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Abstract

We study score-type tests in likelihood contexts in which the nullity of the information
matrix under the null is greater than one, thereby generalizing existing results in the litera-
ture. Examples include multivariate regressions with sample selectivity, semi-nonparametric
distributions, Hermite expansions of Gaussian copulas, and purely non-linear predictive re-
gressions, among others. Our proposal, which involves higher-order derivatives, is asymp-
totically equivalent to the likelihood ratio test but only requires estimation under the null,
a substantial advantage for resampling-based inference. We conduct extensive Monte Carlo
exercises to study the finite sample size and power properties of our proposal, comparing it
to alternative approaches.
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1 Introduction

Rao’s (1948) score test and Silvey’s (1959) numerically equivalent Lagrange multiplier (LM)
version completed the triad of classical hypothesis tests (see Bera and Bilias (2001) for a survey).
Given that they only require estimation of the model parameters under the null, in the late 1970’s
and early 1980’s they became the preferred choice for many specification tests that are nowadays
routinely reported by econometric software packages (see the surveys by Breusch and Pagan
(1980), Engle (1983), and Godfrey (1988)). In addition to computational considerations, which
remain very relevant for resampling procedures, two other important advantages of LM tests
are that (i) rejections provide a clear indication of the specific directions along which modeling
efforts should focus, and (ii) they are often easy to interpret as moment tests, so they remain
informative for alternatives they are not designed for. Furthermore, under standard regularity
conditions, they are asymptotically equivalent to the Likelihood ratio (LR) and Wald tests under
the null and sequences of local alternatives, thereby sharing their optimality properties.

One of the crucial regularity conditions for a common asymptotic chi-square distribution
for these three tests is a full rank information matrix of the unrestricted model parameters
evaluated under the null. Nevertheless, there are empirically relevant situations in which this
condition does not hold despite the fact that the model parameters are locally identified. In
non-linear instrumental variable models, Sargan (1983) referred to those instances in which the
expected Jacobian of the influence functions is singular but the expected Jacobian of the linear
combinations of their derivatives that span its nullspace has full rank as second-order identified
but first-order underidentified. In a likelihood context, a singular information matrix implies
that there is a linear combination of the average scores at the true parameter values which is
identically 0, at least asymptotically. In their seminal paper, Lee and Chesher (1986) studied
some popular examples of this situation in economics: i) univariate regression models with
sample selectivity; ii) stochastic production frontier models; and iii) certain mixture models.*

Lee and Chesher (1986) proposed to replace the LM test by what they called an “extremum”
test. Their suggestion was to study the restrictions that the null imposes on higher-order op-
timality conditions. Often, the second derivative will suffice (r = 2), but sometimes it might
be necessary to study the third or even higher-order ones (r > 3). They proved the asymp-
totic equivalence between their extremum tests and the corresponding LR tests under the null
and sequences of local alternatives in unrestricted contexts. Using earlier results by Cox and
Hinkley (1974), this equivalence intuitively follows from the fact that their tests can often be
re-interpreted as standard LM tests of a suitable transformation of the parameter whose first
derivative is 0 on average such that the new score is no longer so. In contrast, Wald tests are

extremely sensitive to reparametrization under these circumstances. Bera, Ra and Sarkar (1998)

'In all their examples, in fact, the average score with respect to one of the parameters of the model under the
alternative evaluated at the restricted parameter estimators that impose the null is identically 0 in finite samples.



provided some additional insights. In turn, Rotnitzky el al (2000) studied the asymptotic dis-
tribution of the maximum likelihood (ML) estimators in those contexts. Finally, Bottai (2003)
looked at the validity of confidence intervals obtained by inverting the classical test statistics in
this setup.

However, in all the existing literature the nullity of the information matrix, ¢, say, is assumed
to be 1. When the information matrix is repeatedly singular under the null, in the sense that
gr is two or more, the number of second-order derivatives exceeds the number of parameters
effectively affected by the singularity by an order of magnitude. The unbalance gets worse
when it becomes necessary to look at higher-order derivatives. Unfortunately, in general there
is no reparametrization that leads to a regular information matrix.? In particular, transforming
each of the parameters individually along the lines suggested by Lee and Chesher (1986) does
not usually give rise to a test asymptotically equivalent to the LR. On the contrary, different
reparametrizations will typically give rise to different test statistics.

The purpose of our paper is precisely to propose a feasible generalization of the Lee and
Chesher (1986) approach in repeatedly singular contexts that leads to tests asymptotically equiv-
alent to the LR, but which only require estimation under the null. Specifically, we propose a
generalized extremum test (GET) that maximizes an easy to interpret statistic over a space
of dimension ¢, — 1 when all affected parameters show the same degree of underidentification,
and which simplifies to the Lee and Chesher (1986) proposal when the nullity is one. More
generally, GET is an LR-type test that compares the log-likelihood function under the null to
the maximum over ¢, dimensions of its lowest-order expansion under the alternative capable of
identifying the restricted parameters. In contrast, LR tests require the maximization over the
entire parameter space of an unrestricted log-likelihood function that is extremely flat around its
maximum when the null hypothesis is true.®> These computational advantages are particularly
pertinent for bootstrap-type inference, which is especially necessary in our context because the
common sup-type asymptotic distribution of the GET and LR tests is normally non-standard,
and the sample sizes required for this distribution to be reliable are often unusually large.

Repeatedly singular information matrices are not a mere theoretical curiosity. In fact, we
illustrate our proposed procedure with several examples of interest that arise in economic and
finance when testing: 1) exogenous sample selectivity in multivariate regressions; 2) normality
against the flexible semi-nonparametric (SNP) family proposed by Gallant and Nychka (1987);
3) a Gaussian copula against another flexible Hermite expansion; and 4) unpredictability in a
multiple regressor version of the purely non-linear model considered by Bottai (2003). Further,
Amengual, Bei and Sentana (2022, 2024) discuss the application of the test proposed in this paper
to two additional examples of substantial empirical interest: testing for multivariate normality

against a skew normal distribution, and testing for neglected serial correlation in univariate time

? An exception is the multiplicative seasonal ARMA model considered in Amengual, Bei and Sentana (2024).
3Obviously, both procedures require the estimation of the model under the null, but the restricted maximum
likelihood estimator is typically available in closed form in many models subject to specification tests.



series models with and without unobserved components, respectively.

Our analysis is reminiscent of but different from the theoretical literature that studies GMM
inference in situations in which the expected Jacobian of the influence functions is singular.
There are in fact two strands in this literature. One suggests augmenting the influence functions
with their first-order derivatives to restore standard asymptotics when the model parameters are
first-order underidentified but second-order identified in the terminology of Sargan (1983) (see
Lee and Liao (2018) and Sentana (2024) when the singularity direction is known or estimated,
respectively). The other one studies the properties of the usual GMM estimators and overi-
dentification restrictions tests in those circumstances (see Dovonon and Renault (2013, 2020),
Dovonon and Hall (2018) and Han and McCloskey (2019) for asymptotic results, and Dovonon
and Gongalves (2017) for the correct implementation of the non-parametric bootstrap in this

4 Under second-order identification, the asymptotic distribution of our test statistic

context).
resembles that of the J test statistic in a GMM model.® However, the problems we analyze differ
fundamentally from both these strands in two key aspects. First, in our context some of the
(average) influence functions underlying the usual LM test not only have a singular Jacobian but
are actually identically 0 when evaluated at the true parameter values under the null. Second,
we allow the rank deficiency to be higher than one and the identification of the parameters to
come from higher-order derivatives, not necessarily of the same order.

The structure of the rest of the paper is as follows. In section 2 we obtain our theoretical
results first in the case in which all the underidentified parameters have the same degree of
underidentification, and then when the degree of underidentification may be different for differ-
ent parameters. Then, in section 3 we discuss the first two aforementioned examples in detail,
assessing the finite sample size and power properties of our proposed tests by means of sev-

eral extensive Monte Carlo exercises. Finally, we conclude in section 4, relegating proofs, the

remaining two examples and some additional results to the appendices.

2 Theoretical results

Consider the estimation of the d x 1 parameter vector p characterizing the distribution of
an iid random vector y. Let l;(p) = In f(y;; p) denote the log-likelihood function contribution
from observation i, so that the log-likelihood function of a sample of size n is £, = > i, l;(p).°

In what follows,
sp,i(p) = 0li(p)/0p;

4See also Dovonon, Hall and Kleibergen (2020) for a study of the local power properties of the alternative
inference procedures proposed by Kleibergen (2005), which restore the x? distribution by orthogonalizing the
moment conditions with respect to the Jacobian.

®See Supplemental Appendix E of Amengual, Bei and Sentana (2020) for a formal link to the results in Dovonon
and Renault (2013).

b Although we could easily generalize our results to explicitly deal with dependent data by using standard
factorizations of the sample log-likelihood function, we maintain independence to simplify the expressions.




will denote the contribution of observation i to the score with respect to the j** element of p
and S, ,(p) = Y -, Sp,i(p) their sum.

Let us partition p into two blocks: 1) ¢, which contains the p x 1 vector of parameters
estimated under the null; and 2) 6, which is the ¢ x 1 vector of parameters such that the null
hypothesis can be written in explicit form as Hy : @ = 0, with d = p + q. Let p*, p and p =
((75/, 0’)" denote the true value of the parameter vector, its unrestricted ML estimator (UMLE),
and the restricted one (RMLE), respectively, so that p* = (¢*,0) under Hy. In this respect,
we use E[; (¢,0)] to denote an expectation taken when the true parameter values are (¢, 0) for
any possible value of ¢ while we use F(-) for expectations taken with respect to p*. As usual,
|| and ||.|| denote absolute value and Euclidean norm, respectively. Finally, we use epin(A) and
emax(A) for the smallest and largest eigenvalues, respectively, of a symmetric square matrix A.

Using this notation, we henceforth assume:

Assumption 1 (Regularity conditions)
(1.1) p takes its value in a compact subset P of R? that contains an open neighborhood N of

the true value p* which generates the observations.
(1.2) Distinct values of p in P correspond to distinct probability distributions.

(1.3) E[suppep [li(p)]] < oo.
(1.4) E[0l;(¢,0)/0¢-0l;(¢,0) /0| has full rank under the null for all (¢,0) € P.

The compactness of P in Assumption 1.1 together with the continuity of ;(p) and As-
sumptions 1.2 and 1.3 guarantee the existence, uniqueness with probability tending to 1, and
consistency of both the UMLE p and the RMLE p (see Newey and McFadden 1994, Theorem
2.5). In turn, we only use the “open neighborhood” part of Assumption 1.1 to simplify the
expressions and their derivation. Extensions to situations in which the true parameters lie at
the boundary of the parameter space under the null are feasible, as we will show in Supplemental
Appendix D, but at the expense of complicating the notation and blurring the message of the

paper. Finally, Assumption 1.4 guarantees the convergence of the RMLE at the usual n=2 rate.

2.1 Repeated singularity of the same order

We first consider the case in which ¢; elements of 8 are first-order identified, while the
remaining ¢, elements are r"-order identified under the null, a concept that will become precisely
defined after we introduce Assumption 3 below. Therefore, if we further partition 8 = (6}, 6..),
where ¢; = dim(0) and ¢, = dim(8,.), so that ¢ = ¢1 + ¢,, then the information matrix under
Hy will be such that its top (p + q1) X (p + ¢1) block is regular and the rest contains zeros.
Consequently, its nullity will be precisely g.. Often, one needs to reparametrize the model to
make sure it satisfies these conditions, an issue we discuss in detail in Supplemental Appendix
C.1 in general terms, as well as in each of the examples that we consider.

Let j; € N? denote a vector of indices, jq! = H?:l ji!, tq a vector of d ones,
17 (p) = }.abéjdl?(p) :
ja!  Opld
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oplt = 8p{1 .. ﬁpgf and L34 (p) =31, lPd](p). Throughout this subsection, we assume the

following conditions hold:

Assumption 2 (Regularity conditions on the derivatives of the log-likelihood function)

(2.1) With probability 1, the derivatives liUd] (p) exist for all p in N and }jq < 2r, and they
satisfy Blsupyer |17 (p)[] < co.

(2.2) Forr < 1)jq < 2r, E{[lz[jd](p)P} < oo forall p in N.

(2.3) When tja = 2r there is some function g(y;) satisfying E[g*(y:)] < oo such that with
probability 1, L3 (p) — L3 (p1)| < [lp — p!|| 32, 9(y:) for all p and pt in N,

We borrow Assumptions 2.1-2.3 from Rotnitzky et al. (2000) with some modifications.
The main difference is that they require (2r + 1) differentiability for the Taylor expansions
they use to analyze the distribution of the MLE, while we only need 2r*" differentiability to
study the asymptotic distribution of our tests under the null and sequences of local alternatives.
Assumptions 2.1 and 2.3 guarantee the existence of derivatives and the stochastic equicontinuity
of the sample mean of lﬁd]( ) with ¢}jg < 2r. In turn, Assumption 2.2 allows us to apply a

central limit theorem to [ L]"’]( ).

Let 0?’“ =0,%0,%- -0, denote the k'"-order Kronecker power of the ¢. x 1 vector ,.,
k tiTnes
and define /
oF L, (p) — vec o | 0" L,(p)
80;‘?’“ 00, 59§(k—1) ’

Moreover, let

Top(@)  Zgo, (D) Ige, () 1 S¢n(9,0)
I(¢) = Zel¢(¢) z-0101 (d)) Iglgr (¢) = nh—{go VCLT % Seln(¢7 0) ) (¢) 0)

Zo,4(®) Zo,0,(P) Zo.6.(9) 9" Ly (¢,0)/007"

denote the asymptotic covariance matrix of the relevant influence functions, which may be

understood as a generalization of the information matrix. In addition, let

_ | Voo, (@) Veie.(P) | _ | Zo10,(®) Zoye.(P) | | Zo1s(
Yool @)= v 0,(¢) vgrer<¢>]‘[zerol<¢> Iererw)] [zw(cp} 9) Lo, (¢

denote the asymptotic residual variance of Sg, (¢, 0) and 9" L,, (¢, 0) /002" after orthogonalizing

@) Leo, (®)

these influence functions with respect to sg.

Assumption 3 (Rank conditions for q. > 1)
(3.1) For all (¢,0) € P

8L:1er'r lz(¢’ 0) _
80;:77‘
with probability 1 for all jg. = (j1, .-, Jg.)" such that v j, <7 —1.
(3.2) The asymptotic covariance matriz of the (scaled by /n) sample averages of

9"li(¢*,0
{S«m(qb*, 0),80,:(¢", 0), 9?‘?”8(;;«)}

has full rank for all possible non-zero values of 8, € R,



Intuitively, the rationale for looking at

Il o\ 97Li(h,0)
9®7“/ L e 9]k ? ! )
T '(H k) 06"

Jart \j21

[ P
Lq,-.]Qr =r

is that it coincides with the r*-order term in the expansion of the log-likelihood function. In
that respect, note that although the higher order derivatives 97l;/900%" will usually contain
many repeated elements thanks to the Clairaut-Schwartz-Young’s theorem, the rank deficiency
condition in Assumption 3.2 applies to the inner product of 82" with those influence functions,
so the requirement is that those linear combinations of the elements in 9"l;/00%" be linearly
independent of sg;(¢,0) and sg,;(¢,0).

Finally, let

07" Dyn(¢) D}, (8)07"

n 07’7 - " 5 2
OO ®) = GV 00 (®) — Voron (6)V b (&) Voro, ()65 @
where oL,
D) = TE8DD) i ,(6)V,h, (8)50,0(6.0)

is the residual in the least squares projection of 9"L,(¢,0)/00%" onto the linear span of

Se,, (¢,0).7 In this context, we can proof the following result:
Theorem 1 If Assumptions 1, 2 and 8 hold, then under Hy : 0 =0
LR, =2[L(p) — La(p)] = GET, + Op(n™ %),

where

1 ~ ~ ~
ETn —— !/ —1 -
G n591n(¢7 0)V9191 (¢)591n (¢7 0) n GSU;EO

{ Qn(0 1%‘%) if r is odd,
Qn(0 r,[ﬁ)l[eingm(&) > 0] if v is even.

An important implication of Theorem 1 is that the rate of convergence of the difference
between the LR and GET tests is inversely proportional to the order of identification, thereby
generalizing the standard result for regular models.

Importantly, expression (2), which can be understood as a generalized Rayleigh quotient
evaluated at the restricted ¢/ x 1 vector 8", does not effectively depend on 8, when the nullity
of the information matrix is 1. Consequently, Theorem 1 generalizes the results in Lee and
Chesher (1986) and Rotnitzky et al. (2000) by allowing for the presence of multiple singularities
under the null (see Supplemental Appendix F for further comparisons to the existing literature).

Nevertheless, Theorem 1 does not cover situations in which the degree of underidentification

of the different elements of @ is heterogeneous, which we discuss next.

"Importantly, Assumption 3.2 guarantees that the denominator of Q. (8., @) is positive because Vag is the
covariance matrix of the residuals from the least squares projection of se, (¢,0) and 8"I(¢»,0)/80%" on the linear
span of s4(¢,0), while Vg, g, — Vg,,,el‘/e:lel Vo, 6, is the residual covariance matrix of the projection of the second
residual on the span of the first one, which by the Frisch-Waugh theorem coincides with the residual in the
projection of 8”1(¢,0)/002" onto the linear span of sg(¢,0) and se, (¢, 0).



2.2 Repeated singularity of different orders

Let C C N7 denote a finite set of index pairs. In what follows, we use the vector inequality
Jg < jj{ if and only if ji, < j;, for k = 1,...,q and jq # j;;. Combining these notational

conventions with (1), we state the following assumption:

Assumption 4 1)There exists a set C = {jcll,. - dg KY such that Yk < K (i) l[OP o] (¢,0) #0
with positive probability but (ii) lz[»o”_q’Jq](qb, 0) = 0 with probability 1 for all j, < Jq.

2) For all i < q, there exists ; € N such that r;e; € C, where e; is the it element of the
canonical basis of order q.

+1
3) The asymptotic covariance matriz of the sample averages of sqi(¢,0), l£0p7q’Jq](¢, 0),... and

Op w3y (,0) scaled by \/n has full rank.
) For all j, € N7, one of the following holds: i) j, € C; (ii) there exists j;, € C such that j, < j;
(i) there exists j; € C' such that j, > .

sk

gl S . . . . ,

Let L, = (LIP3 plOv-addly gi _ (gli 0 with 63 = [[%_, 6. The following
theorem shows that the LR test admits a linear-quadratic approximation in which the linear
term coincides with the influence functions underlying our proposed test and the quadratic form
has the variance of the influence functions, Vg, playing the role of the information matrix:
Theorem 2 If Assumptions 1, 2, and 4 hold with r = max{ri,...,rq} and C = {jcll,...,jg},

respectively, then
LR, =2[L,(p) — Ln(p)] = GET,, + Op(n~ 2r)

where GET,(0) = sup Qn%ej/nszn(cﬁ, )—n20J Vgg(¢)n2 6, (3)
0

Voo(®) = Zoo — Lol Iq.‘)G

| Zop(P) Zpo(d) :
e) = [I&;s((f’) Ioe(d’)}’ with

Too(#) = Var |17%($,0)],
Zoo(9) = Var{{ll[o’j‘ll]w,o) ll[o’jé(](cb,o)}/} and
Too(¢) = E {lz[b”’m(qb,o)[zgo’j‘“((ﬁ,o) ll[-o’jéq(¢,0)}}-

Importantly, we show in the proof of Theorem 2 that we can interpret Ln(& 0) + GET, as
a Taylor approximation of order 2r to the log-likelihood function around p, which means that
GET, is effectively an LR-type test that compares the log-likelihood function under the null
to the maximum of its lowest-order polynomial approximation under the alternative capable of
identifying the restricted parameters. Unsurprisingly, the rate of convergence of the difference
between the LR and GET tests is inversely proportional to the highest order of identification.

Although Theorem 2 is substantially more general than Theorem 1, unfortunately Assump-
tion 4.3 excludes some examples of interest in which the covariance matrix of the influence
functions is singular, such as the SNP distribution in section 3.2 below. To be able to consider

such cases, next we generalize the conditions in Assumptions 3 and 4. Specifically, let ¢gi(¢)
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and ¢g;(¢) denote two measurable functions of dimensions p x 1 and m x 1, respectively, so that

we can define the empirical process

Sp(@) = [ Spn(@) Spn(@P) | =21y 6i(d), where 6i(@) =[ s4(P) <ai(@) |

Typically, ¢4i(¢) coincides with the scores with respect to ¢, and ¢g;(¢p) with some higher-order
derivatives with respect to the elements of 8, so that S,, will serve as the analog to the sample

score in regular models. In addition, let
N (¢,0) =] (¢~ ") +X5(0) Xp(0) ],

where Ay(0) € R? and Ag(6) € R™ are non-random vector functions of the parameters that

adequately capture their difference from the true values. Finally, let

_ | Zep(@) Zgo(o)
Zogp(®) Zoo(o)

denote a non-random positive semidefinite symmetric (p + m) x (p + m) matrix, which once

Z(¢)

again will effectively play the role of an information matrix.
Using this notation, we state the following assumptions, many of which are simplified versions

of the conditions in Assumption 5 in Meitz and Saikkonen (2021):

Assumption 5 (LQ approzimation) L, has a “linear-quadratic” expansion given by

Ln(¢,0) — Ln(",0) = Sp(¢") A (¢, 0) — %TM' (0,0) (") (¢, 0) + Rn (9,6),

where Ry, (¢, 0) is a remainder term. In addition:

(5.1) X(¢,0) is continuous in p, and such that (i) A(¢*,0) = 0 and (ii) for all € > 0,

inf A(@,0)|| > o for some o, > 0.

_1 d . . .
(5.2) n=28, — S for some zero-mean RPT™-valued Gaussian process with covariance kernel

E [5(¢1)S,(¢2)] =FE [Cz‘(¢1)§;’(¢2)] = K(¢1, #).
(5.3) Z(¢*) = K(@*, ¢*) is Lipschitz continuous at a neighborhood of ¢* and satisfies
0 < emin[Z(#")] < emax[Z(¢)] < o0
(5.4) The remainder term R, (¢, 0) satisfies
| Bn (9,6)]

sup =0,(1)
(60)P:|(6.0) (" 0)|<vn L + [N (B, 0)>

for all sequences of (non-random) positive scalars {7, : n > 1} for which ~y,, — 0 as n — co.
(5.5) It holds that

E [0si($)/0¢'] = —( Tpp Teo )-
(5.6) There exists some function g(y) satisfying E{[g(y:)]*} < co such that
|05.(6) /00" — 08.(6") /00| < ll6t - &*1| D 8(vs) (4)

with probability 1 for all (¢,0) € N.
(5.7) If nzA (@, 0n) = O(1), then Ry, (¢,0) = Op(n™?) for some a such that 5 > a > 0.

8



Assumption 5 states that the likelihood ratio can be expressed as the sum of a linear-quadratic
approximation and a residual term, R,. The linear-quadratic part represents a higher-order
expansion of the likelihood ratio around 8 = 0. Assumption 5.1 captures the local identification
condition at the true parameter value. In addition, K(¢*, ¢*) in Assumptions 5.2 and 5.3 plays
the role of a full-rank information matrix, while 5.5 is analogous to the generalized information
matrix equality. In turn, Assumption 5.4 ensures that the residual is dominated by the leading
terms, and thus, negligible asymptotically, while Assumption 5.6 enables us to substitute the
true parameter ¢* with the restricted estimator a) after an appropriate adjustment for sampling
variability. Finally, Assumption 5.7 allows us to obtain the convergence rate of the linear-
quadratic approximation, with a typically associated with the slowest rate of convergence of the
parameter estimators under the null.

We can then prove the following result, which nests our first and second theorems:
Theorem 3 If Assumptions 1 and 5.1— 5.6 hold, then under Hy: 0 = 0

LR =2[L,($,8) — Ln($,0)] = GET, + 0,(1),

where GET, = sup{28p,,(B) Ao (6) ~ 1 (8) [Too(®) — Top(B)Z54(#) o0 (&)1 0 (0)).

In addition, if 5.7 holds, then

LR =2[L,($,8) — L(¢,0)] = GET,, + O,(n~%).

Finally, it is worth mentioning that even though GET cannot be directly understood as a
moment test, a by-product of this theorem is a set of influence functions S, (¢, 0) that can be
used for that purpose after taking into account the sampling uncertainty in estimating ¢ under
the null. In fact, we can prove that this moment test, which converges in distribution to a

Xiim[}\g ©)] under Hy, provides an upper bound to GET,,, albeit a rather loose one in most cases.

2.3 Asymptotic validity of the parametric bootstrap

As we mentioned before, the asymptotic distribution of the GET statistic may not be very
reliable in finite samples. In addition, given that it often has a non-standard form, obtaining
critical values requires simulations in any event. For this reason, we recommend using parametric
bootstrap procedures to generate samples from the distribution under the null hypothesis. This
is achieved by sampling from the fully specified parametric model of interest, with the unknown
true parameter values replaced by their restricted maximum likelihood estimates. To simplify
the exposition, in this section we proceed as if there were no regressors in the model, although our
proofs explicitly allow for strictly exogenous regressors. In this context, our proposed procedure

to obtain critical values is:
1. Simulate a sample {ygs)}?zl from fys; (¢,0)]

2. Compute GET®®) using the simulated sample {ygs)}?zl



3. Repeat Step 1 and 2 S times. The critical value cv,, is then defined as the 1 — a quantile
of GET).
To prove the asymptotic validity of the parametric bootstrap, we assume that:
Assumption 6 (Bootstrap Validity)

1. There is an open set Ny around ¢* such that for all sequences ¢,, € Ny that converge to
¢* we have that under DGP (¢,,,0):

0108, (¢,) /06 B — [ Tys(d™) Tso(¢p) ] and

2. There is some function g(y) satisfying SUPgen, £ [gQ(y); (o, O)] < 00 such that with prob-

ability 1,
|0su(@)/00' ~ 05.(61)/08|| < |6 - ¢*HZgyz

for all ¢ and @' in Ny.
In addition, we assume that the Ag(0) that appears in Assumption 5 is well-approximated
by a cone A at 0, which allows us to cover the statistic in our general Theorem 3. Specifically

Assumption 7 (Cone cover) Xg(0) is Chernoff regular at 0. Specifically, infywep ||No(0) — W|| =
o([[Xa(0)|) for all 8 € ©, and infgce ||Aa(0) — W| = of||w]|) for all w € A.

The following result confirms the asymptotic validity of the parametric bootstrap procedure
above under the assumption that the number of simulations S is so large that the difference

between the true 1 — o quantile of GET(®) and its simulated estimate from S samples is 0,(1):
Theorem 4 (Validity of parametric bootstrap.)
1. If Assumption 1, 5, 6, and 7 hold, then under Hy
GET, % GET, (5)
where  GET = sup {25'X = X [Too(¢") — Tog(¢") T, (") Tpe(0")| A}

AEA

and for almost all sequences {y;}i>1
GET® |{y)™, % GET. (6)

2. If GET has a cumulative distribution function continuous at its 1 — a quantile, then

limPr (GET,, > cv,) = «
n

under the following set of assumptions: (i) 1, 2, 3, and 6; (ii) 1, 2, 4, and 6; or (iii) 1, 5,
6, and 7, with the definition of GET,, adjusted accordingly to match the ones in Theorems
1, 2 and 3, respectively.

Thus, we can automatically compute size-adjusted rejection rates without knowing the true

DGP, as recommended by Horowitz and Savin (2000).
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2.4 Distribution under local alternatives

Let us now consider the distribution of the test statistic under the following sequences of

local alternatives:
Hup -0 2[ A5(00) X5(0n) ] — ( Xgoo oo ) = Al € RN,

Let Py, and Py denote the probability measures corresponding to Hy,, and Hy, respectively.

Then, we can prove the following result:

Theorem 5 (Distribution under local alternatives)
(5.1) Py, is contiguous with respect to Py.
(5.2) Under Hyy, and Assumptions 1 and 5,

n=28,(¢") L NIZ(¢*) Ao, T(67)].

(5.3) Under Hyy, and Assumptions 1, 5, 6 and 7,

GET, % sup {25 + X) o [Zo0 (") — Tog(d*)I(d*)Tpo($*)IA

X |Too(¢7) — Tog(¢") T4 (0" ) Tpo(67)| A}, where
S ~ N[0, Zo0(9") — Zop(¢")Z 5 (¢ ) Zp0(9")]-

Intuitively, the distribution of the empirical process underlying our tests converges to a
Gaussian random element with a non-zero mean. Consequently, the test statistic converges
to the supremum of a non-central y2-type process despite the fact that our sequence of local
alternatives written in terms of the model parameters converges at rates that are different from
the usual ones. In fact, there may be different drifting sequences with the same limit, as we will
illustrate with the example in section 3.2.3. Still, we would like to emphasize that our proposed

test is consistent against fixed alternatives because G ET;, will diverge in those circumstances.

3 Examples

In this section, we discuss the application of our proposed test to the first two examples
of empirical interest that we mentioned in the introduction. Specifically, we derive a test for
irrelevant sample selectivity in multivariate regression models, for which Theorem 1 suffices,
and a test for normality against SNP alternatives, which requires our more general Theorem
3. In turn, in Supplemental Appendix D we obtain a test of a multivariate normal copula
against its Hermite expansion, which is another example of Theorem 1 but with the added
difficulty of inequality constraints on the parameters. Finally, in Supplemental Appendix E,
we derive a test aimed at detecting non-linear predictability in a multiple regressor version of
Bottai (2003), for which Theorem 2 suffices (see also Amengual, Bei and Sentana (2022, 2024)

for other empirically-relevant applications of Theorems 1 and 2).
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3.1 Example 1: Testing for selectivity in multivariate regressions

Arguably, the study of the determinants and consequences of non-random sample selection
that followed Heckman’s (1974) seminal paper is one of the most important contributions of
econometrics in the last fifty years. Nevertheless, the empirical analysis of a dataset would be
much simpler if the sample from which it comes could be treated as if it were randomly generated
even though it is not necessarily so. As is well known, this will happen when the unobserved
determinants of the sample selection are independent of the unobserved determinants of the
variables of interest conditional on the set of predetermined explanatory variables, or in simpler
terms, when the selection is exogenous rather than endogenous. In the rest of this subsection,
we shall develop a test of irrelevant sample selectivity in a multivariate regression context that
highlights the hidden difficulties researchers often inadvertently encounter, but which can be

easily overcome by the use of the GET procedures that we propose.

3.1.1 Model, likelihood and null hypothesis of no selectivity

Consider the following multivariate version of the regression model with selectivity consid-
ered by Lee and Chesher (1986):

y=y"d, (7)

where d is a sample selection binary variable whose value is determined by an observed vector of
exogenous regressors w and some unobserved determinant ug according to the following equation

written in terms of the usual indicator function
d=1(w'e® +us > 0), (8)

while the K partially observed variables y* = (v7, ..., y})/ follow the multivariate regression

*

vi = el'x+oPup, k=1,... K, 9)
u R(gaL) Y
(2 )ew ~ w{o[RlED 2, (10)

with x being a vector of exogenous regressors that may partially overlap with w, u = (uq, ..., ux),
so that P = (P, ..., cpg)’ contains the standard deviations of the regression shocks, ¢ the
correlations between them, and 1§ the correlations between those shocks and the unobserved
component of the selection equation, whose variance we normalize to 1 without loss of generality.

Therefore, the contribution of a single observation to the sample log-likelihood function will

be given (up to a constant term) by

W‘PS-F@, ( M ‘PD)
J1- R (1) 9

(1-d)n®(-w'¢’) +dn®

d

-5 [222(_1 ¢y +In{det[R ("))} + v’ (", @”)R7' (") u(e™, ")|, (11)
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where M = (@, ..., @), u(eM, pP) = [ur (e}, ), ..., uk (92, pR)], and

ur (!, oB) = (yx — ') /0P .

Under the assumption that the unobserved selectivity determinants are uncorrelated with
the regression residuals, one can efficiently estimate the multivariate regression coefficients ™
together with the covariance matrix parameters ¢ and ¢ without selection bias from the
non-zero values of y only using equation by equation OLS without the need to consider the
model for d. However, when this assumption does not hold, those OLS estimators will be biased

because of the sample selectivity, which justifies testing the null hypothesis Hy : 9 = 0.

3.1.2 Singularities, reparametrizations and GET test statistic

To simplify the presentation, we consider the case in which w = 1 and the regression

equations contain a constant term, so that at ¥ = 0,
~ Mi(p%) s =0 k=1,... K (12)

where Ml(cps ) represents the standard inverse Mills ratio. Consequently, the nullity of the
information matrix is K. As Lee and Chesher (1986) explain in the univariate model that
they considered, analogous singularities will arise for example when the observed selectivity
determinants w are given by a set of dummy variables and x contains those dummy variables
too. In general, singularities will be present whenever Heckman’s (1976) selectivity correction
is perfectly collinear with the regressors that appear in the conditional means of the y*’s even
though the log-likelihood function in (11) is able to locally identify all the model parameters.
In this set-up, the general reparametrization method in Supplemental Appendix C, which is

characterized by equations (C23)-(C25), yields:

D Dt Lt

M
oM = oMy (%) P 0L, P = PT, ol = ) o5 = 5t

, cpﬂ/(f_) gok( 1) and 9 = 9%

By construction, we now have s+ = 0 for all k. However, there are K (K +1)/2 linear combina-
k
tions of the scores and the elements of the Hessian corresponding to 9 that are 0 too. Specifically,

denoting by <pZLj the correlations between u; and w; for 4,5 = 1,..., K, we have

(;1:52 — M, (cpST) [cpST—i-J\/h( )} %@Ms Lt — gokTSgaDT —0 fork=1.....K

ol

1M (¢5T) [cpST+M1 (cpST)] s p=0fori>j, i,j=1,...,K.
ov}ov! Pis

To circumvent this problem, we can apply (C23)-(C25) again as follows:

o = oty a0 6%) [9° 4 00 (0] Lokt + Lotet o)
My — oM 5T = 9% and 97 = 6.
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After this second reparametrization, Assumption 3 is satisfied with r = 3, g1 = 0 and ¢3 = K,
so that we can work with third derivatives. Besides, since these have a full-rank asymptotic
covariance matrix under the null, we can apply Theorem 1, which somewhat remarkably, leads

to the following result:

Proposition 1 The difference between LR test of Hy : 9 = 0 in model (8)-(10) based on a
random sample of n observations on (y,d) and the following test statistic

2
GET = sup (S o)~ { Sy dfly[(v'v) ™ /e3P (13)

is Op(n=19), where H3(2) = (2% — 32)/V/6 is the third-order normalized Hermite polynomial of
a standardized variable z, v is a real vector of dimension K and (@™, ") denotes an affine
transformation of the regression residuals u(o™, o) whose mean vector and covariance matriz
are 0 and Ik, respectively, when evaluated at the restricted parameter estimators.

In simpler terms, our test statistics numerically coincides with the supremum of the moment
tests for univariate skewness based on the third Hermite polynomial over all possible linear com-
binations of the OLS residuals that have 0 mean and unit variance in the sample of observations
with d = 1. In fact, the standardization is unnecessary because the moment test for univariate
skewness is numerically invariant to affine transformations of the observations, which in turn
confirms that the test statistic (13) is homogeneous of degree 0 in v. Thus, when K = 1 our
proposed test reduces to the test for selectivity derived by Lee and Chesher (1986) in the uni-
variate case, which simply assesses the symmetry of the regression residuals by looking at the
sample mean of their third power.

The rationale is also analogous in the multivariate case. Equations (7)-(10) imply that the
OLS residuals should be approximately multivariate normally distributed when the unobserved
component of the sample selection is independent of the shocks to the observed variables. Un-
der the alternative, in contrast, asymmetry becomes a common feature, as in the multivariate
skew normal distribution discussed in Amengual, Bei and Sentana (2022). Intuitively, if we or-
thogonalize the regression residuals with respect to the unobserved component of the selectivity
equation, then we end up with Yug as a common component, whose distribution conditional on

d =1 is asymmetric even though the unconditional distribution of ug is symmetric.

3.1.3 Local power analysis

Although the null distribution of the test statistic (13) is non-standard, we can still say
something about the determinants of its local power. Consider the following sequence of local
alternatives:

lim n1/60n =05

n—oo
where the rate of convergence is 1/6 rather than 1/2 because of the need for a third-order

expansion of the log-likelihood function. Then, we can show that
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Proposition 2 The local power of the test in Proposition 1 only depends on the magnitude of
the quadratic form 9 R™* (ch) Voo

Intuitively, once we orthogonalize the multivariate regression residuals u by premultiplying
by the inverse square root matrix R /2 (ch), the “direction” of the vector R™1/2 (ch) I is
irrelevant, what matters is its magnitude. As a result, in our simulations we can choose R (ch ) =

Ix and Y. proportional to the first vector of the canonical basis without loss of generality.

3.1.4 Simulation evidence

For simplicity, we let w = x; = 1 and z3 ~ N(0,1). Given that the restricted MLE of the
multivariate regression coefficients is equation by equation OLS, and that all regressions contain
an intercept, the sample mean of the multivariate regression residuals @1 will be a vector of K
zeros. Similarly, any orthogonalization of the @’s based on the estimated covariance matrix will
have the identity matrix as sample covariance matrix because the MLEs of the residual standard
deviations (o and correlations ¢’ match perfectly the sample variances and covariances of i
with denominator )" ; d;. Therefore, it is not surprising that the particular square root that
orthonormalizes the OLS residuals in the sample is numerically irrelevant. For example, in the
bivariate case, we could either define €7 as the standardized value of u1 and &5 as the standardized
value of the residual in the OLS regression of us on a constant and w1, or vice versa.

On this basis, we can easily verify that the GET statistic is numerically invariant to the true
values of (oM, o), so for K = 2 we can choose ¢}! = (0,1), p” = 15 without loss of generality.
In turn, we set the selection parameter ¢° to 1 and the correlation coefficient o’ to 0.25.

If we exploited our knowledge of the values of these two parameters, we could compute
exact critical values under the null for any sample size to any degree of accuracy by repeatedly
simulating samples from the true distribution. In practice, though, we fix the selection parameter
and the correlation coefficient to their estimated values in each sample, as explained in section
2.3. Given that we can verify that the LR test statistic is also numerically invariant to the true
values (cpM P ), we can approximate its critical value using the same parametric bootstrap
procedure.

However, the maximization of the unrestricted likelihood function is highly sensitive to the
choice of initial values. In fact, the presence of first and second derivatives that are identically
0 under the null implies that most numerical algorithms will not move if we start from the
restricted parameter estimators. For that reason, we employ the MATLAB function fmincon
using four different sets of initial values in which we set ¢ to the restricted MLE (75 and the two
elements of 1 to the four possible combinations of +0.1. We then define the LR statistic as the
maximum of the LR statistics associated to these four sets of initial values.®

We compare the results of our tests with a bootstrap-based LR test, as well with a naive

8For data simulated under the null hypothesis, we observe that approximately 35% of these four LR statistics
have a value with is less than 1/2 of the largest one irrespectively of whether n = 400 or n = 1600.
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version, denoted as LRy,4ive, that computes p-values as if the limiting distribution of this statistic
was a 3. Moreover, we also consider the moment test that assesses the four influence functions
underlying GET mentioned at the end of section 2.2, which we label as GMMgs, when we use
asymptotic critical values and GMM when we rely on the parametric bootstrap. For each design,
we generate 10,000 samples of size n and compute the restricted and unrestricted parameter
estimators together with the aforementioned tests.

Panels A and B of Table 1 report the results for samples of length 400 and 1600, respectively.
In turn, the first three columns report rejection rates under the null at the 1%, 5% and 10%
levels, confirming that our simulated critical values based on 10,000 bootstrap samples work
remarkably well for both sample sizes.” The size distortions of GMM and GMM,s, are also
negligible. In contrast, LR;qive is far too liberal, highlighting the practical consequences of the
singularity of the information matrix.

In turn, the last six columns present the rejection rates at the 1%, 5% and 10% levels for
the following two alternatives: ¥ = (0.57,0.57) (Hy1) and 9’ = (0.80,0) (Hg2). As can be seen,
our proposed test has similar power to the LR test for the two alternatives, and both these tests
outperform the GMM one.

We find a Gaussian rank correlation!? of 0.88 (0.95) between our proposed test statistic and
the LR across Monte Carlo simulations of 400 (1600) observations that satisfy the null displayed
in Figure 1, which is in line with the slow rate of convergence in Proposition 1. In addition, our
results indicate that the LR takes about 10 and 20 times as much CPU time to compute as GET
does for n = 400 and n = 1600, respectively, which makes a huge difference in the calculation

of the critical values with the parametric bootstrap.

3.2 Example 2: Testing for normality against SNP alternatives

Gram-Charlier expansions provide flexible and analytically tractable generalizations of the
normal distribution. Unfortunately, their truncated versions lead to negative density values, and
the parametric restrictions that Jondeau and Rockinger (2001) propose to guarantee positivity
are not easy to implement even when the truncation order is low. In contrast, the SNP distrib-
utions introduced by Gallant and Nychka (1987) provide a Hermite expansion of the Gaussian
density that is positive by construction. Although these authors introduced those distributions
for nonparametric estimation purposes, Leén, Mencia and Sentana (2009) treated them as para-
metric ones, studied their statistical properties, and used them in option valuation. Still, MLE
under normality is much simpler than when the distribution of the shocks follows an SNP. For
that reason, we shall derive a test of normality that will also highlight the hidden complications

researchers face in this context.

9Given the number of replications, the 95% asymptotic confidence intervals for the Monte Carlo rejection
probabilities under the null are (.80,1.20), (4.57,5.43) and (9.41,10.59) at the 1, 5 and 10% levels.

0The Gaussian rank correlation between z; and xs is the Pearson correlation coefficient between ®~*(u;) and
&' (u2), where u1 and uz are the usual uniform ranks of the observations and ®~'(.) the quantile function of the
standard normal (see Amengual, Sentana and Tian (2022) for details).
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3.2.1 Model, likelihood and null of normality

The model we consider is
y:M(Xaa)_‘_O-(X)a)u (14)

where p and o are known functions of x and a finite-dimensional unknown parameter o, and u
is independent of the predetermined variables in x with finite mean and variance ¢ and ¢V,
respectively. Observations are given by (x;,v;), 7 = 1,2,...,n, where x; could include the lagged
value of y; to allow for time-series models such as AR and GARCH. For simplicity, we assume
that u; conditional on x; is iid. As we will show in section 3.2.5 below, estimation of a does
not affect the properties of the test, so we initially assume this parameter vector is known and
focus on the case without conditioning variables, in which u (a) and o () are 0 and 1 without
loss of generality.

The probability density function (pdf) of an SNP random variable of order K is given by

Ly | A= oPly—¢M) VeV Y]
fle) W¢<W>[+ P owdn |
with
[u; 9] = 1+Z Ve Hi(u (16)

where ¢ (-) denotes the standard normal pdf, Hy (u) is the normalized Hermite polynomial of

order k, which can be defined recursively for k > 2 as
VEH), (u) = uHy_1 (u) — Vk — 1Hj_o (u) (17)

with initial conditions Ho (u) = 1 and Hy (u) = u, [ {P[u; 9]}’ ¢p(u)du = 1 + Y, 97 is a
constant which guarantees that the density 1ntegrates to 1, and € is an infinitesimal factor used
to bound the density below from 0, which Gallant and Nychka (1987) introduced to simplify
their proofs. Henceforth, we will set € = 0 for the purposes of developing our testing procedure,
but the same method applies with € > 0. Intuitively, a non-negative density is automatically
achieved by multiplying the Gaussian density by the square of a linear combination of Hermite
polynomials. As explained by Leén, Mencia and Sentana (2009), the SNP distributions can
have non-negligible positive and negative asymmetry and excess kurtosis even with K =

In contrast, under the null hypothesis, the observations should be symmetric and mesokurtic.

Moreover, the restricted MLEs of @™ and " coincide with the sample mean and variance.

3.2.2 Singularities, reparametrizations and GET test statistic

To simplify the exposition, we focus on the case of K = 2, which is the most popular.

Normality is trivially obtained when Hy : 91 = 99 = 0. The complication arises because

59, =2V ¢@Vs,u =0 and sy, — 2\/§QOVS@V =0
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under Hy, so that the nullity of the information matrix is 2. Hall (1990) highlighted this problem
when he considered tests of normality against semi-nonparametric alternatives in which the ¢
coefficients were in turn functions of some exogenous variable. However, his proposed solution
was to ignore the parameters involved in the singularity, focusing instead only on those which
could be regularly estimated under the null. Unfortunately, his recipe would leave us with no
test in the case of the unconditional model (15)-(16).

If we apply reparametrization (C23)-(C25), we obtain

oM = M —20/pVig] and oV = VT — 22Vl

with ¥ = 191 and ¥9 = 19; By construction, we now have s o] = Sg1 = 0. However, additional
singularities arise. Specifically, )

(8619;)2 et
We can circumvent this problem by implementing a second reparametrization along the lines of
(C23)-(C25). In particular, we can define ¢"T = ©V* + 20V*(97)2, with @M = M~ 19]; =
and 295 = 9%, which achieves 92¢/(097)? = 0 but leads to

el
12 Vx _
oo T \f&mﬁ* + 124/ *s 0 = 0.

vi = 0.

To resolve this new singularity, we apply a third and final reparametrization, namely

@9%7

M= M [0V, V=Y. 9] =01, =62+

after which we obtain:
ol 1 ol 1 ol ol 921 &3l
= /o 1 aev = e ™ Be = a8~ (08 ~ (001

oM /¥
2 4
=—V6H4(u)—2v2H>(u), 3981892 A}v(ai)) ‘gém(u)—l?’fm(u).

=0,

1 9%
2(905)?

—2V/3H3(u) and

By performing an eighth-order Taylor expansion, we can verify that Assumption 5 holds with
Sp = [Hi(u*)/V/ ¢35, Ha(u") /V2¢3]', Sp = [H3(u*), Ha(u")]',
13
A () = [o, —V2¢% ( 9{ T+ 2\/56)3)] and Ag(6) = ( 2v/30105, ~— *[ — \/693) .

The derivations above indicate that 6; and 6 have different orders of identification, and

that the second derivative with respect to 62 and the fourth derivative with respect to 6 are
proportional, which means that we need to resort to our Theorem 3. On this basis, we can

establish the following result:

Proposition 3 The difference between the LR test of Hy : ¥ = 0 in model (15)-(16) based on
a random sample of n observations on'y and the following test statistic

GET, = n{ [0~ S0y Ha(@)]” + [n7' SO0y Ha(a)]” (18)
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is Op(n~Y/®) when the null is true, where Hz(%;) and Hy(@;) are the third- and fourth-order
normalized Hermite polynomials of the s, which are the values of the y,s standardized so that
their sample mean and variance are 0 and 1, respectively.

Remarkably, this means that the Jarque and Bera (1980) test, whose asymptotic distribution
is a standard x3 under the null, is asymptotically equivalent to the LR test of normality against
SNP densities, although they converge to each other at a much lower rate than in the case of

the Pearson family of alternative distributions they considered.

3.2.3 Local power analysis

Let Xi (v) denote a non-central chi-square random variable with k degrees of freedom and

non-centrality parameter v. We can show that:

Proposition 4 Consider a sequence of parameters 0., satisfying

lim n'/2 [ —2v/301,02, V6(301, —03,) ] =Apo € R% (19)

n—o0

Under the sequence of DGPs indexed by 0,,, GET, “, X%(/\/o,ooAO,oo)-

To understand this result, it is useful to note that

VaE {Hs |(y = ")V | Ha (= ")/ VeV |} = Xooo +0(1).

Unlike in the multivariate regression model with selectivity, though, we can have two different

types of local alternatives compatible with (19):
1 1 1 3
Hyp : 01, =n"4hq, 09, =n"4hy and Hjpy: 601, =n 8hy, O3, =n" sho.

Interestingly, \/n63, dominates \/nf7,/9 along Hjy, so that the SNP distributions under this
sequence of local alternatives are platykurtic. In contrast, \/nf7,,/9 dominates \/nf3, along Hjs,

so that the corresponding SNP distributions are leptokurtic.

3.2.4 Simulation evidence

Despite the fact that we estimate the sample mean and variance of each simulated sample,
there are effectively no nuisance parameters involved because both the GET and LR test statis-
tics are numerically invariant to affine transformations of the observations. As a result, we can
compute the exact finite sample distribution to any desired degree of accuracy for any sample
size by simulating a large number of samples of the same size from a standard normal random
variable. For that reason, we can focus directly on studying the power of the different tests.

Once again, the maximization of the unrestricted likelihood function is highly sensitive to the
choice of initial values. As in the previous example, the presence of several first and higher-order
derivatives that are identically 0 under the null implies that most numerical algorithms will not

move if we start from the restricted parameter estimators. For that reason, we employ the
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MATLAB function fmincon using three different initial values in which we set ¢ to the restricted
MLE & As for the the two elements of ¥, we consider +(.1,.1) and 0FT, which we obtain
by maximizing an eighth-order Taylor expansion of the log-likelihood function (see the proof of
Proposition 3 for details). We then define the LR statistic as the maximum of the LR statistics
associated to these three sets of initial values.!!

As alternative hypotheses, we consider 9’ = (0.25,0.10) (H,1) and 9" = (0.75,0.05) (H,2),
setting @™ = 0 and ¢" = 1 without loss of generality. We then generate 10,000 samples of size
n for each design, and compute the restricted and unrestricted parameter estimators together
with the GET and LR tests. Panels A and B of Table 2 report the results for samples of size
400 and 1600, respectively. Columns five to seven report rejection rates under H,y at the 1%,
5% and 10% levels, while the last three columns present the rejection rates for H,o at the same
levels. As can be seen, our proposed test has similar power to the LR test for both alternatives.

We find a Gaussian rank correlation of 0.90 (0.91) between our proposed test statistic and
the LR across Monte Carlo simulations of 400 (1600) observations that satisfy the null displayed
in Figure 2, which is in line with the very slow rate of convergence in Proposition 4. However,
our results also indicate that the LR takes around 160 and 100 times as much CPU time to
compute as GET does for n = 400 and n = 1600, respectively, considerably slowing down the

calculation of simulation-based critical values.

3.2.5 Robustness to the estimation of mean and variance parameters

We now extend our previous results to a situation in which the conditional mean and
variance of y are parametric functions of the variable in x, as in (14). In this context, the
objective becomes to test whether the standardized innovation u follows a normal distribution
rather than an SNP one.

The conditional log-likelihood of the i*" observation is given by:
Li(a, 9) = —% In ZW—% In o2 (2, a)—%u?(a)—l—ﬂn (1+ S8 0y fus(en]) - (14 58, 62).
To be able to obtain the required higher-order log-likelihood expansions, we assume that the
following regularity conditions hold:
Assumption 8 (Smoothness of the conditional first two moments) The conditional mean and
variance functions py (x;, @) and oy (X;, @) that appear in (14) are such that:

(8.1) They are eight times continuously differentiable with respect to cx.
(8.2) For all k = (ky,...,kg,) € N and 'k =1,...,8, it holds that

Oy (x,0) ) 9502 (x,0) )
ol I Pt Sisias J ol e S s
ek < 00, ok < 00, where

**py (x, ) B "* 1y (x, @) and ko2 (x, ) B ko2 (x, )

ook B okt . fafde’ dak B okt . §afde
1 Oay” 1 0agt

"For data simulated under the null hypothesis, we observe that approximately 20% of these three LR statistics
have a value which is less than 60% of the largest one irrespectively of whether n = 400 or n = 1600.
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Then, we can prove the following result, which is entirely analogous to Proposition 8 in

Amengual et al (2025):

Proposition 5 Under Assumption 8, replacing the true value of a by &, its restricted maximum
likelthood estimator under Hy, does not alter the expressions of the GET test in Proposition 3
or its asymptotic distribution under the null or sequences of local alternatives.

4 Conclusions

We propose a generalization of the extremum-type tests in Lee and Chesher (1986) to
models in which the nullity of the information matrix under the null hypothesis is larger than
one. In the case of a single singularity, our results are consistent with theirs, as well as with
those in Rotnitzky et al. (2000). However, when the information matrix is repeatedly singular,
we provide a computationally convenient alternative to the LR test, which is particularly useful
for resampling-based calculations of p-values. Specifically, our proposed test statistic is a sup-
type test over a space whose dimension is at most the nullity of the information matrix, and
often less, while the maximization of the original log-likelihood function is over a space of the
same dimension as the vector of parameters, which is usually much larger. In addition, the fact
that several log-likelihood derivatives of various orders are 0 under the null implies that the
LR requires the estimation of all the parameters that appear under the alternative in a model
whose log-likelihood function is extremely flat around its maximum. Intuitively, the substantial
computational gains that we find arise because GET is an LR-type test that compares the log-
likelihood function under the null to the maximum of its lowest-order polynomial approximation
under the alternative capable of identifying the restricted parameters.

Our results suggest some additional theoretical developments. For example, Amengual et
al (2025) build up on our theorem 3 to derive score-based tests for normality against a finite
normal mixture even though strictly speaking it does not cover that model. Similarly, the study
of GMM overidentification test statistics in contexts in which not only the expected Jacobian
matrix is singular but the expected values of some higher-order Jacobian matrices are singular
too would constitute a very interesting topic for further research.

From the empirical point of view, the tests developed in this paper allowed Amengual, Bei
and Sentana (2022, 2024) to provide some new insights about the cross-section distribution of city
sizes and their growth rates and tests for neglected serial correlation in time series models with
and without unobserved components, respectively. Their use in some of the other empirically
relevant situations discussed in this paper would also provide a particularly valuable complement

to our theoretical results.
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Appendices
A Proofs

In this appendix we proceed as follows. We first prove Theorem 3, which is the most general
result, and then we use it to prove Theorems 1 and 2 as particular cases. The proofs of the
remaining theorems follow the order in which they appear in the main text. Finally, we state
and prove all the required lemmas in Supplemental Appendix B, which also contains the proofs
of the propositions.

Let
LR(p) = 2[Ln(p) — Ln(¢", 0)] (A1)
and
LMy(p) = 28,(¢")A (¢,0) —nX (,0) Z(¢") X (6,6), (A2)

where the definition of X (¢, 0), Z(¢*) and S,,(¢*) depends on the Assumptions invoked. Let

1
and define p"M = (=M, 0LM) such that

LM, (o™, M) = sggLMn(p).
p

The stochastic sequence a,, is “bounded in probability”, or O,(1), when Ve > 0, there exists
M such that Pr(|a,| < M) > 1 — € for all n. In addition, we use a,, = 0,(Ry,) if a, = b, R, and

by 0.
Proof of Theorem 3

Define LM, (p) as in (A2), with S,, and A (¢, 0) defined in Assumption 5. By virtue of
Lemma 1, we have that p“™ € ® x © with probability approaching 1 (w.p.a.1 henceforth), with
© and @ satisfying p* € & x © C P, and ® (resp ©) contains an open neighborhood of ¢* (resp
0*). It is then easy to verify that w.p.a.l

2igg[n—%sn<¢*>]’[néx (6,60)] — [n2 A (¢, 0)'T(¢*)[n2 A (¢, 0)]

—sup sup {207 3S5,(¢")n3 [ — " + Ap(0)] — nlb — 6" + As(0)] T (#)[ — & + Ag(0)]
0cO ¢pcd

— 22 — ¢ + A(0)] Tyo(6")[n2 Xg (8)] + 2072 Sg (") [n2 N (6)]
~[15 20 (0)] oo (") [n3 20 (0)]}

= sup {2055,1(6") — Tag(#)754(6") S0 () 20 (0)

1N (6) [Zoo(6") — Tog(6") T4 (6" T0(6") Mo (8) } + 1178 (8") T, () S n(6)
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where the first equality follows from pM € ® x © w.p.a.1, and the second one from

T, (@) Spn(9) — Tga(d*) X (07Y)] — Ag (6"Y) € {¢p — ¢" : ¢ € D} wpal.

Similarly, we have that w.p.a.l,

sup 20 58,() 3 A (6, 0)] (03 A (6, 0 Z(#") 0 A (6, 0)] = (6" T (6)Sn(67).

(¢,0)cP
As a result,
LR = Q[Ln((}7 0) - Ln(&v 0)]
:2[Ln($n7 0) - Ln(d)*v 0)] - Q[Ln(qzv 0) - Ln(¢*7 0)]
—sup {2073 S,(¢")' (3 A (9, 0)] — (05X (6,0)/T(@") [ A (,0)] |

peP
- S {2007 35,(@") 3 A (,0)] - [0 (6,0)T(6) (¥ A (,0)] } + 0,(1)
=sup {2180.1(°) ~ Zog (#)Z4(9)S4.1(9")] R0 (6) (A3)

—nXo (0 [Zo0(6") — Too(&")T5(") g0 (") A0 (6) } + 0p(1),

where the first two equalities are trivial, while the third one follows from Lemmas 3 and 5.

The last step is to evaluate (A3) at ¢ instead of ¢*. Specifically, we have

\}ﬁsg,n(qs)_fsgn(¢*)+i85""(¢)f(¢ ")

\1F ) :lasgn lmsm ] L Sl

= Lspatn) - [L2%08) o) [L0%00D) 0 0oh)] T Lsyie)
:;ﬁsg,m)—zed,(qs Voo (")~ ﬁ8¢,n<¢>+op<n—%> (A4)

The first two equalities follow from the Taylor expansions of ﬁ&g’n((—j}) and ﬁStbn(a)) at
¢*, where ¢ and ¢ take values between ¢* and ¢. In turn, the third equation follows from
Assumption 5.6, while the last one follows from Assumption 5.5. Moreover, Assumption 5.3
means that Z(¢) is Lipschitz, so that

1

1Z(8) — Z(¢")|| = Op(n™2). (A5)

Combining (A4) and (A5), we get

sup { 2(S0.(¢%) — Zog(@")Z5(6")S 6 (@) Xa (6)

0co
—nXo (8)' [Zoo(¢") — Tog(#") L5 (") Tp0 (6712 (6) }
= sup {250.(8) 20 (60) = 120 (8) [Zoo(®) — Tos($) 154 (B)Tp0()1 A (8) } + Op(n™2), (A6)
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where the second equality holds because 0 is an interior point of © and the maximizer is op(1).
Together with (A3), (A6) completes the proof of the first part of the theorem.
Next, under Assumption 5.7 and using the same argument, we have that

LR = sup {255,0($) A0 (0) ~ 1 (0) (Foo(B) ~ Tog(B)T4(&)Tga(@)Aa (0) } +Opl(n™)

~ sup {250,0(8)' X0 (6) ~ 1y (6) [Fo0(D) — Too(DIT,3(@)T0 )]0 (6)} + Oy ™),
which proofs the second part of the theorem. O

Proof of Theorem 1

As explained above, we make use of Theorem 3 to prove Theorem 1. The first step is to

verify Assumption 5. To do so, define ¢g,;(¢*) = BH,;(¢*), where

J"li(¢,0) Top(®)  Lpo, )} [azi(¢,0)/a¢]
80§T 191¢7( ) z—9191 ) all(¢>0)/801 ’

(¢
(¢

and B is a matrix with elements equal to 0 or 1 such that ¢g,;(¢") contains the elements in
(¢

H,i(¢) = — [ Zo,¢(¢) Zo,0,(9) |

H,;(¢") that are not linearly dependent. Notice that B and gg,;(¢*) always exist even though

they are not necessarily unique. Then,
a"l; al; al;

A A
5957 (@0) = A1 (6,0) + A

where Aj, Ay and Az are r? x p, 72 X ¢; and r2><dim(§0r) matrices, respectively. As a conse-

(¢*) 0) + A3§9r,7j(¢*);

quence, we have that

l r! arli 8l' 8li
107 SgEr (900 = X0 55 (67,0) + 20,00, 55

with Ag(6,) = 1027 A1, Xg, (0,) = 5057 Ay, Xg, (0,) = 102 A5 Tt is then easy to see that

(d)*v 0) + AOT (Or)/ger,i(¢*)a

Ag(0:), Xg,(0;) and Ag, (6,) are continuous and homogeneous of degree r in 6,

Next, let Sp = (S, s Sp,)'s With

01n’

S¢n(¢) = Z Sq_f,’i((f)) = Z %(va 0), Se, () = Z S91 i Z 691 , and
i=1 i=1 i=1
So,n(®) = _ cori(®)
=1

Further, let
Zopp(@)  Zpe,(9) 0
Z(¢) = | Zo,p(P) Zo,e,(9) 0
0 0 Zo,0.(9)

denote the asymptotic variance of nféSn(cﬁ), which is block diagonal by construction. Let us

also define LM, (p) as in (A2) with
)\(d); 0) = [¢ - "+ A¢(97~), 01+ Ao, (07")7 Ao, (07‘)]/'
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To verify Assumption 5.1 for A(¢, 8), the continuity of A(¢,0) means that we only need
to verify that the unique solution to A(¢,0) = 0 is (¢*,0) because it is trivial to see that
A(¢*,0) = 0. First, if 8, = 0, then it immediately follows that we must have ¢ = ¢* and
61 = 0. Consider the case when 6, # 0. By Assumption 3.2, for all 8, # 0, 0?“% is
linearly independent of [s¢ ;(¢*),se,,i(¢")]’, which implies that Ag, (6,) # O because T

07 DO 5 10,)/56.(6) + X0, (6,)/50,:(67) + 20, (6,)'50,.(6").
T

As for Assumptions 5.2 and 5.3, notice that the covariance kernel of S is finite by Assumption

2.2, which implies that Assumption 5.2 holds by virtue of the uniform central limit theorem.

Thus, (n_%S;bn, n_%S'gln)’ has a full rank asymptotic covariance matrix because of Assumption

3.2, so n_%Sgrn does not belong to the linear span of (n_%S;m,n_%ng)' by construction. If

we combine this result with Assumption 5.2, we have 0 < epin(¢*) < emax(®*) < 00, as desired.

The verification of Assumption 5.4 contains two parts. In the first part, we show that

|[Bn (¢,0)]

up 1B (0,00 _ )
($0)eP:[(6.0)—(¢* 0)|<v, n(d,0) "

where
ha(,0) = max{1,n||¢ — ¢*[|*,n[16:]* (6]},
while in the second part, we show that

sup h¢.6) =0(1). (AT)

(6.0)cP:](6.0)— (6" 0)|<v, L + 1| A (¢, 0)]

Combining the two parts, we get

. R (6.0) R (6,0)]
(6.0)eP]|(6.0)— (6" 0)]|<vn L + 1 [[X (@, 0)|> ~ pepillp—(¢*.0)l<v, "n(®,0)
e n(5,6)

pePil|p—(6°.0) <y, L+ 1 [| X (6, 0)[
— 0,(1)0(1) = 0,(1).

Let us now prove those two parts in detail. Regarding the first one, a 2rt"-order Taylor

expansion of L, (¢, 01,80,) around (¢*,0) yields
9 17
Ln(¢> 017 01“) - Ln(¢*7 0) = Z Aj + Z Bj,
j=1 j=1

where

0Ly,
d¢

te = gn(@-¢)E(

A = (9—97) = (¢ — ¢") Sgn,
ol;
0p®?

) = 56— 0 Tos (6 - 6).
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, 0L, 1 ol; 1
A= 0155 = 0180 As= g (67%)' B (0 ) =~ 506iT0,0,01
1

l (0@7“ / 8Ln

A5 - T ) 80®T = >‘¢(97’)S¢'n + A91 (OT)SOUL + Aer (BT)SOTna

r!

"l 1
Ao = gy (67 2 <aa®”) = 5 [X6(00). X6, (0,). Xo, (0] T [X(60,). 36, (6. X, (6]

A /E < 80, ) (¢ ¢ )I¢9191,
o1+,
@ ey <a¢ae®’“’> 6,7 = —n( — &) (Lo Ao(6r) +Loo, Xo, (6,)];

al—i—rl .
Ag = *”‘9 (80 ag@r/> 07" = —n0'[Zg,pAp(0;) + Zo,6, N6, (0,)],

2r
1 ew(10°L, e 1Ly
1o (1%L o~ 1o\ [10Ln
B3 = 2” (01 ) (n 89(182 B 80®2 23 i ( ) n 80®J 3
2r—1 , 1 &L, 1 2om 7 1827"Ln 82%
Pk e {fae@} Bo= G 00 (v~ [ )

8 L
1 1 ontrp, )
Br= > - .,n(¢—¢)®ﬂ'{ ,.}e;@ﬂz,

®
Jrtdama ez 12! n =96y
1 0%L o2,
B = AV B n - E 2 0
s =n(6- 8 (55505, ~ 5407 ) O

1 1 al—H‘Ln 81+Tli ,
By = —n(¢—¢7) ( —E[ D9®

na(pae;@w a(paa’;@r/ roo
2r . r—1 .
1 1 oYL , 1 1 9L ,
By = Sl — ") s - 10 Y — */{@}9@7
8
1 1 J1+JzL )
B = > (¢ — ¢ )®j“{mf®h39w}9?”,
St =3 122,421 I ¢ r
r—1 ;
1 1 oYL , 1 1 oL ol
Bia=Y —vnb){—=——7-30% Biz=-n0) |- —F || ]| 0%,
; ;ﬂﬁ 1{ﬁaelae;‘?ﬂ} T 1(n80180?” [aelao?“]) '
2r 1 ) 1 al—l—jL y
By = - — " Lg%

8 L
1 1ot A
By = E ( _ 'ne?ﬂ’ {.”'}9?]27

| ®J1 Rja!
ftia=3 1 >2,4a>1 I 06,700,

29



8
CYEND SRR £ Sl SR T e

tpd1tig Jotig J3=3.j1,2,3>0
T T i
D I 7 U S RO
tpditig, Jotig, J3=8

with the omitted argument above being either ¢* or (¢*,0). The simplification of As, A4 and
A7 is based on the information matrix equality, while we have used Corollary 1 in Rotnitzky

: . 9
et al (2000) to obtain Ag, As, and Ag. It is also easy to see that > . _; A; = $LM, () and
R,(¢,0) =) B;. We can then verify that

|Bn (¢,0)]

sup —= =0,(1)
($0)eP:(6.0)—(¢* 0)|<v, Tn (0:0) 7

by noting that the expressions in curly brackets in the B; terms are O,(1), those inside paren-
theses are o,(1), and (¢ — ¢*,01,0,) = o(1).
Further, note that if h, (¢,0) = O(1), then

= Op(n" ) (A8)

because (¢ — ¢*,61) = O(n"2) and 6, = O(n" ).
To verify the second part, let

mp = max [Ap()ll, 7o, = max A, (v)| and m = min Ae, ()] >0, (A9)

lvll=1 |lvll=1 vl
where the last inequality follows from the fact that (i) Ag, (v) is a continuous function, and (ii)
Ao, (V) # 0 for all v # 0. In this context, it suffices to check that

hy (¢, 6)
max I
($0)eP:[($.6)-(®"0)<7. 1 + [|n3 X (¢, 0) ||2

=0(1) (A10)
to verify (A7), with
hyy (¢,0) = max{1,min || — ¢||*, mon [|61]% ,n |16, },

where the coefficients 1 = (24 +1)"! and 7o = (279, + 1), which are positive, are only used
to simplify the expressions.

For n large enough, we have that

{(#,61,6,) : [[(#,0) — (¢",0)|| <, } CP.
The compactness of the set {(¢, 01, 0;) : [|(#,6) — (¢*,0)|| < ,,} and the continuity of h7, (¢, ) /(1+
n||A (¢, 0)||?) then imply that there exists (¢,,,0y) such that

sup hr (¢,0) . hY (¢, 0r) : (ALD)
(6,0)eP:[|(,0)—(6*,0)[ <7, L + 1 [[A (D, 0)]7 14+ n|[A(P,, 0,
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for large enough n. Consequently, there will exist a subsequence {w,} of {n} such that

lim sup sup 5 = lim sup :
n—0o ($,0)€P:|(4,0)~(6.0)[<v, 1 + n[|A (@, 0)IF  n=oo T 1+ n|A (¢, 0

o llm hﬂn (¢wn7 ew")
’Ll)n—>001 + wnHA(¢wn7 0wn)‘|2’

where the first equality follows directly from (A11) and the second one from the properties of
limsup. Consequently, it is easy to see that if A}, (¢, ,6w,) = O(1), then (A7) holds trivially.
In turn, if AJ, (¢, ,0w,) # O(1), then we can find a further subsequence {u,} of {w,} such

that at least one of the following conditions holds:

W (P Oun) = tn [, |7 — 00, (A12)
1y (D, 0u,) = Titn|| ¢y, — ¢7[|* — oo, or (A13)
W (Pus 0u) = T3t (01,0, | — o0 (A14)

Let 0,, = n,v, with ||v,|| =1 and 7,, a scalar. If (A12) holds, then

un(¢un n) < Un HOTJIHQT — unn?lr — 1 S i

1+ UNHA((f)unv un)HQ Uy || Xer (er,n)HZ U |75, Nr ('Un)”2 [ Xor (Un)H2

where the first inequality follows from

hgn,(ﬁbun» 0u,) = un HOT,HH% and “n||)‘(¢unv aun)||2 > Uy || Aor (Or‘,n)H2 )

the second one from the definition of Ag,, and the last inequality from the characterization of
mr in (A9).
If (A13) holds, then

th (¢u,ﬂ 0.,) = maX{l,Trluanf)un - ¢*H2,7r2un Halun”2 ) Un H9runH2T} = unﬂ'%“d’un - ¢*H2=

so that
T3l Pu, — 1% > 1|0, I = 020, = m1llby,,, — &7 > 70, (A15)

which in turn yields

r

8
e — @7l

1
2 [|¢n = @71 = mimg| > 5 |6n — @7 (A16)

[0 — & + 1 Ag(Vn)ll = [l — &7 = 15, [Agp(wn)lI| = [ Pn — @7 |1 [ Ag(vn)l

where the first line follows from the triangle inequality and the second one from 7] / ||¢,, — ¢*|| <
71 in view of (A15) and [|[Ag(vy)|| < mg because of (A9). Then, we have that

hzn(¢un7eun) < W%H(ﬁun - ¢*||2 < W%H(,Z’)un - ¢)*H2 _ 47T2
L+ || A(by,,s 0u)|? T |bu, — & + 15, Ap(vu )P~ 1l — &*I v
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where the first inequality follows from w,||A(@,, ,0u,)|*> > un||d,, — @ + 0l Ag(vu,)]|* and
RT (@, 0u,) < unmi||@p,, — ¢*||*, while the second one from (A16).
Similarly, if (A14) holds, then we have that

73 101, 1> > 107, |7 =2, implies 72 (|01, [| > 7}, (A17)
whence
Helun + A91 (OTUH)H Z ‘Helun H - nzn HAOI (Uun)‘H (A18>
o
= 0111 = = [ Ae (V)|
1014, |

1
2 181,11 = m2me,| > 5 1011l
where the first two inequalities are straightforward, and the third one follows from (A9) and
(A17). In addition, we can show that

hT ,gu, 2 0 U 2 0 U ?
tn (P> Ou) - < 73 (010, || S < 7T12 161 nH = 472, (A19)

where the first inequality follows from (A14) and the second one from (A18).
The previous argument also implies that if hy, (¢,,,60,) — oo, then AT (¢,,,0,) — oo and

n||A(¢,,0,)|| — oo, which in turn implies that

12 A (¢, 02)|| = O(1) = By (,,,6,) = O(L). (A20)

Trivially, Assumption 5.5 follows from Corollary 1 in Rotnitzki et al (2000).
Regarding Assumption 5.6, if n2 A (¢,,,0rn) = O(1), then we have h, (¢,,,0,) = O(1) in view
of (A20), which in turn implies |R,, (¢, 0)| = Op(n~ 2r) thanks to (A8).

Consequently, since Theorem 3 implies that
LR = sup {280,,(B) Ao (8) — 10 (6) Voo (#) %0 (6) | + Oy(n™ ),
where

7 —To, 0L I
Voo = Zoo — Logp1,, I¢o = [ 610, ~ Zorolggles, O ] - [ Voo, 0 }

0 IGTB,,, O Iere'r

and Ag(0) = [0] + Ay, (0,), Xy, (0,)]', after rearranging terms we obtain

280.0($)o A (8) — 1o (8)' Voo ($) Ao (8) =250,.(¢)' X6, () — 1 Xe, (8)'Va,6, ()X, (6)
+286,.n(0)p, A (6r) — 1o, (8;)' To,0.(¢)Xo, (0),
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where Ag, (0) = 01 + Ag, (0,). Thus, we will have

up {280,1(8)' X0 (6) ~ Ao (6) Vao($) o (6) |

= supsup {ZSe,n@)’Ae (6) —nXg (8) Voo () (9)} w.p.a.1

_ %sgw(&)vej}gl(Fb)Sel,n(fb)

+ 500 {280,..(9) 20, (8;) ~ 100, (6,)Vo,0,()Xa, (6:) | wpial.

To further simplify the last sup, let 8, = nv with n > 0 and ||v|| = 1. Then,

sup {280, (@) Xa, (6,) — X, (6,)'Vo,0,(#) X0, (6,)}

7,0
:|\Sl|l|p 5;1(%3 {2SOT,n(&’)/>‘9T (v)n" — nAe, (U)IVOTOT ((.;")))\QT (’U)?]zr} w.p.a.l
v||=1n=
1 [S9rm(a’)/}\er(v)]2 . .
n”vH;éOAeT(U),Vergr (&))\GT (v) if r is odd
) [S6,.n (@) Mo, (V)]*1[S6, .n(®) Xo, (1)>0] .0 .
nlliﬂio )‘e'r- (,U)/Varler(a))}\er(v) lf T 1S even

After noticing that
SGMZ(&)I)‘BT (v) = r!engm(&)
and

Ao, (V) Va,0,(®) g, (v) = (1) 05" [Vo,0,(0) — Vo,0,(0) Vg5, (6)Va,0,(#)]65,

we can finally verify that Theorem 1 holds. O

Proof of Theorem 2

In this proof, we use the notation j, < C (resp. j, > C, jq < C, j, > C) to indicate
that there exists some j; € C such that j, < ji, (vesp. j, > ji, j¢ <y Jq = J)- To simplify
the notation, we only give the proof for p = (61,62) so that the set C is defined as C' =
{(i1,71), -, (ix, jr)}. However, we could easily generalize it to models in which dim (@) > 2 and

there additional parameters ¢. Define LM,,(0) as in (A2) with Z defined in Theorem 2, and
N(6) = ( 0319%’1 62'126%'2 9§K9J2'K ), S = Lgl,jl] ng,jz] LEKJK] ).

We first verify Assumptions 5.4 and 5.7. Assumption 5.5 follows from Lemma 6, while the other
parts of Assumption 5 hold trivially.

Considering a 2r*"-order Taylor expansion of L,,(0,,) around 0 in terms of (61, 82, ), omitting
0 as an argument and the subscript n from 8,, for simplification, then we have L%’j] = 0 for

terms (i, 7) such that (i,5) < C because of the definition of C. Further, Lemma 6 implies that
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under Assumption 5, we have /7] = flidl/ ¢ evaluated at the null for (i,j) € C, and hence

E(1»)y = 0 for (i,7) € C. Note that in the Taylor expansion, the corresponding term is

i+j o
n_%a 4 Lﬁ néﬁﬁ%,
964,06’

which belongs to the first summand of LM,,(6,,).

For those pairs (i, 7) such that (i,7) > C, if I/ £ 0 and E(1%7!) = 0, then the corresponding
term in the Taylor expansion is again

i+ o
n30 7 En ) gl (A21)
261063

Since (i,7) > C, we can find (i, j') € C and (¢/,5") < (4,7) such that the associated term

i’ +5' L
n*%L ,, LCL néﬁll 7
90’ 06?,
dominates the (4,7) term because 01,62 = 0,(1), which means that (A21) is o,(1 + n||A(0)|[?).
For those pairs (4, 5) such that (i,) > C, if E(I") # 0, then Lemma 6 implies that

Bl =g Y (-t Y H

( a]>
™m
1<h<i+j =1:h a=1 a!

L pal(ig),h]
o1 [ R\ e s [ fRal\™
el x T ()« X e = L () ]
s=1:2 a=1 2<h<i+j s=1:h a=1
L ps[(i7j)72} Ps (Zvj 7h

where ps[(7,7), h] is defined in (B19). The first equality is a direct consequence of Lemma 6,
while the second follows from: i) splitting {1 < h <i+j}into {1 < h <2} and {2 < h <i+j},
and ii) when h =1,

5 ka] \ ™ [i,7]
o g ol (5 g (5)-

s=1:h a=1 s=1:1
ps[(i.5),h] ps[(6,4),1]

In this context, the law of large numbers implies that the (7,5)! term in the Taylor expansion

will be given by

17 [\ pd 1 (N
(n L ngie) = — Y E[Hm'< 7 nd’ 6’

s=1:2 a=1

ps[(2,5),2]
+ > (—1)"*? Y E T 1 (T nb 6’
2<h<itj a=1 Ma! f ’

s=1:h
ps[(i.5),h]
+O0p(n~2 (1 + n|IA(0)]1%).
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If h =2 and s = 1 then my = 2. More generally, if ¢ or j are odd, then p1[(i,7),2] = 0, while
if 7,7 are both even instead, then pi[(4,5),2] = {[2; (3, %)]} (see (B19)). Consequently, when

(%, %) € C, then the corresponding term is

N
—%E (f[j;% ) nd’ 0}, = —%Var(l[%%])nﬁﬁﬁg, (A22)
which belongs to the second summand of LM, (0). In turn, if (3, %) ¢ C, then either (i)
(%,%) > C, which means that 3(¢/,j') € C such that (7, ;") < (3, %), in which case the LHS
of (A22) is dominated by —%Var(l[i"j/])nﬁfi@gjl; or (ii) (%, %) < C and, therefore, the LHS of
(A22) must be equal to zero because 1133 = .

Consider next the case in which h = 2, s = 2, my = mg = 1, and (i,5) = k1 + ko. If

k1, ks € C, then the corresponding term is

(k1] £lk2] o o
—E<ff 5 )neaea——cov<ﬂ’“ﬂ,z[k2]>nea%, (A23)

which also belongs to the second summand of LM, (0). If either k; < C or ke < C, then the
LHS of (A23) is equal to zero. Next, we look at the cases in which k1 > C and k2 > C or ky > C
and ki1 > C. Specifically, if we can find a pair (i/,j") € C such that k; > (i, ') and another
pair (i”,7") € C such that ko > (i, ") so that ke > (i",5") if k1 = (', ;) and vice versa, then
the LHS of (A23) is dominated by the largest of nH%iIng " and n@%i”egj " Consequently,

[k1] flk2] .

where k' = (¢/,j') < k1 and k" = (i",5") < ka.

= Op(l + nei/—kiueg’-‘rj//) — Op(l + n(e%l’egj/ n Q%illegj//))

= op(L+n[IA(6)[*), (A24)

Finally, consider h > 3. In this context, either there exists a j such that k; < C, in which
AN (kjI\™3] o
case F [HS L (ff] ) ]} =0, or k; > C for all j, in which case F [HS L (f—J> J} nd4 6

j=1 m;! =1 m;! f

will be dominated by the second summand of LM, (), as in (A24).

The remainder terms, which correspond to all those indices that satisfy (i +j) = 2r, are such

that
60| = [n =1 (LY (8) — LI 00 60)] = op(max{1,n0i0]}) = op(1 + n[|A(O)|*),  (A25)

because [~ (L (0) ~Ln )| < [18]In~" 32; g(yi) = 0,(1), since [[8]| = 0,(1) and [n ™ 3=, g(y:)] =
O,(1) by Assumption 2.3. But given that (A25) contains the last terms in the 2r"-order Taylor
expansion of of L(6,,) around 0, Assumption 5.4 holds.

Let us now turn to verifying Assumption 5.7, for which we further assume that n/2 | A(8)|| =

O,(1). We then have ; = O,(n1/?"1) and 0 = O,(n~'/?72) because (r1,0) € C and (0,72) € C,
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which has important implications for the different terms of the expansion. First, notice that we
do not make any approximation for the leading terms with (¢ 4+ j) < 2r in the first summand
of LM,,. In addition, we can write those (7, 7)-th terms that are not included in the first two
summands of LM, as Op(l)ﬁlflel;? with k; + ko > 1, which implies that they are O,(n~/").
As for the rest of the leading terms, namely those whose (i, j)-th term belongs to the second
summand of LM,, we can approximate %L%’j ] by its expectation, where the convergence rate
is Op(n~1/2) as shown by Rotnitzky at al (2000). Finally, we can easily see that Assumption
2.6 implies that ¢ [i:d) = Op(nfl/ ") for the remainder terms. Therefore, Assumption 5.7 holds, as
desired. O

Proof of Theorem 4

Treating the strictly exogenous covariates X; as fixed in repeated samples, we can modify
the testing procedure in Section 2.3 as follows:

1. For a fixed {X}! ;, simulate a sample {ygs n . from flyi|Xi; (4,0)]
(n

7 =1

2. Compute GET®) using the simulated sample {Xi,y,
The proof contains three steps.
Step 1. Consider a sequence ¢,, € Ny and ¢,, — ¢*. Under the sequence of DGPs (¢,,,0) a

first order Taylor expansion of Sd,m(&w) delivers

1 -1 o, 10Sen(@) =
Op(l)—%&pm((,b)—%&pm((b)-1—587(;3,\/5((]5 ®*)
1
SVid = ¢7) = - | S ] Z=Seul@) + o)
Then,
1 -1 1889n(¢)

L 1 1080,(@) | [10Spn(@)] ™" 1 .
\/» (¢n) [n 8@5/ ] [n a¢/ :| \/ﬁS¢’n(¢")
1 C[10S0n(n) o] [L0Sen(bn) ] L
= San(on) — | ) o, |19 o )] syl
L st(¢") (A26)
where SH(¢") = Sp(¢") — Tos(d")Zps(d*) " Se(¢"),

the third line follows from Assumption 6.2 and the fact that /n(é — ¢é,,) = O,(1), and the last

line follows from the continuous mapping theorem and Assumption 6.1.
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Step 2. Let BLy denotes the set of Lipschitz functions that are bounded by 1 in absolute

value and have Lipschitz constant bounded by 1, and let
Inn
Non={ 6Ny lo- 071 < 52}
d) \/>
Expression (A26) implies that

lim sup sup
" $ENg n REBLy

B[ (Jzsu0.0))i@.0] - Elnse <0

Then, noticing that

(i | s Gs18)] m] sen]-
(o o] vl

>Pr|lim sup sup
" ¢peNg , heBLy

B 1 (=506 )1(6.0)| = BUHIS @) + 160 # Nl = o)

B[ (=5 s(0.0)| - B(uis (67| - o) -

where the first equality follows from the fact that {ygs)} depends on {X;,y;} only through ¢, the

=Pr[lim sup sup
" $ENg, , REBLy

middle inequality is straightforward, the second equality follows from lim sup Pr((z) ¢ Npn) =0,

and the last one from (A27). Therefore, we have

78< 6")

In addition, given that $(S)\{Xi, yitl, =% ¢* and Z(-) is continuous, it follows that

{XzaYZ}z 1 _> St (¢ ) (A28)

)| {Xiyibins & T(6). (A29)

Step 3. By (A28), (A29), and a proof similar to Theorem 3, we have (6).

Finally, the proof of Theorem 4.2 follows from van der Vaart (1996) Lemma 23.3, by changing
(B, — 0) /6, to GET,, and (8, — 0)/6% to GET. 0
For the sake of completeness, the following primitive assumption implies Assumption 6.

Assumption 9 (Bootstrap validity for Theorem 1)
1. There is an open set Ny such that ¢* € Ny and

H<82€ $.0) 9*((¢,0) 0’"“«4(@5,0))
R A

1+e

sup F
¢€N¢.

;(¢,0)] < o0

sup B [[[(sp(6), 50, (). 50, (8))]>7: (6,0)| < o0
PEN

for some € > 0.
2. When t,,,j = 2r there is some function g(y) satisfying SUPgen, £ [2(y); (6,0)] < o0

such that with probability 1, L{](p) — Lg] (pT)) <llp - pl > 9(ys) for all p and plin
N.
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Proof of Theorem 5

By Le Cam’s first Lemma (see Lemma 6.4 of van der Vaart (1998)), contiguity holds if
under Py, dPg g, /dPo L U with E(U) = 1. Letting L,(¢*, 0,,) denote the joint log-likelihood
of the observations, Assumption 5 allows us to write
Ln(¢",6n) — Ln(¢",0) = %3{1@ WA, 0,) = SVnX (87, 0,)1(¢7)VnA(¢", 0n) + 0p(1)

| Ly *
B %Sn(¢ ) Ao — §>\OOI(¢ )Aos + 0p(1).

Therefore, under Hy,

dpen _ i / * _} / * d _ _} / *
e — exp { S8 Ane — XTI b+ 0y(1) U = exp {5 = NI |

where S ~ N[0, A, Z(¢*)As]. Using the expression of the moment generating function of a nor-

mal distribution, we have that E(U) = 1. The joint distribution of S,, and In ( 6") converges

under Hy to the Gaussian process:

E )l o L2 2005 ])

In addition, it follows from Le Cam’s third lemma (see van der Vaart (1998)) that

\/155”(4,*) % N [Z(6") Ao, Z(¢7)]

under Py, .

Finally, given Assumption 7, we can then prove that under Py, ,

GET, =sup {2 [\/1%59,71 (@) - \/1—IG¢ (&n) Tyé (%) Sen <<z>n>]/\/ﬁ>\e(9)
~nX5(0) [Zo0 () — Tos (80) T (1) Too (64) | 20(0)}
 sup (205 + [Zo0(6") ~ Too(9) 753" To0(9") Ao} A
X |Zo0(¢") — T (@) L5 () Zp0(6")] A)
where S ~ N[0, To0(6") — Top($") (¢ L0

as desired. OJ
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Table 1: Monte Carlo rejection rates (in %) under null and alternative hypotheses for testing
for selectivity in multivariate regression

Alternative hypotheses
Null hypothesis H,, H,,
1% 5% 10% 1% 5%  10% 1% 5%  10%
Panel A: n = 400

LR, qive 26 11.6 20.8 176  39.7 54.2 173  39.6 53.9
LR 0.9 4.9 104 9.1 252 3r7.1 9.1 25.2  36.9
GET 1.0 5.0 10.2 85 232 35.1 8.6 23.9 35.9
GMM 1.0 51 10.1 7.6 220 325 7.8 22.4 333
GMMsy 1.1 4.9 9.8 8.1 21.3 32.0 8.2 21.9 32.7
Panel B: n = 1600
LR give 2.0 9.2 179 779 914 953 78.1 91.3 95.6
LR 0.9 4.8 9.6 68.0 86.6 91.6 68.9 86.4 91.7
GET 0.8 5.1 9.7 62.2 82.7 88.8 62.7 83.1 89.5
GMM 1.0 5.2 10.0 57.9 79.3 87.5 58.5 79.2 87.6
GMMsy 1.0 5.2 10.0 57.6 79.5 87.5 58.2 79.4 87.5

Notes: Results based on 10,000 samples. GET and LR are defined in section 3.1. GMM refers to the
J-tests based on the influence functions underlying GET. Finite sample critical values are computed using
the parametric bootstrap, as described in Section 2.3. LR 4ive uses the 0.99, 0.95, and 0.9 quantiles of a
X3 as critical values, while GMM,, uses the 0.99, 0.95, 0.9 quantiles of a x3. DGPs: w = 1 = 1 and
z2 ~ N(0,1), oM = (0,1), P = 12, p¥ = 1 and p* = 0.25. As alternative hypotheses, we consider
9 = (0.57,0.57) (H,1) and 9’ = (0.80,0) (Hy,2); see section 3.1 for the parametrization.

Table 2: Monte Carlo rejection rates (in %) under alternative hypotheses for testing normality
versus SNP

Alternative hypotheses
Null hypothesis H,, H,,
1% 5%  10% 1% 5%  10% 1% 5%  10%
Panel A: n = 400

LR 1.0 5.0 10.0 106 26.8 394 25.0 375 45.2
GET 1.0 5.0 10.0 8.8 27.7 39.5 30.2 404 46.6
Panel B: n = 1600
LR 1.0 5.0 10.0 64.3 83.1 89.7 64.7 76.4 82.2
GET 1.0 5.0 10.0 59.5 83.5 89.7 67.8 782 823

Notes: Results based on 10,000 samples. GET and LR are defined in section 3.2. Finite sample critical
values are computed by simulation. DGPs: ¢ = 0, ¢V = 1, ¥ = (0.25,0.10) for H,;, and 9’ =
(0.75,0.05) for Hgo.
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Figure 1: Alignment of GET and LR tests for selectivity in multivariate regression under

the null hypothesis
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Notes: Results based on 10,000 samples. GET and LR are defined in section 3.1. DGPs: w=xz1 =1
and 3 ~ N(0,1), oM = (0,1), P =15, ¢° =1 and pL =0.25

Figure 2: Alignment of GET and LR tests of normality versus SNP under the null hypothesis
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Notes: Results based on 10,000 samples. GET and LR are defined in section 3.2. DGPs: ¢ = 0,
1%
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