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B The score of the HRS approximate likelihood function

The log-likelihood function of the HRS model that we consider is given by I7(8) = T~ 321 1,(6),

where
N 1 ' 1,
1(0) =— > log 2w — 3 log ‘CAt(e)C + I‘t(G)} — ixt[CAt(O)C + I‘t(a)] X¢, (B3)
A(0) is a k x k diagonal matrix with typical element
Ajt(0) = wj + aj {ggz‘tfl\t71<0) +wjji—1p—1(0)] + B, Xjt-1(0),
with @; = (1 — a; — 8;)Aj, T'(0) is a N x N diagonal matrix with typical element
Vit(0) = @i + af [vzzt—l\t—l(e) + &iit—1t-1(0)] + Bivir—1(0),

with @} = (1 — o] — B7)7; and where g;,(0), viy:(0), wjis¢(60) and £;,,(0) are typical elements
of the outputs of the Kalman filter updating equations:

g11(6) = E(g|Xi;0) = A(6)C'[CA(6)C' +Te(6)] 'xs,

vie(0) = E(vi|Xe;0) = x;, — Cgy,(0),

Qu(8) = V(g Xi;8) = Ai(6) — A(6)C'[CA(8)C’ + T¢(6)] ' CA4(6),
Et|t(0) = V(wi|Xy;0) = C9t|t( )C".

Bollerslev and Wooldridge (1992) show that the score function s(8) =01;(0)/00 of any mul-
tivariate conditionally heteroskedastic dynamic regression model with conditional mean vector

w:(0) and conditional covariance matrix 3,(0) is given by the following expression:

oy (6)

si(0) = = o= % (0)[xi — p,(6)]
+%W 16) @ 2;1(9)} vee {[x¢ — py(0)][x: — 1,(0)]' — 24(0) } .

In our case the first term disappears because p,(6) = 0. As for the second, given that the

differential of X; is
d(CA:C' +T}) =(dC)A:C’' + C(dA;)C" + CA4(dC') + dT'y, (B4)

(cf. Magnus and Neudecker (1999)), we have that Jacobian of 3,(0) will be:

Ovec[%4(0)] Jc 0v.(0)

O (0
T = (Iy2 + Kyn)[Iy ® cm(a)]w +Ey e +(9)

00"’

+ (C® C)Ey

2 x n “diagonalisation” matrix which transforms vec(A) into vecd(A)

where E,, is the unique n
as vecd(A) = E/ vec(A), and K, is the commutation matrix of orders m and n (see Magnus

(1988)).



After some straightforward algebraic manipulations, we get:

8 /
s,(0) = 8—Cevec [A(0)C'S; 1 (0)x,%,5;7(0) — A(6)C'S;1(0)]
1 9v,(0) _ _ _
3 59 vecd [Et 1(0)th22t 1(9) -3 1(9)]
10,0 ~ _ _
E%vecd [C's Y 0)x,xE 1 (0)C - C's1(0)C].

In view of (9), we will have that:

O\ 't(e) dg jt—1|t—1 (9) Ow; 't—1\t—1(0) (2 't—1(9)
39 = % [2gjtl|t1(9) ’ 00 +—% 90 +/8j—]ae
0w ; (0 da; a8,
O] O 12 o (0) 4 e (O] + S 1(0),

where @;(0) = (1 — a; — 8;)A;. Similarly, (10) implies that

iGN P vy _11-1(0)  O&i1_1)1-1(0) L 0vi1—1(0)
50 = O |Zvi-1e-1(0) 50 + =5 + B
0w;(0) = 0o} o
20 9 [Uzzt—1|t—1(0) + &it—11t—1(0)] + W%H(e),

where @} (0) = (1 — af — 5})v;. If we impose the restriction o = o* and §; = §* Vi, then the
usual chain rule implies that so+¢(0) = Zf\il sart(0) and sg+;(0) = Zf\il sp:t(0).

Finally, it is worth mentioning that if we fix the factor scales by setting c;; = 1 instead
of \; = 1for 5 =1,...,k , then we must exclude the elements of the score corresponding to
those factor loadings, and replace them with the derivatives with respect to A;, which can be
trivially found from the previous expressions because the unconditional variance parameters only
appear directly in the expression for the pseudo log-likelihood function l;(€) in (B3) through
the constant term in the conditional variance expressions, w;(8). Either way, since we initialise
the conditional variances with A;1(0) = A; and 7;1(0) = v;, then we must always start up the

derivative recursions with 9\;1(0)/00 = 0\;/06 and 0v;,(0)/06 = 0v,/086.
If I'; > 0, then we can use the Woodbury formula to prove that

it = Qt‘tCT;lxt,
Q = (CT'C+A)
ACES xx 3 - CEICA, = A (gt\tg1/5|t + Qt\t)c/]rt_lv
E;lxtxgﬁgl - 2;1 = Fgl[(xt — Cgyje) (x¢ — Cgt|t)/ + Cﬂt\tcl - I‘t]I‘;I;
and
s 'xx B 'C-C'EIC = Afl[(gﬂtg,,g\t + Q) — AJA,

which greatly simplifies the computations (see Sentana (2000)).



Under the same assumption, the differential of €2, will be —€y;d (C’I‘t_IC + At_l) Qi

where
d(CT;'C+A[Y) = (dC)T;'C + C'T H(dC) — CTH(dT)T, 'C— A (dA)AL!

If we call wy; = vech(Qy;) = ngec(ﬂﬂt), where Dy is the duplication matrix of order k

and D,j its Moore-Penrose inverse, then we will have that

awtt( ) oc’ 9v,(6) B -
3|g = |25 90 ry CQt|t ® Q) + 50 EN (T, 1Cﬂt‘t ®T, 1CQt|t)
8)\' 0 B B

In addition, the differential of g;; when I'; has full rank will be given by
dgyr = (d2)C'T; 'x¢ + Qyyd(CT 'y — Q, C'T (DT

As a result, we will have that

ag/ (0) ac a / 9 8w/ (0)
g; ae(r X: @ Se) - gé)%(l‘; Ix; @ T CQyp) + —a

Similarly, given that v,; = x; — Cg;);» we will have that
th|t = —(dc)gt\t - C(dgt\t)a

whence

8Vt|t( ) 80 8%,’5\75(9)0,

In addition, since &y, = CQy;C’, then
dEt|t - (dC)Qt‘tC/ + C(dﬂt‘t)C/ + Cﬂﬂt(dcl)

Hence, if we call = vech(Z,;) = Dtvec(E,;), then after some algebraic manipulations we
t|t t|t N t)t

will have that

0€,,(0) ,0¢ BAC)
06— |59 v @ QuC) + 54

D) (C’'®C')| DY

If some ~,;, = 0, though, the above expressions become invalid. Nevertheless, appropriately
modified expressions can be developed along the lines of Sentana (2000). For the sake of brevity,
though, we only obtain the score when rank(I';) = N — k, so that there are as many Heywood
cases as factors. To do so, let us partition the original set of variables in two subsets, say x,; and

Xpt, of dimensions k and N — k respectively. With this notation, we can re-write the auxiliary

(%)=(G)er ()
Xpt c, )& \Ca

3

model as



where

gt 0 At 0 0
Vat | | Xi—1 ~ N 0],1 0 T'y O
Vit 0 0 0 Fbt

In this context, it is convenient to factorise the joint log-likelihood function of x,; and x
(given X;_1) as the marginal log-likelihood function of x,; (given X;_1) plus the conditional

log-likelihood function of xp; given x4 (and X;_1). More formally, we can write
1(6) = Lat(6) + lptjar (0),

so that
st(0) = sat(0) + Sbt|at(9)-

The two log-likelihood components will be given by

k 1 1 _
lat(e) = — 5 log 27 — 5 log ]EGt\ — Ethzatlxat

and
Ijar(8) =~ log 27 — = 108 | Si1ju (0)] — 5€ar(0) Sl (0)e1ar(6),
where
Ba(0) = V(xa|Xi-1;0) = CoA(0)C;, + Tar(6),
5bt|at(0) = Xpt — th|at(0);
Potar(0) = E(Xpt|Xat, Xi-1;0) = Crrgyar(0),
gt|at(0) = E(gt|Xat, Xi-1;0) = At(a)cgz&l(e)xat’
Epat(0) = E(gtXat, Xt-1;0) = Cy€yyt(0)C) 4 T (0),
and

Q10:(0) = V(gt|Xat, Xi-1;0) = A(0) — A(0)C, 2, (6)CuAi(6).

Therefore, if we partition ¢ and -~ as (cl, c)’ and (7;,7;)’, respectively, where ¢, = vec(C,),
cp, = vec(Cy), V4 = vecd(Tat), and vy = vecd(Ty:), then we can use the expressions derived

before to find

! 10+ ,(0
Sat(0) = %vec(AtCflilatl)(ap(;tZ]at1 - ANCLE ) + Eavg—tg()vecd(ﬁatlxatxgtﬁatl -h
10XN.(0
—i——a)‘t—()vecd(C;E;tlxatx;tZ;tlca —-CxlC,).

2 00
In order to obtain sy q(8), though, we first need to find the Jacobian matrices Optyy,(6) /06’
and dvec[Yyq:(6)]/00'. Straightforward algebra shows that

Ol i (6)
00

8/"’;% at(e) 80/
T = 8—;(1ka ® Gtjat) + C,



and

8'1)60, th at(@) 8C/
[80 ‘ ] = a—é’(IN_k ® Qo0 C) (T v—ry2i2 + KNk, (N—k) k)
07v,,(0) 9wy (0)
+EZEY  + —5a—Di(C @ C).
Hence,
08}1,:(6)
Sptjat (6) = (JTCZEb_tiatebtlat
8C§) 2,1 271 / 271 C; 02 271 Cp2
50 V6C \ ZutlarotlatStlat T 2pgast|arEotlat Hpr|qr CF dtlat = Hpyjqr C08dat
1 8'7;;15(0) -1 —1 —1
T ecd <2bt|at€bt\at€§7t\atzbt\at - 2zﬂtlwf)
1 aw;)ﬂat(e) — - o
+§T 2?)60 (Cg)zbtiatsbﬂateét\atzbt\latCb B C?)Ebﬂlatcb> )

In this case, the differential of gy,,(0) will be
dgt\at = (dAt)CSZE(;that + At (dC;)E&lxat — AtC;E;tl (dZat)E;tlxat,

where dX; is analogous to (B4). As a result,

8g' a (9) ac/
tg; = 8; [(Et;tlxat & Qt\at) — (Et;thaAt & gt\at)]
Yt (0 - _ G B B
_’ya—te()E;“(Eatlxat ® 2atICaAt) + até )E%(At 1gt\at @ Ay lﬂt|at)-

Similarly, the differential of €24, will be given by

A = (dAy) — (dA)C,E CoAy — Ay(dC,) 2 CaAy + AiCLE L (dXar) 25 CaAy
—ACLE 1 dC,)A: — ACLE L Cu(dAy).

Hence,

_ 0v.4(0 _ _
(EatICaAt ® Qt‘at) - ’ya—to()E;c(ZatlcaAt ® Zlatlcalxt)

00 00
IAL(0)

o0

E;c[(At_IQt\at ®@1;) — (C,Z, ' Cohy @ At_lﬂﬂat)]} Dj.

Finally, we need to obtain 8g£‘ ,(0)/00 and 0w,

t|t(0)/80. But since

gt\t(e) = gt|at(9) + Qt|at(0)C;)2[;t|lat(0)€bt\at

and

Qyjr = Lyt (0) — 2yyt(0)CL 35,

bt|at(0)cbﬂt\at(0)v

we can obtain the required derivatives by combining the previous expressions.



Fortunately, all the above formulae simplify considerably when I'y; = 0. Specifically, let 6

denote the value of @ when I';y = 0. Then, it is immediate to see that

Eat(é) = CaAtC:p

gt|at<é) = Cglxah

and Qt‘at(é) = 0, so that ebt‘at(é) = xpt — C;Xqt, with C; = C,C;!, and 2bt|at(é) = Ty

Moreover,
St (0)%aXiu Bar(0) ~ Tr(B) = CL AT (B) [yar (B2 (8) — A(B)] ATH(B)C:.

As a result, we can write

/

Sat(é) = aivec [(gﬂatgaat - At) Aflcgl}

00
10X(6)

10+,(0 . L e
+—Muecd[0; YA (a8l — ADATCL 5~ 99

2 80 ’UGCd[A (gt|atgt‘at A )At_l]

and

/ /

° 8C o oc _ o o
Sbt\at(a) Y, —Swec[Cy'Ty,! Ebt\at( )gt|at(0)] + 8—;U€C[I‘bt1€bt\at(e)g::\at(e)]

07,,(0 ) w Ci b L
753 ) vecd{C}'Ty, [Ebtlat(e)sét\at(ﬂ)—Fbt]rbtlcb/}—EZCbTbtlsbt\at( )8ijar (¢ DAC,
10v;,(0 - 7 g o
+§ gé )vecd{I‘btl[Ebt|at(0)52t\at(9)_Fbt]rbtl}'

Finally, we obtain

Dy [C}T;, ey (8) @ I

00 00 00
and
8wt|t( ) awt|at( )
00 00
where .
9gy.(0) _ Oc; s oy (0 17 a— o _
tg—; = 80 [C Y ® t\at(e)] gt; )Ek[ca 1,At lgt|at(0) ® Ca 1/]7
and

Although these expressions are strictly speaking only valid when an idiosyncratic variance
is identically 0, we recommend their use whenever some v, is less than .0001 because the

expressions for v, > 0 become numerically unreliable for smaller values.



