The information matrix test for Gaussian mixtures®

Dante Amengual
CEMFI, Casado del Alisal 5, E-28014 Madrid, Spain
<amengual@Qcemfi.es>

Gabriele Fiorentini
Universita di Firenze and RCEA, Viale Morgagni 59, 1-50134 Firenze, Italy
<gabriele.fiorentini@Qunifi.it>

Enrique Sentana
CEMFI, Casado del Alisal 5, E-28014 Madrid, Spain
<sentana@cemfi.es>

January 2024
Revised: April 2024

Abstract
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1 Introduction

Finite mixture distributions play an important role in economics and many other disciplines,
where they are often used to model unobserved heterogeneity. For example, they have been
extensively employed for identifying “convergence clubs” of countries based on per capita GDP,
as well as within-country clustering in household income and wealth distributions (see Johnson
and Papageorgiou (2020) and Cowell and Flachaire (2015) for some recent surveys describing
the use of mixtures in each of those areas).

Classical tests (i.e. Likelihood ratio, Wald and score or Lagrange Multiplier (LM)) for the
number of components in a mixture are a devilish problem even if one assumes that the distrib-
ution of the components belongs to a specific parametric family because there are multiple paths
converging to the null along which different parameters become increasingly underidentified (see
Amengual, Bei, Carrasco and Sentana (2024) and the references therein for a detailed discussion
of these unusual features when the null contains a single univariate Gaussian component).

By comparison, testing Gaussianity of the underlying components against a more flexible
family of parametric distributions while maintaining that the number of components is cor-
rect would be relatively straightforward if one relied on the Expectation - Maximisation (EM)
principle to obtain expressions for the scores and information matrix of the model under the
alternative evaluated under the null along the lines of Almuzara, Amengual and Sentana (2019).

In this paper, in contrast, we consider a specification test for finite Gaussian mixtures which
is not a priori targeted to either the number of components or their normality. Specifically, we
follow Boldea and Magnus (2009), who suggested the information matrix (IM) test in their study
of the score vector and Hessian matrix of the log-likelihood function of multivariate Gaussian
mixtures. The IM test introduced by White (1982) directly assesses the IM equality, which
states that the sum of the Hessian matrix and the outer product of the score vector should be
zero in expectation when the estimated model is correctly specified.

Our approach, though, is rather different from Boldea and Magnus (2009), in that we rely
on the EM principle to show that the moments underlying the IM test are the expectation
given the observed data of the moments that the IM test would focus on if the underlying
components were observed. But given that the influence functions underlying those moment
tests effectively coincide with the list of all the distinct third- and fourth-order multivariate
Hermite polynomials, as shown by Amengual, Fiorentini and Sentana (2024), the IM test for
Gaussian mixtures is effectively testing that the expected value of those polynomials weighted
by the posterior probability that each observation belongs to the corresponding component is

simultaneously 0 for each and every underlying component of the mixture. This interpretation



has two important advantages. First, it allows us to obtain the right number of degrees of
freedom for the IM test, which in turn avoids the numerical calculation of Moore-Penrose inverses
(see Boldea and Magnus (2024)). Second, it may prove particularly useful for the purposes of
indicating in which specific directions modelling efforts to enrich finite mixture models should
focus.

In fact, our approach to deriving the IM test and its interpretation applies to any model
in which the observations can be viewed as incomplete data, in the sense of Dempster, Laird
and Rubin (1977), so it has a much wider applicability. Examples include the limited depen-
dent variable models that Gouriéroux, Monfort, Renault and Trognon (1987) and Smith (1987)
tackled with the same approach. The EM principle also leads to interpretable expressions for
the asymptotic covariance matrix of the scaled sample averages of the relevant influence func-
tions adjusted for sampling variability in the parameter estimators under the null of correct
specification.

Importantly, we explicitly address the widespread and often justified concern that the as-
ymptotic distribution of the IM test offers a poor guide in finite samples (see Horowitz (1994)
and the reference therein) by relying on bootstrap procedures. In this respect, our Monte Carlo
simulations indicate that the parametric bootstrap, in combination with theoretical expressions
for the asymptotic covariance matrices of the influence functions, provides reliable finite sample
sizes and good power against various empirically relevant misspecification alternatives.

Finally, we apply our procedures to provide formal support to the empirical evidence in
Pittau, Zelli and Johnson (2010), who argued that a Gaussian mixture with three components
provides a very good fit for the cross-sectional distributions of per capita income in the Penn
World Tables between 1960 and 2000.

The rest of the paper is organised as follows. In Section 2, we formally introduce the IM
test, show its numerical invariance to reparametrisations, and derive its expression in a general
context with incomplete data. Next, in Section 3, we apply our general result to finite mixtures
of multivariate normals. Then, we present the results of some Monte Carlo exercises looking at
the size and power of the tests in finite samples in Section 4, and assess the suitability of finite
mixtures for cross-country distributions of GDP per capita in Section 5. We conclude in Section
6 mentioning some avenues for further research, with proofs and auxiliary results relegated to

appendices.



2 The information matrix test

2.1 The test statistic

Consider a parametric model that fully characterises y, a random vector of dimension M, as
a function of ¢, a p-dimensional vector of parameters, with p finite, by means of its probability
distribution in the discrete case or its density in the continuous one, both of which we will simply
call f(y; @) henceforth.
Assuming for simplicity that sampling is random, the log-likelihood function of a sample of
size N on y will be given by

N

N
=> Inflyid) =D L)
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Consequently, the average score and Hessian of this model will be given by
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respectively. If we call (}N the unrestricted maximum likelihood estimators of the parameters
of interest, we will have that Sy(¢y) = 0 and hy (¢, ) negative definite.
As Newey (1985) and Tauchen (1985) showed, the information matrix test can be regarded

as a moment test based on the following influence functions:

vechlhi(¢) + si(¢)s;(@)] = DT veclhi(@) + si(@)si(P)], (1)

where D7 is the Moore-Penrose inverse of the duplication matrix.
In practice, we need to evaluate the influence functions in (1) at ¢ N, SO we need to compute

the asymptotic covariance matrix of

721}6% (Dn) + si(@n)si(dn)]. (2)

To do so, White (1982) relied on a standard first-order expansion of (1), which requires the
calculation of third-order derivatives of [;(¢). However, Chesher (1983) and Lancaster (1984)
realised that in a likelihood context, one can use the generalised information matrix equality to
obtain the expected value of the Jacobian of (1) with respect to ¢ from the covariance matrix

between (1) and s;(¢) evaluated at the true values of the parameters, ¢,. In effect, our i.i.d.



assumption means that we simply need to compute the residual covariance matrix from the least

squares projection of (1) onto the linear span of s;(¢), which is given by

R(do) — U(do) L™ (do)U' (0), 3)

where
[ R(po) U(po) ] _ V{ vech[hi(g) + si(¢g)s;(¢o)] }
U'(py) Z(o) si(¢o) '

Therefore, the infeasible IM test statistic will be given by the following quadratic form

N
N {zlv > vech'hi(y) + si<<2>N)s;<<2>N>}} [R(¢o) — U(do) T~ (¢po)U (bg)]*

X {]1, Z vechlhi(dy) + Si(‘%N)S;((%N)]} : (4)

where we have relied on a Moore-Penrose generalised inverse because some of the influence
functions in (1) may be an exact linear combination of s;(¢,) or appear multiple times.
Chesher (1983) and Lancaster (1984) suggested a feasible version of (4) as N times the R?
in the regression of a vector of N ones onto s;(¢y) and vech[h;(dy) + si(Py)si(Py)] using
an OLS routine robust to multicollinearity. Effectively, the inclusion of S,({Z) ~) as additional
regressors makes the test statistic robust to the fact that the influence functions (1) are evaluated
at a) n- Nevertheless, as explained by Horowitz (1994) and the references therein, this outer
product regression has very poor finite sample properties, so in our work below we will rely
on the parametric bootstrap applied to a feasible version of (4) which evaluates the theoretical
expression (3) at the MLE @ ~, as forcefully argued by Orme (1990). The theoretical results
in Beran (1988) imply that if the usual Gaussian asymptotic approximation provides a reliable
guide to the finite sample distribution of the sample version of the moments being tested, the
bootstrapped critical values should not only be valid, but also their errors should be of a lower
order of magnitude under additional regularity conditions that guarantee the validity of a higher-

order Edgeworth expansion.

2.2 Numerical invariance to reparametrisations

Let us now study the effect on the IM test of reparametrising the model from ¢ to ¢ by
means of the one-to-one mapping ¢ = t(¢), which we assume is a second-order continuous
diffeomorphism in a neighbourhood of ¢ whose inverse is given by ¢ = r(¢p).

As we show in the proof of the next proposition, the influence functions underlying the IM
test of the reparametrised model will be

or'(e) . or'(¢)
dp dp

I, dvecldr' () /0] } G

vec [hi(d)) + si(d))sg(qﬁ)] 4 vec {Si(¢) & dg!
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Then, we can show:

Lemma 1 The infeasible IM test statistic in (4) which uses the influence functions (1) written in
terms of ¢ numerically coincides with the analogous IM test statistic that relies on the influence

functions (5) written in terms of .

Intuitively, the sample average of the second summand in (5) is exactly zero when evaluated
at @y, so effectively, the influence functions (5) are a linear transformation of (1). Besides,
given that s;(¢) is one of the regressors, adding a linear combination of it to the regressand does
not alter the residual covariance matrix.

Interestingly, the same numerical identity also holds for the feasible outer product of the score
(OPS) version suggested by Chesher (1983) and Lancaster (1984) because they effectively use
the sample second moments in computing the relevant residual covariance matrices. Naturally,
the numerical invariance also applies to the alternative feasible version that replaces ¢, by (} N

in the evaluation of the asymptotic covariance matrices.

2

Example: Assume that y is normally distributed with mean p and variance o so that, in

terms of the notation above, we would have ¢ = (u, 0?)’,

- (y — p)/o?
s(¢) = [ (v - 1)/ 20%) — 1/0° ]

and
o 1/0? (y —p)/o*
h(¢) = [ (- /0" (y—pw)?/(20%) — 1/(20%) } |

Now consider reparametrising the distribution of y in terms of its Sharpe ratio 7 = p/o and
standard deviation 1) = o, so that ¢ = (7,%)" and 7(¢) = (71,4?)’. Then, direct calculations

deliver
Olng(y;p) _ [ y/ -7 }
D (y* — Ty + ¢*) /¢
and
Og(y;e) _ [ 1 y/v? ]
S0’ y/v* (3y* — 2mpy — ¥*) /)
Alternatively, starting from the score and Hessian written in terms of ¢, namely
_ (y — 7¢) /¢ }
s[r(ep)] = [ (y — T1/1)2/(2¢4) o 1/¢2
and

[ (4 — 7))
hilr(e)] = [ (=m0 (s — )2 (209) — 1/(20%) ] ’

and using the fact that

o'(e) [ 7 4 Qved'[0r'(p)/0p] [ 1 0 0 2
dp L0 2] ™ D 0100]

we can easily verify through straightforward calculations that (5) holds.




2.3 The case of incomplete data

We follow Dempster, Laird and Rubin (1977) in using the term “incomplete data” to denote
situations in which it is convenient to think of the observed data y as the output of a mapping
g(.) from the complete sample space Z to the observed sample space Y, so that the complete
data ¢ is only known to lie in R, the subset of Z implicitly defined by the equation y = g(¢).

Let f(¢;¢) denote the joint density of ¢ given a vector of parameters ¢. We know from
basic probability theory that

f(y: ) = /R £(¢ d)dc. (6)

Throughout, we maintain the following regularity condition:
Assumption 1 The boundary of R does not depend on the model parameters ¢.

Our next result provides a general approach to computing the information matrix test when

the observations y can be viewed as incomplete data:

Proposition 1 The influence functions (1) of the IM test of model (6) are

P f(¢;p)  Olnf(¢;¢) 0n f(¢; )
E{”“h { 0g0d | oo ¢ Hy}

with the expectation taken with respect to the conditional distribution of ¢ given 'y over R.

(7)

Proposition 1 implies we can write the influence functions underlying the IM test as the
expected value conditional on the observed variables of the influence functions underlying the
IM test of the complete log-likelihood. This interpretation is very convenient in those set ups
in which the complete log-likelihood function adopts a particularly simple form, such as in the
limited dependent variable models considered by Gouriéroux et al. (1987), who proved a special
case of this expression when f({; ¢) belongs to what they called a “bilinear” exponential family,
and y = g({). These include univariate probit and Tobit models among others, as well as their
simultaneous equation versions studied by Smith (1987). The Gaussian mixtures in the next
section provide another case in point.

To compute (4), though, we also need expressions for the different elements that appear in
the theoretical expression (3).

Let n(¢; ¢) denote a vector influence functions of the complete data ¢ such that

E¢[n(¢; 9)] =0

when both the expectation and the influence function are evaluated at the same value of the

model parameters, ¢. In addition, let

m(y; ¢) = E¢y[n(¢; @)]-



The law of iterated expectations implies that Ey[m(y; ¢)] = 0, which confirms the suitability
of (7) to test for the correct specification of the likelihood model for the observed data. In
this context, we can prove the following result, which generalises Lemma 4 in Gouriéroux et al.
(1987), who focused on the case in which the latent influence functions n(¢; ¢) coincide with

dln f(¢; ¢)/0¢ when f((; @) belongs to an exponential family:

Proposition 2

Vylm(y: 8)] = Veln(C: )] — By (Ve In(C: )]} 0
and
By myi) ) — p, | 28]
= 5 |ncio) | - by {eoney [nicio), PIE (9

Thus, we can compute the different elements that appear in the theoretical expression (3)
by applying Proposition 2 to the vector

veet [Py ®) | O f(yi9) Onf(y; d)] Olnf(y; )\’
0o’ o o¢’ ’ o¢’ ’
whose elements are the conditional expected values of

{mh, [62 Inf(Ci¢)  Onf(¢;g) alnf(c;ab)] OIn f(¢; 9) }
0o’ (ol ¢’ T 0¢ '

(10)

(11)

Corollary 1 The application of Proposition 2 to (10) yields

8lnf(y;¢)} _v, [alnf(c;cb)} B, {de [mnf(c;(b)]}

o) = W] T T

_ nf(y;0) 0lnf(y;9)0nf(y;0)] dln f(y; )
Ulp) = Ey {vech [ 9600 + 56 56 ] o4 }
~ vou {vech [521nf(4;¢)+31nf(C;¢)3lnf(C;¢)] alnf(C;fb)}
B 9o/ 9¢ o6 |’ 0o
PInf(G)  Inf(Gid)dnf(¢id)] IInf(Gio
o o PR o) onfg)

and

_ PInf(y;p)  Onf(y;¢)dlnf(y; d)
R(¢p) =V, {vech { 960 + 96 P } }
_ PInf(¢e) | Olnf(¢¢)dn f(¢; )
-k {”“h [ op0s o6 op } }

PInf(Cig)  Inf(Cid)Olns(Cid
[V {0 - S}



Once again, the advantage of this procedure is that, in many instances, the complete model
is much simpler to work with than the observed one, something that we illustrate in the next

section with normal mixtures.

3 Finite Gaussian mixtures

3.1 Definition

Let & = (&4,---,&,---,&k) denote a categorical random variable of dimension K, which
is nothing other than a collection of K mutually exclusive Bernoulli random variables with
Pr(¢, = 1) = A\g such that Zszl A = 1. If €|€ ~ N(0,Iy), vg is an M x 1 vector and I'y, an
M x M positive definite matrix with v, = vech(I'y), then

K 1/2
y = kZ:?l E(ve +T) ") (15)
is an M-variate, K-component mixture of normals, whose first two unconditional moments are

= B(y) = é Mk = Be[Bye(y)],  and (16)

K K K
()= Al +0 - (5 ) (55 0k ) = Bellie )+ Vel Byetoy). (17

The natural model parameters are the mean vectors and covariance matrices of the compo-
nents v = (V1,...,Vg,...,vg) and v = (¥4, .- -, Vi, - - - » Vi), vespectively, and their probabil-
ities A = (A1,..., Ak, ..., Ax), which are subject to the unit simplex restrictions Ay > 0 Vk and
Zle A = 1. These restrictions can be imposed in different ways. For example, one could use
the multinomial logit parametrisation

ek 1

M=o (k=1,..K—1); Ag=— 18
Ltem 41 ( ) Ltem +1 18)
or one could make
M= k=1,...,K—Tand \g =1 - K1 x (19)
and impose the inequality restrictions 7, > 0 (k=1,..., K —1) and Z{i{l m; < 1in estimation.

Nevertheless, many of the expressions below are considerably simpler if we work with the K
elements of A rather than the K —1 elements of 7. As a result, the Jacobian matrix OX/dw’ will
play an important role in the practical implementation of our IM tests, as we explain in section
4. However, the choice of parametrisation is inconsequential because Lemma 1 implies that the
IM test statistics are numerically invariant.! For that reason, in a slight abuse of notation we

shall use ¢ = (¢/,4', X\') to denote the model parameters.

! Trivially, the IM test that we derive below will also be numerically invariant to a relabelling of the components
of the mixture, as this only involves a reordering of the parameters.



3.2 Influence functions

The log-density for y is given by
X 1/2
1yi) =1 3 AlEul 6o (00)] | (20)

where €*(6y) = I‘,;ln(y —vy), with 8, = (v),v},)’, and ¢,,(.) the M-variate spherical normal
density. Theorem 1 in Boldea and Magnus (2009) contains detailed expressions for the score and
Hessian of (20) when the mixing probabilities are parametrised as in (19) (see also Appendix
D for details). But a simpler and more intuitive way of obtaining the required expressions for
(1) is by using the EM-based formulas in Proposition 1, with the observed data being y; for
i=1,...,N and the complete data ¢; = (y},&;). Thus, we can show that:

Proposition 3 The sum of the Hessian and the outer product of the scores corresponding to a
single observation y is a block diagonal matrix whose only non-zero elements are

dvov), - wk(qb)F;;lﬂ[s*(O ) (0y) — InT, 1/2, (21)

v, wrl( @)Ly e Oy ued e (B4)e (01) — Tul(T; 2 & T /Dy
—wi(¢)[e” ()T} * @ T Dy, (22)

OvLON, wk(qs)ir;l/%*(ek), (23)

LD (T2 & T pecle® (0,,)e™(85) — Tud]

OVe0Ve + wk(@);
xved[e"(B1)e”(B1) — L] (T, * © T, /*)Dy
()3 D (2U(T i T e B0 (00T ) - (0 © T )} D, (24

Or0Ne + wii(9) Dy(T " B T uecle (01)e(61) ~ T (25)

where wy,(¢) represents the posterior probability that'y comes from the k' component given the
parameter values, so that

ATk =265, [€*(08)] _
S NIT 20, (€5 (6))]

However, not all those elements can be used as influence functions of the IM test. First,

wi(P) = E(§kly; @) = Pr(&, = 1ly; @) = (26)

(23) will be zero at the ML estimators because this vector is proportional to the score with
respect to vy, whose expression appears in Appendix C. Similarly, (21) and (25) will also be
zero because they are linear combinations of the score vector with respect to -, presented in
the same appendix. Therefore, we are left with (22) and (24), which contain 3 M?(M + 1)
and $M (M + 1)(M? + M + 2) distinct influence functions, respectively. Unfortunately, those
expressions still include redundant elements, what suggests the use of generalised inverses (see

Boldea and Magnus (2024)). Nevertheless, the calculation of the strictly necessary influence



functions, its asymptotic covariance matrix and the correct number of degrees of freedom can

be further simplified on the basis of the following result, which avoids generalised inverses:

Proposition 4 1. The IM matriz test based on (22) and (24) evaluated at the MLEs of
the model parameters numerically coincides with a moment test based on the influence

functions:
wi(¢) { EﬂZ:EZZH } , k=1,....K (27)
evaluated at the same estimators, where
Hj,o,---,o(s*l Hj*(sf) )
H, (") = Hj—171,:-~,0(€ ) _ Hj_l(sl.)Hl(@)
Ho,.. 0, (") Hj(eh)

is the (M + _1) vector containing the distinct multivariate Hermite polynomials of order j
of a standardised random vector €* in Appendiz B, which can be expressed as products of
the corresponding univariate Hermite polynomials of its elements.

2. The asymptotic covariance matriz of (27) corrected for the sampling uncertainty in es-
timating the model parameters under the null is the residual covariance matriz in the
multivariate theoretical regression of (27) on

we(@){ Hi[e*(0)] b, k=1,... K. (28)

3. If the effective number of components is K, then the asymptotic distribution of the IM test
will be a x? random variable with degrees of freedom equal to

KM(M +1)(M +2)(M +7)

- . (29)

Although the IM test is often regarded as a black box, Proposition 4 provides a simple and
intuitive moment test interpretation in which the influence functions are the distinct multivariate
Hermite polynomials of orders 3 and 4 of y standardised using the mean vector and covariance
matrix of the k** component of the mixture and weighted by the posterior probability that it
belongs to that component. Thus, this result provides a direct generalisation of Proposition 1
in Amengual, Fiorentini and Sentana (2024), which corresponds to the special case of K = 1.

To provide additional intuition, let us focus on the univariate case. It is easy to see that the

sum of the Hessian and OPS yields

o - wk<¢>2§2[e*3<ek>3e*<ek>]=Q;%Ewy;@ﬂg[e*wkn, (30)
(02 - wk<¢>4w1i[a*4<ek>—65*2<0k>+3]—Qmskwmm[e*(ekn, (31)

10



so the influence functions the IM test checks coincide with the third and fourth Hermite poly-
nomials of the observed variable y standardised as if it belonged to the k' component of the
mixture, as shown by White (1982) for K = 1, but weighted by wg(¢), the posterior probability
that it belongs to that component.

The ease of interpretation of the influence functions in Proposition 4 allows one to immedi-
ately derive tests that focus on a subset of them, such as those involving the third- or fourth-order
Hermite polynomials of a single component, which may prove particularly useful for the purposes
of indicating in which specific directions modelling efforts to enrich the estimated model should
focus. By choosing the relevant elements of the residual covariance matrix, the computation of

the corresponding test statistics would be straightforward.

3.3 The asymptotic covariance matrix

Proposition 4 states the asymptotic covariance matrix of the influence functions involved,
but it does not explain how we can compute it. Given that we can obtain in closed form the
covariance matrix of multivariate Hermite polynomials using the results in Rahman (2017), we
can use the law of iterated variances implicit in (12), (13) and (14) to obtain expressions for the
three elements of (3). Specifically, we can use expression (8) to write

*

Rig(9) = cony [wnto) { 1o o) Lo { 1A 000 1] 62)
:covg{&(ﬁjs*gg D & < EIEOJ >}
- o (O ) & (R}

5[ (8) Hale* (0
By [ {fk < Hy[e*(6))] ) 4 ( Hy[e*(6

B e (0| H, e*(8,)]  Hyle*(6))]H
=Py {“’“(5’“@’” < HL [ (6,)JHL[*(8,)] Hule*(6,)]HAe"(6))] ﬂ ’

with cov(§y,, §,ly) = [1(J = k)wi (@) — wi(P)w;(@)].

In turn, we also know that at the true values

refe (ton ) < (i)

N
o)
Hale* (6,)|Hy [ (0)]  Hale*(8,)Hj <" (6)) (M 0
— e {%< HL e (6, [ (6] HLle* (60)H e (0, )] “"“”’f( 0 M>

because §;,€; = 0 when k # j, €2 = ¢, €5(0r) = € when &, = 1 from (15), which is independent

k)
)
k)]
]

where

of &, and the third and fourth multivariate Hermite polynomials of a standard normal variable

11



have zero means, are uncorrelated, and have covariances matrices M3 and My, respectively,
which adopt a particularly simple form regardless of the model parameters (see e.g. Lemma 2

in Amengual, Fiorentini and Sentana (2024)). As a result, it must be the case that
o M; 0
Rus() =16 =k (g a1, )

B [1G=Ryon(@) @)@ 1 o i 6] M i g )| 3

In principle, one might expect the sample version of (33) to be less noisy than the sample
version of (32) in finite samples. Nevertheless, both expressions involve the same weighted
averages of the sixth, seventh and eighth powers of the elements of €*(0}), the only difference
being whether they are scaled by [I(j = k)wi (@) — wi(P)w;(@)] or wi(P)w;j(¢). In addition, a
combination of the sample version of (33) with the theoretical values of M3 and My could lead
to indefinite estimated covariance matrices. For that reason, our suggestion would be either to
compute the above expressions analytically using quadrature, in which case both calculations
yield the same result up to machine precision, or to rely on the centred or uncentred sample
versions of (32), as Chesher (1983) and Lancaster (1984) suggested.

We can use a similar procedure to obtain the covariances of (27) with (28), which we can use
to purge those influence functions from the sampling variability arising from the ML estimation

of the mixture model parameters. Specifically, we can exploit the fact that
Hs[e™(6))] . . _
reda(Hloia) )6 (1 HE©)] mle©)]) )} -0

for all k£ and j to show that

) Hyfe*(00)] Hale* (0,)]H, [e°(0)] Hale* (0)]Hb[*(6,)]
—Ey {CO”(’E’“@“” ( H[e*(01)] Hle*(0,)]H)[e*(0y)] HL[e*(0,)]H) (" (6,)] >}

but again, it is not clear which expression leads to less noisy estimates in finite samples.
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Finally, we can use an entirely analogous procedure to compute

1 1
Zyj(¢) = covy |wi(¢) | Hile™ (k)] |, w;i(d) | Hi[e*(6;)]
Hy[e*(01)] Hy[e"(6;)]
1 0 0
I(jk:))\k<0 Iy O
0 0 M,
1 Hi[e7(6;)] Hj[e7(6;)]
—Ey |cov(&, &5ly) | Hile®(0x)] Hile*(60x)H[e"(0;)] Hile*(0x)H5[e*(6;)] ||,
Hj[e"(6r)] Hale™(60x)Hi[e"(6;)] Hale™(6x)Hyle™(6;)]

where My = D/, (Iy;2 + Ky )Dy and Ky, is the commutation matrix of orders m and
n (see e.g. Magnus and Neudecker (2019)). In this respect, one important thing to note is
that the expected value of wg(¢) is not 0 but Ag, which explains why we should compute the
expected value of the second moments of (28) rather than their covariance matrix. However,
this is inconsequential because working with the second moment matrix of those K vectors
is effectively adding a constant to the theoretical regression mentioned in Proposition 4, which
makes no difference to the theoretical calculations because both (27) and the remaining elements
of (28) have all 0 mean under the null. In fact, the same argument implies that in the list of
regressors we can replace without loss of generality the K components corresponding to the zero-
order Hermite polynomials times the posterior probabilities by the K —1 scores of the underlying
parameters 7 that characterise the prior probabilities in (18) or (19). Intuitively, given that both
regressands and regressors have 0 means under the null of correct specification, the regression

residuals with and without constant are identical, and therefore so is their covariance matrix.

3.4 Computational considerations

3.4.1 Initial values

To maximise (20) numerically, it is usually convenient to start the recursions from sensibly
chosen values. In this respect, the EM algorithm discussed by Dempster, Laird and Rubin (1977)

allows us to obtain initial values as close to the MLEs as desired. The recursions are as follows:

N

(h 1 1 _ _ —
o) = g 2wk, D A D)y, (342)
)\k i=1
w11
~ _ _ — h)!
£ = b S N o o
k 1=1
«(h) 1 N _ _ —
)‘k’ - Nzi:l wki(’/(h 1)77(h 1)7A(h 1))7 (34C)
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Given that (26) is homogeneous of degree zero in A, in principle these posterior probabilities are
compatible with values of A outside the unit simplex. Nevertheless, a useful property of the EM
algorithm is that it automatically imposes the relevant inequality restrictions on the estimators
of A because

SN wi(p) = 1 for all y and for all .

Still, the EM algorithm might get stuck in at least two situations. First, when one starts
the recursions up with v =0 ® tx and v =¥ Q@ ¢, where v is M x 1, ¥ M(M +1)/2, and ¢
a vector of K ones, in which case wi(0 @ tx, 7 @ tg, X) = A for all k, so the parameter values
will not get updated because priors and posteriors coincide. One way of avoiding this problem
is to use a fast numerical clustering algorithm to choose the initial values of the v} s with which
to start the EM recursions. The second undesirable situation arises when a linear combination
of the mean vector of one component coincides with the same linear combination of y; for some
1. Given that the corresponding linear combination of y; — v will be zero in that case, if we
choose it as the eigenvector associated to the smallest eigenvalue of T'y, and take this to zero
while A\ goes to 1/N, the log-likelihood function will become unbounded. To avoid those poles,
we systematically impose that A\ > 2/N for all k.

Unfortunately, the EM algorithm slows down considerably in the neighbourhood of the op-
timum, so it makes sense to switch to a quadratically convergent algorithm based on first and
possibly second derivatives or the expected values of the latter, whose analytical expressions we
provide in Appendix C. In this context, it is convenient to work with the Cholesky decomposition

of the I';, matrices to ensure that they remain positive definite.

3.4.2 Invariance to affine transformations

Consider the following full-rank affine transformation x = ¢ + Dy with |D| # 0. It is clear
that the transformed random vector continues to be a finite mixture of K multivariate normals
with mean vectors ¢ + Dy and covariance matrices DI'yD’ (k = 1,...,K). Our next result

shows that the IM statistic is numerically invariant to the values of ¢ and D:

Lemma 2 The IM test statistics of model (15) and the analogous one for x numerically coin-
cide.

This numerical invariance is not only a desirable property in itself, but it also implies that the
sample mean vector and covariance matrix of the observations do not affect the null distribution
of our proposed test in finite samples. In fact, we can exploit Lemma 2 to simplify the calculation
of the IM statistic as follows. First, as we explain in Appendix E, we can always reparametrise

the model in terms of the unconditional mean vector and covariance matrix on the one hand,
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and the shape parameters of a standardised version of the mixture distribution on the other.
One computational advantage of this procedure is that we reduce the number of parameters
to be estimated by M (M + 3)/2 because the results in Day (1969) imply that the joint ML
estimators of 7 and ¥ numerically coincide with the sample mean and covariance matrix (with
denominator N) of the observations. As a result, the criterion function maximized with respect
to the shape parameters 7, X and A keeping 7 and ¥ fixed at those restricted ML estimators

coincides with the criterion function maximized over all five groups of parameters.

4 Monte Carlo simulations

As stated in Proposition 4, the asymptotic distribution of our proposed IM test is x? with
degrees of freedom equal to (29). However, this asymptotic approximation might not be very
reliable in finite samples. For that reason, we conduct some Monte Carlo experiments to study
the finite sample sizes for N = 100, N = 400 and N = 1600. For each of the data generating
processes (DGPs) we describe below, we generate 10, 000 samples under the null. When assessing
size, we compare the OPS version of the statistic proposed by Chesher (1983) and Lancaster
(1984) and employed by Boldea and Magnus (2009) with the feasible version of the theoretical
expression (33) that replaces the true parameter values ¢ with their MLEs (Q)T. In all cases, we
consider not only asymptotic critical values but also a parametric bootstrap procedure in which
we simulate B = 99 samples from the mixture model estimated under the null.

We also investigate the power properties of our test by considering three types of alternatives:

1. mixtures with the same number of non-Gaussian components,

2. mixtures with a larger number of Gaussian components, and

3. non-mixture distributions.

We do so by looking at the rejection rates from 2, 500 samples of size N = 100 and N = 400 that
use the aforementioned bootstrap critical values to correct the finite sample size distortions, as
forcefully argued by Horowitz and Savin (2000).

Given that the true model parameters are unknown, it is important to estimate them ac-
curately. For that reason, we first run the EM algorithm up to a pre-specified convergence
level starting with A = K~'ug, Ty = dg[Vir(y)], and initial values for v}, which maximise the
log-likelihood function among those obtained from multiple runs of the k-means++ algorithm
of Arthur and Vassilvitskii (2007) with random initial draws for the cluster centres. Next, we
switch to a quadratically convergent quasi-Newton routine written in terms of the #’s in (19)
and the Cholesky factors of the I'} s with a tighter convergence level, ensuring that we avoid the

log-likelihood poles we mentioned in section 3.4.1 by imposing 2/N < A\ < 1—2/N for all k. We
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can then use Propositions 3 and 4 to compute the feasible version of the IM test statistic in (4)
that takes into account the sampling uncertainty in estimating the mixture model parameters
under the null of correct specification. In this respect, Proposition 2 and Corollary 1 allow us to
obtain “closed-form” expressions for the covariance matrix of the influence functions involved,
as well as their covariances with the log-likelihood scores, and the information matrix, where by
“closed-form” we mean “up to a definite integral”.

In the univariate case, we consider Gaussian mixtures of two and three components as null
hypotheses. For the 2-component case, we follow Robertson and Fryer (1969) in generating the
mixture with the “bitangential” probability density function (pdf) in Figure la, which coincides
with the borderline case between unimodal and bimodal densities. Specifically, we set the means
and variances of the components to 1/4 and 1/2, and 1/256 and 3/64, respectively, with a mixing
probability for the first component of 0.646. The rejection rates we obtain using asymptotic
critical values (see Panel A of Table 1) confirm the need for finite sample size adjustments,
especially for the OPS version of the IM test. As Orme (1990) indicated, the quality of the
asymptotic approximation is much better when one uses the theoretical expressions for the
weighting matrix instead, as can be seen for samples of size N = 1,600. In contrast, Panel B of
Table 1, which contains the bootstrap-based rejection rates, gives a completely different picture:
sizes are very accurate and almost all Monte Carlo rejection rates fall within the relevant 95%
confidence set.> For these reasons, to assess power we focus on the bootstrap version of the
IM test statistic that relies on the theoretical expression for the asymptotic covariance matrix
evaluated at the MLEs.

As the first alternative hypothesis to the 2-component Gaussian mixture in Figure la, we
consider a mixture of two asymmetric Student ¢’s with the same means, variances and mixing
probability as under the null, but with shape parameters 7, = ny = 1/12, 1 =5 and 5 = —5
(see Mencia and Sentana (2012) for details). In addition, we consider a symmetric mixture
of three normals which represents a borderline case between unimodal and trimodal density.
Specifically, we set the means of the underlying components to —0.47, 0.47 and 0, their variances
to 0.047, 0.047 and 0.018, and the mixing probabilities for the first two components to 0.18.
Finally, the empirical application to “convergence clubs” in cross-country GDP per capita in
section 5 suggests a lognormal distribution with parameters g = —1/4 and 0 = 1 as our third
alternative. Figures 1b-d show the corresponding densities (solid lines), as well as the pdf of the

closest (in the usual Kullback - Leibler sense) mixture of two normals (dashed lines). As can be

2Given the number of replications, the 95% asymptotic confidence intervals for the Monte Carlo rejection
probabilities under the null are (.80,1.20), (4.57,5.43) and (9.41,10.59) at the 1%, 5% and 10% levels, respectively.
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seen from Panel C of Table 1, the IM test is able to detect with reasonable power these three
deviations from the null, especially for the larger sample size.

As our second null hypothesis, we consider a mixture of three normals whose parameter values
are in line with the estimates we obtain in the empirical application in the next section (see Figure
le). Specifically, we set the means of the underlying components to 3, 1 and 1/4, their variances
to 2/5, 1/5 and 1/100, and the mixing probabilities for the first and second components to 0.25
and 0.45, respectively. As Panels A and B of Table 2 indicate, the same qualitative comments
apply regarding the size of the different versions of the IM test in finite samples, with the only
exception that the asymptotic critical values continue to lead to significant size distortions even
for samples of size 1,600. Intuitively, the quality of the asymptotic approximation to the finite
sample distribution of the parameter estimators is lower for the 3-component mixture than for
the 2-component one for any given sample size.

The first alternative hypothesis we consider in this 3-component Gaussian case is a mixture
of two asymmetric Student t’s and a symmetric one with the same degrees of freedom and
skewness parameters as in Figure 1b for the first two components, and with the same mixing
probabilities we use for the null. In addition, we consider a mixture of four normals with means
4,2, 1, and 1/3, variances 2, 1/2, 1/10 and 0.015, and mixing probabilities 0.075, 0.25 and 0.325
for the first three components. Finally, we retain the same lognormal as in the 2-component
mixture as an example of a non-Gaussian distribution which does not correspond to some finite
mixture. Figures 1f-h show the corresponding densities (solid lines) as well as the pdf of the
closest mixture of three normals (dashed lines). The rejection rates reported in Panel C of Table
2 show that the IM test continues to have good power, although there is a clear decrease when
the true distribution is lognormal relative to the 2-component case, which simply reflects that
fact that a 3-component Gaussian mixture does a much better job in approximating the same
log-normal distribution than a 2-component one.

Given that the bootstrap takes considerable more CPU time in the bivariate case, we only
consider as null hypothesis the two-component Gaussian mixture in Boldea and Magnus (2009),

which is fully characterised by
v1 =0, vy =51y, Ty =1y, Ty =1y + a1},

and a mixing probability of 1/2. The pdf and contours of this density are depicted in Figures 2a
and 2e, respectively. In Panels A and B of Table 3 we report the rejection rates under the null
based on asymptotic critical values and bootstrapped ones, respectively. The same comments as

in the univariate examples apply, but with the OPS version performing noticeably worse in this
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case. Interestingly, the size distortions of the other versions of the IM test are of the same order
of magnitude as in the univariate examples despite the higher number of estimated parameters
and much higher number of influence functions involved. Presumably, the reason is that the two
components are much more clearly separated in the Boldea and Magnus (2009) design than in
the univariate design in Figure la, which makes both the asymptotic covariance matrix of the
influence functions and the information matrix closer to being block diagonal.

As for the alternatives, we first consider a mixture of two asymmetric bivariate Student
t’s with the same means, variances and mixing probability as under the null, but with shape
parameters n; = 1, = 1/16, and 8, = B35 = —(1,1)’ (see again Mencfa and Sentana (2012) for

details).? In addition, we consider a discrete mixture of three normals with

1 2 1 1
Vi = 3L2, Vo = La, V3 = ZLQ, Fl = 312, Fg = 512, F3 = EIQ,

and mixing probabilities 0.25 and 0.45 for the first two components. Finally, as an example of a
bivariate non-Gaussian distribution which cannot be expressed as a finite mixture we simulate
two independent (standardised) univariate skew normals with a skewness parameter such that
its skewness and kurtosis coefficients are —0.85 and 3.71, respectively (see Azzalini (1985) for
details). Figures 2b-d show the corresponding pdfs while in Figures 2f-h we report their contours
(solid lines) as well as those of the Gaussian mixtures of two components that best match those
densities in the usual Kullback-Leibler sense (dashed lines). The rejections rates displayed in
Panel C of Table 3 indicate that the IM test is also able to detect deviations from the null in all
these bivariate experiments. As can be seen, the highest power is obtained when the alternative
is a mixture of three normals and the lowest under the bivariate skew normal alternative. In

addition, power is always quite close to one for the larger sample size.

5 Empirical application

As mentioned in the introduction, Gaussian mixtures feature pre-eminently in the empirical
literature on “convergence clubs” in cross-country GDP per capita comparisons. In this section,
we revisit the empirical application in Pittau et al. (2010), who found that a Gaussian mixture
with three components provides a very good fit for the distributions of per capita income in
version 6.1 of the Penn World Tables for 1960, 65, 70, etc. all the way to the year 2000. This
covers 102 countries, of which 90 have data over the entire sample span.

In addition, they found that the within-group variances of both the rich and poor groups

31f we chose the same shape parameters as in the univariate alternative in Figure 1b, then we would system-
atically obtain rejection rates close to 100% even for N = 100.
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of countries decreased over time, while the distance between their means increased, especially
between the middle-income and high-income groups.

Finally, they found that the sizes of the different groups fluctuated somewhat, but with little
movements across components, as judged by the posterior probabilities. These features can be
seen in Panel A of Table 4 in which we report the parameter estimates, and also in Figure 3,
which displays the temporal evolution of those cross-sectional distributions.

However, the validity of the results in Pittau et al. (2010) and their interpretation crucially
depend on finite Gaussian mixtures with three components providing an accurate description
of those distributions. For that reason, we apply the IM test that we have studied in previous
sections to their data set, whose p-values, both based on asymptotic critical values and 9,999
bootstrapped samples, we report in Panel B of Table 4. As can be seem, the null hypothesis of

correct specification is never rejected, which provides formal empirical support to their claim.*

6 Conclusions and directions for further research

We explain how the EM principle applied to incomplete data can also be used to obtain
the moments underlying the IM test as the expectation given the observed data of the moments
tested if the complete data were observed. This principle also leads to interpretable expressions
for the asymptotic covariance matrix of those influence functions adjusted for the sampling
uncertainty in the parameter estimators under the null of correct model specification.

We then apply these results to finite mixtures of Gaussian random vectors, showing that
the IM test statistic can be easily computed as a quadratic form in the sample means of the K
vectors that contain the distinct third- and fourth-order multivariate Hermite polynomials of the
observations standardised with respect to the vector of means and covariance matrix of each of
the underlying components multiplied by the posterior probability of those components, with a
weighting matrix which is the inverse of the residual covariance matrix in the regression of those
influence functions on the K vectors that contains the distinct zero-, first-, and second-order
multivariate Hermite polynomials of the same standardised variables multiplied again by the
posterior probability of the components.

Our procedures could be trivially extended to deal with restricted Gaussian mixture models.
For example, the delta method would immediately give us the score, Hessian and relevant
influence functions and their asymptotic covariance matrix in a model in which the covariance

matrices of the components were assumed to be the same.

*In contrast, the IM test applied to 2-component mixtures estimated with the same data systematically rejects
at the 5% level.
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Our Monte Carlo exercises clearly indicate that one can substantially reduce size distortions
in finite samples by using the theoretical expressions for the aforementioned weighting matrix
evaluated at the MLEs rather than the OPS version of the IM test statistic put forward by
Chesher (1983) and Lancaster (1984), and that a parametric bootstrap procedure practically
eliminates them. Our results also confirm the non-trivial power of the IM tests against many
empirically plausible alternatives.

Nevertheless, the IM test is not consistent because it will show trivial power against admit-
tedly contrived alternatives with the right number of components in which the distribution of
some of the components is not Gaussian but the expected value of all their third- and fourth-
order Hermite polynomials are 0.

Finally, we employ the IM test to confirm that a Gaussian mixture with three components
provides a very good fit for the cross-sectional distributions of per capita income in the Penn
World Tables between 1960 and 2000, as argued by Pittau et al. (2010).

From a theoretical point of view, it would interesting to extend the Bartlett identities tests
proposed by Chesher, Dhaene, Gouriéroux and Scaillet (1999) to incomplete data situations. In
the context of finite Gaussian mixtures, in particular, we would expect the influence functions to
coincide with the fifth- and higher-order multivariate Hermite polynomials of the observations
standardised with respect to the vector of means and covariance matrix of each of the underlying
components multiplied by the posterior probability of those components.

The IM tests that we present in this paper can also be extended in at least three empirically
relevant directions. First, we could deal with switching regression models in which the linear
regression coefficients depend of a set of predetermined variables x. The main difference is that
for each component of the mixture, we would have influence functions related to the conditional
heteroskedasticity of the (multivariate) regression, the conditional skewness of its residuals, as
well as their unconditional asymmetry and kurtosis. Numerical quadrature, though, would
no longer be feasible unless we make an assumption about the marginal distribution of the
predetermined regressors, something which is plausible in autoregressive processes. Second,
we could allow the probabilities of the different regimes to be a function of some exogenous
indicators using a multinomial logit model. And third, we could allow the regimes to have a
Markovian structure, as in Hamilton (1989), which would force us to rely on a smoother rather
than a filter, as in Almuzara et al. (2019). We are currently pursuing these interesting research

avenues.
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Appendices
A Proofs

A.1 Proof or Lemma 1

The following relationships will prove useful:

gy ) = flyisr(e)l
dlng(yi;p)  Or'(p) dli(ep)  Or'(p)
e = op 86 — dp si(9) (A1)

and
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As a result, the influence functions underlying the IM test of the reparametrised model will

be
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which after vectorisation become (5).

But
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by virtue of theorem 3.10 in Magnus and Neudecker (2019) and the fact that s;(¢) is already a

vector, K,1 = I,,, and

{si(¢) @ vec(I,)} = vec {vec(Ip)s;((b)} = [I, ® vec(I,)]s;(¢).

Therefore, (5) can be written as an (admittedly complex) linear combination of (5) and

si(¢o)-

In fact, if we ignored the additional term (A2), the residual covariance matrix in the least
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squares projection of

[37“/(900) ® or'(eo)
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onto the linear span of (Al) evaluated at ¢ will be given by
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The inclusion of the additional term (A2), though, does not affect this residual covariance
matrix because it is a linear combination of s;(¢y), and consequently, of (A1) evaluated at ¢,
too. U

Lemma 1 is perhaps not entirely surprising given Chesher’s (1984) re-interpretation of the
IM test as an LM test against neglected parameter heterogeneity, because LM tests computed
with either the information matrix or the OPS are numerically invariant to reparametrisation,

as explained in section 17.4 of Ruud (2000).

A.2 Proof of Proposition 1

Given that Assumption 1 allows us to interchange integration and differentiation, we can

follow Louis (1982) in exploiting (6) to obtain the score of the observed log-likelihood In f(y; ¢)

as:
ol fly;d) [ 21891, [ e,
e (aFT SRy rerord R o
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- T T et - Far |55 (49

Louis (1982) also shows that differentiating again the second term of the above chain of
equalities we end up with
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Therefore, expressions (A3) and (A4) imply (7). O

A.3 Proof or Proposition 2

First of all, note that E¢[n(¢;¢)] = 0 combined with the law of iterated expectations

applied to second moments implies that

Ven(¢; @)] = E¢[n(¢; ¢)n'(¢; 9)]
= Ey{E¢y[n(¢; o)n' (¢ 9)]} = Ey{Veyn(¢; @)1} + Ey{E¢jyn(C; @) E¢jy 0’ (¢ @)]}
= Ey{V¢iyn(¢; @)1} + Vy[m(y; 9)],

whence (8) follows.

In turn,

e (o) ™8 — by { ey [nicioy ™5

= B, {Ecy [{H(C; @) — Ejyn(¢: )]} {W ~ By {W] H

+E¢y[n(G @) Eely [W} }

¢’
_5, {Covcy [n((;d)), alngg;@} } + covy {Ecy[n(C§¢)],Ecly [W]}

= B, {CO'UCy [H(Cﬂﬁ), W] } + covy [m(y? ), W] '

But given that both Ey (m(y; ¢)] and Ey [01n f(y; ¢)/0¢] are zero, we can write this last
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expression as

In (¢ Oln f(y;
E; n@@)W] B, {covcy [n((;¢), AN W

We also know from the generalised information matrix equality applied to the log-likelihood

o f(¢; ¢)} } B, [m(y; %)

functions of the complete and observed data that

B¢ r}w} + E¢ [H(C;@

81nf(c;¢)] _o
¢’ N

o¢’'
and

om(y; ¢)

Ly [a(ﬁ/] + Ey [m(Y;qb)alnf(y;d))] =0,

o9’
respectively, where, once gain, Assumption 1 has allowed us to interchange integration and

differentiation. Therefore, we can finally write

On f(y; om(y; ¢;
By [miyiey I, [ OO Bi)
- EC |:II(C; ¢>W:| — Ey {COUCly |:n(c; d))’ mngfﬁc’@] } 7
which coincides with (9). -

A.4 Proof or Proposition 3

The proof is trivial in view of the expressions for the scores and Hessian in Appendix C.[J

A.5 Proof or Proposition 4

Given that joint log-likelihood function of the complete data can be written as the sum of the
marginal log-likelihood function of the multinomial random vector £ and a linear combination
with weights &, of multivariate Gaussian log-likelihood functions with parameters v and ~y,,, we
can exploit Proposition 1 in Amengual, Fiorentini and Sentana (2024) to express the scores of the
complete log-likelihood with respect to A, vy and -, as linear combinations of 1, H; [e*(0})] and
Hj[e*(0))] scaled by £, and the sum of the outer product of those scores and the corresponding
Hessian as &, times linear combinations of Ha[e*(0)] for the vivy term, Hz[e*(0y)] for the
viy;, term, and Hy[e*(0y)] for the ~,7; one. Therefore, we can avoid generalised inverses by
using as influence functions the terms E{&.|y }Hs[e*(0))] and E{{;|y}Ha[e*(0k)], which we
can purge from sampling uncertainty resulting from the estimation of the model parameters by
regressing on E(§;|y), E{{;|y}Hile*(0k)] and E{&,|y }Hz[e*(0k)], k=1,..., K.

As for the number of degrees of freedom, in principle they correspond to the dimensions of
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H3[e*(0)) and Hy[e*(0})] times the number of components, namely

" M(M+1)(M+2) MM+1)(M+2)(M+3)]  KM(M+1)(M+2)(M+7)
6 + 24 - 24 '

However, if the true value of one or more of the \}s is zero, then E{¢;|y} = 0 for the corre-
sponding elements. Similarly, if two or more underlying components are such that 8; = 0; at
the true values, then H3le*(0y)] = Hs[e*(0;)] and Hyle*(0x)] = Hy[e*(0;)]. Nevertheless, in
both cases the number of degrees of freedom will continue to be given by (29) as long as we

interpret K as the effective number of components of the mixture. O

A.6 Proof or Lemma 2

The proof is entirely analogous to the proof of Lemma 2 in Amengual, Fiorentini and
Sentana (2024), but on a component by component basis.

More formally, we have seen that the IM test statistic can be easily computed as a quadratic
form in the sample means of the K vectors that contain the distinct third- and fourth-order
multivariate Hermite polynomials of the observations standardised with respect to the vector of
means and covariance matrix of each of the underlying components multiplied by the posterior
probability of those components, with a weighting matrix which is the inverse of the residual
covariance matrix in the regression of those influence functions on the K vectors that contains the
distinct zero-, first-, and second-order multivariate Hermite polynomials of the same standardised
variables multiplied again by the posterior probability of the components.

But the EM recursions (34a), (34b) and (34c) imply that the MLEs of the mean vectors and
covariance matrices of the different components will satisfy ¢ + Di; and Df‘jD' , respectively,
while the ML estimators of the mixing probabilities will not be affected. This implies in turn
that the observations on x standardised with respect to the vector of means and covariance
matrix of each of the underlying components multiplied by the posterior probability of those
components will be numerically identical than the corresponding standardised values of y, and

the same will be true of their Hermite polynomials of arbitrary order, whence the result follows.

O

B Multivariate Hermite polynomials

Let us follow Barndorff-Nielsen and Petersen (1979) in defining the (centred) multivariate

Hermite polynomials of order j = j1 + ...+ jar > 0 associated to the M-dimensional random
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vector y as

—L(y—v)y —v j & —L(y—vy —v
Hjl..-jM [E(V)’ A] e 2y yaly-v) = (_1)] (5y1)71 . (6yM)JM € 2y ) Ay-v) s (B5)

where e(v) = (y —v). As is well known, the mean of any Hermite polynomial of positive degree
is zero when y ~ N(v,T), with A = I'"!, so they constitute a basis for testing multivariate
normality (see e.g. Amengual, Fiorentini and Sentana (2024) and the references therein).

The symmetry of the higher-order partial derivatives in (B5), however, implies that some of
the M7 multivariate Hermite polynomials of order k will be replicated several times. Specifically,
M+j—1)

k

there are only ( different polynomials for a given order, so we can avoid generalised inverse

matrices by eliminating the redundant ones. For that reason, we define

Hkp,... 7()(Ef; A)
Hi 11, 0(e;A

Hj(e;A) = : =8 , (B6)
HO,,.. 7()’k;(E; A)

as the (M J“kj_l) x 1 vector that contains all the non-redundant multivariate Hermite polynomials
of order j, which we will simply denote by Hj(e*) for the special case of A = I, so that
H;(e*) = &* with V[H;(e")] = L.

The usefulness of multivariate Hermite polynomials in our context results from Proposition

1 in Amengual, Fiorentini and Sentana (2024), which implies that:

1. The scores with respect to v and v = vech(T') of the log-likelihood function associated
to the multivariate random vector x can be written as linear combinations of Hy(e*) and

Hy(e*), where e* = T/ 2¢(v) =T %(y —v).

2. The sum of the outer product of those scores and the corresponding Hessian matrix can
be written as linear combinations of Ha(e*) for the vv term, Hz(e*) for the v+ term, and

Hy(e*) for the v+ one.

C EM expressions for the score vector and Hessian matrix

The complete log-likelihood function of a random sample of size N on ¢ = (y’, &)’ is given

by

N N K N
Y fCid) =YY b (yilsi=1;0k) + > _Inf(€;N), (C7)
=1 i=1

i=1 k=1
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where

K

Inf(yle, =1:05)=—5 > [MIn+In[Ty] +€¥(0)" (6)] (cs)
k=1

Inf(&;A) ng In A, (C9)

As we shall see, the sequential cut in (C7), (C8) and (C9) considerably simplifies the required

expressions. Specifically,

oln f(y,&; ¢) Oln f(y|§,=1;0y)

— _ 1-1/2
vy, = & vy = &Iy, 7€ (0),
aln‘f;’};;gm — é.kalnf(yaifk—laek) — _ék%DM(FI 1/2®FI 1/2)U60[€*(0k)€*/(0k) —IM],
Onfly.&) _ OMA&GAN 1
O O\ k)\k'

Hence, the second derivatives will be

PIn f(y. & 0) 0 In f(y|€,=150) _

_ - 1

vV, = & vV, Sl
021nf(y,£;¢) aQIDf(Y|5k:1§0k) _ * 1/2
W &k w10, = —&[e”(6,)T, " @ T, ' |Dy
Pinfy&¢) _ o Fnfyille=1:0)

07,07}, b omo

= 6D (2T o T e (0)e” (00T} — (T © T ) 1Day,

and
Pifly &) PIfEN
(OX\g)? (OAk)? ’“)\2’

with all other cross-derivatives being zero.

The assumption of random sampling implies that the joint distribution of &;,...,&;,...,&N
given y1,...,¥i,...,yn is the product of the N distributions of &; given y;, which are also
categorical but with probabilities wg;(¢) given by (26). On this basis, we can use expression

(A3) to write

a1l ; ol =1;0 — *
ngz’ 9 _ g 6 nf(ya|ikk k) y] — w (ST e (6)),
Oln f(y; ) _ [ Oln f(yil&r=1;0k) _ 1 r'—1/2 1—1/2
e | PRI ERO | g Dh T
xvecle* ()™ (0r) — L],
ol f(y;0)  _[0Inf(§&N)] ] 1
o, E o ‘Y] —wk(¢)7k~
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Similarly, the only non-zero elements of the first term in (A4) will be

¢ 9%In f(yl¢,=1;64)
k o] %e, 7%

Y} = —wy(p)T; ",

0?1 =1;0 wr _
B oI 0y | @ o0r e D
Pinslri=1:00) ]
E
[5’“ 0797, Y

= —un(9)5 DY 2T & T e (04”01, — (I & 1)) Doy,

o[-

In contrast, the second term of (A4) is slightly more complex. Specifically, we get

Oln f(y|€,=1;60k)

y} = wi(@)[1 — wi ()T}, %" (O1)e ()T, /*

gk 8I/k
= w( T, 00" (0T, — wi (@) e (B 00T,

ony is wg(¢)[1 — wg(¢)]. In turn,
Oln f(y|€x=1;6k) . Oln f(y|¢,=1;6k)

where we have used the fact that £, is a Bernoulli random variable whose variance conditional
&k

Cov gk 8Vk 8716 y:|
= wi(P)[1 — wk((b)]%Fz_l/zs*(ak)vec’[s*(Bk)s*’(ak) — 15(T, 1/2 ¢ 1-\—1/2)DM

1 B J—
= wk(¢)§rk Y2 (0 )ved [€*(0k)™ (8x) — Iy |(T 2 @ T, /%) Dy

1., _
—w} () =T e (Br)ved [ (O1)e™ (6x) — Tn| (T}, @ T, /*)Dy,

o1 =1:0;) 01 A U172
Hf(ygikk k)7 néf)(\f )’y] = wi(@)[1 —wk(¢)}7krk 2 (6y)
1

1 /1— % /— *
= wii(9)3 T Y2 (0),) — wi(9) 5T} Ve (0y),
Oln f(y[§,=1;0k)

v [fk 0y y]
— w()[1 — wk(qs)&D’M(r’ 12 5 P2 el (01)e” (8y) — L]
xvec’[ “(0r)e”(0)) — In)(Ty 2 @ T3 Dy

Cov [ &,

= k() ;DRI 0 T uecle? (00)e” (01) — Tar
xvec'[e*(0y)e" (0r) — In) (T, er 1/2)DM
0} (@) Dy (T & T uccle (B1)e™(6) — Ty

xvec [€*(01)e™ (0) — IM](F,;W 1/2)DM7
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Cov | &

dln f(ylé,=1;6y) 8lnf(£;>\)‘ ]
vk T O Y

— wn (@)1~ (@) 5Dy (T @ T uecle" (61)e7(61) ~ T
:wk((p)KD’ (T}, @ Ty P vecle®(0x)e (0x) — ]
—w2(¢)2>\kDM(I" Y2 @ T P vecle* (O1)e (01) — L]

and
Con | T2 ED 3| @)t - il
= wk(9) 5 ~ui9)55

Interestingly, the second terms in the previous expressions are nothing other than the minus
products of the corresponding scores.
In addition, we must also compute all the other conditional covariances between the different

components of the score. Specifically,

Oln f(y|€,=1;6k) ¢ Oln f(y|&=1;0k)

COU gk 8Vk- b l ayl y:|
1, _
- —wk<¢>wz<¢>?r; Y2ex(9),)ev ()T, 2,
k

where we have used the fact that &, and ; are elements of a multinomial random vector whose

covariance conditional on y is —wy(¢p)w;(¢p). Similarly,

Cov [’Skalnﬂygsk_ 1;9k)7€l81nf()’(|3§’zyl— 1;65) y}
= —un(@)ui(9) 3Ty e (64)
xvec[e*(8))”(0)) — Iy |(T /> @ T /) Dy,
Con | PP IS =100 OIED |y o (@pun(e) 1 T %" 00
Cow {gkalnf(ygifl;ak)’glalnf(ygil:hak) y}

= —uw(@)un(9) ;D (T © T )vecle” (B1)e™ (84) — T

XUECI[E*(OZ)E*(OZ) — IM](F_1/2 & F_1/2)DM,

On f(yl6,=1505) ln f(€N)
o[, =100) D1,

D’ (F, 1/2 ®Fl 1/2)U€C[€*<0k)€*,<0k) o IM]

1

= —wi(P)wi(@) 5+ N
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and

Oln f(&A) dlnf(§N)] 1
8Ak > aAl —’—ﬂ%(¢ﬁW(¢)X;g>

which also coincide with the outer products of the scores involved. Thus, to compute the Hessian

COUC ly

we simply need to add to the minus OPS the terms that appear in Proposition 3.

D Scores and Hessian expressions in Boldea and Magnus (2009)

Theorem 1 in Boldea and Magnus (2009) provides analytical expressions for the contribu-
tion of a single observation on y to score and Hessian matrix. As we mentioned before, they
reparametrise X so that A\, = 7 for k =1,..., K — 1, and Ay = 1 — Zk 1 7. Then, they

introduce some additional notation. First,
_ K—1 _
ap=my ey k=1,....K—-1; ag=—(1—3p 3" m) "tx_1,
where e}, is the k" column of Ix_1 and ¢x_1 a vector of K — 1 ones. Next, they define

by = T, /7e*(6y);

B, = I, V7[e(0r)e”(0r) — IIT; /2,
" [113/ e T2 ]
aDYyvec{T;, " [e*(0)e” (0r) — Im]T), 7}
and
Cr, = { , _1/2/IE1 1
D/, [T}, /¥e*(0r) @ T} ]
(0T > @ T Dy }
1D, [T, +2[r‘1/2’[e*<0>*'<ek>—IM1 L er; Dy
fork=1,...,K.

In this notation, Theorem 1 in Boldea and Magnus (2009) states that the contribution to

the scores of a single observation are given by

O f(yi @) _ K wn(¢) wi(9)
o PR er — 1 Zk : ﬂkLKfl (D10)
and
Onf(rid) _, (4) Ty, <(00) o1)
90, k %DI]\/[(I‘_UQ/ A 1/2/)060[5*(9k)5*/(9k) _ IM] ’

In addition, the same theorem also says that its contribution to the Hessian will be given by
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the following blocks:

Fnf(y;¢) _  Olnf(y;¢)dlnf(y;¢)
omon! N on on’ ’
Pnfly;p) _ T,/ 7er(0r)
00,01 w’“(d’){ 1Dy, (T @ TV yvecle* (0x)e™ (0x) — Ta
y [1% B 6’lnf(y;cb)] ’
T on
Pinfly;¢) _ % (k)
00xon wK(¢) [ 1D vee{ T [e(0k)e” (0x) — T T /?}
1 ol f(y; )|
Ck
—1/21
PInfly;d) n_ T, 7" (0))
saoa ~ (@ | TN e e e 9,060, — T
{1002 e[ (01)e(01) - LT o T V)Dy, |
and
Pinfly;¢) _ T, 7er(0))
00,00, wk(¢)wl(¢){ 1, (T, @ Ty yvecle* (01)e” (81) — Tu
<{ [ O)T? Lvecle (00 (0) ~ Ta)(T 2 @ T 4Dy |
for k # 1.

These expressions differ from the ones we have obtained in the previous sections because
Boldea and Magnus (2009) work with 7r rather than A.

Nevertheless, given that

A1 0 1 ... 0
. . . . . ﬂ-l I
AK—1 0 0o ... 1 L 1
Ak 1 -1 ... -1 T
so that
A _( e
on'! —tg_1 )’
it is easy to see that
Olnf(y;¢p)  OXNOnf(y;¢) I L dln f(y; p)
o Comoa (M T )Ty

oA
coincides with (D10).
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Similarly, given that (D12) is affine, so that its second Jacobian is 0, it follows that

0*In f(y;¢) _ ;o \Plnflyid) ([ Ik
BT A N I SV U < —the_4 )

It is tedious but straightforward to show that analogous calculations applied to the other
terms we have derived in Appendix C yield the results in Theorem 1 in Boldea and Magnus
(2009).

Nevertheless, the advantage of deriving the scores and Hessian matrices in terms of A is that
they are also useful for alternative reparametrisations of those probabilities. For example, in the

multivariate logit case in (18), the Jacobian would be instead

O Tk i
2 [l | =M= M) for k=1, K — 1,
ony, oy €41 hey €™ + 1
)\ Tk 1
K _ € = Mg fork=1,...,K — 1,
oy, Zl16ﬂl+12k16”+1
)\ m i
Ok _ ¢ ¢ = NN forl#k k=1,...,K—1.
o Zl16ﬂl+12k16”+1

E Standardised multivariate discrete mixtures of normals

Consider the following mixture of two multivariate normals

N(vy,Ty) with probability ,
Y { N(vy,T'y) with probability 1 — . (E13)

Given (16) and (17), this random vector will be standardised if and only if

w1+ (1—7re =0

and

7'['(1 —7'(')(1/1 — VQ)(Vl — VQ)/ + 7'y + (1 —7T)F2 =1y,

in which case we will denote it by &*.
Let us initially assume that v = vy = 0, so that a fortiori § = v; — vy = 0. Let T'1 T,
and Ty T, denote the lower triangular Cholesky decompositions of the covariance matrices of

the two components. Then, we can write
71+ (1 —m)Te =Typ[nla + (1 — )I‘lLI‘QLI‘IQLF T, =Taiglrly + (1 — )RR T,
Thus, it is not difficult to see that by choosing

Tip = [rTa + (1 - mReRy ] and Top = TigRy, (E14)
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where N7 is a lower triangular matrix and [y + (1 — )RR} Jy[rly + (1 — )RR s
the upper triangular Cholesky decomposition of [7Iy; + (1 — 7)R. V7], we can indeed obtain a
standardised vector €* because of the relationship between the upper Cholesky decomposition
of a matrix and the lower Cholesky decomposition of its inverse.

Now consider the case d# 0, and let
Y =n(l—7)68 + Iy

Then, it is easy to see that if we call Xy Y{; the upper triangular Cholesky decomposition of I,
then

vi="Y,"(1-m)d, vi=-", 78, Ti=","T1Y;", and Tj =", "ToY;",

with T'; and T's as in (E14), continue to generate another standardised vector.
In summary, we can generate a standardised, multivariate, two-component Gaussian mixture

as

e =Y,V {(€ =78+ [Tar + &(T1r — Tap)lel,

where £ denotes a Bernoulli variable which takes the value 1 with probability 7 and 0 with
probability 1 — 7, and €| ~ N(0,I3). The intuition is as follows. First, note that (£ — m)d
is a vector version of a shifted and scaled Bernoulli random variable with 0 mean and rank 1

covariance matrix m(1 — m)d8’. But since

Laor, + &Ly — Tap)le,

with 'y and T'ep, given by (E14), is a multivariate discrete scale mixture of normals with 0
unconditional mean and unit unconditional covariance matrix that is orthogonal to (£ — m)d
because of the independence between £ and e, the sum of the two random variables will have
variance I + 7(1 — 7)848’, which explains the Y2 in front of the curly brackets.

Consequently, we can think of an alternative parametrisation with two sets of parameters:
the ones that capture the first two unconditional moments of the distribution, namely 7 and
vech(W), and the ones that characterise the shape of the standardised distribution, which are
given by n = (8',vech’/(Rp), )"

Therefore, two equivalent ways of defining and simulating y with mean 7 and variance ¥

are as follows. First, we can consider

(n)] with probability 7

1
5(n)] with probability 1 — 7 ’ (E15)

y =7+ Wye*, where €* :{ x
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where W W’ denotes the lower triangular Cholesky decomposition of ¥,

vitn) = [n(1—m)d88 +In;Y6(1 —7)
vi(n) = —[r(1—m)88 +In;Vor
and
) = [m(1—m)88 + Ing Y [rlas + (1 — )RR Y
5.(n) = [r(1—m)88 + Iyl [nly + (1 — mRLR ;YR

Alternatively, we can use

[ N(v1,T'1.T) ;) with probability 7
Y= N(va, Ty, ) with probability 1 —

where

vi =1+ Yrvi(n)
and

Tipp =Ty (n)
for k =1,2.

To illustrate the procedure in the bivariate case, let

51 11 0
= N =
9 [%]’andL [%21 g |
so that the vector of shape parameters of €* becomes n = (1, d2, 511, 201, 322, 7).

In this set up, the means of the components will be given by v1 = (l/gl, ygl)’ with

(a (1 —m)thy101

vy =71+
1+ 7(1— )2
and
ygl - (1 —m)ihgi61 + (1- 7T)¢22522\/ 1+7(1— 72)5% -,
14 7(1 — )62 I1+m(l—=m)o7\ 1+ (1l —m)(0] + 03)
and vy = (1/52, y§2)’ with
W2 =gy — 1101

1+ 7(1—m)d?

and

I/(2 =79 — Y1101 _ T9902 \/ 1+7(1— 7T)5%
i L+l —m)p2 L =mat | 1+a(l—m)(6] +63)

As for the the lower triangular decompositions of the covariance matrices of the two components,
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namely

1 (2
0 0
= [7%11 (1 ] and T'pp = [7%21 2 ],
Y21 V22 Y21 V22
we will have
(1 1
Y11 = 5 5 Y11,
I+ m(1 = m) o + (1 - m)sdy)
ﬁ;:¢ (Lt (1= m)F][r + (1= 7)o o
[+ 7(1 = m) (67 + ) Hrl(oedy +28,)(1 = m) — @] + (1 — m)msedy + (1 — )25} 5655}
1 _ _a%a  _a (IL—m)aisem
Y21 = 11 Vi ’7227T (1=
) ) — — 2 2,2 2
_7512(1 — )81 V(e +25,) (1 —71) — 7] ‘2" (1 —m)mcy, "2‘ (1—-m) %11%22’
1+ 7(1—m)o7][m + (1 — m)set]
2 _ (1
Y11 T 11711
2 _ (1

Yoo = 22729,

and
e _ @Y% a 2]

Y1 =

Vllwill - 722 [7T + (]. - 7[')%%1]%22
—V(l (1 — m)wd102511 Voo + (1= )8y + sy + 56, (1= 58y)] — w0, (54, — ) + Wz.
. [+ 71— m)a[m + (1 — )3 2020

Similar calculations can be applied for general M, although the number of free parameters
of ¥; and N increase with the square of the cross-sectional dimension. Extensions to mixtures
with K > 2 components are also feasible by recursively applying the above procedures to the
mixture of a spherical Gaussian random vector and a standardised Gaussian mixture with K —1
components.

It is of some interest to obtain the scores with respect to 7, vech(¥) and n from the scores
with respect to vy, v, vech(I'1), vech(IT'y) and 7. The delta method immediately implies that
the former can be written as a linear combination of the latter, whose expressions we have
derived in Appendix C.

First of all, note that the fact that we = 1 — w; for any parameter configuration and data
implies that

w w
)\171 —i—)\zi =

=1
A1 A2 ’

so there is a linear combination of the scores with respect to the A’s which is identically equal to

1. Note also that the sample average of wy /A evaluated at the MLE of the model parameters
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will be identically equal to 1 rather than 0 for all k.
Let us know try to find the score with respect to 7. We know from (16) that

or or or
— = A1 =0and — = vy.
Al Al VR
We also know that
vi = 14+ U[r(1 - )88 + Ly e(1 —7)
ve = T—Wr[n(1—7)88 + Iy on
which means that
Eh/k
bl
or M

Hence, given that no other parameter of the natural parametrisation depends on 7, the delta

method immediately implies that the score with respect to 7 will be given by

Ay: ) _ Iy Oy @) ZAk (ST 2 (8,) _ Oly:e)

oT — or Ovy Jdy

Similarly, we would expect

ly;¢) COyid) g2
&}Th(ql) = vech |:IM ay (y T) ‘I’L .

But we know that the score with respect to 7 evaluated at the sample mean is 0.
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Table 1: Finite sample properties of the IM test. Null hypothesis: Mixture of two univariate
normals

Panel A: Size properties (asymptotic)

Test version

OPS M
Sample size 10% 5% 1% 10% 5% 1%
100 80.59 76.37 68.60 5.21 286 0.9
400 47.35 40.84 30.16 8.55 4.99 1.86
1,600 24.33 17.89  9.86 9.40 5.13 1.60

Panel B: Size properties (bootstrap)

Test version

OoPS M
Sample size 10% 5% 1% 10% 5% 1%
100 10.41 4.92 0.92 11.46 6.15 1.31
400 7.20 3.08 0.56 10.65 5.51 1.17
1,600 9.69 4.89 1.01 9.72 4.89 1.04

Panel C: Power properties of the IM test (bootstrap)

Sample size

100 400
DGP 10% 5% 1% 10% 5% 1%
Non-Gaussian mixture 46.00 36.84 19.24 94.60  90.52 71.08
Mixture of three normals 12.96 5.88 0.80 42.28  23.68  3.88
Lognormal 99.40 97.72 79.88 100.00 100.00 99.84

Notes: Monte Carlo empirical rejection rates based on 10,000 (2,500) replications in Panels A and B
(Panel C). OPS refers to the version of the statistic proposed by Chesher (1983) and Lancaster (1984)
and employed by Boldea and Magnus (2009), while IM to the feasible version that makes use of the
theoretical expression (33) replacing the true parameter values ¢, by their MLEs (EST. Panel A contains
rejection rates based on the asymptotic critical values (see Proposition 4.3) while those in Panels B and
C are based on a parametric bootstrap procedure in which we simulate B = 99 samples from the mixture
model estimated under the null. See section 4 for details about the DGPs.
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Table 2: Finite sample properties of the IM test. Null hypothesis: Mixture of three univariate
normals

Panel A: Size properties (asymptotic)

Test version

OPS IM
Sample size 10% 5% 1% 10% 5% 1%
100 80.81 76.34 68.32 2.66 1.23  0.38
400 53.15 46.82 36.72 6.79 3.79 1.37
1,600 27.12 19.64 10.49 9.74 5.46 2.04

Panel B: Size properties (bootstrap)

Test version

OoPS IM
Sample size 10% 5% 1% 10% 5% 1%
100 10.74  4.74 0.58 9.21 4.23 0.76
400 9.01 4.34 0.97 10.02  4.89 0.97
1,600 851 3.59 0.55 10.35  5.17  1.15

Panel C: Power properties of the IM test (bootstrap)

Sample size

100 400
DGP 10% 5% 1% 10% 5% 1%
Non-Gaussian mixture 49.52 37.64 16.40 96.48 93.12 70.72
Mixture of four normals 36.72 25.20  8.88 97.64 93.28 60.52
Lognormal 69.20 54.00 22.76 99.76  99.52 94.68

Notes: Monte Carlo empirical rejection rates based on 10,000 (2,500) replications in Panels A and B
(Panel C). OPS refers to the version of the statistic proposed by Chesher (1983) and Lancaster (1984)
and employed by Boldea and Magnus (2009), while IM to the feasible version that makes use of the
theoretical expression (33) replacing the true parameter values ¢, by their MLEs (EST. Panel A contains
rejection rates based on the asymptotic critical values (see Proposition 4.3) while those in Panels B and
C are based on a parametric bootstrap procedure in which we simulate B = 99 samples from the mixture
model estimated under the null. See section 4 for details about the DGPs.
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Table 3: Finite sample properties of the IM test. Null hypothesis: Mixture of two bivariate
normals

Panel A: Size properties (asymptotic)

Test version

OPS IM
Sample size 10% 5% 1% 10% 5% 1%
100 99.66 99.46 98.26 8.03 5.53 3.06
400 80.56 74.50 60.67 10.41  6.76  3.01
1,600 42.72 33.70 18.83 9.96 5.64 1.73

Panel B: Size properties (bootstrap)

Test version

OPS M
Sample size 10% 5% 1% 10% 5% 1%
100 8.44  4.11 0.67 10.39 5.04 091
400 9.71 4.66 0.87 9.69 4.96 1.10
1,600 9.84 5.09 1.11 9.52 4.70 0.77

Panel C: Power properties of the IM test (bootstrap)

Sample size

100 400
DGP 10% 5% 1% 10% 5% 1%
Non-Gaussian mixture 57.96 47.32 24.92 94.12 88.92 62.72
Mixture of three normals 85.00 68.12 23.16 96.84 96.28 83.40
Skew normal 42.16 2748  8.76 97.12 91.36 63.32

Notes: Monte Carlo empirical rejection rates based on 10,000 (2,500) replications in Panels A and B
(Panel C). OPS refers to the version of the statistic proposed by Chesher (1983) and Lancaster (1984)
and employed by Boldea and Magnus (2009), while IM to the feasible version that makes use of the
theoretical expression (33) replacing the true parameter values ¢, by their MLEs (}5T. Panel A contains
rejection rates based on the asymptotic critical values (see Proposition 4.3) while those in Panels B and
C are based on a parametric bootstrap procedure in which we simulate B = 99 samples from the mixture
model estimated under the null. See section 4 for details about the DGPs.
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Figure 1: Univariate distributions under null hypotheses and different alternatives

Fig. la: Mixture of two normals Fig. le: Mixture of three normals
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Fig. 1b: Mixture of two asymmetric ¢’s Fig. 1f: Mixture of three asymmetric t’s
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Fig. 1h: Lognormal

Notes: In figures 1b-d (1f-h) the dashed line represents the pdf of the closest mixture of two (three)
normals. See section 4 for details about the DGPs.
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Figure 2: Bivariate distributions under the null hypothesis and different alternatives

Fig. 2a: Density of a bivariate

mixture of two normals

Fig. 2b:

mixture of two asymmetric t’s

Density of a bivariate

0.12

0.1
0.08
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Fig. 2c¢: Density of a bivariate
mixture of three normals

Fig. 2d: Density of a bivariate
skew normal

Notes: In figures 2f-h the dashed lines represent the contour of the closest mixture of two normals.

See section 4 for details about the DGPs.
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Fig. 2e: Contours of a bivariate

mixture of two normals
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Fig. 2g: Contours of a bivariate
mixture of three normals

Fig. 2h: Contours of a bivariate
skew normal




Figure 3: “Convergence clubs” in cross-country GDP per capita comparisons

Fig. 3a: All waves

1960

Fig. 3b: 1960, 1965, 1970
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Fig. 3d: 1990, 1995, 2000
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Notes: Data: Per capita income from version 6.1 of the Penn World Tables.
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