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ABSTRACT

The purpose of this note 1is +to propose an alternative
transformation of a fixed effects model which (i) eliminates the
individual effects, (ii) preserves the orthogonality among the
transformed errors, and (iii) it is very useful in order to obtain
in a natural way optimal IV or GMM estimators for models with
predetermined variables.



1. Introduction

The within—groups or covariance estimator remains the most popular technique
for the estimation of linear regression models from panel data: fixed effects are eliminated
after individual means are substracted from the observations, and OLS is applied to the
transformed equation. An attractive feature of the resulting estimates is that they are
consistent for short panels (small T) of large cross—sections (large N) regardless of the
correlation between the regressors and the individual effects. However, as it has been
repeatedly pointed out in the literature (e.g. Nickell (1981), Chamberlain (1984)), this is
only true if the regressors are strictly exogenous. When the explanatory variables are only
predetermined (that is, uncorrelated with present and future shocks but correlated to past
ones) within—groups estimates are inconsistent as N -+ o for fixed T. These inconsistencies
are of order 1/T if the random errors are white noise but they still are a serious concern for
the type of samples usually available. Moreover, since the error term for any one period in
the model in deviations from time means depends on the errors for all other periods, it is
difficult to find valid moment restrictions for this representation of the model. This has
prompted the development of instrumental variables (IV) or generalized method of
moments (GMM) estimators based on first or longer difference transformations (e g.
Anderson and Hsiao (1981 and 1982), Griliches and Hausman (1986), Arellano and Bond
(1988)). Regrettably, differencing the model introduces serial correlation and one may
suspect that often this will lead to inefficient estimators.

The purpose of this note is to propose an alternative transformation of the
model which (i) eliminates the individual effects, (ii) preserves the orthogonality among the
transformed errors — if the original random errors are independently and identically
distributed (iid), the transformed errors are aiso nd, and (iii) 1t is very useful in order to
obtain in a natural way optimal IV or GMM estimators for models with predetermined

varnables.



2. The Transformation

The model is given by

Vi = X0 + uy

where X Is a 1xk vector of explanatory variables,  is the kx! vector of coefficients to be
estimated, m is an unobservable individual effect and Vit i1s a random error assumed to be
iid across individuals and time with zero mean and variance 02. The explanatory variables
may well be correlated with the effects so that E[xitnd # 0. Alternatively we can write

the system of T equations for individual i as

¥,

=X.0+ u
1 1 1

where y, = {yil“'yiTJ” X, = [xi’l...xi’ﬂ’ and u, = [uill..uiﬂ’. The within—groups

operator is the TxT idempotent matrix Q of rank (T—-1) given by

where IT i$ an identity matrix of order T and : is a Txl vector of ones. Thus the

transformed errors u, = Qui are of the form

— 1 — AY
Uit = U T [Un Tty (t=1,..T).
Here we propose to remove individual effects by mean of the following transformation
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that is, to each of the first (T—1) observations we substract the mean of the remaining
future observations available in the sample. The operator that produces this

transformation is a (T—1)xT matrix AT of the form

1 —~(1-1)7 17! 1-1)7t -1t —ren)7?
IO T B (. I o I ()l

0 0 1 -1/2 -1/2

0 0 0 1 -1

It is straightforward to verify that E{u+ u”

it is] = 0 for any t # s. For example,

if t < s we have

E[“;tuzs] 5T (’I"E_t)_E[Vis[vi(t+1)+"'+viTH

On the other hand,

which suggests weighting the uTt to equalize the variances, thus obtaining

* T-t 1/2 1 ] B _
Yig = [T?tﬂ] [uit "(’I*Ij[“i(tﬂ)*-*‘lm (t=1,...,T-1).

* * x ) ) * )
Letting u, = [ui 1"'ui(T—1)J , we can write u; = Au, where A is the (T-1)xT matnx



1/2
A= djag[l}l—, %::—2,..., IJ AT

Some properties of this transformation which can be easily verified by direct
multiplication are A = 0, AA’ = I(T—l) and A’A = Q. Differencing with respect to the
mean of past observations would produce an alternative transformation with similar
properties. However since predetermined variables depend on past but not future shocks,

the A—transformation turns out to be more useful in order to handle this situation.

3. Some Estimators

* *
Let y; = Ayi and Xi = AXi. The fact that A’A = Q implies that the OLS

* *
regression of v, on Xi will yield the within—groups estimator:

P N K % -IN *) % - -1 .,.
we = | 2N NG| B X {? Xixi} X

where y; = Qyi and Xi = QXiA However ﬂWG 1s only consistent when X; ¢ 18 strictly

exogenous with respect to Vi That is, when E[xitvisJ = 0 for all t and s.

When X 1s only predetermined. in the sense that

=0 for s>t

[
Efx. v. ]«
[X1t‘1sh $#0 fors <t

it 1s still possible to use a different subset of the X4

*
transformed equations corresponding to each period. Specifically, since U depends on

t=1,....,T as instruments for the

Vipeo Vi only X1 is a valid instrument in the equation for the first period. For the second
*
period Ui depends on Vigr Vi and thus X and X are both valid instruments, etc. The

complete matrix of instruments for the A—transformed system of (T—1) equations is



Xiq 0 0
7. = |9 Xy xg
l .

0 0 0

and the corresponding IV estimator is

By =

* ’ -1 y %
YX.°Z.182.7. YZ.X.
i 1 1 i 11 i 1 1

* .
Since the u,, are iid errors, the standard IV theory ensures the asymptotic efficiency of ﬁIV
within its class. If, however, ui is heteroskedastic of unknown form, efficiency gains of the
type considered by White (1982) are possible: a second step estimator would replace the

- ke x
norm [Ei Zi’ZiJ in the formula for By by [Ei Zi’uiui’ZJ

residuals.

0 0 0
0 0 0
it N2 N(T-1)

- *1 ) _12 Z) *
?Xi%ﬁzﬁq > iy

%
where the u, are first step
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