detect such departures from white noise, the optimal test being one against an AR(h)
process with common coefficients. We shall return to this issue below.

From the econometric point of view, the assumption that p; = p for all [ does not pose any
additional problems. Specifically, it is easy to prove that the relevant orthogonality condition

will become

Je*

with hZ,,(05,0,n) being the corresponding asymptotic variance under correct specification.

o { Oln f[Et(0570)7 770] Z?Zl €t—l(087 O)‘ 050,0,7]0} =0, (Bg)

This moment condition is analogous to the one proposed by Jegadeesh (1989) to test for
long run predictability of individual asset returns without introducing overlapping regressands.
Cochrane (1991) and Hodrick (1992) discussed related suggestions. The intuition is that if re-
turns contain a persistent but mean reverting predictable component, using a persistent right
hand side variable such as an overlapping h-period return may help to pick it up. Not surpris-
ingly, the asymptotic variance is analogous to the so-called Hodrick (1992) standard errors used
in tests for long run predictability in univariate OLS regressions with overlapping regressands.

More recently, the Gaussian version of (B9) has also been tested by Moskowitz, Ooi and
Pedersen (2012) in their empirical analysis of time series momentum. These authors provide both
behavioural and rational justifications for the forecasting ability of lagged compound returns.

It is important to mention that the regressor Zlh:l €:-1(05,0) will be quite persistent even
if returns are serially uncorrelated because of the data overlap. Specifically, the first-order
autocorrelation coefficient will be 1 — 1/h in the absence of return predictability. Nevertheless,
since the correlation between the innovation to the regressor at time ¢ + 1 and the innovations
€(05,0) is 1/ v/h under the null, the size problems that plague predictive regressions should not
affect much our test (see Campbell and Yogo (2006)).

Let us now assess the power gains obtained by exploiting the persistence of expected returns.
For simplicity we consider Gaussian tests only, and evaluate asymptotic power against compatible
sequences of local alternatives of the form pyr = p/V/T. As we show in Supplemental Appendix
C, when the true model is (B7), the non-centrality parameter of the Gaussian score test for
first order serial correlation is p? regardless of h, while the non-centrality parameter of the test
that exploits the persistence of the conditional mean will be hp?. Hence, Pitman’s asymptotic
relative efficiency of the two tests is precisely h. Figure S2A shows that those differences in
non-centrality parameters result in substantive power gains. However, the asymptotic relative
efficiency would be exactly reversed in the unlikely event that the true model were an AR(1)
but we tested for it by using the moment condition (B9) (see Supplemental Appendix C). Not

surprisingly, this would result in substantial power losses, which are illustrated in Figure S2A.
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B.3 Construction of the quarterly portfolios

We follow exactly the same procedure as Ken French uses to create annual returns from
monthly ones. The first thing we do is to add the monthly gross return on the 1-month Thill rate
to the excess returns of the 6 value-weighted portfolios formed on size and book-to-market, the
6 value-weighted portfolios formed on size and operating profitability, and the 6 value-weighted
portfolios formed on size and investment to transform each of them into monthly gross returns.
Then we compound the monthly gross returns into quarterly gross returns by multiplication, and
subtract the quarterly gross return on the 3-month Thill (from the FRED database) to obtain
our quarterly excess returns. Form those, we create the five FF factors using the appropriate
long or short weights.

More formally, let Xt(f’J’D)
portfolio, with ¢ = 1,...,12, where D = SMALL, BIG, K = BM, OP, INV and J = LOW,
NEUTRAL, HIGH, with LOW and HIGH denoting growth and value for BM portfolios,

weak and robust for OP portfolios, and conservative and aggressive for INV portfolios. We

be the net % return over month i, year ¢ of some value-weight

then calculate the quarterly portfolios as:

31 (K,J.D)
o om] (200
i=3(1-1)+1

for I = 1,2,3,4. Next, we apply the FF factor definitions. Specifically, the small minus big

factor is
SMB = 1/3(SMBBM + SMBOP + SMP[N\/),
where
X (K.LOW,SMALL) | x(K,NEUTRALSMALL) | x(K.HIGH,SMALL)
SMByr = 5
X (K,.LOW,BIG) | x (K,NEUTRAL,BIG)  x(K,HIGH,BIG)

3
Similarly, the high minus low factor is obtained as

X(BMHIGHSMALL) | x(K.HIGH,BIG)  y(BM,LOW,SMALL) | x(K,LOW,BIG)

HML = )
2 2

the robust minus weak as

X(OPHIGHSMALL) | x(OPHIGH.BIG)  x(OP,LOW,SMALL) | y(OP.LOW,BIG)

RMW = —
2 2 ’

and the conservative minus aggressive as

XUNV,LOW,SMALL) | x(INV,.LOW,BIG)  x(INV,HIGH,SMALL) { x(OP,HIGH,BIG)

CMA = 5 — 5

Finally, the quarterly excess return on the market can be obtained aggregating directly the
monthly factor

31

H Rmy; + Rf; L1) 1
100

i=3(I—1)+1

Rmu =100 |: — thJ

where Rf;; and Rf;  are the one-month and three-month riskfree rate, respectively.

17



B.4 The symmetry component of the Jarque-Bera (1980) test without im-
posing normality

Consider a moment test based on the influence function
n(y; T, w) = € (85,0) — 3¢,(65,0)

where €,(05,0) = w™/2(y; — 7), evaluated at the sample mean and variance. This influence
function coincides with the third Hermite polynomial.

Using standard results (see e.g. Newey and McFadden (1994)), the asymptotic variance of
T

— Z n(ye; 7T, W)
t=1

T R
Zn Yt; To, Wo +E< 6n(yg;o,w0) 8”(3/52?’“0) ) ﬁ( g_zz > + 0p(1)
t=1

3

H‘§ N

But the expected Jacobian matrix evaluated at the true value of the parameters is 0 under

symmetry because

an(y;ﬂaw) 3 2
TYTE) — = [d(6,,0) 1],
87'(' w% [et( 0) ]
on(y;mw) 3
o = T [et (05,0) — ]et(es,O).

Therefore, the asymptotic covariance matrix of the sample mean of the third Hermite poly-
nomial evaluated at the sample mean and variance will be the same as if we could evaluate it at
the true values. Consequently, a moment test of Hy : E[n(y;m,w)] = 0 can be simply computed
as the t—ratio of the sample mean of n(y;; 7, w).

Interestingly, this moment test coincides with the outer product of the score version of
the asymmetry component of the test of the null hypothesis of normality versus generalised
hyperbolic alternatives in Mencia and Sentana (2012), which they argue remains valid under as

long the true distribution is symmetric.

C Local power calculations
C.1 General results

Let m;(61,03) denote the h influence functions used to develop the following moment test
of H() : 92 =0:
My = Tm/(019,0)® 1mz (61, 0), (C10)

where mp(619, 0) is the sample average of m, (@) evaluated under the null, ¥ is the correspond-
ing asymptotic covariance matrix and 61y the true values of the remaining model parameters.

In order to obtain the non-centrality parameter of this test under Pitman sequences of local
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alternatives of the form Hy : o7 = 03/+/T, it is convenient to linearise my (819, 0) with respect

to @9 around its true value @op. This linearisation yields

1
\/TITIT(QH), 0) = \/TﬁlT(olo, 02T) + T Z

T 0my(010,657) 5
=1 80/2 2

where 05, is some “intermediate” value between Oy and 0. As a result,
VTing(019,0) — N[M(019,0)8, ¥,
under standard regularity conditions, where
M(610,0) = E[0my(619,0)/005],
so that the non-centrality parameter of the moment test (C10) will be
6, M’ (019,0)® 1M (619, 0)65 (C11)

when 61g is known. On this basis, we can easily obtain the limiting probability of M exceed-
ing some pre-specified quantile of a central X,% distribution from the cdf of a non-central x?
distribution with h degrees of freedom and non-centrality parameter (C11).

Often, though, 819 will be unknown, and we will have to replace it by some estimator 8;7. Let
n;(01,02) denote the dim(0;) influence functions used to estimate 819 subject to the restriction
60> = 0. For convenience, we replace the original influence functions by

-1
m; (01,02) = m(01,05) — E (‘W) [E <W>} n,(61,05),
which are unaffected by the sampling uncertainty in the estimator of ;. In this way, the test

statistic will be
MT = Tﬂl%/(élT, O)Tilm%(él’fv 0)7

where Y is the relevant asymptotic covariance matrix, which takes into account the possible
(long-run) correlation between my(601,603) and ny(601,02). As a result, the non-centrality para-
meter will be

ééML/(glo, O)TilMl(glo, 0)92,

where
omy(01,65) omy(01,05) ony(01,05)\] " . [ 0n4(01,65)
M1 (019,0) = FE | ——+—2 | —E | ——72) |E | /1~ El———).
(610,0) ( 06, 06, 06, 06,

In the special case in which @17 is the ML estimator of 81 under the null, and m¢(61,0) and
the scores corresponding to 1 are asymptotically uncorrelated when Hy is true, as in all our tests
under correct specification, then no adjustment will be required because E[0m;(01,02)/007] will
be 0 by the generalised information matrix equality. In addition, both M(81¢,0) and ¥ coincide
with the (2,2) block of the information matrix when my (01, 605) are the scores with respect to
0.
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If on the other hand n; (61, 082) and m; (61, 02) coincide with the scores with respect to 6; and
6> but these are not uncorrelated under the null, as in our tests under incorrect specification,

then we should we work with mj- (61, 62), although we could still exploit the fact that

0mt(01,02) /_ 81115(01,02)
E< 06 ) =F 065

by the symmetry of the Hessian matrix. In either case, though, the non-centrality parameters
of LM and Wald tests will be the same under sequences of local alternatives, at least under

the assumption that @, is consistently estimated not only under the null but also under those

sequences (see White (1982)).
C.2 Gaussian tests
C.2.1 Serial correlation tests

Let us assume without loss of generality that m = 0. The first-order serial correlation test is

effectively based on the influence functions

mlt<057p) = YtYt—1 — ny<1)

evaluated at p = 0. But since
h
_ !
yr = <1+ E l_lpL)Eu

we will have that
Gy (0) = [1+ (h — 1)p?)0?

The Yule-Walker equations of the model considered in (B7) will be given by

Gyy(1) Gyy(1) Gyy(h—1)
Gy =  Pllto,otot e
Gyy(2) Gyy(1) Gyy(h—2)
G =  Pla,o Tt TG0

whence
. 14 . 21 2

Hence, it trivially follows that
M;(85,0) = E[0my;(85,0)/0p] = —o.
As for the asymptotic covariance matrix, the proof of Proposition 1 implies that if p = 0, then
VT T
VTmy(8s,0) = T thl vy, — N(0,0%)

irrespective of the distribution of ;. As a result, the non-centrality parameter will be p? regard-

less of h.
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In contrast, the test that uses the influence function

Yt Zlhzl Yt—1 — Z;L:l ny(l)

will be asymptotically equivalent to the Wald test based on the Gaussian PML estimator p,
whose non-centrality parameter is hp?, which is clearly bigger than p? for any h > 1.

It is also interesting to study the opposite situation in which we decide to use the influence
function that involves h—period returns when in fact the true model is an AR(1). Since Gyy(l) =
plo? in that case, Z?Zl Gyy(1) will be equal to (1 — p"*1)o2/(1 — p). Therefore, M;(05,0) will
also be equal to —o2. But since the asymptotic covariance of the sample average of 1; Z;‘Zl Ye_i
is ho* under the null, the non-centrality parameter will be h~!p?, which is clearly below p? for

any h > 1.

C.2.2 GARCH tests

To keep the algebra simple, we assume once again that = = 0, that the conditional variance
has been generated according to a GARCH(1,1) process and that the conditional distribution
has constant kurtosis coefficient x. The fixed-3 GARCH test is based on the following influence

function:
2 2y _ (.2 2 27,2 2
msi(0”,8) = (z7 — 0 )ijoﬁ (i j—07)
As is well known, Bollerslev (1986) showed that a GARCH(1, 1) model implies the following
ARMA(1, 1) process for x2:

(af —0®) = (a+ B)(aiy — %)+ — By,

where 7, is the martingale difference sequence x? — 7. As a result,

1—2a8 — 32
V(z?) WV(W,
cov(z?, 22 ) = ma‘/(m),

and

cov(af,x}_;_1) = (a+ B)cov(af,z}_;) = (a+ By ~teov(a}, af )

for any j > 1, so that

1_
cor(at,at,) = L@ tD,
1—-2ap8—-p
cor(ai,z} ;1) = (a+B) eor(a},xi ).
But since we know that
1—2a8— B2
V(:L‘f) of — B (k — 1)04

:1—/€a2—2aﬁ—62
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when ra? + 2a8 + 2 < 1, it immediately follows that

1-(a+8)°
1 — ka?—2a8 — 32

Vin) = (5 —1)o™.

As a result, the expected value of mg (0?2, ) under the alternative will be given by

o [-(@+pP
1-Bla+pB)1—ka?—2a83 — >

If we expand this expression with respect to o at o = 0, we finally obtain

> B la+ B El(a} — 0¥ (af 0% (k= 1),

@ 4
—(k—1)o".
Hence, the non-centrality parameter will be
22
1-5 o?
(1-pB)?

Specifically, for 8 = 0 the non-centrality parameter will be o, while for 5 = 1 the non-centrality
parameter becomes 0 because the regressor has infinite variance while the regressand does not.
In fact, B bigger than 23/(1 4+ 42) will result in local power losses relative to 3 = 0. Not
surprisingly, the maximum of this expression is achieved for § = /3, in which case its value is

o?

1— 5%

which is bigger than o, the more so the closer 3 is to 1.

Power comparisons To assess the power gains obtained by exploiting the persistence of
conditional variances, we compare the Gaussian versions of the ArRCH (1) and fixed-3 G ARCH(1,1)
tests, and evaluate asymptotic power against compatible sequences of local alternatives of the
form agr = a/ VT. Given that the sample variance is consistent for w, exactly the same results
will be obtained if we worked with the transformed sequence vy = (awy')/VT = 7/VT.

As we have shown above, when the true model is (B7), the non-centrality parameter of the
Gaussian pseudo-score test based on the first order serial correlation coefficient of €2(8s,0) is

2 regardless of the true value of 3. In contrast, the non-centrality parameter of the fixed-3

o
GARCcH(1,1) test is a?(1 — 52)/(1 — BBy)?. Hence, the asymptotic relative efficiency of the two
tests is (1 — 32)/(1 — BBy)?, which is not surprisingly maximised when 3 = 3,. Figure S3A
shows that for a realistic value of  these efficiency gains yield substantive power gains when

we set /3 to its RiskMetrics value of .94

C.3 Student ¢ tests

Under correct specification, the non-centrality parameters are trivial to find because they
effectively depend on the pp or aa elements of the information matrix under the null of mean
and variance unpredictability, which we discuss in Lemmas 1 and 2 below. Under distributional

misspecification, the calculations are substantially more elaborate.
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C.3.1 Normal mixtures

For any given value of the mixing probability A, the ratio of variances v and the relative
differences in means ¢, the first thing we do is to compute the pseudo true values of the Student
t pseudo ML estimators under the null, namely 7, woo and 7n,,. We obtain these pseudo true
values by solving a nonlinear system of three equations that sets to zero the expected value of
the scores with respect to m, # and 7. We compute the integrals with respect to the true normal
mixture measure as the weighted average of two integrals with respect to the two underlying
Gaussian measures, as in Amengual and Sentana (2010). We obtain each of those integrals by
Gauss-Hermite quadrature with infinite support using the NAG DO1BAF routine with 64 points,
a = p; and b = .50, 2 (i = 1,2). We solve the resulting nonlinear system of equations in two
steps. First, we define a non-uniform grid of 70 values for n between 0.001 and .4995, which is
finer close to the two extremes, and then solve the bivariate system for 7 and w keeping 7 fixed.
Next, we feed the “best” triplet as starting values for solving the trivariate system using the
NAG CO5NCF routine.

Once we have thus obtained 7o, woo and 7,,, we compute the expected value of the Hessian
(H) and variance of the score (K), including the elements involving p or 7 using the expressions
in the proofs of Propositions 1 and 4. We then compute the usual sandwich formulas H~!BH !
and take the appropriate diagonal element to obtain the ratio of noncentrality parameters of the
Student t—based test to the Gaussian one. Although we can repeat these calculations for any
possible triplet (A, v,d), in practice we fix A\ = .05 and define a bivariate grid (on a log-scale)
on ¢ and v of 300 x 80 points. We then find out the skewness and kurtosis values that those
parameters imply using the bounds described in Supplemental Appendix D.1.2.

There are two further controls in the program. On the one hand, when 7 is less or equal
then 0.001, then we simply set the ratios of noncentrality parameters equal to one. On the other
hand, when 7, is greater or equal than .4995, then we drop 7 from the calculations and compute

the expected Hessian and variance of the score matrices for the remaining three parameters.

C.3.2 Gram-Charlier expansions

The procedure for the fourth-order Gram-Charlier density is similar to the one we have
just described for discrete normal mixtures. The most relevant differences are (i) that the shape
parameters of the true measure are now cg and cq4, so that we need to find out first the admissible
range of values of these parameters which are compatible with a non-negative density; and (ii)
the values of @ and b in the Gauss-Hermite numerical quadrature NAG DO1BAF routine are no

longer optimal.
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C.4 Power comparisons under correct specification

C.4.1 Serial correlation tests

The following result gives us the necessary ingredients to compare the Gaussian and non-

Gaussian tests under correct specification:

Lemma 1 If the true DGP corresponds to (1) with py = 0, then the feasible ML estimator of
p is as efficient as the infeasible ML estimator, which require knowledge of ng. In contrast, the
inefficiency ratio of the Gaussian PML estimator of p is Mfll(no), with My (ng) defined in
(E21).

Proof. The proof is trivial if we combine several results that appear in the proof of Propositions
1. O

This means that Pitman’s asymptotic relative efficiency of those serial correlation tests that
exploit the non-normality of y; will be Ml_ll(no). Figure S2B assesses the power gains against
local AR(1) alternatives under the assumption that the true conditional distribution of £f is a
Student ¢ with either 6 or 4.5 degrees of freedom. This figure confirms that the power gains that
accrue to our proposed serial correlation tests by exploiting the leptokurtosis of the ¢ distribution
are noticeable, the more so the higher the kurtosis of y;. Similarly, Figure S2C repeats the same
exercise for two normal mixtures whose kurtosis coefficients are both 6, and whose skewness
coefficients are -.5 and -1.219, respectively. Once again, we can see that there are significant
power gains. In this sense, it is worth remembering that since our semiparametric tests are

adaptive, they should achieve these gains, at least asymptotically.

C.4.2 Conditional heteroskedasticity tests

The following result gives us the necessary ingredients to compare the Gaussian and non-

Gaussian tests under correct specification:

Lemma 2 If the true DGP corresponds to (5) with ag = 0, then the feasible ML estimator of
a is as efficient as the infeasible ML estimator, which require knowledge of mq. In contrast, the
inefficiency ratio of the Gaussian PML estimator of a is 4/[(ko — 1) Mss(ng)], where Mss(ng)
is defined in (E23).

Proof. The proof is trivial if we combine several results that appear in the proofs of Propositions
4. O

Lemma 2 then implies that the local non-centrality parameter of the Gaussian test for ARCH
is a2, while the non-centrality parameter of the parametric test for ARCH is £ [(ko—1) M s(mg)]ar?.
Figure S3B assesses the power gains under the assumption that the true conditional distribution
of ef is a Student ¢t with either 6 or 4.5 degrees of freedom. This figure confirms that the
power gains that accrue to our proposed ARCH tests by exploiting the leptokurtosis of the ¢
distribution are in fact more pronounced than the corresponding gains in the mean predictability

tests. Similarly, Figure S3C repeats the same exercise for two discrete location scale mixture

24



of normals whose kurtosis coefficients are both 6, and whose skewness coefficients are either -.5
or -1.219. In this case, our tests also yield significant power gains. In this sense, it is worth
remembering that since our semiparametric tests are adaptive, they should achieve these gains,

at least asymptotically.

D Standardised random variables

D.1 Discrete location scale mixtures of normals

D.1.1 Definition and simulation

Let s; denote an i.i.d. Bernoulli variate with P(s; = 1) = A. If z|s; is 4.i.d. N(0,1), then

st + (1= s)Vu
XA - Mo

1
el = la(st )+
14 A(1— )62

)

where 6 € R and v > 0, is a two component mixture of normals whose first two unconditional
moments are 0 and 1, respectively. The intuition is as follows. First, note that §(s; — A) is a
shifted and scaled Bernoulli random variable with 0 mean and variance A\(1 — A)§?. But since

st + (1= s)Vu
- Mo

is a discrete scale mixture of normals with 0 unconditional mean and unit unconditional variance
that is orthogonal to d(s; — \), the sum of the two random variables will have variance 1+ A(1 —
\)62, which explains the scaling factor.

An equivalent way to define and simulate the same standardised random variable is as follows

% Nui(n),ot%(n)] with probability A (D12)
N{p3(n), 052(n)] with probability 1 — A

where 7 = (0,v,\)" and

pig) = A
1+ A(1 = A)é?
pa(n) = — oA =1 i h(n),
1+ A(1 - A)o?
. B 1
O e Ve v T v
o (n) = > = w0} (n).

[T+ A1 = M)A+ (1 — \)o]
Therefore, we can immediately interpret v as the ratio of the two variances. Similarly, since

_ pi(m) — ps(n)
VA () + (1= A)oi*(n)’

we can also interpret § as the parameter that regulates the distance between the means of the

two underlying components relative to the mean of the two conditional variances.

25



We can trivially extended this procedure to define and simulate standardised mixtures with
three or more components. Specifically, if we replace the normal random variable in the first
branch of (D12) by a k-component normal mixture with mean and variance given by pj(n) and
o3%(n), respectively, then the resulting random variable will be a (k + 1)-component Gaussian
mixture with zero mean and unit variance.

Finally, note that we can also use the above expressions to generate a two component mixture

of normals with mean 7 and variance w? as

[ N(py,0%) with probability A
Y= N (py, 03) with probability 1 — A

with
pp = T+wpi(n)
po = T+ wps(n)
o = woii(m),
o5 = wos’(n).

Interestingly, the expressions for v and ¢ above continue to be valid if we replace pi(n), p5(n),

O-Tz(n) and 032(,’7) by M1y Mo, 0-% and U%-
D.1.2 Skewness-kurtosis bounds

In the case of two-component Gaussian mixtures, the parameters A, § and v determine the

higher order moments of ¢; through the relationship
B(ei’) = AB(e|se = 1) + (1 = N B(e] |51 = 0),

where E(ajj |st = 1) can be obtained from the usual normal expressions

E(eilst = 1) = pi(n)

E(gf?]s = 1) = pi%(n) + o3%(n)

E(ef’]sy = 1) = > (n) + 3pi (n)at*(n)

E(eft]sy = 1) = pi*(n) + 6p32(m)o*(n) + 301 (n)

E(e}®]sy = 1) = pi>(m) + 1033 (n)oy2(n) + 15u5(n)oti(n)

E(ef%s; = 1) = pi%(n) 4+ 153 ()02 (n) + 45u72(m)oi (n) + 1507 (n)

etc. But since E(ef) = 0 and E(g}?) = 1 by construction, straightforward algebra shows that

the skewness and kurtosis coefficients will be given by

8y 36A(1 — M) (1 — ) SP(1—NAL—2))
E(ef?) = D (L Mol AL N2 + IESESVE i a(8,v, ) (D13)

and
3N+ (1 — \)v?] 602X (1 — A)[(1 — \) 4+ v}
A4 (1= D014+ A1 = N)6%2 A4 (1= A)o)[1 4+ A1 — X)6%)2
SN — N1 =31 = \)]
[T+ A(1— N\)é%)2

=b(d,v, \). (D14)
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Two issues are worth pointing out. First, a(d,v,\) is an odd function of 4, which means that
0 and —0 yield the same skewness in absolute value. In this sense, if we set = 0 then we will
obtain a discrete scale mixture of normals, which is always symmetric but leptokurtic. Another
way of obtaining discrete normal mixture distributions that are symmetric is by making A = %
and v = 1. Second, b(d, v, ) is an even function of ¢, which implies that § and —4§ give rise to
the same kurtosis. For that reason, in what follows we mostly consider the case of § > 0.

A useful property of two component normal mixtures is that they span the entire uncondi-
tional skewness-kurtosis frontier given by the parabola E(ej*) > 1 + E?(e}3) (see Stuart and
Ord (1977)). More specifically, for a fixed value of A, skewness, which is 0 for § = 0, reaches its

frontier value as 6 — oo, in which case

2(3— A
lim a(d,v,\) = G

- TN

regardless of v. Clearly, for A < .5 this limiting skewness value is positive, while it is negative
for A > .5. In any case, we can achieve the mirror point on the frontier as 6 — —oo.
The corresponding kurtosis values are

301N A=)
0 =G = (G e +)

and

1 2L -\’
QEJ@%M:_MWO—M:1+<§z—$>’

which again does not depend on v. Intuitively, the reason is that a standardised two component
normal mixture converges in distribution to a standardised Bernoulli random variable with
parameter \ as 6 — oo regardless of v. Interestingly, lims ... b(d,v,\) = 3 for A\ = % + %\/g

Nevertheless, to create Figures 2B and 4B, we need to find out the range of skewness and
kurtosis that this distribution can generate when A is fixed. In this sense, notice that kurtosis is
always larger or equal than 3 for § = 0, which reflects the fact that a scale mixture of normals

is always leptokurtic. The boundary case is of course v = 1, in which case
b(0,1,\) = 3.

In fact, maximum kurtosis when 0 = 0 is achieved for v = 0 or for v — o0, in which case we
obtain either

3 3

b(0,0, ) = 3 o lim b(0,v,\) = ——

v—00 1—-X
Obviously, this kurtosis can be made arbitrarily large as A approaches 0 or 1, but it is clearly
bounded for fixed A.
The other interesting cases arise when v = 0 and v = 1. In the first case
34+ (1—2))A62
(1+ X1 — N)62)3/2

a(8,0,)) =6 (1 — )
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and

3 60%(1 — \)? N SN = N)(1 =3X(1—)N)

P00 = AT e T A= T A F AN

while in the second case
S3(1—=X)A1 —2))

a0 LA = T = a)et)r
and
1513 — 3 602X(1 — \) SAN1 =N (1 —=3X1—=N)
0,1,4) = (L4+ A1 =XN)6%)2 (1 + A1 —A)6%)2 (14 (1 = X)§?))2

It turns out that the range of skewness and kurtosis that a standardised mixture of two

normals can generate seems to be bounded by the following two parametric curves:
(a(d,1,X),b(0,1,0))

and
(a(d,0,X),b(8,0,))),

where the range of § is [0,00). In fact, these curves intersect at the unconditional skewness-
frontier boundary when § — oo.

Interestingly, it seems that skewness is always non-negative when A < 1/2. In contrast, for
A > 1/2 skewness is initially positive for small values of §, but then becomes negative as §
increases. In turn, kurtosis bounded from below by 3 when A < % — %\/g, while it is bounded
from above by 3 on the negative skewness side if % <AL % + %\/g

As we explained before, the mirror curves
(_a(’5‘7 17 )‘>7 b(‘5|7 17 )‘))

and
<_a(‘5” 0, /\)7 b(‘(ﬂv 0, /\))v

give us the skewness-kurtosis range when ¢ if negative.

D.2 Gram-Charlier distributions

D.2.1 Definition and moments

The first five raw Hermite polynomials are:

Ho(z) = 1,

Hy(z) = =z

Hy(z) = 22-1,
H3(z) = 2°—3z,
Hy(z) = 2*—622+3.



When z ~ N(0,1), these have 0 mean and are orthogonal to each other. In turn,

N 22— 1
H3(z) = 77
N 23 — 32
H3(Z) = \/6 )
. 24— 62243
Hi(z) = ——F——

V24

are called the standardised Hermite polynomials because their variance will be 1 for a standard
normal.

The Gram-Charlier density is defined as:

(5 = o(2)P(2), (D15)
1 _1.
o) = e
P(z) = 1+ %Hé‘(z) + \/%HZ(z) =1+ % (2% —32) + % (z*—62>+3). (D16)
This density is such that
Ef(z) = 0,
Ef(z*) = 1,
Ef() = ¢,
Ei(zY) = 3+k.

D.2.2 Positivity restrictions

The problem is that P(z) in (D16) can be negative, in which case f(z) in (D15) will not be
a proper density.
For a given z, the skewness-excess kurtosis frontier that guarantees positivity must satisfy

the following two equations:

Y3 K4 a2 _
T4+ 5 (27 =32) + 57 (2" = 62" +3) 0,
g(zz—l)—i-g(z?’—iﬁz) = 0.

The first equation, which is given by P(z) = 0, defines a straight line in (¢, k) space such that
in any neighbourhood of the solution we will find positive and negative densities. In contrast,
the second equation, which corresponds to dP(z)/0z = 0, guarantees that we remain in the
frontier as we move in (¢, k) space.

The solution to the above system of equations in terms of ¢ and & as a function of z is

23— 32
= —-24
#(2) 28— 324492249
2
-1
k(z) = T2 c

26— 324492249’
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where the denominator is
d(z) :4(23 732)2 73(,227 1) (247622+3) =25 -3224922+09.

This solution can be regarded as the parametric representation of the admissible skewness-
kurtosis frontier.

The simplest way to find the frontier values is to carry out a grid over z, and for each
value of z find out the corresponding values of ¢(z) and k(z). However, this does not work as
expected because we will often end up with two different values of ¢(z) for the same value of
k(z). Following Jondeau and Rockinger (2001), the solution is to restrict the range of z to be
[v/3,00). When z = /3, ¢(z) and k(z) become 0 and 4, respectively. In contrast, when z — oo
both ¢(z) and k(z) converge to 0. In practice, the grid should probably be logarithmic between
V/3 and 10 or so. The maximum skewness that can be achieved is 1.0493. Obviously, we get

the mirror image by changing the sign of z.

D.3 Simulation

A very simple way to simulate random variables with a Gram-Charlier distribution is by
using the usual inversion method, which exploits the fact that if Z is a random variable with
absolutely continuous distribution function Fz(.) and quantile function F,*(.), then U = Fz(Z)
is uniformly distributed between 0 and 1, while F, L(U) will follow the distribution of Z.

Given that
-1
H (z) ¢ (x)dx = —
[ Hi @6 (@ e = —
see Ledn, Mencia and Sentana (2009)), and that H; (z) ¢ (x) — 0 when x — —oo by virtue of
( k Yy
L’Hopital rule, then

Hi y(@)¢(x) k=1 (D17)

[ Hi@o@d=—TH L (oe). k= (D18)
Consequently,
o) = [ f@do= [ o@P@)s = 0() - £H; (2)6(:) - 35 H3 ().

In practice, we simulate a uniform variate u, and numerically solve the equation
Fz(z)=u
with ®~!(u) as starting value.
D.4 Generalised hyperbolic

Let &, denote an i.i.d. Generalised Inverse Gaussian (GIG) random variable with parameters
—v,7 and 1, or GIG(—v,T,1) for short. Mencia and Sentana (2012) show that if 2|, is i.i.d.
N(0,1), then

' & 6
& = C(ﬁv v, 7)5 |:R11(7—) - 1:| + RV(T) C(Ba v, T)Zt
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is a standardised Generalised Hyperbolic (GH) distribution with parameters /3, and 7, where

-1+ \/1 +46%[Dyya(7) — 1]

WD D e

and K, (.) is the modified Bessel function of the third kind. In turn, the GH distribution is a

special case of the more general location scale mixtures of normals considered in Mencia and

Sentana (2009), in which &, is a positive random variable with an arbitrary distribution.
Mencia and Sentana (2012) also provide expressions for the third and fourth moments of the

GH distribution, which in the univariate case reduce to

Ky y3 (1) K2 (7)

E(E;?)) = 03(571/77_) |: - 3D1/+1 (T) + 2:| 53 + 362(ﬂ7”77) [DV+1 (T) - 1] B

K3+1 (T)
and
T 3 T v T 2 T
Blei®) = g, R0 B DB 6, (1) -5 ot

KV+3 (T) Kl% (7—)
KBH (1)

—i—6c3(ﬁ, U, T) { —2Dy41 (1) + 1] B2+ 3Dy 41 (7) 02(5, V,T).

D.4.1 Asymmetric and symmetric versions of the Student t

The asymmetric ¢ distribution is nested within the G H family when 7 = 0 and —oo < v < —2.
If we define n = —1/(2v), then for n < 1/4 we will have that

174n\/1+862n/(1—477)—1

C ) ) = )
lim M = lim Ky (7) = )
T T oo TK,(T) 1—2n
Kyio(r)Ky(1) 1-—2n
D, = .
+1(7) K,11(7) 1—4n

Therefore, we can easily simulate an asymmetric standardised Student ¢ distribution as:

& = c(B,v,7) [(1;5”) - 1] T Wmt

1

where &, ~ i.i.d. Gamma with mean ! and variance 2n~!, and z|¢, is i.5.d. N(0,1).

If we further assume that n < 1/8, then

Kos(EE(R) (12
K3, (7) (1—4n)(1 —6n)
Ko (D K3 () (1-29)°
Ky (7) (1—4n)(1 —6n)(1 — 8n)
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so the skewness and kurtosis coefficients of the asymmetric ¢ distribution will be:

*3\ _ 3 772 3 2 n
B(ei*) =166 (B, 1) s gy 8 + 67 B 8

and
n%(10n + 1)
(1 —4n)(1—6n)(1—8n)
n(2n+1) 2,31 =20 505
A6 o1 BT

Not surprisingly, we can obtain maximum asymmetry for a given kurtosis by letting |3| — co. In

E(€I4) = 1204(5, v, T) &

+1203(ﬁ, v, T)

contrast, a standardised version of the usual symmetric Student ¢ with 1/n degrees of freedom is

achieved when 8 = 0. Since limg_,g ¢(3, v, 7) = 1, in that case the coefficient of kurtosis becomes

. 1-29
E(5t4) = 31 “an

for any n < 1/4.

D.4.2 Symmetric Laplace distribution

The asymmetric Laplace distribution is another special case of the GH distribution, which
is achieved when 7 = 0 and v = 1. In fact, it is a special case of the asymmetric normal-gamma
mixture, which allows v to be any positive parameter. As is well known, the kurtosis coefficient
of a symmetric Laplace distribution is 6. In the univariate case, the Laplace distribution is also
a special case of the generalised error distribution (GED) with shape parameter fixed at 1, in
contrast to the Gaussian distribution, which is also a special GED case with parameter 2.

The symmetric Laplace distribution is very easy to generate as

5: - \/azta

where £, is an i.i.d. exponential (i.e. a Gamma with mean 1 and variance 1), and z/|¢, is

i.i.d. N(0,1). Alternatively, if u; denotes a (0, 1) uniform variate, then we can also simulate a
standardised symmetric Laplace random variable €} as

1 1 1
—\ﬁsign <ut — 2) In <1 — 2 |up — 2D .

In effect, this procedure uses the fact that the absolute value of a Laplace is exponential, with

a closed-form quantile function, while its sign is a shifted and scaled Bernoulli random variable
that the values £1 with probability 1/2 each.

E Econometric methods

E.1 Log-likelihood function, score vector, Hessian and information matrices

Let ¢ = (0',1)" denote the p + r parameters of interest, which we assume variation free.
Ignoring initial conditions, and assuming that o?(8) is strictly positive, the log-likelihood func-

tion of a sample of size T based on a particular parametric distributional assumption will take
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the form Ly(¢) = S0 li(¢), with l;(¢) = di(8) + In f [e:(8),m], where d;(8) = —1/21n07(8),
e1(0) = €:(0)/0+(6) and £:(8) = yr — 11,(6).

Let s¢(¢) denote the score function 0l;(¢)/0¢, and partition it into two blocks, sg;(¢) and
snt(@), whose dimensions conform to those of 8 and 7, respectively. If 1, (0), 02(8) and f(e*,n)

are differentiable, then we can use the fact that
0dy(0)/06 = —3 - 9, %(6) - 907(0)/06 = ~Z.5,(6)
and

0¢7(0)/00 = —0o;'(6) - 0p,(6)/00—350,(0) - 957() /06 - £ (6)
= —Zu(0) — Zs(0)e;(0),

to show that

sarlg) = 9+ SO 17,000 2,00 | D) | =~ Zat0)en(s).
Sml®) = O f[1(0),m) /0n = en(9)
where
cwl.m) = oW f[E(0),m /0
cwlOm) = ~{145(0) Ol [5(0)m) 0"},

depend on the specific distributional assumption.
Let h¢(¢) denote the Hessian function ds.(¢)/0¢" = 9%1;(¢p)/0pO¢’. Assuming twice differ-

entiability of the different functions involved, we will have

hoo() = 20 (9) + PO 9) 4 20) D) 1 ,0) 2P (g
ho(9) = Zu(®) 902 1 2.,(6) 25 (B20)

h'rmt(¢) = 0’In f [52( (0)7 77] /8778"7/7
where

0Z,1(0)/00' = -1 - 5,3(0) - 0u,(0)/06-007(0) /00" + o, 1(8) - 9*1i(8)/0008,
0Zs(0)/00' = —L - 0,%(0) - 057(0)/00 - 057(0)/00' + 5 - 5,%(0) - 9%57(0)/0000',
Deiy(¢)/00" = 9 n f [¢£(0),m] /0*De* - Ziy(0) + 0 In [ [e7(8),m] /0 D" - £ (8) - Ziy(6)
Dest(4)/00' = {01 [ [7(8),m] /O™ + &% In f [¢{(6),n] /9* D™ - £7(0)} Z1,(6)
+HOIn [ [e7(0),m] /0" - £{(6) + 8% In [ [¢7(6),m] /0" 9= - £7*(6)} - Zy(6)

and 02 1In f(e*,n)/0c*0c*, 0*In f(e*,n)/0e*On’ and dln f(e*,7n)/OnOn’ depend on the specific
distribution assumed for estimation purposes (see Fiorentini, Sentana and Calzolari (2003) for

the Student t).
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Given correct specification, e;(¢) = [€/,(¢), e, ()]’ evaluated at the true parameter values
is an iid sequence, and therefore, the score vector s;(¢) will be a vector martingale difference
sequence. Then, the results in Crowder (1976) imply that, under suitable regularity conditions,
the asymptotic distribution of the feasible ML estimator will be vT (¢7 — ¢) — N[0,Z7 ()],
where Z(¢y) = E[Zi(¢g)| o], where

Li(¢) = —Eh(d)lz, li1;¢] =V [si(@)lz,, L1-1; §] = Ze(0)M(n)Zi(6),
(

7,(0) = ( Zdi)("') I(l ) _ < ;zt 0) Z.(0) 0 )

0 0o I,
and
My(n) Mis(n)  Mi(n)
M(’?) = Mls('rl) Mss('r]) Msr('rl) )
() M (n) Mer(n)
with
Mu(n) = Vieu(¢)|¢] = E[0*In f(ef;n)/0* 0" | ] , (E21)
Mis(n) = Elew(p)est(d)'|¢] = E [ef - 0*In f(ef;m)/0e* 0™ | m] , (E22)
Ms(n) = Ve (@)|d] = E [ - 0°In f(e};m)/0* 9 |n] — 1, (E23)
Mir(n) = Elew(@)ery(#)|d] = —E [0%In f(ef;m)/0*0n'In]
Msr(n) = Elest(@)ery(d) 9] = —E [e;0° In f(e};m) /0™ 0 |n]
and

M () = Vien(@)|o] = —E [0°In f(f;m)/0ndn’|$] .

In the Student t case, this matrix is simply

v(v+1)
—2)+3) ( 31) 2 ]
M(n) = 0 13) _4(1172)(l/+14)(1/+3:)[ oty
61/2 1/4 ! (v ! (v+1 v ve+(r—4)—8
0 T 2)wv+r)w+3) 4 [w (5) - (T)] T 20-2)2(v+1)(v+3)

where 7(.) is the di-gamma function (see Abramowitz and Stegun (1964)), which under normality

reduces to

o = O

1 0
M(n)=1{ 0 0
00 3/2

E.2 Gaussian pseudo maximum likelihood estimators

Let 87 = argmaxg L7 (6, 0) denote the Gaussian pseudo-ML (PML) estimator of the con-
ditional mean and variance parameters @ in which g is set to zero. As we mentioned in the
introduction, @7 remains root-T" consistent for 6y under correct specification of 11,(8) and o2(0)
even though the conditional distribution of &}|z, I;_1; ¢y is not Gaussian, provided that it has
bounded fourth moments. Proposition 2 in Fiorentini and Sentana (2007) derives the asymptotic

distribution of the pseudo-ML estimator of 8 when &} |z, I;_1; ¢ is i.i.d.:
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Proposition 6 If f|z¢, [;—1; ¢ is i.i.d. D(0,1, 05) with kg < 0o, and the regularity conditions
A.1 in Bollerslev and Wooldridge (1992) are satisfied, then /T (61 —0y) — N [0,C(¢y)], where
C(p) = A1 (9)B(¢) A (o),

A(¢) = —FE [hgg:(0,0)|¢] = E [Ai(9)|4],

Ai(¢) = —FE[hgg:(6;0)| zt, I 1; ¢p] = Z4:(0)K(0)Z,(6),

B(¢) =V [s6:(6,0)|p] = E [Bi(9)|4],

Bi(¢p) = V[se:(0;0)| 24, I;1; @] = Zat(6)K (k) Zy,(6),

1 (o)
and K (p,k) =V]equ(0,0)|z¢, I;_1; P) = , E24
(‘P ) [ dt( )’ ty Lt—1 d)} (,O(Q) /i(g)—l ( )
which only depends on @ through the population coefficients of asymmetry and kurtosis
ple) = E10) (E25)
r(e) = E('e) (E26)

Given that ¢(g) = 0 and k = 2/(v — 4) for the Student ¢ distribution with v degrees of
freedom, it trivially follows that in that case B.(¢) reduces to

1 0py(0) _1(0)8ut(0) v—1 1 9o}(8)30}(6)
o?(6) 00 1 00’ 2v—4)0H(0) 00 00

E.3 Semiparametric estimators of 6

Gonzélez-Rivera and Drost (1999) obtain the semiparametric efficient score and the corre-
sponding efficiency bound for univariate models:
Proposition 7 If ¢f|z¢, I;—1; 600, 09 is i.i.d. (1,0) with density function f(e};0), where o are

some shape parameters and @ = 0 denotes normality, such that both its Fisher information
matriz for location and scale

Maa (@) =V [ea:(0, 0)|zt, ;-1 6, ¢]
Vil s et =] e Do o 0o ]|oe)

and the matriz of third and fourth order central moments

K(e) =Vlea(6,0)|z: 1;-1;0, g] (B27)
are bounded, then the semiparametric efficient score will be given by:
Za (00, 00)eat(00, 09) — Za(00, 00) [ea: (60, @) — K (0) K~ (¢, k)eq (600, 0)] (E28)
while the semiparametric efficiency bound is
S(¢o) = Toa(00, 00) — Za(00, @) [Maa (o) — K (0) K' (0, £)K (0)] Zy(80, 09), (E29)

where + denotes Moore-Penrose inverses, and Zgg(0, 0) = E [Z4(0)Maq(0)Z,,(0)]6, o] .

In practice, f[ef(0); @] has to be replaced by a non-parametric density estimator, which is
typically obtained by kernel methods.

Hodgson and Vorkink (2001), Hafner and Rombouts (2007) and other authors have suggested
semi-parametric estimators of € which limit the admissible distributions of &} |z, I;_1; ¢ to the
class of symmetric ones. Proposition 7 in Fiorentini and Sentana (2007) provides the resulting

elliptically symmetric semiparametric efficient score and the corresponding efficiency bound:
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Proposition 8 When &} |z, I;—1, ¢¢ is i.i.d. (0,1, 09) with 1 < kg < oo, the elliptically sym-
metric semiparametric efficient score is given by:

Sot(dg) = Za(6o)eqr(dp)
W, () {— 1+ £(00)01n f[<5(60): /0] —

Ii[)*l

H60) 1} (B30

where

W.(60) = 290 (| ) = BZat0ionl (| ) = B{ g 0P e} @)

while the elliptically symmetric semiparametric efficiency bound is

s°<¢o>=zoe<¢o>—ws<¢o>wg<¢o>-[Mss@o)— ! ] (E32)

Ko—1
In practice, e (¢) has to be replaced by a semiparametric estimate obtained from the density
of € that imposes symmetry. The simplest way to do this is by averaging the non-parametric
density estimators at ¢; and —ey. Alternatively, one can estimate the common density of +¢&j

from the density of the Box-Cox transformation k~!|e}|¥ — 1 for some & > 0.

E.4 Student t-based (pseudo) maximum likelihood estimators

Let 07 = arg maxg , L7(6,1) denote the t-based pseudo-ML (t-PML) estimator of the condi-
tional mean and variance parameters 8 obtained by assuming that the conditional distribution
is ¢(0,1,n). Proposition 5 in Fiorentini and Sentana (2019) shows that this estimator is as-
ymptotically equivalent to the Gaussian PML estimator when the conditional distribution is
platykurtic. They also show that if the conditional mean and variance can be parametrised as
in Linton (1993) and Newey and Steigerwald (1997), then some of the reparametrised mean and
variance parameters will be consistently estimated even if the true conditional distribution is
not a Student ¢. In our context, the robustness of the Student t serial correlation tests under
conditional symmetry follows from the fact that the only parameter that is inconsistently esti-
mated is w in those circumstances. More generally, its robustness under possibly asymmetric
distributions derives from the fact that we can reparametrise the mean of (1) as dv/w + pyi—1.
Therefore, the t-based ML estimator of p continues to be consistent even if the estimators of
w and 7 are inconsistent. The argument for the « is slightly different, because a Student log-
likelihood function can only estimate v = a/w consistently in those circumstances. Nevertheless,
given that « is 0 under the null, the t-based ML estimator of o continues to be consistent even

if the estimators of w and 7 are inconsistent.

E.5 Kotz-based (pseudo) maximum likelihood estimators

The original Kotz distribution (see Kotz (1975)) is a member of the spherical family, and
thereby symmetric in the univariate case. Its main distinctive characteristic is that £*? follows

a gamma distribution with mean 1 and variance (35 + 2), where

o= (=) /3 -1
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is the coefficient of multivariate excess kurtosis of €* (see Mardia (1970)), which is trivially 0
under normality. In fact, the Kotz distribution nests the normal distribution when > = 0, in
which €*? follows with a chi square distribution with one degree of freedom, but it can also
be either platykurtic (s < 0) or leptokurtic (s > 0), although in the second case the Jensen
inequality restriction E(e**) > E(£*2) = 1 implies that s > —2/3. Such a nesting provides an
analytically convenient generalisation of the normal. Specifically, the kernel of the distribution
of £*2 is

20 = _2(33412)1n5*2 _ 3%1+ 25*2,

while the constant of integration becomes

g(e

1 1
— T - 1 2
¢(¢)=—In <3%+2> 2 B +2)

(see Amengual and Sentana (2011)). Therefore, the density of a leptokurtic Kotz distribution
has a pole at 0, and an antimode in the platykurtic case, which is a potential drawback from an
empirical point of view.

The contribution of the t*" observation to the log-likelihood function is
1
18, %) = — 5 Wa3(6) + clo0) + g(ci% 7).

As a result, the damping factor becomes

N 1 3
6720 = 3+ 2 <5*2+2)'

Let @7 = arg max., L7(0,5) denote the ¢-based pseudo-ML (¢-PML) estimator of the condi-
tional mean and variance parameters @ obtained by assuming that the conditional distribution
is a standardised version of the univariate Kotz(0, 1, 5).

Straightforward algebra shows that the ML estimator of the mean sets to 0 the following

moment condition

TP [35¢2571(0) + 22%.(0)] = 0,

where £%71(0) = T~1 ST €771(8) is the reciprocal of the harmonic mean of the standardised
residuals and £7.(0) their arithmetic one. Therefore, the ML estimator makes a combination of
the arithmetic and harmonic mean of the standardised residuals equal to 0. In contrast, the ML
estimator of the variance can be concentrated out of the log-likelihood function as:
1 & )
o) = 3 (e =)

Finally, the score with respect to the excess kurtosis parameter s is

$,.4(0, ) =2 —Inef? + [@ZJ ( ) +In(3»x+2) -1/,

3+ 2

where ) (.) is the digamma (or Gauss psi) function (see Abramowitz and Stegun (1964)).

37



We can combine the moments of a gamma and reciprocal gamma random variables to show

that
92+ 2

= E
M) = B DBt 2 (E33)
as long as » > —1/3,
x+2
Mal) = 30

and Mg, (3r) = 0 Vi, as in the Gaussian case, so that the information matrix is block diagonal
between the mean, variance and shape parameters.

To sample the Kotz innovations, we exploit the fact that ef = \/?tut, where u; is a shifted
and scaled Bernoulli random variable that the values +1 with probability 1/2 each, and &, is a
univariate Gamma with mean 1 and variance (35 + 2).

Like in the Student ¢ case, all mean parameters will be consistently estimated if the true
conditional distribution is symmetric, while only p will remain consistent under asymmetry. And
while w will be inconsistently estimated unless the true distribution is Kotz, v = a/w will be

consistently estimated regardless.

E.6 Laplace-based (pseudo) maximum likelihood estimators

The Laplace (or double exponential) distribution, which is also a member of the generalised
hyperbolic distribution, contains no shape parameters. As is well known, the ML estimator of
the location parameter is given by the sample median, med(yi,...,yr). In turn, the estimator
of the variance parameter w is given by the twice the square of the mean absolute deviation
around the median. Specifically,

. 2

. 1

wr =2 fz [y — med(yr, ..., yr)|
t=1

Although the lack of shape parameters implies that the Laplace distribution is not very
flexible, the fact that it is symmetric implies that the robustness properties of the pseudo ML
estimators of p and « are exactly the same as in the Student and Kotz-based log-likelihood

functions.

E.7 Discrete mixtures of normals-based (pseudo) maximum likelihood esti-
mators

The EM algorithm discussed by Dempster, Laird and Rubin (1977) allows us to obtain initial

values as close to the optimum as desired. The recursions are as follows:

~(n - l T (-1
)\ - thil w(yt7¢ )
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m 11 ( 1 1w
N - (n—1 A(n_ L (n—1
== gy oY), = Zyt [L—w(y; " )],
AT T
T
~2(n 11 n ~(n 2 ~2(n 1 1 n n
01( :A(nfzytw(yt;& D) (Mg) ) 2( = T Zy [1—w(ys; ¢ 1)] ( (> )
A t=1 1-3" T35
where
A yrm)
(i 9) = A
A - 1— -
- ¢ (ytollh) + qub (thQNQ)
A £ (65,0)—p1(n)
_ 7 | e o
= I\ é |:g;‘(0570)—l,1,1(17):| + 1-)\ & [a;‘(es,o)_uz(n)} = w[et (08,0),77]
a1(n) o1(n) o3(n) o3(n)
and ¢(.) denotes the standard normal density.
From those recursions it is easy to check that
= ATl - AT = "

=7
I (e D (O R A (SN R GO

1 T 1 T
- il (7 X
for all n regardless of the values of ¢(™~!. This means that S\(n, o = &g(n/ﬁf(n and

3( Hg - ﬂgn

~2(n 1 (ny . 2(n
VAl ~A"Mad

will yield the EM recursions for a mixture model parametrised in terms of m, w? and A, § and

1 T
>
+0,

2

W)

v, which are the parameters of the standardised version in Supplemental Appendix D.1.

Since the ML estimators constitute the fixed point of the EM recursions, (i.e. ¢ = ¢)(°°),
another implication of the above result is that 7 and @ coincide with the Gaussian PML estima-
tors. As a result, we can maximise the log-likelihood function with respect to A, § and v keeping
# and &2 fixed at their Gaussian pseudo ML values. Interestingly, this somewhat surprising
result will continue to be true even in a complete log-likelihood situation in which we would
observe not only y; but also s;. In addition, it is straightforward to prove that the same result
holds for finite mixtures of normals with more than two components.

As a result, the ML estimators of m and w continue to be consistent under distributional
misspecification. Similarly, the estimators of p and o = w~y will also remain consistent in that
case too, as explained in Fiorentini and Sentana (2019).

Nevertheless, the log-likelihood function of a mixture distribution has a pole for each obser-
vation. Specifically, it will go to infinity if we set fi; = y; and let (’}% go to 0. In practice, we deal
with this issue by starting the EM algorithm from many different starting values. In addition,
there is a trivial identification issue that arises by exchanging the labels of the components. We
solve this problem by restricting v to the range (0, 1) so that the first component is the one with

the largest variance.
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FIGURE S1: ACF of expected and observed returns (h = 24, p = .015)
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FIGURE S2: Local power of unpredictability in mean tests at 5% level
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FIGURE S3: Local power of unpredictability in variance tests at 5% level
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(B) ARCH(2) alternatives. Student t DGPs
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(C) ARCHY(1) alternatives. Normal mixture DGPs
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