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A Detailed proof of Proposition 1

We follow the steps outlined in the appendix of the paper.

Step 1

We want to show that for all sequences �n = (�n; �n; �n) 2 � with (�n; �n)
p�! 0, we have

LRn(�n) = LMa
n(�n) + op[hn(�n)]; (A1)

where hn(�) = max
�
1; n(1� �n)2�8n; n(1� �n)2�2n�2n; n(1� �n)2�4n

	
.

Let l denote the log likelihood of the observable y, h3 = y(y2 � 3) and h4 = y4 � 6y2 + 3.
The scores and relevant higher-order derivatives with respect to � and � at the point (0; 0; �n)

are
@l

@�
= 0,

@l

@�
= 0,

@2l

@�2
= 0,

@2l

@�@�
= �1

2
(1� �n)�nh3,

@2l

@�2
=
1

4
(1� �n)�nh4,

@3l

@�3
= 0 and

@4l

@�4
= �2

3
(1� �n)�n(1� �n + �2n)h4:

Let

L[k1;k2]n =
1

k1!k2!

@k1+k2Ln(�)

@�k1@�k2

����
(0;0;�n)

and

4[k1;k2]
n =

1

k1!k2!

@k1+k2Ln(�)

@�k1@�k2

����
(~�n;~�n;�n)

with (~�n; ~�n) between 0 and (�n; �n). Then, taking an eighth-order Taylor expansion we get

1

2
LRn(�n) =Ln(�n)� Ln(0; 0; �n)

=
p
n�4n

�
A1n + �nA2n +

p
n�4nA3n

�
+
p
n�2n

�
A4n + �nA5n +

p
n�2n (A6n + �nA7n)

�
+
p
n�n�n

�
A8n + �n

�
A9n +

p
n�4nA10n

�
+ �n

�
A11n +

p
n�2nA12n

��
+ n�2n�

2
n (A13n +A14n) +

X
j+k=9

1

n
�[j;k]n�jn�

k
n; (A2)

where

A1n =

�
1p
n
L[4;0]n

�
, A2n =

7X
j=5

�
1p
n
L[j;0]n

�
�i�5n , A3n =

�
1

n
L[8;0]n

�
, A4n =

�
1p
n
L[0;2]n

�
,

A5n =

�
1p
n
L[0;3]n

�
, A6n =

1

n
L[0;4]n , A7n =

8X
j=5

�
1

n
L[0;j]n

�
�j�5n , A8n =

�
1p
n
L[1;1]n

�
,
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A9n =

5X
j=2

�
1p
n
L[j;1]n

�
�j�2n , A10n =

7X
j=6

�
1

n
L[j;1]n

�
�j�6n , A11n =

3X
j=2

�
1p
n
L[1;j]n

�
�j�2n ,

A12n =
7X
j=4

�
1

n
L[1;j]n

�
�j�4n ; A13n =

1

n
L[2;2]n and A14n =

X
8�j+k�5
j�2;k�2

�
1

n
L[j;k]n

�
�j�2n �k�2n :

Next, we have to show that X
j+k=9

�[j;k]�jn�
k
n = op[hn(�n)]: (A3)

To do so, it is worth noticing that for j + k = 9,���� 1n�[j;k]n

���� �
����� 1n 1

j!k!

@j+kLn(�)

@�j@�k

����
(0;0;�n)

�����+
����� 1n 1

j!k!

@j+k+1Ln(�)

@�j+1@�k

����
(��n;��n;�n)

����� ���~�n��� (A4)

+

����� 1n 1

j!k!

@j+k+1Ln(�)

@�j@�k+1

����
(��n;��n;�n)

����� j~�nj
�
����� 1j!k!

"
E
@j+kl(�)

@�j@�k

����
(0;0;�n)

#
+Op

�
1p
n

������ (A5)

+ (1� �n)
1

j!k!

�
(�����E

"
@j+k+1l(�)

@�j+1@�k

����
(0;0;�n)

#�����+
�����
"
E
@j+k+1Ln(�)

@�j@�k+1

����
(0;0;�n)

#�����+ op(1)
)

=O
�
(1� �n)2

�
+Op

�
1p
n

�
+ op(1� �n); (A6)

where (A4) comes from the mean-value theorem, (A5) follows from the central limit theorem

and

maxf
���~�n��� ; j~�njg � maxfj�nj ; j�njg � (1� �n);

while (A6) follows from

E

24 @j0+k0 l(�)
@�j

0
@�k0

�����
(0;0;�n)

35 = O[(1� �n)2];

for j0 + k0 = 9 and j0 + k0 = 10, which can be easily checked by hand. Then,X
j+k=9

�[j;k]�jn�
k
n =

X
j+k=9

�
O
�
(1� �n)2

�
+Op

�
1p
n

�
+ op [(1� �n)]

�
n�jn�

k
n

=
X
j+k=9

O
�
(1� �n)2

�
n�jn�

k
n +

X
j+k=9

Op(
p
n�jn�

k
n) +

X
j+k=9

op [(1� �n)]n�jn�kn

= op [hn(�n)] ;

which follows from �n, �n = op(1) and (1� �n) � maxfj�nj; j�njg.
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If we then use (A2) and (A3), we can show that

1

2
LRn(�n) =

p
n�4n

�
A1n +

p
n�4nA3n

�
+
p
n�2n

�
A4n +

p
n�2nA6n

�
+
p
n�n�n

�
A8n +

p
n�n�nA13n

�
+ op[hn(�n)]; (A7)

which follows from the fact that A1n to A13n are Op(1), and A14n = op(1) because the terms in

curly brackets are Op(1). Also,

1

2
LRn(�n) =�

�n(1� �n + �2n)
36

H4;np
n

p
n(1� �n)�4n

� 1
2

�
�n(1� �n + �2n)

36

�2
V4n(1� �n)2�8n

+
�n
8

H4;np
n

p
n(1� �n)�2n �

1

2

�
�n
8

�2
V4n(1� �n)2�4n

� �n
2

H3;np
n

p
n(1� �n)�n�n �

1

2

�
�n
2

�2
V3n(1� �n)2�2n�2n + op[hn(�n)] (A8)

=
H3;np
n
w1n �

1

2
V3w

2
1n +

H4;np
n
w2n �

1

2
V4w

2
2n + op[hn(�n)]; (A9)

with

w1n=�
�n
2

p
n(1��n)�n�n and w2n=�

�n(1��n+�2n)
36

p
n(1��n)�4n+

�n
8

p
n(1��n)�2n; (A10)

where in the �rst step we re-write (A7) as (A8). Then, letting

l[k1;k2] =
1

k1!k2!

@k1+k2 l

@�k1@�k2
;

the result follows from

1

n
L[8;0]n = �1

2
E[(l[4;0])2] +Op(n

� 1
2 ) and

1

n
L[0;4]n = �1

2
E[(l[0;2])2] +Op(n

� 1
2 );

(see Lemma 1 in Rotnitzky et al (2000)), and

1

n
L[2;2]n = �1

2
E[(l[1;1])2] +Op(n

� 1
2 );

which can easily be checked by hand. As for the second step, it is a simple rearrangement

of terms to go from (A8) to (A9). Therefore, the only di¤erence in the leading terms is the

coe¢ cient of V4, namely,

w22n�
�
�n
8

�2
n(1��n)2�4n�

�
�n(1� �n + �2n)

36

�2
n(1��n)2�8n = Op[n(1��n)2�4n�2n] = op[hn(�n)];

as required.
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Step 2

First, we show that hn(�LMn ) = Op(1). By de�nition, we have

LMa
n(�) =2

1p
n
H3;nw1 + 2

1p
n
H4;nw2 � V3w21 � V4w22

=� V3
�
w1 �

1

V3

H3;np
n

�2
+
1

V3

�
H3;np
n

�2
� V4

�
w2 �

1

V4

H4;np
n

�2
+
1

V4

�
H4;np
n

�2
:

Let wLM1n and wLM2n be de�ned as in (A10) with �n = �LMn , �n = �LMn and �n = �LMn . It is

straightforward to see that wLM1n = Op(1) and wLM2n = Op(1) because

n�
1
2H3;n
V3

= Op(1) and
n�

1
2H4;n
V4

= Op(1)

by the central limit theorem. Next, we have that

��pn(1� �LMn )�LMn �LMn
�� = ����2wLM1n�LMn

���� � ��4wLM1n �� = Op(1);

whence
p
n(1� �LMn )�LMn �LMn = Op(1): (A11)

In addition, we also have�����pn(1� �LMn )
�
�LMn

�2 � 2[1� �LMn +
�
�LMn

�2
]

9

p
n(1� �LMn )

�
�LMn

�4����� =
���� 8

�LMn
wLM2n

����
� 16

��wLM2n �� = Op(1):

Then by Lemma 5,
p
n(1� �LMn )

�
�LMn

�2
= Op(1) and

p
n(1� �LMn )

�
�LMn

�4
= Op(1). Together

with (A11), we have hn(�LMn ) = Op(1). Moreover, it holds that �LMn ; �LMn = op(1) because

p
n(j�LMn j)3 �

p
n(�LMn )2(1� �LMn ) = Op(1)

and
p
n(j�LMn j)5 �

p
n(�LMn )4(1� �LMn ) = Op(1);

as desired.

Step 3

Next, we show Step 3.1: (�LRn ; �LRn )
p�! 0, and Step 3.2: hn(�LRn ; �LRn ; �LRn ) = Op(1).

Step 3.1

Let l0(�) = E(0;0;�) [l(�)]. Invoking Lemma 6, we have

sup�2�

���� 1nLn(�)� l0(�)
���� p�! 0 (A12)
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(i.e. uniform convergence). Moreover, for all � > 0, we have that

l0 (0; 0; �) > sup�2+�2>�;�2Pa l0(�) (A13)

(i.e. well separated maximum), which follows from the fact that � = � = 0 is the unique

maximizer (note that (1��) � maxfj�j; j�jg), l0(�) is continuous, and � is compact. Hence, we
have that (�LRn ; �LRn ) = op(1) by virtue of Lemma A1 in Andrews (1993).

Step 3.2

hn(�
LR
n ) = Op(1) follows directly from Step 3.2.1 and Step 3.2.2 below.

Step 3.2.1

We �rst show that n
�
1� �LRn

�2 �
�LRn

�8
= Op(1) and n

�
1� �LRn

�2 �
�LRn

�4
= Op(1). By

contradiction, assume that either n
�
1� �LRn

�2 �
�LRn

�8 6= Op(1) or n
�
1� �LRn

�2 �
�LRn

�4 6= Op(1),

so that there exists � > 0 such that for all M it holds that Pr(An) > � i.o., where

An =

�
1

288
n
1
2
�
1� �LRn

� �
�LRn

�4
> M

�
[
�
1

144
n
1
2
�
1� �LRn

� �
�LRn

�2
> M

�
:

Since H3;n=
p
n and H4;n=

p
n are Op(1), there exists M1 such that Pr(Bn) � 1 � �=4 for all n,

where

Bn =

�����H3;np
n

���� < M1

�
\
�����H4;np

n

���� < M1

�
:

Next, let rn(�) = LRn(�) � LMn(�). Since �LRn , �LRn and rn(�LRn )=h(�LRn ) are op(1), with

positive � < 1=3, we have that Pr (Cn) � 1� �=4 ult., where

Cn =
�
j�LRn j < �; j�LRn j < �

	
\
(���� rn(�LRn )

hn(�
LR
n )

���� < �

�
1

288

�2)
:

Let us de�ne wLR2n in the same way as w2n, but with the parameters �n, �n and �n replaced by

�LRn , �LRn and �LRn , respectively. In addition, let

Dn =

�
jwLR2n j �

1

288
max

h
n
1
2
�
1� �LRn

� �
�LRn

�4
; 2n

1
2
�
1� �LRn

� �
�LRn

�2i�
;

En = fn
1
2
�
�LRn

�4
> 2n

1
2
�
�LRn

�2g and Fn =
�
jwLR2n j < jwLR1n j

	
:

Then, we can show that for all M ,

Pr(An \Bn \ Cn) � Pr(An) + Pr(Bn) + Pr(Cn)� 2 �
�

2
i.o.,

where the �rst inequality follows from Pr(A\B) � Pr(A)+Pr(B)�1, and the second inequality
follows from the lower bounds of Pr(An), Pr(Bn) and Pr(Cn) derived above.

In addition, let M > M1=� and consider An \Bn \Cn \Dn \En. We next use Lemma 7 to
show that An \Bn \ Cn \Dn \ En �

�
LR(�LRn ; �LRn ; �LRn ) < 0

	
= ;. To do so, let us check all

the required conditions. First, notice that jH3;n=
p
nj < M1 and jH4;n=

p
nj < M1 are satis�ed
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on Bn. Second, we can easily check that

jwLR1n j >
M1

�
and jwLR1n j > jwLR2n j

because

n
�
1� �LRn

�2 �
�LRn �LRn

�2
= n

1
2
�
1� �LRn

� �
�LRn

�2
n
1
2
�
1� �LRn

� �
�LRn

�2
=

�
8wLR2n
�LRn

+
2

9
[1� �LRn +

�
�LRn

�2
]n

1
2 (1� �LRn )

�
�LRn

�4�
(A14)

� n
1
2 (1� �LRn )

�
�LRn

�2
�
�
�16

��wLR2n ��+ 16n 1
2 (1� �LRn )

�
�LRn

�4�
n
1
2 (1� �LRn )

�
�LRn

�2
(A15)

�
�
1

6
� 1

18

�
n
�
1� �LRn

�2 �
�LRn

�6 � n
�
1� �LRn

�2 �
�LRn

�8
9�2

; (A16)

where (A14) follows from the de�nition of wLR2n , (A15) follows from the bound of �LRn , the �rst

inequality of (A16) is a direct consequence of combining Dnwith En, while the second one follows

from the de�nition of Cn.

Then, we have

��wLR1n �� = �LRn
2

���n 1
2 (1� �LRn )�LRn �LRn

��� � 1

4

n
1
2 (1� �LRn )

�
�LRn

�4
3�

(A17)(
� 24M

� > M1
� (i)

> 1
288n

1
2 (1� �LRn )

�
�LRn

�4 � jwLR2n j (ii)
(A18)

where (A17) follows from (A16), (A18i) follows from combining An with En andM1 < M , while

(A18ii) follows from combining Dn with En.

Next, we check that rn(�LRn )=
�
wLR1n

�2
< � thanks to

���n 1
2 (1��LRn )�LRn �LRn

���� n 1
2 (1��LRn )(�LRn )4

3�
�n

1
2 (1��LRn )(�LR)4 (A19)���n 1

2 (1��LRn )�LRn �LRn

���� n 1
2 (1��LRn )(�LRn )4

3�
� 2n

1
2 (1��LRn )(�LR)2

3�
>n

1
2 (1��LRn )(�LR)2; (A20)

where (A19) follows from (A16) and � < 1=3, and (A20) follows from the de�nition of En and

� < 1=3. Thus, hn(�LRn ) = n(1� �LRn )2(�LRn �LRn )2 and, as a result,�����rn(�LRn )�
wLR1n

�2
����� =

����� rn(�LRn )

hn(�
LR
n )

hn(�
LR
n )�

wLR1n
�2
����� =

���� rn(�LRn )

hn(�
LR
n )

����
�����n
�
1� �LRn

�2 �
�LRn �LRn

�2�
wLR1n

�2
�����

< �

�
1

288

�2 4

[�LRn ]2
< �; (A21)

where (A21) follows from the de�nitions of Cn and wLR1n . But then, we have that LR(�
LR
n ) < 0

conditional on An \Bn \Cn \Dn \En by virtue of Lemma 7, and consequently, that An \Bn \

6



Cn \Dn \ En = ;.
Consider now An \Bn \Cn \Dn \Ecn. We can use Lemma 7 again to show that An \Bn \

Cn \Dn \ Ecn �
�
LR(�LRn ) < 0

	
= ;. First, notice that jH3;n=

p
nj < M1 and jH4;n=

p
nj < M1

are satis�ed on Bn. Next, we have to check that jwLR1n j > M1=� and jwLR1n j > jwLR2n j. To do so,
notice that

n
�
1� �LRn

�2 �
�LRn �LRn

�2 � n
1
2
�
�LRn

�2
n
1
2
�
�LRn

�4 1
�2
�
1� �LRn

�2
(A22)

� n
1
2
�
1� �LRn

� �
�LRn

�2 36

(1� �n + �2n)
(A23)

�
�
1

8

p
n
�
1� �LRn

� �
�LRn

�2 � wLR2n
�n

�
1

�2

� n
1
2
�
1� �LRn

� �
�LRn

�2
36 (A24)

�
�
1

8

p
n
�
1� �LRn

� �
�LRn

�2 � 2jwLR2n j� 1
�2

� 4n
�
1� �LRn

�2 �
�LRn

�4 1
�2
; (A25)

where (A22) follows from the de�nition of Cn, (A23) follows from the de�nition of wLR2n , (A24)

follows from the bound of �LRn , and (A25) follows from combining Dn with Ecn.

Then,

��wLR1n ��= ����(1��LRn )�LRn
2

n
1
2�LRn �LRn

����� 14 2n
1
2 (1��LRn )(�LRn )2

�
>
1

72
n
1
2 (1��LRn )(�LRn )2 (A26)(

> M > M1
� (i);

� jwLR2 j (ii);
(A27)

where (A26) follows from (A25), (A27i) follows from combining An with Ecn, and (A27ii) follows

from combining Dn with Ecn.

To check that rn(�LRn )=
�
wLR1n

�2
< �, let us write

���n 1
2 (1� �LRn )�LRn �LRn

��� � 2n
1
2 (1� �LRn )

�
�LRn

�2
�

> n
1
2 (1� �LRn )

�
�LRn

�2
(A28)

���n 1
2 (1� �LRn )�LRn �LRn

��� � 2n
1
2 (1� �LRn )

�
�LRn

�2
�

>
n
1
2 (1� �LRn )

�
�LRn

�4
�

> n
1
2 (1� �LRn )

�
�LRn

�4
; (A29)

where (A28) follows from (A25), and (A29) follows from the de�nition of Ecn. Thus, hn(�
LR
n ) =

n(1� �LRn )2(�LRn �LRn )2 and, consequently,�����rn(�LRn )�
wLR1n

�2
����� =

���� rn(�LRn )

hn(�
LR
n )

����
�����n
�
1� �LRn

�2 �
�LRn �LRn

�2�
wLR1n

�2
����� =

���� rn(�LRn )

hn(�
LR
n )

���� ���� 4

(�LRn )2

���� < �; (A30)

where the last inequality in (A30) follows from the de�nition of Cn. By Lemma 7, we have

LR(�LRn ) < 0 conditional on An \Bn \ Cn \Dn \ Ecn, and thus, An \Bn \ Cn \Dn \ Ecn = ;.
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Consider now the case An \ Bn \ Cn \Dc
n \ Fn. We can use Lemma 7 once again to show

that An \ Bn \ Cn \ Dc
n \ Fn � fLR(�LRn ) < 0g = ;. Noticing that jwLR1n j > M > M1=� is

satis�ed by combining An with Dc
n and Fn, and that jwLR1n j > jwLR2n j is satis�ed by Fn, we have

to check that jrn(�LRn )=
�
wLR1n

�2 j < �. To do so,�����rn(�LRn )�
wLR1n

�2
����� =

���� rn(�LRn )

hn(�
LR
n )

���� (A31)

�

������
max

n
1; n

�
1� �LRn

�2 �
�LRn

�4
; n
�
1� �LRn

�2 �
�LRn

�8
; n
�
1� �LRn

�2 �
�LRn �LRn

�2o�
wLR1n

�2
������

<

���� rn(�LRn )

hn(�
LR
n )

����
������
max

n�
288wLR2n

�2
;
�
2wLR1n =�

LR
n

�2o�
wLR1n

�2
������ (A32)

�
���� rn(�LRn )

hn(�
LR
n )

���� (288)2 � �;

where (A31) to (A32) follow from the de�nitions of Dc
n and w1. By Lemma 7, we have that

LR(�LRn ; �LRn ; �LRn ) < 0;

conditional on An \Bn \ Cn \Dc
n \ Fn, and therefore An \Bn \ Cn \Dc

n \ Fn = ;.
Finally, consider the case An \Bn \ Cn \Dc

n \ F cn, in which

hn(�
LR
n )�

wLR2n
�2 = max

n
n
�
1� �LRn

�2 �
�LRn

�4
; n
�
1� �LRn

�2 �
�LRn

�8
; n
�
1� �LRn

�2 �
�LRn �LRn

�2o�
wLR2n

�2
�
max

n�
288wLR2n

�2
;
�
4wLR1n

�2o�
wLR2n

�2 � 124 � 4; (A33)

where the �rst inequality in (A33) follows from the de�nition of Dc
n and the second one from

the de�nition of F cn. But then,

LRn(�
LR
n )�

wLR2n
�2 = 2

H3;np
n

wLR1n�
wLR2n

�2 + 2H4;np
n

1

wLR2n
� V3

�
wLR1n

�2�
wLR2n

�2 � V4 + rn(�
LR
n )�

wLR2
�2

� 2M1

M
+ 2

M1

M
� V4 +

���� rn(�LRn )

hn(�
LR
n )

����� 124 � 4 (A34)

� 4� � V4 + � < 0; (A35)

where (A34) follows from the combination of An with Bn, Dc
n, F

c
n and (A33), and (A35) follows

from the de�nition of Cn and V4 = 24.

To summarize, we have An \Bn \ Cn = ;, which contradicts

Pr(An \Bn \ Cn) �
�

2
i.o.,

as desired, and thus, n(1� �LRn )2(�LRn )8 = Op(1) and n(1� �LRn )2(�LRn )4 = Op(1).
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Step 3.2.2

Next, we will show that n(1� �LRn )2(�LRn �LRn )2 = Op(1), i.e. that for all � > 0, there exists

M > 1 such that Pr[n(1� �LRn )2�LRn �LR2n > M ] < � ult. To do so, notice that

rn(�
LR
n ) = op[hn(�

LR
n )] = op[maxf1; n

�
1� �LRn

�2 �
�LRn �LRn

�2g]
because n(1� �LRn )2(�LRn )8 = Op(1) and n(1� �LRn )2(�LRn )4 = Op(1). Letting 0 < m < 1

4V3, we

have that

Pr

 ����� 16rn(�
LR
n )

maxf1; n
�
1� �LRn

�2 �
�LRn �LRn

�2g
����� > 2m

!
<
�

2
ult. (A36)

In turn, given that H3;n=
p
n and H4;n=

p
n are Op(1), there exists M > 1 such that for all n,

Pr

�
H3;np
n
�M

�
V3
2
� 2m

��
<
�

4
and Pr

"
1

2V4

�
H4;np
n

�2
> mM2

#
<
�

4
: (A37)

We then have that Pr
���wLR1n �� > M

�
is equal to

=Pr
�
f
��wLR1n �� > Mg \ fLR(�LRn ) � 0g

�
=Pr

�
f
��wLR1n �� > Mg \

�
LMa

n(�
LR
n )

(wLR1n )
2

+
rn(�

LR
n )

(wLR1n )
2
� 0
��

=Pr

�
f
��wLR1n �� > Mg \

�
LMa

n(�
LR
n )

(wLR1n )
2

+
rn(�

LR
n )

(wLR1n )
2
� 0
�
\
�����rn(�LRn )

(wLR1n )
2

���� � 2m��
+ Pr

�
f
��wLR1n �� > Mg \

�
LMa

n(�
LR
n )

(wLR1n )
2

+
rn(�

LR
n )

(wLR1n )
2
� 0
�
\
�����rn(�LRn )

(wLR1n )
2

���� > 2m��

�Pr

264f��wLR1n �� > Mg \

8><>:H3;np
n

1

wLR1n
� V3
2
�
V4

�
wLR2n � 1

V4

H4;np
n

�2
2(wLR1n )

2
+

1
V4

�
H4;np
n

�2
2(wLR1n )

2
+m � 0

9>=>;
375

+ Pr

"�����rn(�LRn )�
wLR1n

�2
����� > 2m

#

�Pr
 
f
��wLR1n �� > Mg \

(
H3;np
n
� wLR1n

"
V3
2
�m�

H2
4;n

2nV4

1�
wLR1n

�2
#)!

+
�

2
(A38)

�Pr
"
H3;np
n
�M

 
V3
2
�m�

H2
4;n

2nV4

1

M2

!#
+
�

2
ult., (A39)
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where (A38) uses (A36). In addition,

(A39) �Pr
"(

H3;np
n
�M

 
V3
2
�m�

H2
4;n

2nV4

1

M2

!)
\
(
H2
4;n

2nV4
� mM2

)#

+ Pr

"(
H3;np
n
�M

 
V3
2
�m�

H2
4;n

2nV4

1

M2

!)
\
(
H2
4;n

2nV4
> mM2

)#
+
�

2

�Pr
�
H3;np
n
�M

�
V3
2
� 2m

��
+ Pr

 
H2
4;n

2nV4
> mM2

!
+
�

2

� �
4
+
�

4
+
�

2
= �; (A40)

where in (A40) we have used (A37).

Step 4

We now show that LRn(�LRn ) = LMa
n(�

LM
n ) + op(1), that is, that for all �1 > 0 and for all

�2 > 0, there exists N such that for all n > N ,

P
���LRn(�LRn )� LMa

n(�
LM
n )

�� < �1
�
> 1� �2:

Letting

Gn =
n
n
1
2
�
1� �LRn

� �
�LRn

�4
; jn

1
2
�
1� �LRn

�
�LRn �LRn j; n

1
2
�
1� �LRn

� �
�LRn

�2
;

n
1
2
�
1� �LRn

� �
�LMn

�4
; jn

1
2
�
1� �LRn

�
�LMn �LMn j; n

1
2
�
1� �LRn

� �
�LMn

�2o
;

we know that max fGng = Op(1), so that for �2 > 0 there exists M such that for all n,

Pr (maxGn �M) > 1� �2
2
: (A41)

Letting A = f� 2 � : n 1
2 (1� �) �4 � M;n

1
2 (1� �)�2 � M; jn 1

2 (1� �) ��j � Mg, we can then
show

sup
�2A

jLRn(�)� LMa
n(�)j = op(1);

i.e. there exists N such that for all n > N , we have that

Pr

�
sup
�2A

jLRn(�)� LMa
n(�)j < �1

�
> 1� �2

2
: (A42)

To show this, let

(�n; �n; �n) 2 arg max
(�;�;�)2A

jLRn(�; �; �)� LMa
n(�; �; �)j :

Given that n
1
2 (1� �n) �4n = Op(1) and n

1
2 (1� �n)�2n = Op(1), we have �n; �n

p�! 0, whence

sup
(�;�;�)2A

jLRn(�; �; �)� LMa
n(�; �; �)j = jLRn(�n; �n; �n)� LMa

n(�n; �n; �n)j = op(1);

10



where the second equality follows from (A1). Therefore, for n > N we have

Pr
���LRn(�LRn )� LMa

n(�
LM
n )

�� < �1
�

�Pr
����LRn(�LRn )� LMa

n(�
LM
n )

�� < �1
	
\
�
�LRn 2 A

	
\
�
�LMn 2 A

	�
�Pr

��
sup
�2A

jLRn(�)� LMa
n(�)j < �1

�
\
�
�LRn 2 A

	
\
�
�LMn 2 A

	�
(A43)

�Pr
�
sup
�2A

jLRn(�)� LMa
n(�)j < �1

�
+ P

��
�LRn 2 A

	
\
�
�LMn 2 A

	�
� 1 (A44)

�1� �2
2
+ 1� �2

2
� 1 = 1� �2; (A45)

where we have used Pr(E1 \ E2) � Pr(E1) + Pr(E2)� 1 to go from (A43) to (A44), and (A41)

and (A42) to go from (A44) to (A45).

Step 5

We consider the di¤erent cases separately in Step 5.1: P = Pa;1, Step 5.2: P = Pa;2 and
Step 5.3: P = Pa;3.

Step 5.1 We have that

LMa
n(�; �; �) = �V3

�
w1n �

1

V3

H3;np
n

�2
+
1

V3

�
H3;np
n

�2
� V4

�
w2n �

1

V4

H4;np
n

�2
+
1

V4

�
H4;np
n

�2
;

where

w1 = �
1

2
(1� �)�

p
n�� and w2 = �(1� �)

p
n

�
1

8
�2 � 1� �+ �

2

36
�4
�
:

Next, let

w21 =
(1� �)�

8

p
n�2 and w22 = �

(1� �)�(1� �+ �2)
36

p
n�4:

We �rst aim to �nd an upper bound for LMa
n(�

LM
n ). In that respect, we can easily show that

LMa
n(�

LM
n ) �

H2
3;n

nV3
+
H2
4;n

nV4
: (A46)

Second, we aim to �nd a lower bound for LMa
n(�

LM
n ). To do so, let ��n = 1=2,

��n =

8><>:2n
� 1
8

�
� 12
V4

H4;np
n

� 1
4

if H4;n � 0;

�n� 1
4

��� 2V3 H3;np
n

���.q 2
V4

H4;np
n

if H4;n > 0;

and

��n =

8><>:�
�
n�

3
8
4
V3

H3;np
n

�.�
� 12
V4

H4;np
n

� 1
4
if H4;n < 0;

4sign(H3;n)n�
1
4

q
2
V4

H4;np
n

if H4;n � 0:

It is then easy to verify that (��n; �
�
n; �

�
n) 2 Pa with probability approaching one, whence

LMa
n

�
�LMn

�
� LMa

n (�
�
n; �

�
n; �

�
n) =

H2
3;n

nV3
+
H2
4;n

nV4
+ op(1): (A47)
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To verify the second equality of (A47), we can easily check by hand that

w�1 = �
1

2
(1� ��n)��n

p
n��n�

�
n =

1

V3

H3;np
n
;

w�21 =
(1� ��n)��n

8

p
n(��)2 =

8><>:
1
32n

� 1
4

�
4
V3

H3;np
n

�2��
� 12
V4

H4;np
n

� 1
2
= op(1) if H4;n < 0;

1
V4

H4;np
n

if H4;n � 0;

and

w�22 = �
(1� ��n)��n[1� ��n + (��n)2]

36

p
n(��n)

4

=

8<:
1
V4

H4;np
n

if H4;n � 0;

� 1
192n

� 1
2

�
�
��� 2V3 H3;np

n

���.q 2
V4

H4;np
n

�4
= op(1) if H4;n > 0;

with

w�2 = w�21 + w
�
22 =

1

V4

H4;np
n
+ op(1):

But then, (A46) and (A47) imply that

LMa
n

�
�LMn

�
=
H2
3;n

nV3
+
H2
4;n

nV4
+ op(1):

Step 5.2: Recall that �2 = f� : � 2 [1=2; 1]; � 2 [��; ��]; � = (2� � 1)�2=3]g. Then, given
that � = (2�� 1)�2=3, we will have

w1 = �
(1� �)�(2�� 1)

6

p
n�3 and w2 =

(1� �)�
72

�
�1� 2�+ 2�2

�p
n�4:

As before, we �rst aim to �nd an upper bound for LMa
n(�

LM
n ). In that regard, we can notice

that w2 � 0 for � 2 �2 so that

LMa
n(�

LM
n ; �LMn ; �LMn ) � 1

V3

�
H3;np
n

�2
+ sup
w22R�

"
�V4

�
w2 �

1

V4

H4;np
n

�2
+
1

V4

�
H4;np
n

�2#

=
1

V3

�
H3;np
n

�2
+
1

V4

�
H4;np
n

�2
1 [H4;n < 0] :

Second, we aim to �nd a lower bound for LMa
n(�

LM
n ). For that purpose, let �� 2 (1=2; 1),

��n =

8>>><>>>:
�sign(H3;n)2n�

1
8

�
� 12
V4

H4;np
n

� 1
4
if H4;n < 0;

�n� 1
6

 
6
V3

H3;np
n

(1���)��(2���1)

! 1
3

if H4;n � 0;

and

��n =

8><>:
1
2 + n

� 1
8
sign(H3;n) 3V3

H3;np
n

2
�
� 12
V4

H4;np
n

� 3
4

if H4;n < 0;

�� if H4;n � 0:

12



We can then verify that

w�1 = �
(1� ��n)��n(2��n � 1)

6

p
n(��n)

3 =
1

V3

H3;np
n
+ op(1);

w�2 =
(1� ��n)��n

72
[�1� 2��n + 2(��n)2]

p
n(��n)

4

=

8<:
1
V4

H4;np
n
+ op(1) if H4;n < 0;

(1���)��
72 (�1� 2��+ 2��2)n� 1

6

h
1

(1���)��(2���1)
6
V3

H3;;np
n

i 4
3
= op(1) if H4;n � 0:

As a result,

LMa
n(�

LM
n ) � LMa

n(�
�
n; �

�
n; �

�
n) =

H2
3;n

nV3
+
H2
4;n

nV4
1[H4;n < 0] + op(1);

whence

LMa
n(�

LM
n ) =

H2
3;n

nV3
+
H2
4;n

nV4
1[H4;n < 0];

as desired.

Step 5.3: Recall that �03 = f# : � 2 [1=2; 1]; � = 0;{ 2 [��; ��]g and Pa;3 = f(�; �; �) :
(�; �� (2�� 1)�3=3; �) 2 �03;maxfj�j; j�jg � 1� �g. Exploiting the fact that � = 0, we have

w1 = 0 and w2 =
1

8
�(1� �)

p
n�2:

Thus,

LMa
n(�; �; �) = �V4

�
w2 �

1

V4

H4;np
n

�2
+
1

V4

�
H4;np
n

�2
:

Next, we �rst aim to �nd an upper bound for LMa
n(�

LM
n ). It is easy to see that w2 � 0 for

� 2 �3 so that

LMa
n(�

LM
n ; �LMn ; �LMn ) � sup

w22R+

"
�V4

�
w2 �

1

V4

H4;np
n

�2
+
1

V4

�
H4;np
n

�2#

=
1

V4

�
H4;np
n

�2
1 [H4;n > 0] :

Second, to �nd a lower bound for LMa
n(�

LM
n ), let ��n = 1=2 and

��n =

(
0 if H4;n � 0;
4n�

1
4

q
2H4;n
V4
p
n

if H4;n > 0:

As a result, w�2 =
1
V4

H4;np
n
1 [H4;n > 0], whence

LMa
n(�

LM
n ) � LMa

n(0; �
�
n; �

�
n) =

H2
4;n

nV4
1[H4;n � 0];

as desired. �
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B Detailed proof of Proposition 3

Before proceeding with the proof, we start by giving an example of sequences (�m; �1m) ! 0

and (�2m; �2m)! 0 such that

lim
m!1

Gn (�1m; �1m)p
V (�1m; �1m)

6= lim
m!1

Gn (�2m; �2m)p
V (�2m; �2m)

:

Note that for (�; �)! (0; 0), it holds

1p
n

@L

@�

����
(�;�;1)

=
H4np
n

�
1

36
�4 � 1

8
�2
�
+
H3np
n

1

2
��+ op[�(�; �)];

where

�(�; �) = max

����� 136�4 � 18�2
���� ; ����12��

����� :
Let

(�1; �1) =
�p
3�;

p
2�
�
; (�2; �2) = (0; �) :

It is easy to see that with � ! 0, we have j�1 � �2j+ j�1 � �2j ! 0,

lim
�!0

1p
n
@L
@� (�1; �1; 1)q

var
�
@`
@�(�1; �1; 1)

� = H3np
nV3

and lim
�!0

1p
n
@L
@� (�2; �2; 1)q

var
�
@`
@�(�2; �2; 1)

� = H4np
nV4

:

This shows that the process Gn(�;�)p
V (�;�)

is not stochastically equicontinuous.

Next, we follow the steps of the proof outlined in the appendix of the paper.

Step 1

Lemma 1 Let Rdn(�; � ; ') = LRdn(�; � ; ')�LMd
n(�; � ; '). For all sequences of (�n; �n; 'n) 2 D1

and �n
p�! 0, we have that

Rdn(�n; �n; 'n) = op
�
max

�
1; n�2n

	�
:

Proof. Let �n = �(�n; 'n), �n = �(�n; 'n), �n = �(�n; �n; 'n). First we show that 1� �n
p�! 0.

Recall that �n = max
��� 1
36�

4
n � 1

8�
2
n

�� ; ��12�n�n��	 (1� �n), whence either (1� �n) � p�n or
max

����� 136�4n � 18�2n
���� ; ����12�n�n

����� � p�n: (B1)

Under (B1), we have

2�n �
�
1

36
�4n �

1

8
�2n

�2
+
1

4
�2n�

2
n =

�
1

36
�4n

�2
+

�
1

8
�2n

�2
+
1

4
�2n�

2
n

�
1� 1

36
�2n

�
: (B2)

It is then easy to verify that given (B1), 1� 1
36�

2
n � 0 with probability approaching 1. Therefore,

14



(B2) implies that

2�n �
�
1

36
�4n

�2
+

�
1

8
�2n

�2
)j�nj � 25=8

p
3�1=8n ; j�nj � 27=4�1=4n ;

and also, that 1 � �n � maxfj�nj; j�njg � maxf25=8
p
3�
1=8
n ; 27=4�

1=4
n g because of the restriction

on Pb. In sum, it holds that

1� �n � maxf25=8
p
3�1=8n ; 27=4�1=4n ; �1=2n g p�! 0:

Second, a third-order Taylor expansion gives

1

2
LRdn(�n; �n; 'n) = Ldn(�n; �n; 'n)� Ldn(0; �n; 'n)

= Ln(�n; �n; �n)� Ln(�n; �n; 1)

=
@Ln(�n; �n; 1)

@�
(�n � 1) +

1

2

@2Ln(�n; �n; 1)

@�2
(�n � 1)2

+
1

3!

@3Ln(�n; �n; ~�n)

@�3
(�n � 1)3:

The �rst term is

@Ln(�n; �n; 1)

@�
(�n � 1) =

1p
n

1

�n

@Ln(�n; �n; 1)

@�

p
n�n(�n � 1)

= Gdn(�n; 'n)
p
n�n(�n � 1):

In turn, the second term will be

1

2

�
1

n

@2Ln(�n; �n; 1)

@�2

�
n(�n�1)2=

1

2

�
E

�
@2l(�n; �n; 1)

@�2

�
+Op

�
�np
n

��
n(�n�1)2 (B3)

=
1

2
E

�
@2l(�n; �n; 1)

@�2

�
n(�n�1)2+Op[

p
n�n(�n�1)2]

=
1

2
E

�
��2n

@2l(�n; �n; 1)

@�2

�
n�2n(�n�1)2+Op[

p
n�n(�n�1)2] (B4)

=�1
2
V d(�n; 'n)n�

2
n(�n � 1)2 + op[

p
n�n(�n � 1)]; (B5)

where (B3) follows from Lemma 8(8.1), and (B4) to (B5) from the information matrix equality.

Let us now turn to the third term. In view of Lemmas 8.2 and 8.5, we have����� 1n��1n @3L(�n; �n; ~�n)

@�3

����� =
�������1n E

"
@3l(�n; �n; ~�n)

@�3

#
+Op

�
1p
n

������
= O(�n) +Op

�
1p
n

�
;
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whence

1

n

@3L(�n; �n; ~�n)

@�3
n(�n � 1)3 =

�
O(�n) +Op

�
1p
n

��
n�n(�n � 1)3 = op[n�

2
n(�n � 1)2]:

In sum, we have LR(�n; �n; �n) = LM(�n; �n; �n) + op
�
n�2n

�
. �

Step 2

Lemma 2 For (� ; ') 2 D1
�', Gdn(� ; ') ) Gd(� ; '), where Gd(� ; ') is a Gaussian process with

mean 0 and covariance kernel

K[(� ; '); (� 0; '0)] = 1

�� 0
cov

�
@l[�(� ; '); �(� ; '); 1]

@�
;
@l[�(� 0; '0); �(� 0; '0); 1]

@�

�
: (B6)

Proof. Here we follow Andrews (2001). By Theorem 10.2 of Pollard (1990), Gdn(�) ) Gd(�)
if (i) the domain of (� ; ') is totally bounded, (ii) the �nite dimensional distributions of Gdn(�)
converge to those of Gd(�), (iii)

�
Gdn(�) : n � 1

	
is stochastically equicontinuous.

(i) is satis�ed because (� ; ') � [0; ��4 + ��2 + ����]� [0; 1].
(ii) The process ��1@li(�(� ; '); �(� ; '); 1)=@� is iid with mean 0.

Moreover,

E

"
sup

(�;')2D1
�'

����1� @l(�(� ; '); �(� ; '); 1)@�

����
#
�E

"
sup

j�j���2;j�j���2;�2+�2>0

���� 1

�(�; �)

@l(�; �; 1)

@�

����
#
<1: (B7)

To prove (B7), consider the �fth-order Taylor expansion of @l (�; �; 1) =@� around (�; �) = (0; 0)

given by

@l (�; �; 1)

@�
=

4X
k=1

X
i+j=k

1

i!j!

@1+kl (0; 0; 1)

@�@�i@�j
�i�j +

X
i+j=5

1

i!j!

@6l(~�; ~�; 1)

@�@�i@�j
�i�j

=h4

�
1

36
�4 � 1

8
�2
�
+ h3

1

2
��+

X
4�i+j�3;i�1;j�1

1

i!j!

@6l (0; 0; 1)

@�@�i@�j
�i�j

+
X

i+j=5;i�1;j�1

1

i!j!

@6l(~�; ~�; 1)

@�@�i@�j
�i�j +

@6l(~�; ~�; 1)

@�@�5
�5 (B8)

+

"
@4l (0; 0; 1)

@�@�3
+
@5l (0; 0; 1)

@�@�4
�+

@6l(~�; ~�; 1)

@�@�5
�2

#
�3:

Consequently���� 1

�(�; �)

@L(�; �; 1)

@�

���� � jh4j+ jh3j+ X
4�i+j�3;i�1;j�1

����@6l (0; 0; 1)@�@�i@�j

���� 2i!j!��i�1��j�1
+

X
i+j=5;i�1;j�1

sup
j~�j���;j~�j���

����� 1i!j! @6l(~�; ~�; 1)@�@�i@�j

����� ��i�1��j�1 + sup
j~�j���;j~�j���

�����@6l(~�; ~�; 1)@�@�5

�����
���� �5

�(�; �)

���� (B9)

+

 ����@4l (0; 0; 1)@�@�3

����+ ����@5l (0; 0; 1)@�@�4

���� j��j+ sup
j~�j���;j~�j���

�����@6l(~�; ~�; 1)@�@�5

����� ��2
!���� �3

�(�; �)

���� :
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It is then easy to check that

E

24jh4j+ jh3j+ X
4�i+j�3;i�1;j�1

1

i!j!

����@6l (0; 0; 1)@�@�i@�j

����+ ����@4l (0; 0; 1)@�@�3

����+ ����@5l (0; 0; 1)@�@�4

����
35 <1 (B10)

and

E

24 X
i+j=5;i�0;j�0

sup
j~�j���;j~�j���

�����@6l(~�; ~�; 1)@�@�i@�j

�����
35 <1: (B11)

For �2 + �2 > 0, if � = 0, �2=maxfj 136�
4 � 1

8�
2j; j12��jg = 0, otherwise

�2

�(�; �)
=

1

max
n��� 136 �2�2 �2 � 1

8

��� ; ��12 �� ��o �
8><>:

2

j �� j
� 2�� if �2=�2 � ���2;
1��� 136 �2�2 �2� 1

8

��� � 1

j 136� 1
8 j
= 72

7 if �2=�2 � ���2: (B12)

Finally,�����5�
������

 ���4� 36
8 �

2
��

max
��� 1
36�

4� 1
8�
2
�� ;��12����	+

36
8 �

2

max
��� 1
36�

4� 1
8�
2
�� ;��12����	

!
<36��

�
1+
1

8

�
2��+

72

7

��
(B13)

In sum, (B7) follows from (B9)�(B13). But given (B7), the martingale di¤erence central limit

theorem of Billingsley (1968, Theorem 3.1) implies that each of the �nite dimensional distrib-

utions of Gdn(�) converges in distribution to a multivariate normal distribution with covariance
given by (B6).

(iii) The process Gdn(� ; ') is stochastically equicontinuous if for all " > 0, there exists c > 0
such that

lim sup
n!1

Pr

"
sup

k(�1;'1)�(�2;'2)k�c, (�1;'1);(�2;'2)2D1
�'

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

#
< ": (B14)

In the rest of this section, we keep the restriction (�1; '1); (�2; '2) 2 D1
�' implicit to simplify

notation.

The proof has two steps. First, we show that for all " > 0, there exist c1 � c2 > 0 such that

Pr

"
sup

k(�1;'1)�(�2;'2)k�c2;j�1j;j�2j�2c1

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

#
� "

2
: (B15)

Second, we show that given c1 above, there is c1 � c3 > 0 such that

Pr

"
sup

k(�1;'1)�(�2;'2)k�c3;j�1j;j�2j�c1

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

#
� "

2
: (B16)
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Let c = minfc2; c3g. Whence (B14) follows from

Pr

"
sup

k(�1;'1)�(�2;'2)k�c

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

#

�Pr
"(

sup
k(�1;'1)�(�2;'2)k�c;j�1j;j�2j�2c1

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

)

[
(

sup
k(�1;'1)�(�2;'2)k�c;j�1j;j�2j�c1

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

)#

�Pr
"

sup
k(�1;'1)�(�2;'2)k�c2;j�1j;j�2j�2c1

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

#
(B17)

+ Pr

"
sup

k(�1;'1)�(�2;'2)k�c3;j�1j;j�2j�c1

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

#
� " (B18)

where the �rst inequality follows from that for 0 < c � c1,

sup
k(�1;'1)�(�2;'2)k�c

���Gdn(�1; '1)� Gdn(�2; '2)��� (B19)

�max
(

sup
k(�1;'1)�(�2;'2)k�c;j�1j;j�2j�2c1

���Gdn(�1; '1)� Gdn(�2; '2)��� ;
sup

k(�1;'1)�(�2;'2)k�c;j�1j;j�2j�c1

���Gdn(�1; '1)� Gdn(�2; '2)���
)
;

and the second inequality follows from c � c2 and c � c3.

We next show that there exist c1 � c2 > 0 such that (B15) holds. Given (B8), we will have

that

Gdn(� ; ') =
H4p
n

1
36�

4 � 1
8�
2

�
+
H3p
n

1
2��

�
+

X
4�i+j�3;j�1

1

i!j!

1p
n

@6Ln (0; 0; 1)

@�@�i@�j
�i�j

�

+
X
i+j=5

1

i!j!

1p
n

@6Ln

�
~�; ~�; 1

�
@�@�5

�i�j

�
;

where j~�j � j�j, j~�j � j�j, and �, �, ~�, ~� are functions of (� ; ') even though we have omitted
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these arguments. Therefore,

1

21

h
Gdn(�1; '1)� Gdn(�2; '2)

i2
�
�
H4p
n

�2�
��11

�
1

36
�41 �

1

8
�21

�
� ��12

�
1

36
�42 �

1

8
�22

��2
(B20)

+

�
H3p
n

�2�1
2
��11 �1�1 �

1

2
��12 �2�2

�2
(B21)

+
X

4�i+j�3;j�1

�
1

i!j!

1p
n

@6Ln (0; 0; 1)

@�@�i@�j

�2 n
��11 �i1�

j
1 � �

�1
2 �i2�

j
2

o2
(B22)

+
X
i+j=5

sup
j�j���;j�j���

�
1

i!j!

1p
n

@6Ln (�; �; 1)

@�@�i@�j

�2 n
��21 �2i1 �

2j
1 + �

�2
2 �2i2 �

2j
2

o
; (B23)

where �1 = �(�1; '1), �1 = �(�1; '1), �2 and �2 are de�ned in the same way. First, we can easily

check that

E

"�
H4p
n

�2#
= E

�
h24
�
<1; E

"�
H3p
n

�2#
= E

�
h23
�
<1

and

E

"�
1

i!j!

1p
n

@6Ln (0; 0; 1)

@�@�i@�j

�2#
= E

�
1

i!j!

@6l (0; 0; 1)

@�@�i@�j

�2
<1:

by the iid assumption and the zero expectation of these terms. Second, for the terms (B20)-

(B23), we can show that the non-random coe¢ cients in fg converge to zero as c1; c2 ! 0, using

arguments in (B12), (B13) and Lemma 9. To be more speci�c, for (� ; ') 2 D1, we have

��11

�
1

36
�41 �

1

8
�21

�
� ��12

�
1

36
�42 �

1

8
�22

�
= 1� 1 = 0

1

2
��11 �1�1 �

1

2
��12 �2�2 =

1

2
('1 � '2)

��11 �i1�
j
1 � �

�1
2 �i2�

j
2 =

(
= '1�

i�1
1 �j�11 � '2�i�12 �j�12 if i � 1;

= ��11 �j1 � �
�1
2 �j2 � sup

����2� ��� (�1 + �2) if i = 0
;

and the same applies to ��21 �2i1 �
2j
1 . Together with Lemma 8.3, which implies that

E

"
sup

j�j���;j�j���

�
1p
n

@6Ln (�; �; 1)

@�@�i@�j

�2#
! E

"
sup
j�j;j�j

�
G[i;j](�; �)

�2#
<1;

we can �nd c1 � c2 > 0 such that

E

"
sup

k(�1;'1)�(�2;'2)k�c2;�1;�2�2c1

�
Gdn(�1; '1)� Gdn(�2; '2)

�2#
� "3

2
: (B24)
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Then Chebychev�s inequality implies that

Pr

"
sup

k(�1;'1)�(�2;'2)k�c2;j�1j;j�2j�2c1

���Gdn(�1; '1)� Gdn(�2; '2)��� > "

#

� 1

"2
E

"
sup

k(�1;'1)�(�2;'2)k�c2;j�1j;j�2j�2c1

�
Gdn(�1; '1)� Gdn(�2; '2)

�2#
� "

2
:

Step 2. Given c1, we need to �nd c3 such that c1 � c3 > 0 and (B16) holds. First, we change

(� ; ') into (�; �) for simplicity. For (� ; ') 2 D1, it holds that

1

36
�4 � 1

36
�4 � 1

8
�2 = �(�; �) � c1; � � 0;

which implies � �
p
6c

1
4
1 . Moreover, for all cB > 0, there exists a c3 > 0 such that�

(�1; '1; �2; '2) 2 B1�' �B1�' : k(�1; '1)� (�2; '2)k � c3; �1; �2 � c1
	

� f(�1; '1; �2; '2) 2 B1�' �B1�' : k(�1; �1)� (�2; �2)k � cB; �1; �2 �
p
6c

1
4
1 g (B25)

because
�
(� ; ') 2 D1

�' : � � c1
	
is a compact set, and �(�; �) and '(�; �) are continuous on

this set. Therefore, it su¢ ces to �nd cB such that fGn(�; �) : j�j �
p
6c
1=4
1 ; (�; �) 2 A1��g

is stochastically equicontinuous on (B25). To do so, we use Theorem 1 of Andrews (1994).

Speci�cally, we use the notation f for Gn(�; �) = 1p
n

P
i f (yi; �; �) and show that f belongs to

the type II class of functions de�ned in Andrews (1994, p.2270). This is the class of Lipschitz

functions in (�; �), which is such that

jf (:; �1; �1)� f (:; �2; �2)j �M (:) (j�1 � �2j+ j�1 � �2j)

for all (�1; �1); (�2; �2) 2 A1��; j�1j; j�2j �
p
6c
1=4
1 .

Note that

1

�1

@l

@�
(�1; '1)�

1

�2

@l

@�
(�2; '2) = y2 [D1(�1; �1; �1)�D1(�2; �2; �2)]

+ y [D2(�1; �1; �1)�D2(�2; �2; �2)]

+ [D3(�1; �1; �1)�D3(�2; �2; �2)]

� 1

�1
exp

24�e �213 ��1
2

(�1 + y)
2 +

1

2
y2 +

1

6
�21 �

1

2
�1

35
+
1

�2
exp

24�e �223 ��2
2

(�2 + y)
2 +

1

2
y2 +

1

6
�22 �

1

2
�2

35 ; (B26)

where

D1(� ; �; �) =
1

2
��1e��

�2

3 +
1

2

�2

�
; D2(� ; �; �) = �

�

�
and D3(� ; �; �) = �

1

2
��1

�
e��

�2

3 � �2
�
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so that D1, D2 and D3 are all Lipschitz in (�; �) for (�; �) 2 A1�� and � = �(�; �). And for the

last term in (B26), the mean value theorem implies that

� 1

�1
exp

24�e �213 ��1
2

(�1 + y)
2 +

1

2
y2 +

1

6
�21 �

1

2
�1

35
+
1

�2
exp

24�e �223 ��2
2

(�2 + y)
2 +

1

2
y2 +

1

6
�22 �

1

2
�2

35
=exp

24�e ~�23 �~�
2

(~� + y)2 +
1

2
y2 +

1

6
~�
2 � 1

2
~�

35( 1

~�2
(�1 � �2)

+
1

3~�

�
e
~�
2

3
�~�
�
~�
3
+ 3~� + ~�y2 + 2~�

2
y + 3y

�
� ~�
�
(�1 � �2)

+
1

2~�

�
1� e

~�
2

3
�~�(~� + y)2

�
(�1 � �2)

)
: (B27)

In addition,

j�1 � �2j =
���� 136�41 � 18�21 � 1

36
�42 +

1

8
�22

����
=

���� 136 ��21 + �22� (�1 + �2)(�1 � �2)� 18 (�1 + �2) (�1 � �2)
����

� 1

9
��
3 j�1 � �2j+

��

4
j�1 � �2j : (B28)

Moreover

exp

24�e �23 ��
2

(� + y)2 +
1

2
y2 +

1

6
�2 � 1

2
�

35 � g�(y); (B29)

where

g�(y) = exp

�
�e

���

2
(2��jyj+ y2) + 1

2
y2 +

1

6
��
2
+
1

2
��

�
:

Combining (B26), (B27), (B28) and (B29), we will have

1

�1

@l

@�
(�1; '1)�

1

�2

@l

@�
(�2; '2) � (g�(y) + 1)

�
a1 + a2jyj+ a3y2

	
(j�1 � �2j+ j�1 � �2j) :

But since

E
�
(g�(y) + 1)

�
a1 + a2jyj+ a3y2

	�
<1;

f will be Lipschitz withM (y) = (g�(y)+1)
�
a1 + a2jyj+ a3y2

�
for some constants a1, a2 and a3.

To apply Theorem 1 of Andrews (1994), we need to check Assumptions A, B, and C. Assumption

A: the class of functions f satis�es Pollard�s entropy condition with some envelope �M . This is

satis�ed with �M = 1 _ sup jf j _M(:) by Theorem 2 of Andrews (1994) because f is Lipschitz.
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In turn, Assumption B:

lim sup
n!1

1

n

nX
i=1

E �M2+� (yi) <1 for some � > 0;

is also satis�ed because yi is a standard normal random variable. Finally, Assumption C: fyig
is an m-dependent triangular array of r.v�s holds because fyig is iid. Stochastic equicontinuity
of f follows from Theorem 1 of Andrews (1994). Thus, for given " > 0, we can �nd cB such that

(B16) holds.

In sum, the results hold by virtue of (B17) and (B18). �

Step 3

Lemma 3 supd2D1 LRdn(d) = supd2D1 LMd
n(d) + op(1) = sup(�;')2D1

�'

[Gdn(�;')]
2

�
V d(�;')

+ op(1).

Proof. Since���� sup
d2D1

LRdn(d)� sup
d2D1

LMd
n(d)

���� � sup
(�;')2D1

�'

����� sup
�:(�;� ;')2D1

LRdn(�; � ; ')� sup
�:(�;� ;')2D1

LMd
n(�; � ; ')

����� ;
it su¢ ces to show that

sup
�:(�;� ;')2D1

LRdn(�; � ; ') = sup
�:(�;� ;')2D1

LMd
n(�; � ; ') + op(1): (B30)

Expression (B30) follows from Andrews (2001). To see this, we need to check his assumptions.

Let

ld(�; � ; ') = l(�(� ; '); �(� ; '); �(�; � ; '))

denote the log-likelihood of yi written in d 2 D1. The null hypothesis is H0 : � = 0 and (� ; ')

is the nuisance parameter that only appears under the alternative. Let

LRdn(�̂�'; � ; ') = sup
�:(�;� ;')2D1

LRdn(�; � ; '):

To verify Assumption 1, namely �̂�' = op;�'(1), let ld0(d) = E
�
ld(1; � ; ')

�
. Invoking Lemma

6, we have

sup
d2D1

���� 1nLdn(d)� ld0(0; � ; ')
���� � sup

�2�

���� 1nLn(�)� l0(�)
���� p�! 0 (B31)

(i.e. uniform convergence). Moreover, for all � > 0,

ld0(d) > sup
�>�;d2cl(D1)

ld0(d) (B32)

(i.e. well separated maximum), which follows from the fact that � = 1 is the unique maximizer

(note that (1 � �) � maxfj�j; j�jg), ld0(d) is continuous and cl(D1) is compact. As a result,

Lemma A1 in Andrews (1993) implies that we have �̂�' = op;�'(1).
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Assumption 2� holds with BT =
p
n using Andrews (2001) notation, see Lemma 1. Assump-

tion 3� holds by Lemma 2. Assumption 4 is implied by Assumptions 1, 2� and 3. Assumption

5 is satis�ed for BT = bT =
p
n and � = R�. Assumption 6 holds because R� is convex.

Assumptions 7 and 8 hold with �� = R� and with the fact that � and  are absent in our

setting. Assumptions 9 and 10 are satis�ed. Assumptions 1o and 4o hold trivially because the

restricted estimator is � = 0 and therefore not random.

By Theorem 4 and the remark at the bottom of p. 719 of Andrews (2001), it follows that

(B30) holds.

Step 4

In this step, we show that

sup
#2�0

2 [Ln(#)� Ln(0; 0; 1)] =
1

n
sup

#2�0n(0;0;1)

(min f@Ln(�;{; 1)=@�; 0g)2

V (�;{)
+ op(1);

where we use the notation Ln for the log-likelihood indexed by #, whereas Ln is the log-likelihood
indexed by �. First, by the results in Step 3, we have

sup
d2Dk

LRdn(d) = sup
(�;')2Dk

�'

�
Gdn(� ; ')

�2
�

V d(� ; ')
+ op(1):

Noticing also that

sup
d2Dk

LRdn(d) = sup
�2Ak

LRn(�) and sup
(�;')2Dk

�m

�
Gdn(� ; ')

�2
�

V d(� ; ')
= sup
(�;�)2Ak�m

bGn(�; �)c2�
V (�; �)

;

we will have that

sup
�2Pb

LRn(�) = max
k�16

sup
d2Dk

LRdn(d) = max
k�16

sup
(�;�)2Ak�m

bGn(�; �)c2�
V (�; �)

+ op(1)

= sup
(�;�):(�;�;1)2Pb

bGn(�; �)c2�
V (�; �)

+ op(1):

Therefore,

sup
#2P 0b

2 (Ln(#)� Ln(0; 0; 1)) = sup
�2Pb

LRn(�) = sup
(�;�):(�;�;1)2Pb

bGn(�; �)c2�
V (�; �)

+ op(1)

= sup
(�;{):(�;{;1)2P 0b

bGn(�;{)c2�
V (�;{)

:

Finally, the asymptotic distributions of the LM tests follow from the continuous mapping

theorem. �
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C Detailed proof of Proposition 6

Constant � and �2

We �rst consider the simple case in which we estimate both the unconditional mean and

variance parameters, say � and �2, respectively, under the additional assumption that they are

constants. Speci�cally, letting y =
p
�2z + � and z � MixN(0; 1), we have that the pdf of y is

simply given by

fY (y) =
1p
�2
fZ

�
y � �p
�2

�
;

so that the contribution of observation y to the log-likelihood, `(�; �2; �;{; �; y), will be given
by

k� 1
2
log�2+ log

(
�p
��21

exp

"
� 1

2��21

�
y � �p
�2

� ��1
�2#

+
1� �p
��22

exp

"
� 1

2��22

�
y � �p
�2

� ��2
�2#)

;

where k is an integration constant and

��1 =
�(1� �)q

1 + �(1� �)�2
; ��2 = �

�

1� ��
�
1,

��21 =
1�

1 + �(1� �)�2
�
[�+ (1� �) exp({)]

and ��22 = exp({)��21 :

Subtest in Pa We consider the reparametrization in (3) and de�ne

Ln(�; �
2; �; �; �) =

1

n

nX
i=1

li(�; �
2; �; �; �);

with li(�; �2; �; �; �) = `(�; �2; �; �� (2�� 1)�2=3; �; yi).
To shorten notation, let � = (�; �) with � = (�; �2) and � = (�; �; �). Let �0 =

�
�0; �

2
0

�
denote the true value of the parameter �. Next, de�ne

LRn(�; �
2; �; �; �) = 2

�
Ln(�; �

2; �; �; �)� Ln(�0; �20; 0; 0; �)
�

(C1)

and

�LRn;r = argmax
�2��f0g2�[1=2;1]

LR(�); �LRn;u = argmax
�2��P

LR(�);

where P can be replaced by Pa;1;Pa;2;Pa;3 as needed, and � denotes the feasible parameter

space of (�; �2). Then, it is easy to verify that �LRn;r =
�
�n;r; 0; 0; �n;r

�
with

�n;r = (�n;r; �
2
n;r) =

"
1

n

nX
i=1

yi;
1

n

nX
i=1

(yi � �n;r)2
#
;

which provide the restricted maximum likelihood estimators of �.
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Letting

LMa;�
n (�) =2

�
1

�0

H1;np
n

�p
n(�� �0) + 2

�
1

2�20

H2;np
n

�p
n(�2 � �20) (C2)

� 1

�20
n(�� �0)2 �

1

2�40
n
�
�2 � �20

�2
;

where

H1;n =

nX
i=1

h1i =

nX
i=1

yi � �0p
�20

and H2;n =

nX
i=1

h2i =

nX
i=1

(yi � �0)2 � �20
�20

:

Moreover, in the sequel LMa
n(�;�0) will coincide with (15) if we replace yi with (yi � �0)=

p
�20.

As in the proof of Proposition 1, we have the following �ve steps:

1. For all sequences of �n = (�n; �n; �n; �n) with (�n; �n; �n)
p�! (�0; 0; 0), we have that

LRn(�n) = LMa
n(�n) + LM

a;�
n (�n) + op[h

�
n(�n)] + op[h

�
n(�n)];

where h�n(�) = max
�
1; n(�� �0)2; n(�2 � �20)2

	
and

h�n(�) = max
�
1; n(1� �)2�8; n(1� �)2�2�2; n(1� �)2�4

	
:

2. For �n = (�LMn ; �2LMn ) 2 argmax�2� LM
a;�
n (�), we have that �LMn = �0 + op(1) and

h�n(�
LM
n ) = Op(1); and also de�ne �LMn = (�LMn ; �LMn ; �LMn ) 2 argmax�2� LMa

n(�), we

have that (�LMn ; �LMn ) = op(1) and h�n(�
LM
n ) = Op(1).

3. For �LRn;u = (�
LR
n;u; �

LR
n;u; �

LR
n;u; �

LR
n;u) 2 argmax�2��P LRn(�), we have that

(�LRn;u � �0; �LRn;u; �LRn;u)
p�! 0

and h(�LRn;u) = Op(1).

4. Then, we prove that LRn(�LRn;r )� LRn(�LRn;u) = LMa
n(�

LM
n ) + op(1).

5. Finally, show that the test is the same as before, but with yi replaced by (yi � �n;r)=�n;r.

Before going into the details of these steps, let us emphasize that the main di¤erence is in

Step 1, which shows that in the Taylor expansion the cross terms (T3 de�ned below) of � and �

are negligible, and thus we can consider the two parts separately. Step 2-4 are almost the same

as before.

Step 1 : Consider a sequence �n = (�n; �n; �n; �n) with (�n; �n; �n)
p�! (�0; 0; 0). Let

L[k1;k2;k3;k4]n =
1

k1!k2!k3!k4!

@k1+k2+k3+k4Ln(�)

@�k1 (@�2)k2 @�k3@�k4

�����
�n;0
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where �n;0 = (�0; 0; 0; �n) and

4[k1;k2;k3;k4]
n =

1

k1!k2!k3!k4!

24 @k1+k2+k3+k4Ln(�)

@�k1 (@�2)k2 @�k3@�k4

�����
(~�n;

~�n;~�n;�n)

� @k1+k2Ln(�)

@�k1@�k2

����
�n;0

35 ;
with (~�n; ~�n; ~�n) between (�0; 0; 0) and (�n; �n; �n). Consider the following eighth-order Taylor

expansion,

1

2
LRn(�n) = Ln(�n; �

2
n; �n; �n; �n)� Ln(�0; �20; 0; 0; �n)

= T1n(�n;�0) + T2n(�n;�0) + T3n(�n;�0; �
2
0) + �n;

where

T1n(�n;�0) =
X

k3+k4�8
L[0;0;k3;k4]n �k3n �

k4
n ;

T2n(�n;�0) =
X

k1+k2�8
L[k1;k2;0;0]n (�n � �0)k1

�
�2n � �20

�k2 ;
T3n(�n;�0) =

X
k1+k2+k3+k4�8
k1+k2�1; k3+k4�1

L[k1;k2;k3;k4]n (�n � �0)k1
�
�2n � �20

�k2 �k3n �k4n and

�n =
X

k1+k2+k3+k4=8

�[k1;k2;k3;k4]n (�n � �0)k1
�
�2n � �20

�k2 �k3n �k4n
First, we will show that T3n(�n;�0) = op[h

�
n(�n)] + op[h

�
n(�n)]. Speci�cally, for (k1; k2) 2

f(1; 0); (0; 1)g and (k3; k4) 2 f(k; 0) : k � 4g[f(0; k) : k � 2g[f(1; 1)g, we can easily check that

E[l[k1;k2;k3;k4](�0)] = 0 and Ef[l[k1;k2;k3;k4](�0)]2g <1;

which means that p
n

n

@k1+k2+k3+k4Ln(�)

@�k1 (@�2)k2 @�k3@�k4

�����
�0

= Op(1): (C3)

Therefore, we will have that the (k1; k2; k3; k4) term is such that

L[k1;k2;k3;k4]n (�n � �0)k1
�
�2n � �20

�k2 �k3n �k4n =

0@pn
n

@k1+k2+k3+k4Ln(�)

@�k1 (@�2)k2 @�k3@�k4

�����
�0

1A
�
hp

n (�n � �0)k1
�
�2n � �20

�k2i �k3n �k4n
= op[h

�
n(�n)];

where the last equality follows from (C3) and the fact that �k3n �
k4
n = op(1). As for the remaining

terms in T3n, we have either: a) k1 + k2 � 2 so that

n (�n � �0)k1
�
�2n � �20

�k2 �k3n �k4n = op[h
�
n(�n)]; (C4)
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or b) (k3; k4) 2 f(k; 0) : k > 4g [ f(0; k) : k > 2g [ f(k; k0) : k; k0 > 1g, so that

L[k1;k2;k3;k4]n (�n � �0)k1
�
�2n � �20

�k2 �k3n �k4n =

"
1

n

nX
i=1

g(yi)

#
n (�n � �0)k1

�
�2n � �20

�k2
�(1� �n)�k3n �k4n

= op[h
�
n(�n)];

where g(y) = l
[k1;k2;k3;k4]
n (�n0)=(1��n) is square integrable. In this case, the last equality follows

from
p
n (�n � �0)k1

�
�2n � �20

�k2 pn(1� �n)�k3n �k4n = op[h
�
n(�n)]: (C5)

Secondly, we have to show that T2n = LMa;�
n (�n;�0) + op[h

�
n(�n)]. Invoking Rotnitzky et al

(2000), we will have that

1

n
L[2;0;0;0]n = � 1

2�20
+Op(n

� 1
2 ),

1

n
L[0;2;0;0]n = � 1

4�20
+Op(n

� 1
2 ) and

1

n
L[1;1;0;0]n = Op(n

� 1
2 ):

ThereforeX
k1+k2=2

L[k1;k2;0;0]n (�n � �0)k1
�
�2n � �20

�k2 = X
k1+k2=2

1

n
L[k1;k2;0;0]n n (�n � �0)k1

�
�2n � �20

�k2
= � 1

2�20
n (�n � �0)2 �

1

4�20
n
�
�2n � �20

�2
+ op[h

�
n(�n)]:

For k1 + k2 > 2, we have 1
nL

[k1;k2;0;0]
n = Op(1) and n (�n � �0)k1

�
�2n � �20

�k2 = op

h
h�n(�n)

i
.

Third, we have to show that T1n = LMa
n(�n) + op[h

�
n(�n)]. But since this is the same as we

did in the proof of Proposition 1, we can omit it.

The last part requires to prove that �[k1;k2;k3;k4]n (�n � �0)k1
�
�2n � �20

�k2 �k3n �k4n = op(1) for

k1 + k2 + k3 + k4 = 8, which is entirely analogous to the proof of Proposition 1.

Step 2 : This step is trivial sincemax�2� LMa;�(�) has a closed-form solution with probability

approaching one.

Step 3 : Following the proof of Proposition 1, we can �rst show that
�
�LRn;u; �

LR
n;u; �

LR
n;u

� p�!
(�0; 0; 0). Next, we can also show that h

�
n(�

LR
n;u) = Op(1) and h

�
n(�

LR
n;u) = Op(1) by an argument

analogous to Lemma 3 in Amengual, Bei and Sentana (2023).

Step 4 : It follows from the same argument as in the corresponding proof of Proposition 1.

Step 5 : Simplify LMa
n(�

LM
n ) as in the proof of Proposition 1. Then by the stochastic

equicontinuity of the test statistic in �, we can replace � by �n;r.

Subtest in Pb Here we use the reparametrization of Proposition 3 involving (�; � ; '). In terms

of Andrews (2001) notation, we have

�1 = �, � = (� ; ') and  = (�; �2):
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We show that we do not need to adjust for parameter uncertainty by verifying Assumption 7

of Andrews (2001), which guarantees that there is no cross term of � and � in the quadratic

approximation. Let

LRdn(�; �
2; �; � ; ') =LRn[�; �

2; �(� ; '); �(� ; '); �(�; � ; ')];

LMd
n(�; �

2; �; � ; ') =2Gn(� ; ')
p
n� � V (� ; ')n�2 + LM�

n (�);

Rdn(�; �
2; �; � ; ') =LRdn(�; �

2; �; � ; ')� LMd
n(�; �

2; �; � ; ');

where LRn(�; �2; �; �; �) is de�ned in (C1) and LM
�
n (�) in (C2). We need to show that for all

sequences (�n; �
2
n; �n; �n; 'n) with (�n � �0; �2n � �20; �n)

p�! 0, it holds that

Rn(�n; �
2
n; �n; �n; 'n) = op

�
max[n�2n; n(�n � �0); n(�2n � �20)2]

	
: (C6)

To see this, we can modify the proof of Proposition 3. Let �n = (�n; �
2
n; �n; �n; �n) with

�n = �(�n; 'n), �n = �(�n; 'n) and �n = �(�n; �n; 'n). A third-order Taylor expansion gives

L(�n; �
2
n; �n; �n; �n)� L(�0; �20; �n; �n; 1) = T1n(�n;�0) + T2n(�n;�0)

+ T3n(�n;�0) + T4n(�n;�0);

where

T1n(�n;�0) =
@L(�n0)

@�
(�n � 1) +

1

2

@2L(�n0)

@�2
(�n � 1)2 +

1

3!

@3L(~�n)

@�3
(�n � 1)3:

T2n(�n;�0) =
X
i+j�2

1

i!j!

@i+jL(�n0)

@�i@(�2)j
(�n��0)i(�2n��20)j+

X
i+j=3

1

i!j!

@3L(~�n)

@�i@(�2)j
(�n��0)i(�2n��20)j

and

T3n(�n;�0) =
@2L(�n0)

@�@�
(�n � 1)(�n � �0) +

@2L(�n0)

@�@�2
(�n � 1)(�2n � �20)

+
1

2

@3L(~�n)

@�2@�
(�n � 1)2(�n � �0) +

1

2!2!

@3L(~�n)

@�2@�2
(�n � 1)2(�2n � �20);

T4n =
X
j+k=2

1

j!k!

�
1

n

@3L(~�n)

@�@�j@(�2)k

�
n(�n � �0)j(�2n � �20)k(�n � 1)

with ~�n = (~�n; ~�
2
n; �n; �n;

~�n) between (�n; �
2
n; �n; �n; �n) and �n0 = (�0; �

2
0; �n; �n; 1). We can

show that

2T1n(�n;�0) = 2Gn(�n;mn)
p
n�n � V (�n;mn)n�

2
n + op(n�

2
n) (C7)

using the same argument as in Proposition 3. Moreover, it is straightforward to show that

2T2n(�n;�0) = LM�
n (�n) + op

h
n
�
�2n � �20

�2
+ n (�n � �0)2

i
(C8)
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We can also show that

T3n(�n;�0) =

�
1p
n

@2L(�n0)

@�@�

��p
n(�n � �0)

�
(�n � 1)

+

�
1p
n

@2L(�n0)

@�@�2

��p
n(�2n � �20)

�
(�n � 1)

� 1
2

�
1

n
��1n

@3L(~�n)

@�2@�

�
[n(�n � �0)�n] (�n � 1)

� 1
4

�
1

n
��1n

@3L(~�n)

@�2@�2

��
n(�2n � �20)�n

�
(�n � 1)

= op[n(�n � �0)2 + n
�
�2n � �20

�2
+ n�2n]; (C9)

where the �rst equality follows from �n = (1 � �n)�n and the second one follows from Lemma

8 and �n
p�! 1. The result relative to T4;n is easy, as �n ! 1 and n(�n � �0)

j(�2n � �20)
k =

O[n(�n � �0)2 + n
�
�2n � �20

�2
], so that

T4n = op[n(�n � �0)2 + n
�
�2n � �20

�2
]: (C10)

Combining the results in (C7), (C8), (C9) and (C10), we �nally prove (C6).

General � and �2

Let us now consider the general case in which the conditional mean and variance are para-

metric functions of another observable vector X.

In this context, let Wt = (Yt; Xt) and assume that

fYtj(Xt;W t�1)(yjx;wt�1) = fYtjXt(yjx) =
1q

�2Y (x;�)
fZ

24y � �Y (x;�)q
�2Y (x;�)

35 :
As a consequence, the (conditional) log-likelihood can be written as

`p(�; �;{; �;Yt; Xt) = `[�Y (Xt;�); �
2
Y (Xt;�); �;{; �;Yt]

the subscript p is for �parametric�and ` was de�ned in the previous section. Accordingly, we

denote the likelihood after reparametrization as lp(�; �; �; �;Yt; Xt).

For Pa part, we only need to check the argument in Step 1 since Steps 2 to 4 are the same.
First, notice that for every vector k �with the same dimension as �� such that jkj = 1 and

(k2; k3) 2 f(k; 0) : k � 4g [ f(0; k) : k � 2g [ f(1; 1)g,

l[k1;k2;k3]p (�0) = l[1;0;k2;k3]c (�0)
@�Y (Xt;�)

@�k
+ l[0;1;k2;k3]c (�0)

@�2Y (Xt;�)

@�k
:
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Therefore, by the law of iterated expectations, we will have

E[l[k1;k2;k3]p (�0)] = EfE[l[k1;k2;k3]p (�0)jXt]g

= E

�
@�Y (Xt;�)

@�k
E[l[1;0;k2;k3]c (�0)jXt]

�
+ E

�
@�2Y (Xt;�)

@�k
E[l[0;1;k2;k3]c (�0)jXt]

�
= 0

because E[l[1;0;k2;k3]c (�0)jXt] = E[l
[0;1;k2;k3]
c (�0)jXt] = 0. Hence, if Assumptions 1 and 2 hold,

then the same arguments in Step 1 applies. Analogous arguments apply for the Pb part too,
which completes the proof. �

D Additional lemmas

Lemma 4 For k = 1; : : : ; 16, let

Dk =
n
(�; � ; ') : there exists � 2 Ak such that (20)-(19) holds

o
:

Then, (i) for all � 2 Ak, there exists a unique d 2 Dk such (20)-(19) holds; (ii) for all d 2 Dk,

there exists a unique � 2 Ak such that (20)-(19) holds.

Proof. (i) is straightforward. As for (ii), we show it for k = 1 since the proof for k = 2; : : : ; 16 is

similar. We only need to show the uniqueness of �, as the existence follows from the construction

of D1. Note that � > 0 for all � 2 A1, thus � = 1 � �=� . With the restrictions of A1, it holds

that
1

36
�4 � 1

8
�2 = � , that is,

1

2
�� = '�: (D1)

Hence, we can easily write
2

9
�4 � 4�

2'2

�2
= 8� : (D2)

Since the left hand side of (D2) is strictly increasing in �2, we can get unique �. Finally, we get

� from (D1). �

Lemma 5 If

(a)
p
n(1� �n)�n�n = Op(1) and (b)

p
n(1� �n)

�
�2n �

2(1� �n + �2n)
9

�4n

�
= Op(1);

where �n 2 [1=2; 1], then we have
p
n(1� �n)�2n = Op(1) and

p
n(1� �n)�4n = Op(1).

Proof. From (b) we have

p
n(1� �n)�2n =

2

9
(1� �n + �2n)

p
n(1� �n)�4n +Op(1):

But if
p
n(1 � �n)�

4
n = Op(1), then we can trivially show that

p
n(1 � �n)�

2
n = Op(1) because

1� �n + �2n 2 [3=4; 1]. The rest of the proof is by contradiction.
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Let us assume that
p
n(1 � �n)�

4
n 6= Op(1); in other words, that there exists an � > 0 such

that for all M1,

Pr(n
1
2 (1� �n)�4n > M1) > � i.o. (D3)

Next, given that
p
n(1� �n)�2n� 2

9(1� �n+ �
2
n)
p
n(1� �n)�4n = Op(1), there exists an M2 such

that

Pr

�����pn(1� �n)�2n � 29(1� �n + �2n)pn(1� �n)�4n
���� < M2

�
> 1� �

2

for all n. Consider M 0 > maxfM2; ��
2
=6g and let M1 = 6M

0 + 6M2. In view of (D3), we have

that

Pr[n
1
2 (1� �n)�4n > 6M 0 + 6M2] > � i.o.

Let

An = fn
1
2 (1� �n)�4n > 6M 0 + 6M2g

and

Bn = fj
p
n(1� �n)�2n �

2

9
(1� �n + �2n)

p
n(1� �n)�4nj < M2g:

Since Pr(An) > � i.o. and Pr(Bn) > 1� �=2 for all n, we will also have

Pr(An \Bn) � Pr(An) + Pr(Bn)� 1 >
�

2
i.o.

On the set An \Bn, we have

n(1� �n)2�2n�2n =
p
n(1� �n)�2n

�
2

9
(1� �n + �2n)

p
n(1� �n)�4n

+

�p
n(1� �n)�2n �

2

9
(1� �n + �2n)

p
n(1� �n)�4n

��
>
p
n(1� �n)�2n

�
2

9
(1� �n + �2n)

p
n(1� �n)�4n �M2

�
(D4)

�
p
n(1� �n)�2n

�
1

6

p
n(1� �n)�4n �M2

�
(D5)

�
p
n(1� �n)�4n

M 0

��
2 (D6)

�
p
n(1� �n)�4n

6
�M 0 +M2 > M 0; (D7)

where (D4) uses the de�nition of Bn, (D5) uses 1��n+�2n � 3=4, (D6) combines the de�nition
of An with �2n � ��

2, and (D7) uses the de�nitions of M 0 and An. Hence, An \ Bn � fn(1 �
�n)

2�2n�
2
n > M 0g, which implies that for all M 0,

Pr[n(1� �n)2�2�2 > M 0] � �

2
i.o.

which is a contradiction to (a). Thus, we have proved that
p
n(1� �n)�2n = Op(1) and

p
n(1�

�n)�
4
n = Op(1), as desired. �
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Lemma 6 (uniform convergence) Denote l0(�) = E[l(�)]. Assume the data is iid, E
�
y2
�
<1

and � is compact. Then,

sup�2�

���� 1nLn(�)� l0(�)
���� p�! 0:

Proof. Let ��2 = exp(�{)=� = 2exp(�{) be an upper bound for max(��21 ; ��22 ), �2 = e�2�{=(1 +

��
2
=4) a lower bound for min(��21 , �

�2
2 ), and �� = �� an upper bound for both j��1j and j��2j. Then,

we have

l(�) = log

(
�

1p
��21

exp

�
�(y � �

�
1)
2

2��21

�
+ (1� �) 1p

��22
exp

�
�y � �

�
2)
2

2��22

�)

� � log

(
1p
��21

exp

�
�(y � �

�
1)
2

2��21

�)
+ (1� �) log

(
1p
��22

exp

�
�(y � �

�
2)
2

2��22

�)

� �1
2
log(��2)� �(y � ��1)2 + (1� �)(y � ��2)2

2�2

� �1
2
log(��2)� (jxj+ ��)

2

2�2
;

where the �rst inequality follows from the concavity of the logarithm, the second one from the

de�nitions of ��2 and �2, and the last one from the de�nition of ��. Moreover,

l(�) = log

(
�

1p
��21

exp

�
�(y � �

�
1)
2

2��21

�
+ (1� �) 1p

��22
exp

�
�(y � �

�
2)
2

2��22

�)

� log
"
�

1p
��21

+ (1� �) 1p
��22

#
= log

 
1p
�2

!
:

Next, letting

d(y) =
(jyj+ ��)2
2�2

+
��log( ��2)��+ �����log

 
1p
�2

!����� ;
it is straightforward to see that jl(�)j � d(y) and E[jd(y)j] <1. Note that Ln(�) is continuous
at 8� 2 � with probability 1. Thus, by Lemma 2.4 in Newey and McFadden (1994),

sup�2�

���� 1nLn(�)� l0(�)
���� p�! 0;

as desired. �

Lemma 7 If there exist an M1 > 0 and a � < 1 such that jH3;n=
p
nj < M1, jH4;n=

p
nj < M1,

jw1j > M1=�, jw1j > jw2j, rn(�)=w21 < �, then LRn(�) < 0.

Proof. We have that

LRn(�) = 2
H3;np
n
w1 + 2

H4;np
n
w2 � V3w21 � V4w22 + rn(�);
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so that

LRn(�)

w21
= 2

H3;np
n

1

w1
+ 2

H4;np
n

w2
w21

� V3 � V4
w22
w21

+
rn(�; �; �)

w21

� 2� + 2�w2
w1
� V3 + �

� 5� � V3

< 0

because V3 = E[h23] = 6; which proves the result. �

Lemma 8 (Weak convergence)

(8.1)
p
n
�
1
n�

�1 @2L(�(�;');�(�;');1)
@�2

� E
h
��1 @

2l(�(�;');�(�;');1)

@�2

i�
= Op;(�;')(1).

(8.2)
p
n
�
1
n�

�1 @3L(�(�;');�(�;');�(�;� ;'))
@�3

� E
h
��1 @

3l(�(�;');�(�;');�(�;� ;'))

@�3

i�
= Op;(�;')(1).

(8.3) 1p
n
@6Ln(�;�;1)

@�@�i@�j
) G[i;j](�; �) for i+ j = 5.

(8.4) 1
n�

�1 @4L(�(�;');�(�;');�(�;� ;'))
@�4

= Op;(�;')(1).

(8.5) ��2E
h
@3l(�(�;');�(�;');�(�;� ;'))

@�3

i
= O(�;')(1).

(8.6) With � and �2, 1p
n
@2L(�n0)
@�@� = Op(1) and 1p

n
@2L(�n0)
@�@�2

= Op(1).

(8.7) With � and �2,
n
1
n�

�1
n

@3L(~�n)

@�2@�

o
= Op(1) and

n
1
n�

�1
n

@3L(~�n)

@�2@�2

o
= Op(1).

Proof. The proofs of (8.1) and (8.2) are similar to the proof of Proposition 1. Therefore, we only

give the Taylor expansion of @2l(�; �; 1)=@�2 and @3l(�; �; 1)=@�3 to justify the normalization

��1, but omit the detailed steps. Speci�cally, a �fth-order Taylor expansions yield

@2l(�; �; 1)

@�2
=h4

�
1

9
�4 � 1

4
�2
�
+ h3��

+
4X
i=3

1

i!

@2+il(�; �; 1)

@�2@�i
�i +

4X
i+j=3;i�1;j�1

1

i!j!

@2+i+jl(�; �; 1)

@�2@�i@�j
�i�j

+
X
i+j=5

1

i!j!

@2+i+jl(~�; ~�; 1)

@�2@�i@�j
�i�j

and

@3l(�; �; 1)

@�3
= 8h4�4 +

4X
i=3

1

i!

@3+il(�; �; 1)

@�3@�i
�i +

4X
i+j=3;i�1;j�1

1

i!j!

@3+i+jl(�; �; 1)

@�3@�i@�j
�i�j

+
X
i+j=5

1

i!j!

@3+i+jl(~�; ~�; 1)

@�3@�i@�j
�i�j :

The proof of (8.3) is similar but much simpler, as it is not normalized by � . To prove (8.4),

it su¢ ces to apply the uniform law of large numbers (see Lemma 2.4 of Newey and McFadden
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(1994)) and use

g(� ; ') =

(
��1 @

4l(�(�;');�(�;');�(�;� ;'))

@�4
if � 6= 0;

lim�!0 ��1
@4l(�(�;');�(�;');�(�;� ;'))

@�4
= 24h4 if � = 0:

To see (8.5), notice that

E

�
@3l

@�3

�
= �8960�8 � 54�4 � 36�2�2 + o(�2):

As for (8.7), we can also show that evaluated at ~�,

1

n

@3Ln

@�2@�
= � 32

3�̂
�4Ĥ3 +

2

�̂
�2Ĥ3 + op(�)

and
1

n

@3Ln

@�2@�2
= � 16

3�2
1

n
Ĥ4�

4 +
1

�2
1

n
Ĥ4�

2 � 3

2�2
1

n
Ĥ3 + op(�);

where

Ĥ3 =
X
i

ŷi(ŷ
2
i � 3) and Ĥ4 =

X
i

ŷ4i � 6ŷ2i + 3 with ŷi =
X
i

yi � �̂
�̂

;

whence we prove the desired result. �

Lemma 9
�� 1
36�

4 � 1
8�
2
��! 0 and

��1
2��
��! 0 implies � ! 0 and �! 0.

Proof. Once again, we prove this by contradiction. If the lemma does not hold, then one of

the following statement must be true:

(i) there exist sequences �n, �n such that
�� 1
36�

4
n � 1

8�
2
n

��! 0 and
��1
2�n�n

��! 0 but �n ! �� 6= 0,
or

(ii) there exist sequences �n, �n such that
�� 1
36�

4
n � 1

8�
2
n

��! 0 and
��1
2�n�n

��! 0 but �n ! �� 6= 0.
Consider (i):

��1
2�n�n

��! 0 and �n ! �� 6= 0 implies �n ! 0, thus���� 136�4n � 18�2n
����! ���� 136��4n

���� 6= 0;
which is a contradiction to

�� 1
36�

4
n � 1

8�
2
n

��! 0. Similarly, for (ii),
��1
2�n�n

��! 0 and �n ! �� 6= 0
implies �n ! 0, thus ���� 136�4n � 18�2n

����! ����18��2n
���� 6= 0;

as desired. �
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