Supplemental Appendix for

Multivariate Hermite polynomials
and information matrix tests

Dante Amengual
CEMFI, Casado del Alisal 5, E-28014 Madrid, Spain

<amengual@cemfi.es>

Gabriele Fiorentini
Universita di Firenze and RCEA, Viale Morgagni 59, I-50134 Firenze, Italy

<gabriele.fiorentini@unifi.it>

Enrique Sentana
CEMFI, Casado del Alisal 5, E-28014 Madrid, Spain

<sentana@cemfi.es>

June 2021



A The symmetrisation operators
The first four symmetrisation operators discussed by Homlquist (1996) are
Sne, =1In,
SNe, = %(IN’-’ +Knn),
! Ins + (In @ Kyn) + (Knvy @ In) + (Iv @ Kvny ) (Kvy @ 1)

[
6
+(Kyy @In)Iy @ Kyy) + (Kyy @ In)(Ivy @ Kyny) (Kyny @ In)),

SNL3 =

SNu, = i[I]\H + (I 9KNN) +(INQKnn @In) + (In2 @ Kyn)(Iv @ Ky @ In)
+(Iv O Kyn QIN)In2 @ Knn) + (In @ Kyn @ In)(In2 @ Kyw)(Inv @ Kyny @ Iv)
+(EKnyn @In2) + (Kyy @ Kyy) + (In @ Kyy @ In)(Kyy @ Iyz2)
+(In> @ Knn)(Inv @ Kyny @ In)(Kyy @ In2) + (In @ Kyy @ In)(Kyy @ Kyw)
+(In @ Kny @ In)(Inz: @ Kyn)(Iv @ Kny @ In) (Kyy @ Iyz)
+(EKny @ Inz)(In @ Ky @ In) + (In2: @ Kyn)(Kvy @ In2)(In @ Kny @ In)
+(In @ Kny @ In)(Kyy @ In2)(In @ Kny @ Iy)
+(In2 @ Kyn)(In @ Kyy @ In)(Kny @ In2)(In @ Kny @ Iy)
+Kpyz2nz + (In: @ Ky ) Knene + (Kvy @ In2 ) (Iv @ Ky @ Iv)(Ine @ Kyw)
+HEKyy @ In2)(Iv @ Kny @ In)(In: @ Kyn)(Iv @ Kny ® Iy)

HEKyy @ In2)(Iv @ Kny @ In)(Kyy @ Kyy)
+(In2 @ Kyn)(Kny @ In2)(In @ Ky @ In)(Kvy @ Kyw)

+(KNN X INQ)KN2N2 + (INZ X KNN)(KNN (24 INz)KNzNz,
which applied to the arbitrary vectors of dimension N a, b, ¢ and d yield

Sn,a=a,

%[(a@b) +(b®a),

1
SNLS(a®b®c):6[(a®b®c)+(a®c®b)+(b®a®c)

SNLz(a®b) =

+(b®c®a)+(c®a®b)+ (c®b®a),

Sy, (a@b®cad) = 24[(a®b®c®d) (a@b®d®c)+(a®c®bed)+(a®kc®d®b)
+a®d®b®c)+(a®d®c®b)+ (b®a®c®d)+(bakd®c)
+(bec®a®d)+(b®ced®a)+ (b®d®a®c)+(b®d®c®a)
+craeb®d) +(cka®d®b)+(c®b®a®d) +(cebrd®a)

+(ced®a®b)+(c®wd®b®a)+ (d®a®b®c)+(d®a®c®b)
+(de®b®a®c)+ (do®brc®a)+(d®c®a®b)+(d®c®b®a)l.



B Special cases
B.1 The univariate case

The contribution of = to the log-likehood function is

e’ (v)
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1 1
——In27 — = In~? —
2 2 7
The score of this component with respect to the mean parameter is

su(z;v,7?) = 2(v,7%),

while the score with respect to the variance parameter is given by

1
o (w37) = 31220, 7%) — ),

2

where 6% = 72, so they coincide with the first and second Hermite polynomials of z(v,~?).

In turn, the Hessian matrix is given by

[ﬁﬁﬁﬁ%@ﬁﬁ@}:{f£;%f[”§)ﬂy

while the covariance matrix of the score will be the expected value of the outer product matrix

[ 2 (v,7?) l( = (r,77) — ]}
32, PP, ?) =87 3P () - 8P

Therefore, the sum of the outer product of the score and the Hessian yields the following three terms
A (VR R

Pt A0 — ] ol 7) = 5[0 A7) — 3822, 77)]

and

1 1
197 11 (007) = 0 = 27 (0,9%) = 0] = [ (v, 07) — 60727 (v,7%) + 367,

Under the null of correct specification, the expected value of these three terms should be 0. However, the
expected value of the first term will also be 0 under misspecification, so the test should only be based on
the other two terms, which coincide with the third- and fourth-order Hermite polynomials of z(v,~?), as

claimed.

B.2 The bivariate case

The contribution of x = (x1,x2)" to the log-likehood function is
N 1 1
Y In27 + 3 In|A| — 55'(1/)A£—:(1/)7

where v = (Vl,VQ)/ and vech(A) = (511,512,(522).

If we suppress the dependence on the means for notational simplicity, the scores of this component



with respect to the vector of mean parameters are

Ty 011 012 €1 ) _ 011€1 + 01262
v 012 022 €2 01261 + 02262 )’
which coincide with the Hqg(e, A) and Hoi (e, A) bivariate Hermite polynomials of € in Barndorff-Nielsen
and Petersen (1979).

Similarly, the scores with respect to the covariance matrix parameters v = (711, 7V12,Vo2) are given

by one half of the product of the transpose of the duplication matrix

Dy =

OO =
o = O
o = O
—_— o O

times

vec[( 011 012 ) < €1 >(E1 o )<511 012 )(511 012 )}
012 022 €2 012 022 012 022
(5%15% + 26110126169 + (5%263 — 011
61101262 + (835 + 011022)€182 + 02261263 — 12

61101267 + (835 + 011022)€182 + d9261263 — 12
83963 + 20120208162 + 03963 — 022

)

which coincide with the Hao(e, A), Hii(e, A) and Hoz(e, A) bivariate Hermite polynomials of e in
Barndorff-Nielsen and Petersen (1979). Therefore, the vv term of the sum of the outer product of the
score and the Hessian matrix are identical to these polynomials.

In turn, the yv term is one half the transpose of the duplication matrix times

(6%16% + 20110126169 + 5%263 — 611)(51151 + 61262)
(5115126% + (5%2 + 011022)e162 + 52251253 — 012)(01181 + 01262)
(61101263 + (025 + 011092)e162 + G9201263 — 812) (81161 + G1262)

((5?26% + 26120926169 + 5%253 — (522)(51181 + (51262)

(67163 + 20110126169 + 03963 — 011) (01261 + Janen)
(61101263 + (5%2 + 011022)e182 + 62201265 — 012) (01281 + G20€2)
(61161267 + (5%2 + 811022)e182 + 82201263 — 012) (1261 + 2262)

(5%26% + 2012022e162 + 5326% — 022) (01261 + 02262)
011(01161 + b1282)  612(d1161 + 01262)

9 012(01161 + d1262)  O22(01161 + d1262)
511551251 + 522523 512551251 + 52252; ’

012(01261 + d22€2)  J22(d12e1 + b2262



which reduces to

(5%1% + 20110126162 + 5?285 —611)(01181 + 01262)
2 (81101262 + (875 + 011022)€162 + 62201263 — 612) (J1161 + S1282)
(62563 4+ 20120206169 + 0393 — 022) (81161 + 61262)
(67163 + 20110126169 + 03963 — 011) (01261 + Jazen)
2 (5115128% + (532 + 611022)e162 + 62201263 — d12) (01261 + 52252)
(5%26% + 26125226162 + 5326% — 622)(51261 + 52262)

011(011€1 + d12€2) 012(01161 + d1262)
-2 2511(51261 + ((5%2 + 511522)62 ((5?2 + (511522)51 + 2(52251252
012(01261 + d2262) 022(d1261 + d2262)

((5%182% + 2(5115128152 + (5%283 — (511)((51151 + (51282) — 2511((51181 =+ (512282)
= | 2(61101263+(819+011022)e1824 09201265 —812) (81181 4+01262) —2(281181281 4 (675 +011022)e2)
(07267 + 20120208169 + 03963 — 092) (01161 + S1262) — 2612(81261 + Fazen)

(5%52% + 20118198162 + 01963 — 011) (01261 + Jazen) — 25122(51161 + d1262)
2(5115126%+(612+511522)€1€2+522512€%7512)(512614* 52252)72((512+511522)61 +2522(51262)
(5%26% + 25125226182 + 532{:‘% — 522)((51261 + 52262) — 2522((51281 + 52262)

It is tedious but trivial to see that the (2,1) and (2,2) elements are twice as big as the (1,2) and (3,1)
ones, respectively. Therefore, the number of different elements coincides with the number of different

third moments, which is N(N + 1)(IN +2)/6 = 4 in the bivariate case. Those four terms are

(07162 + 20110196169 + 039e2 — 011) (01161 + O1262) — 2011 (81161 + 01262)

= (5?15? + 3(5%15128382 + 3511(5%26381 + 5?252 — 35%161 — 3511(51262 = H3(](€, A),

(83163 + 26110196162 + 03963 — 611) (J1261 + Fazea) — 2012(01161 + d1262)
= (5?1(5125? + (5226?1 + 2511(5%2) E?&Q + ((5?2 + 2511(522(512)5%81 + (5225?263

—301161261 — (2035 + 011092)e2 = Ha (g, A),

((5?28% + 25125225152 + 53283 — 622)(51151 + 61282) — 2512(51261 + (52282)
= 532(51253 + (5115%2 + 2(522(5?2) E%El + ((5?2 + 2(511(522512) 8352 + (5115?28?

—(20%5 + 611022)€1 — 302201262 = Hiz(e, A),
and

((5?25% + 2(512(5226162 + (53263 — (522)((51251 + (52252) — 2(522((51251 + (52252)

= 53253 + 3(5;2(5128381 + 35225%2&'?82 + (5?26? — 3(52251281 — 363282 = H03(€, A),

which coincide with the four different bivariate Hermite polynomials of order three in Barndorff-Nielsen

and Petersen (1979), as expected.



Finally, the v+ term of the outer product of the score is one quarter of

53163 4 20116126182 + 07563 — 611
2(01161263 + (6?2 + 611022)e182 + 52201263 — 012)
83963 + 20120206182 + 03963 — 622

83163 + 26110126182 + 67983 — 01
x | 2(81101267 + (035 + 011092)e162 + 02281263 — S12)
83967 + 20120208182 + 03963 — 022

) (03163 + 20110128162 + 5%523 —611)? )
= 2(6115125%+(512+611522)6162+ 5225128%—612)(5115%—|—2511§125152+51255_511)
(63267 + 20120002180 + 963 — 822) (87,7 + 26118128189 + 61523 — O11)

2(83,63 420110196162 +07963 —011) (01101267 + (835 4 011022)e162 4+ 02201265 —12)
4(51101263 + (035 + 011022)e162 + J2901265 — 812)?
2(03963 + 20120226162 + 05963 — 022) (01101267 + (675 + 611022)€162 + F2001263 — 012)

(62,62 + 20110108169 4 03963 — 611) (02963 4 20120906162 + 0293 — H22)
2(61101265+ (025 +011092)e1604+ 02201963 —012) (07967 + 20190206160 + 02965 — 022)
(07263 + 26120206162 + 03963 — 022)?

To obtain the Hessian, we need the following matrix

2011 (63,63 + 20116126182 + 61563) — 61,
2611 (81101262 + (075 + 011022)€162 + 62201263) — 611612
2612(07,6% + 28110126162 + 03963) — G12011
2012(6110126% + (675 + 611022)€182 + 02261263) — 639

2611 (01101262 + (075 + 011022)e162 + 62261263) — 611612
2011 (07263 + 20120206169 + 03963) — 611022
2012(0110126% + (875 + 611622)162 + 02261263) — 07,
2612(07263 + 28120206162 + 055€3) — G12022
2012(03,6% + 28116126162 + 03563) — 812011
2012(6110126% + (675 + 611022)€162 + 02261263) — 61y
2092(0712 + 26110126182 + 039€3) — J22011
2022(01101262 + (875 + 611622)€182 + 62201263) — d22012

2512(5115126% + (5%2 + 511522)5182 + 5225125%) — 5%2
2(512((5?26% + 28120926162 + (5326%) — 012029
2022(01101267 4 (675 + 611022)e162 + 62201263) — 522612
2(522((5%25% + 2(512(5225152 + 53253) - 5%2

which postmultiplied by the duplication matrix and premultiplied by its transpose yields

011 (25%5%1 4 4€1€9011012 + 25%5%2 — 511)
45%6?1(512 + 2(52251526%1 + 66162511(5%2 + 2(5226%511(512 + 28%(5?2 — 2011912
612 (261163012 + 26162075 + 20110926162 + 202063012 — 812)

, 48%5%1(512;— 2(52281825%1 + 66182(511(5%2 —g 2(5226%(511(5;2 + 28%(5‘;2 — 2011012 ,
26%511(522 + 65%511512 + 128162511612522 + 45182512 + 25%511522 + 65%(512(522 — 2(511522 — 2(512
26%(5?2 + 25116%512522 + 66162532522 + 26116162532 + 46%512632 — 2012029
012 (201163012 + 2616207, + 20110208182 + 202263612 — 612)

26%5?2 + 25116%512622 + 381626%2522 + 251181825232 + 46%5125%2 — 2012029
099 (26‘%(512 + 4e1€9012029 + 26%(522 — (522)

If we subtract twice this matrix from the compressed outer product of the score we end up with a



3 x 3 matrix with the following elements

(1,1) : eto, + 48:1382(3?1(512 + geiegéfléﬁg - (235%6:{’1 —21—415153(511(5%2
_128182611512 + 82512 - 652(511512 + 3611
(2,1) : 26405019 + 209063205, + 6636907 ,07 + 6090676307 ,010 + 626301105,
7125%5%1612 + 662251535116%2 + 2816%6[112 — 652261625%1
—185152511(5%2 + 2(522535%2 — 6(5228%(511612 — 66%(5?2 + 6011012
(3,1) : €367,0%, + 2632207, 012020 + 2636001105 + £36307, 050 + 46763011079022 + €76307,
—5%6%1522 — 55%5116?22+22616%5115122632 + 2612635?2522 — 86162(5121512(522
*45152512 + 8%512522 — 5%511622 — 56%512522 + 611092 + 2512

(1,2) : 26163, 012 + 209263007, + 6edeadi 07 + 65208763075 ,012
+66%6%5115?2 — 128%5%1512 + 6(52251535115%2 + 2616%(5112 — 652261825%1
—185152511(5%2 + 2(522535?2 — 6(522&‘%(511512 — 68%(5?2 + 6(511(512
(2,2) : 4616267, + 836903012000 + 8322011055 + 4636307, 05 + 166263011039020 + 42367,
—46%5%1522 - 205%5115?2 + 8516%(5115125%2 + 8515%6?2522 — 32e162011012022
—16e1690%, + 4e30%,0%, — 42011059 — 2063675095 + 4611092 + 852,
(3, 2) : 25118411(5?2 + 25‘;’82(51112 + 6(5116%62(5%2622 + 66?6%(5?2(522
+6§11€%€%(512(5§2 — 68%5?2 — 6(5115%612(522 + 6818%(5?2632 + 2511618%6%2
—1861525%2522 — 651161525%2 + 26%512(5%2 — 126%512632 + 6512522

(1,8) : €303,0%, + 2636007, 012020 + 2636901105 + £36303, 05,
—|—4E%E%(5116%2(522 + 8%8%(5%2 — 5%5%1(522 — 58%(5116%2 + 2616%(511512632 + 2616%(5?2522
—8c169011012022 — 481825?2 + 8%(5?2532 — 83511(5%2 — 58%5?2522 + 611092 + 2(5?2
(2, 3) : 25115%5?2 + 26?625%2 + 65115?52532522 + 66%6%5?2522 + 6(5116%6%512632
*66%5?2 — 65116%612522 + 6515%5%2632 + 2611515%532 — 1861625%2522
—65118182(532 + 283512532 — 126%(512(5%2 + 6512029
(8,3) : €107y + 4c3e003y000 + 6273075055 — 63099020 + 4516301205,
—1251825125%2 + 53(5%2 — 66%(5%2 + 35%2

Once again, it is tedious but straightforward to prove that the elements (2,1), (3,1) and (3,2) are
equal to the elements (1,2), (1,3) and (2,3), respectively. In addition, the (2,2) element is four times the
(3,1) and (1,3) ones. Therefore, the number of different elements coincides with the number of different

fourth moments, which is N(N + 1)(N + 2)(N + 3)/24 = 5 in the bivariate case. Those five terms are

(5‘1115‘1L + 46‘;’16126i’62 + 65%15%26%5‘% + 45115‘;’2515‘;’ + 6‘1*26‘21

—6(5?18% — 12(5%1(5126162 — 6(511(5%285 + 35%1 = 1"[40(87 A),

20 0196 + 2(0020%, + 302,0%,)e3e9 + 6(0220%, 812 + 01105, )e2e2
“!‘2(3(522(5115?2 + (5112)6153 + 2(522(5?26%

—12(5%1(5128% — 6((522(5?1 =+ 3(511(5%2)8182 — 6((522(511612 + 6?2)53 + 6(511612 = 2H31 (E, A),

07107561 + 2 (022671012 + 01105, €26t + (671635 + 4611035020 + 015) €37
+2 ((5:;)2622 + (511512(532) 65’81 + 535%2(532 — ((5%1(522 + 5511(5%2) E%

—4 (895 + 2011012022) €182 — (5035002 + 611035)e5 + (2675 + 611022) = Haa(e, A),



2(511(511))2841l + 2 ((54112 + 3(511522(5%2) 811352 +6 ((5?2522 + (511(512(532) 8?6%
+2 (3035055 + 011055 €561 + 201205565 — 6 (835 + 611612022) €7

—6 (3(5%2522 + 511(5%2) E1€2 — 12(512(53283 + 6512522 = 2H13(€, A),
and

010et + 4035000639 + 60250306262 + 40120556165 + O30ca

—6(5%2(5226% — 12(512(5%25152 — 653265 + 3(5%2 = 1104(&?7 A),

which are (multiples of ) the five different bivariate Hermite polynomials of order four in Barndorff-Nielsen

and Petersen (1979), as expected.

C Alternative distributions

For the multivariate skew normal distribution, we use its canonical representation, choosing .83, 1.30
and —1.35 for the location, scale and skew, respectively, of the first component of the random vector,
which yield values of —3/4 and 3.596 for its skewness and kurtosis coefficients (see Figure 2.2 in Azzalini
and Capetiano (2014) for the feasible skewness-kurtosis combinations). In contrast, the remaining N — 1
components are drawn from independent univariate standard normals.

In the case of the multivariate asymmetric Student ¢, we choose n = .042 and b = (—.91,0’)’, which
yield values of —3/4 and 4.5 for the skewness and kurtosis coefficients of the first element (see Proposition
1 in Mencia and Sentana (2009) for details on how to obtain a random vector whose mean vector and
covariance matrix are 0 and I, respectively). Finally, for the discrete mixture of two normal vectors,
we fix their means to (1 —A)d and —Ad, where A = 1/4 is the probability of the first Gaussian vector and

d = (—.57,0"); and their covariance matrices to

1 /
Q = m[m—&s (1—A)A]

QQ = J{Ql,

with s = .51, so as to achieve the same skewness and kurtosis coefficients for the first variable as in the

case of the asymmetric Student t.



