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This appendix contains detailed proofs for results stated in Amengual and Watson 

(2005). To make this document self-contained it begins with a description of the model 

and assumptions before stating the results and proofs.  

 

Model: 

 

,t t tX F e= Λ +                            (1.1) 

 

for t = 1, …, T, where Xt and et  are N × 1, Ft is r × 1, and Λ is N × r.  Ft evolves as a 

VAR:  

 

                                   
1

,
p

t i t i t
i

F F ε−
=

= Φ +∑                 (1.2)

   

 

where εt = Gηt where G is r × q with full column rank and ηt is sequence of shocks with 

mean zero and covariance matrix qIηηΣ = . Combining the equations yields  

    

   ,t t tY eη= Γ +                                    (1.3) 

 

where 
1

p
t t i t ii

Y X F −=
= − ΛΦ∑  and GΓ = Λ .  Transposing (1.1) and stacking the T 

equations yields  

  

   ,X F e′= Λ +                        (1.4) 

 

where X is T × N, F is T × r, Λ is N × r, and e is T × N. The t′th rows of X, F and e are Xt′, 

Ft′, and et′; the i’th row of Λ is λi′; the i’th element of Xt is denoted Xit, and similarly for 

eit, so that it i t itX F eλ′= + .  
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Let ( )1,...,t t t pF F− −
′′ ′=F ,  ( )1 2, ,..., pΦ = Φ Φ Φ ,  and Π = ΛΦ . The VAR for F and 

the definition for Y are then 

 

  t t tF Gη= Φ +F  

 

and   

   t t tY X= −ΠF .  

 

Finally, letting πi′ denote the i’th row of Π and γi′ denote the i’th row of Γ, then  

 

   it t i t i itX eη γ π′ ′= + +F . 

 

Assumptions: 

 

Rates: , →∞N T  jointly (equivalently that ( )=N N T  with lim ( )T N T→∞ = ∞ ). 

 

Let min( , )NTs N T= . 

 

(A.1)   ( )t t rE F F I′ = . 

 

(A.2)   ( )i iE λ λ ΛΛ′ = Σ , where ΣΛΛ is a diagonal matrix with elements 0ii jjσ σ> >  for 

i j< .  (When Λ is deterministic, ΣΛΛ  is interpreted as the limiting empirical average.)   

 

(A.3)   1

1

T p

t t r
t

T F F I−

=

′→∑ . 

(A.4)   1

1

N p

i i
i

N λ λ−
ΛΛ

=

′→Σ∑ . 

(A.5)   (NT)−1 2 2

1 1
0

N T p

it e
i t

e σ
= =

→ >∑∑ . 
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(A.6)   For some integer m ≥ 2 and for all integers j ≤ m, 

( ) { }( )1
max ,

jjEtrace ee O NT N T
−⎡ ⎤′ ⎡ ⎤= × ⎣ ⎦⎣ ⎦ . 

(A.7)   
2

2

1 1 1

( )
T T N

i t is
t s i

E F e O NTλ
= = =

⎛ ⎞′ =⎜ ⎟
⎝ ⎠

∑∑ ∑ . 

 

(A.8)   2

1 1
( )

T N

i i it
t i

E e O NTλ λ
= =

′ =∑∑ . 

 

(A.9)   
2

1 1

( )
N T

t it
i t

E F e O NT
= =

=∑ ∑ . 

 

(A10)  Let ( )1,...,t t t pF F− −
′′ ′=F , then 

(i) the stochastic process { }tF  is stationary and ergodic; 

(ii) ( )t tE ′F F  is non-singular; and 

(iii) ( )t tvec η′F  is a martingale difference sequence with finite second moments. 

 

(A.11) 
2

1 1

( )
N T

t it
i t

E e O NT
= =

=∑ ∑F . 

 

Additional Notation: 

 

( ) ( )21, ( ) it i t
i t

V F NT X Fλ− ′Λ = −∑∑ �� � � .      

( ) ( )min arg min ,F V FΛΛ = Λ�
� � � . 

With ( )min 1 2 2 1/ ,  , ( ) ( ) ( )it
i t

F F T I V F F NT X T N trace F XX F− − ⎡ ⎤′ ′ ′= Λ = − ⎣ ⎦∑∑� � � � � � .  

2 1( ) ( )R F T N trace F XX F− ⎡ ⎤′ ′= ⎣ ⎦
� � � .                    
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F̂ :  Maximizing ( )R F�  yields F̂  with columns given by the normalized eigenvectors of 

XX′ corresponding the largest eigenvalues; these maximize ( )R F�  and minimize V.   

 

ˆ ˆ /X F T′Λ =                    

ˆ ˆ /k kX F T′Λ =  and ˆ ˆ /k k
i iF X Tλ ′= , where iX  is the i’th column of X′. 

kF� denotes a T × k matrix and { }| /k k k
k kF F F T I′∆ = =� � �  

2 1( )k k kR F T N trace F XX F− − ⎡ ⎤′ ′=
⎣ ⎦

� � � . 

* 2 1( )k k kR F T N trace F F F F− − ⎡ ⎤′ ′ ′= Λ Λ
⎣ ⎦

� � � . 

ˆ kF denotes the set of ordered eigenvectors of XX′, normalized as ˆ ˆ /k k
kF F T I′ = .  

 

( , )g N T  is a deterministic sequence that satisfies ( , ) 0g N T → and ( , )NTs g N Tδ →∞  for δ 

= (m−1)/m, where m is given in assumption (A.5).  

 

The (largest-to-smallest) ordered eigenvalues of 1( )NT XX− ′  are ω1, ω2, … .   

2 1 2ˆ ( ) .X iti t
NT Xσ −= ∑ ∑  

1
ˆ( , ) ( ) kk

ii
R k X R F ω

=
= =∑ . 

2ˆ( , ) ( , ) ( , )XPC k X R k X kg N Tσ= − + .  

2ˆ( , ) ln ( , ) ( , )XICP k X R k X kg N Tσ⎡ ⎤= − +⎣ ⎦ .  

m
max0

( ) arg min ( , )
PC

k r
BN X PC k X

≤ ≤
= ,     

m
max0

( ) arg min ( , )
ICP

k r
BN X ICP k X

≤ ≤
= . 

 

For conformable matrices A and B, 1ˆ
AB m A B− ′Σ = , where m is the number of rows of A. 
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Lemmas and Theorem in Amengual and Watson (2005): 

 

Lemma 1 (Bai-Ng):  Under assumptions (A1)-(A9), m ( )
pPC

BN X →  r and m ( )
pICP

BN X → r. 

Proof: Follows from R30, R32, R34, and R36 below. 

 

Lemma 2: Suppose (A1)-(A9) are satisfied and X�  = X + b where 

1 1 2 1
1 1

( )N T
it p NTi t

T N b O s− − −
= =

=∑ ∑ , then  m ( )
pPC

BN X r→�  and m ( )
pICP

BN X r→� . 

 

Proof: Follows from R41 below. 

 

Theorem: Consider the model (1.1)-(1.3). Suppose that  (1.1) satisfies (A.1)-(A.9), that 

the analogous assumptions are satisfied for (1.3), and that (A.10) is satisfied. Then  

(a) m ˆ( )
pPC aBN Y →q and m ˆ( )

pIPC aBN Y → q. 

(b) In addition, suppose that (A.11) is satisfied. Then m ˆ( )
pPC bBN Y → q and m ˆ( )

pIPC bBN Y →q. 

 

Proof: (a) Follows from R48 and R55 below; (b) follows from R54 and R55. 
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Detailed Results: 

 

R1  For j ≤ m, 1( ) ( ) ( )j j j
p NTTN trace ee O s− − +′⎡ ⎤ =⎣ ⎦ .     

Proof:  

The result follows from (A.6) and the definition of sNT.  

 

R2  
2

2 1 1

1 1 1

( )
T T N

i t is p
t s i

T N F e O Nλ− − −

= = =

⎛ ⎞′ =⎜ ⎟
⎝ ⎠

∑∑ ∑ .      

Proof:   

The result follows from (A.7). 

 

R3  
21 1 1

1
( )

T

t p
t

T N e O N− − −

=

′Λ =∑ .        

Proof:  

21 1 1 2 2 1

1 1 1
( )

T T N

t i i it p
t t i

T N e T N e O Nλ λ− − − − −

= = =

′ ′Λ = =∑ ∑∑  where the rate follows from (A.8). 

 

R4  1 2

1 1

( ) (1)
T N

it p
t i

NT e O−

= =

=∑∑ .        

Proof:   

The result follows immediately from (R1) with j = 1. 

 

R5    For all j, 
2

1 1

1 1

(1)
N T

jt it p
i t

T N F e O− −

= =

⎛ ⎞ =⎜ ⎟
⎝ ⎠

∑ ∑ .        

Proof:   

The result follows immediately from (A.9). 

 

R6 2 1 ( 1) /sup ( ) ( )k
k

k k m m
p NTF

T N trace F ee F O s− − −
∈∆

⎡ ⎤′ ′ =
⎣ ⎦�
� �  .     

Proof:   
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2 1sup ( )k
k

k k
F

T N trace F ee F−
∈∆

⎡ ⎤′ ′
⎣ ⎦�
� �  is equal to sum of the k largest eigenvalues of (NT)−1ee′ 

which is less than or equal to k×µ, where µ denotes the largest eigenvalue of (NT)−1ee′.  

But mµ  is the largest eigenvalue of ( ) ( )m mNT ee− ′⎡ ⎤⎣ ⎦ , the largest eigenvalue is bounded 

above by the trace, so that  1( ) ( ) ( )m m m m
p NTNT trace ee O sµ − − +′⎡ ⎤≤ =⎣ ⎦ , where the last 

equality follows from R1, and the result follows directly. 

 

R7  2 1 1/ 2sup ( ) ( )k
k

k k
pF

T N trace F F e F O N− −
∈∆

⎡ ⎤′ ′ ′Λ =
⎣ ⎦�
� � .     

Proof:  

Let k
mf�  denote the m’th column of kF� and k

tmf� denote the t’th element of k
mf� . Then  

( )

2 1 2 1

1

2 1

1 1 1 1

2 1

1 1 1 1

1/ 2
22 2 1

1 1

( ) ( )

( )

k
k k k k

m m
m

k T T N
k k

tm sm t i is
m t s i

k T T N
k k

tm sm t i is
m t s i

T T
k k

tm sm t i is
t s

T N trace F F e F T N f F e f

T N f f F e

T f f N F e

T f f T N F e

λ

λ

λ

− −

=

−

= = = =

− −

= = = =

− − −

= =

⎡ ⎤′ ′′ ′ ′ ′Λ = Λ
⎣ ⎦

′=

⎛ ⎞′= ⎜ ⎟
⎝ ⎠

⎡ ⎤ ′≤ ⎢ ⎥⎣ ⎦

∑

∑∑∑∑

∑∑∑ ∑

∑∑

� �� �

� �

� �

� �
1/ 22

1 1 1 1

,
k T T N

m t s i= = = =

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
∑ ∑∑ ∑

 

but ( ) ( )222

1 1

= / ,
T T

k k k k
tm sm m m

t s

T f f f f T−

= =

′∑∑ � � � �  and for all ( ), / .k k k
k kF F F T I′∈∆ =� � �  Thus,  

1/ 22
2 1 2 1 1/ 2

1 1 1

sup ( ) ( ),k
k

T T N
k k

t i is pF
t s i

T N trace F F e F k T N F e O Nλ− − − −
∈∆

= = =

⎡ ⎤⎛ ⎞⎡ ⎤′ ′ ′ ′Λ ≤ =⎢ ⎥⎜ ⎟⎣ ⎦ ⎝ ⎠⎢ ⎥⎣ ⎦
∑∑ ∑�

� �  

where the last equality follows from R2. 

 

R8  * 1/ 2sup ( ) ( ) ( )
k k k k p NTF R F R F O s−∈∆ − =�

� � .      

Proof: 

* 2 1 2 1( ) ( ) ( ) 2( )k k k k k kR F R F T N trace F ee F T N trace F F e F− −⎡ ⎤ ⎡ ⎤′ ′′ ′ ′− = + Λ
⎣ ⎦ ⎣ ⎦

� � � � � �  

and  



 8

* 2 1

2 1

sup ( ) ( ) ( ) sup

                                          2( ) sup ,

k k k k

k k

k k k kF F

k kF

R F R T N trace F ee F

T N trace F F e F

−
∈∆ ∈∆

−
∈∆

⎡ ⎤′ ′− Λ ≤
⎣ ⎦

⎡ ⎤′ ′ ′+ Λ
⎣ ⎦

� �

�

� � � �

� �
 

where the two terms on the rhs of the inequality are 1/ 2( )p NTO s−  and 1/ 2( )pO N −  by R6 and 

R7, respectively.  

 

R9  * 1/ 2sup ( ) sup ( ) ( )
k k k kk k p NTF FR F R F O s−∈∆ ∈∆− =� �

� � .     

Proof:   
* * 1/ 2sup ( ) sup ( ) sup ( ) ( ) ( )

k k k k k kk k k k p NTF F FR F R F R F R F O s−∈∆ ∈∆ ∈∆− ≤ − =� � �
� � � � , 

where the first inequality follows by the definition of the sup and the convergence 

follows from R8. 

 

R10  
min( , )

*

1

sup ( )
k k

k rp

k iiF
i

R F σ∈∆
=

→ ∑�
� .        

Proof:   

Let 1/ 2 1/ 2/ ( / ) ( / )F F T F F T F F T ′′ ′ ′=  denote the Choleski factorization of /F F T′ . Let kF�  

be represented as 1/ 2( / )kF F F F T Vδ−′= +�  where 0V F′ = . Note: 

/ /k kF F T V V Tδ δ′ ′ ′= +� � , so that for all ,k k kF Iδ δ′∈∆ ≤� . Thus, we can write  

* 2 1/ 2 1/ 2
:sup ( ) sup / ) ( / ) / ) .

kk k k IF R F T trace F F T N F F Tδ δ δ δ δ−
′ ≤∈∆

⎡ ⎤′′ ′ ′ ′= ( Λ Λ (
⎣ ⎦�

�  

A direct calculation shows that the solution is 
min( , )

2 1/ 2 1/ 2
:

1

ˆsup / ) ( / ) / )
k

k r

I ii
i

T trace F F T N F F Tδ δ δ δ δ σ−
′ ≤

=

⎡ ⎤′′ ′ ′ ′( Λ Λ ( =
⎣ ⎦ ∑ , where ˆiiσ  is the i’th 

largest eigenvalue of 1/ 2 1/ 2/ ) ( / ) / )F F T N F F T′′ ′ ′( Λ Λ ( . (Note, to derive this, first note that 

without loss of generality we can assume that δ δ′  is diagonal, because postmultiplying δ  

by an orthonormal matrix does not change the value of the Trace. Optimization can then 

be carried out on each column of δ  sequentially, and this yields the standard eigenvalue 

result.) 
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But ( / )
p

N ΛΛ′Λ Λ →Σ  and /
p

F F T I′ →   (by A.3 and A.4),  so that  

1/ 2 1/ 2/ ) ( / ) / )
p

F F T N F F T ΛΛ
′′ ′ ′( Λ Λ ( →Σ , and (by continuity of eigenvalues) ˆ

p

ii iiσ σ→ . 

 

R11  
min( , )

1

sup ( )
k k

k rp

k iiF
i

R F σ∈∆
=

→ ∑�
� .         

Proof:   

This follows from R9 and R10. 

 

R12  
min( , )

*

1

ˆ( )
k rp

k ii
i

R F σ
=

→ ∑ .          

Proof:  

ˆ arg sup ( )
k kk kFF R F∈∆= �

� , so the result follows from R8 and R11. 

 

R13  
21 1 1

1

ˆ( ) ( )
T

t p
t

T NT F e F O N− − −

=

′ Λ =∑ .        

Proof: 

 
2

21 1 2 1 1

1 1 1 1

ˆ ˆˆ( ) ( ),
T T T N

t i t is p
t t s i

F FT NT F e F T N F e O N
T

λ− − − − −

= = = =

′ ⎛ ⎞′ ′Λ ≤ =⎜ ⎟
⎝ ⎠

∑ ∑∑ ∑  

where the inequality follows from CS (applied to the sum over t implicit in F̂ e′ ) and the 

rate follows from R2. 

 

R14  
21 1 1

1

ˆ( ) ( )
T

t p NT
t

T NT F ee O s− − −

=

′ =∑ .       

Proof:  
2

21 1 2 1 1

1 1 1 1

ˆ ˆˆ( )  ( )
T T T N

t it is p NT
t t s i

F FT NT F ee T N e e O s
T

− − − − −

= = = =

′ ⎛ ⎞′ ≤ =⎜ ⎟
⎝ ⎠

∑ ∑∑ ∑ , 

where the inequality follows from CS (applied to the sum over t implicit in F̂ e′ ) and the 

rate follows from R1 with j = 2. 
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R15  Let 1̂f  denote the first column of F̂  and let 1 1 1
ˆ( ) S sign f f′=  

1 1 1 1 1 1
ˆ ˆ(meaning 1 if 0 and 1 if 0)S f f S f f′ ′= ≥ = − < . 

Then 1 1 1
ˆ( / )

p

S f F T′ ′→A  where 1 (1 ,0, ,0)′=A … . 

Proof:   

For particular values of δ̂  and V̂ , we can write 1/ 2
1̂

ˆ ˆ( / )f F F F T Vδ−′= +  where ˆ 0V F′ =  

and ˆ ˆ 1δ δ′ ≤ . (Note that δ̂  is 1r× .)   Let 1/ 2 1/ 2/ ) ( / ) / )NTC F F T N F F T′′ ′ ′= ( Λ Λ (  and note 

that *
1̂

ˆ ˆ( ) NTR f Cδ δ′= . Thus  

*
1 11 11

2 2
1 11

2

ˆ ˆ ˆ ˆ ˆ( ) ( )

ˆ ˆ ˆ ˆ                   ( ) 1) .

NT

r

NT i ii
i

R f C

C

λλσ δ δ δ δ σ

δ δ δ σ δ σ

ΛΛ

ΛΛ
=

′ ′− = −Σ + Σ −

′= −Σ + ( − +∑
 

Since 
p

NTC ΛΛ→Σ  and δ̂  is bounded, the first term on the right hand side of this 

expression is op(1). This result together with R12 when k = 1 implies 

2 2
1 11 2
ˆ ˆ1) 0δ σ δ σ

=
( − + →∑

pr
i iii

. Since 0,  1,...,ii i rσ > =  (assumption A.2), this implies that 

2
1̂ 1δ →

p

 and 2ˆ 0δ →
p

i  for i > 1.   Notice, that this result, together with 1̂
ˆ / 1f f T′ =  impies 

that ˆ ˆ / 0
p

V V N′ → . The result then follows from the assumption that /
p

rF F T I′ →  

(assumption A.3).  

 

R16  Suppose that the T r×  matrix F̂  is formed as the r ordered eigenvectors of XX′ 

normalized as ˆ ˆ /F F T I′ = (with the first column corresponding the largest eigenvalue, 

etc.) Let ( )ˆS diag sign F F⎡ ⎤′= ⎣ ⎦ . Then ˆ /
p

SF F T I′ → .      

Proof:   

The result for the first column of ˆ /SF F T′ is given in R15.  The results for the other 

columns mimic the argument in R15 but using R12 when and 1k j k j= = −  to show 

* ˆ( ) 0
p

j jjR f σ− → .   
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R17   ( )ˆ ˆ
ˆ ˆˆ /

p

N ΛΛΛΛ
′Σ = Λ Λ →Σ .        

Proof:  

1 2

1

ˆˆ ( )
N p

ij j jj
i

N R f σ−

=

Λ = →∑ , where the convergence follows from R11.  

1

1

ˆ ˆ 0
N

ij ik
i

N −

=

Λ Λ =∑ , for j ≠ k by construction. 

 

R18   1 1
ˆ ˆ ˆ

ˆ ˆ ˆ
p

NT FF
J S J− −

ΛΛ ΛΛ ΛΛΛΛ
= Σ Σ Σ →Σ Σ = .       

Proof:  

The result follows from R16, R17, A.4, and Slutsky’s theorem. 

 

R19  1 1
p

NTJ J− −→ . 

Proof: 

The result follows from R16 (i.e. S is full rank), A.2 (i.e. ΛΛΣ  is full rank) and Slutsky’s 

theorem. 

 

R20 ( ) ( )1 1 1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ/ /
FF FF

F F F e F NT N e ee F NT− − − − −
ΛΛ ΛΛ ΛΛ ΛΛ ΛΛ

′ ′ ′= Σ Σ Σ + Λ Σ + ΛΣ Σ + Σ .  

Proof:  

Because F̂  are the eigenvectors of 1( )NT XX− ′  and ˆ ˆ( / )N′Λ Λ  is a diagonal matrix with 

the corresponding eigenvalues on the diagonal, 1 ˆ ˆ ˆ ˆ( ) ( / )NT XX F F N− ′ ′⎡ ⎤ = Λ Λ⎣ ⎦ , so that 

1 1ˆ ˆ ˆ ˆ( ) ( / )F NT XX F N− −′ ′⎡ ⎤= Λ Λ⎣ ⎦ .  The result follows from 

XX F F F e e F ee′ ′ ′ ′ ′ ′ ′= Λ Λ + Λ + Λ + . 

 

R21  Let t̂F  denote the transpose of the t’th row of F̂  and 1
ˆ ˆ ˆ

ˆ ˆ ˆ
NT FF

J −
ΛΛΛΛ

= Σ Σ Σ . Then,  

1 1 1 1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( )t NT t t t tFF
F J F NT F e F N e NT F ee− − − − − −

ΛΛ ΛΛ ΛΛ
′ ′ ′= + Σ Λ +Σ Σ Λ +Σ .              

Proof:  

It follows from direct calculation from R20. 
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R22  
21 1

1

ˆ ( )
T

t NT t p NT
t

T F J F O s− −

=

− =∑ .        

Proof:  

The result follows from R16 and R17 (which show that ˆ
ˆ

p

FF
SΣ →  and 1 1

ˆ ˆ
ˆ

p
− −

ΛΛΛΛ
Σ →Σ ), R13 

(for the term 1 ˆ( ) tNT F e F− ′ Λ ), R3 (for the term 1
tN e− ′Λ ), and R14 (for the term 

1 ˆ( ) tNT F ee− ′ ). 

 

R23  Let ( )1 ˆ
it i NT t NT ta J F J Fλ −′= − , then 

2
2 1 2

1 1 1

( )
T T N

it is p NT
t s i

T N a a O s− − −

= = =

⎛ ⎞ =⎜ ⎟
⎝ ⎠

∑∑ ∑ .     

Proof:  
2 2

2 22 1 2 1 1 1

1 1 1 1 1 1

2 21 1 1 1

1 1

ˆ ˆ

ˆ ˆ                                       

T T N T T N

it is t NT t s NT s i NT NT i
t s i t s i

T T

t NT t s NT s i NT N
t s

T N a a T F J F F J F N J J

T F J F T F J F N J J

λ λ

λ

− − − − − −

= = = = = =

− − − −

= =

⎛ ⎞ ⎛ ⎞′′≤ − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞⎛ ⎞ ′= − −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

∑∑ ∑ ∑∑ ∑

∑ ∑
2

1

1

2                                       ( ),

N

T i
i

p NTO s

λ−

=

−

⎛ ⎞′⎜ ⎟
⎝ ⎠

=

∑

 

where the inequality uses CS, the equality is a rearrangement, and the rate follows from 

R22 (applied to each of the first terms),  1 1
p

NTJ J− −→  (from R19) and ˆ
p

ΛΛ ΛΛΣ →Σ  (A.4). 

 

R24  Let a denote a T N×  matrix with t,j element ajt, where ajt  is defined in R23. Then  

2 1 1sup ( ) ( )k
k

k k
p NTF

T N trace F aa F O s− −
∈∆

⎡ ⎤′ ′ =
⎣ ⎦�
� � .      

Proof:  
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( )

2 1 2 1

1

2 1

1 1 1 1

2 1

1 1 1 1

1/ 2
22 2 1

1 1 1 1

( ) ( )

( )

k
k k k k

m m
m

k N T T
k k

tm sm it is
m i t s

k T T N
k k

tm sm it is
m t s i

k T T N
k k

tm sm it is
m t s i

T N trace F aa F T N f a af

T N f f a a

T f f N a a

T f f T N a a

− −

=

−

= = = =

− −

= = = =

− − −

= = = =

⎡ ⎤′ ′′ ′=
⎣ ⎦

=

⎛ ⎞= ⎜ ⎟
⎝ ⎠

⎡ ⎤≤ ⎢ ⎥⎣ ⎦

∑

∑∑∑∑

∑∑∑ ∑

∑ ∑∑ ∑

� �� �

� �

� �

� �
1/ 22

1 1

,
T T

t s= =

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
∑∑

 

but ( ) ( )222

1 1

= / ,
T T

k k k k
tm sm m m

t s

T f f f f T−

= =

′∑∑ � � � �  and for all , ( / ) .k k k
k kF F F T I′∈∆ =� � �  Thus,  

 
1/ 22

2 1 2 1 1

1 1 1

sup ( ) ( )k
k

T T N
k k

it is p NTF
t s i

T N trace F aa F k T N a a O s− − − −
∈∆

= = =

⎡ ⎤⎛ ⎞⎡ ⎤′ ′ ≤ =⎢ ⎥⎜ ⎟⎣ ⎦ ⎝ ⎠⎢ ⎥⎣ ⎦
∑∑ ∑�

� � , 

where the last equality follows from R23. 

 

R25   Suppose 1

1
(1)

T

t t p
t

T WW O−

=

′ =∑ , then ( )1 1/ 2

1

ˆ ( )
T

t NT t t p NT
t

T F J F W O s− −

=

′− =∑ .   

Proof: 

( )
2

21 1 1 1

1 1 1

ˆ ˆ ( )
T T T

t NT t t NT t t t p NT
t t t

T F J F W T F J F T WW O s− − − −

= = =

⎛ ⎞⎛ ⎞′ ′− ≤ − =⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

∑ ∑ ∑  ,  

where the inequality is CS, and the rate follows from R22 and the assumption of the 

result. 

 

R26  ( )
2

1 1 1

1 1

ˆ ( )
N T

t NT t it p NT
i t

N T F J F e O s− − −

= =

− =∑ ∑ . 

Proof: 

( )
2

21 1 1 1 2 1

1 1 1 1 1

21 1 1 2

1 1 1

1

ˆ ˆ

ˆ

( )

N T N T T

t NT t it it t NT t
i t i t t

T N T

t NT t it
t i t

p NT

N T F J F e N T e T F J F

T F J F N T e

O s

− − − − −

= = = = =

− − −

= = =

−

⎛ ⎞⎛ ⎞
− ≤ −⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

=

∑ ∑ ∑ ∑ ∑

∑ ∑∑  

 



 14

where the inequality follows from CS, the first equality is a rearrangement and the rate 

follows from R22 and R4. 

 

R27  
2

1 1 1

1

ˆ ( )
N

i NT i p NT
i

N J O sλ λ− − −

=

′− =∑ .        

Proof:  

From ˆ ˆ /X F T′Λ =  and X F e′= Λ + , we have 1 1ˆ ˆ ˆ
i i iT F F T F eλ λ− −′ ′= + , where ei is the i’th 

column of e.  Write 1 1ˆ ˆ
NT NTF F FJ FJ− −′ ′= − +  and use 1 ˆ ˆT F F I− ′ =  to obtain 

( ) ( )1 1 1 1 1

1 1 1

ˆ ˆ ˆ ˆ
T T T

i NT i NT t it t t NT t i t NT t it
t t t

J J T F e T F F J F T F J F eλ λ λ− − − − −

= = =

′′− = + − + −∑ ∑ ∑ . 

Hence,  

( ) ( )

( )

( )

22 22
1 1 1 1 1

1 1 1

22
2 21 1 1

1 1

2
1

1

ˆ ˆ ˆ ˆ9 9 9

ˆ ˆ9 9

ˆ9

T T T

i NT i NT t it t t NT t i t NT t it
t t t

T T

NT t it t NT t t NT i
t t

T

t NT t it
t

J J T F e T F F J F T F J F e

J T F e T F J F F J

T F J F e

λ λ λ

λ

− − − − −

= = =

− − −

= =

−

=

′′− ≤ + − + −

′ ′≤ + −

+ −

∑ ∑ ∑

∑ ∑

∑
 

where the first inequality uses 2 2 2 29 9 9a b c a b c+ + ≤ + + , and the second 

inequality uses CS.  Thus 

( )

( )

22
2 21 1 1 1 1 1 2 1

1 1 1 1 1

2
1 1

1 1

ˆ ˆ ˆ9 9 || ' ||

ˆ9

N N T T N

i NT i NT t it t NT t t NT i i
i i t t i

N T

t NT t it
i t

N J J N T F e T F J F F J N

N T F J F e

λ λ λ λ− − − − − − −

= = = = =

− −

= =

′ ′− ≤ + −

+ −

∑ ∑ ∑ ∑ ∑

∑ ∑
 

The first term in Op(T−1) by R19 and R5; the second term is Op( 1
NTs− ) by R25 and A.4; the 

final term is Op( 1
NTs− ) by R26.  

 

 



 15

R28  For k > r, write ( ) 1
ˆ ˆ ; let  ,k r k k k k k

kF F H P H H H H
−

′ ′⎡ ⎤= =⎣ ⎦  and  

( )1 ˆ
t t NT t NT tu e J F J F−= −Λ − . Then 1

1 1

ˆ ˆ( ) ( ) ( )
k T

k r
i t k t

i r t
R F R F NT u P uω −

= + =

′− = =∑ ∑ .     

Proof:  

( )ˆ kR F  is the sum of squares from the projection of  Xt  onto ˆ kF , and similarly for ˆ rF . 

But ( ) ( ) ( )( )ˆ ˆ ˆ| | | |k r k
t t t tP X F P X F P X P X F H= + − , where the two terms on the rhs 

are orthogonal. Write  

( )1 1 1ˆ ˆ ˆ
t t t NT t t NT t NT t NT t tX F e J F e J F J F J F u− − −= Λ + = Λ + −Λ − = Λ + . 

The result then follows directly. 

 

R29  1 ( 1) / 1

1 1
( ) ( ) ( )

k T
m m

i t k t p NT p NT
i r t

NT u P u O s O sω − − − −

= + =

′= = +∑ ∑ .     

Proof:  

( ) ( )

1 1

1 1

1 1 1

1

2 1

2 1

( ) 3( )

ˆ ˆ3( )

3sup ( )

3sup ( )

                  

k r
k r

k r
k r

T T

t k t t k t
t t

T

NT t NT t k NT t NT t
t

k r k r
F

k r k r
F

NT u P u NT e P e

NT J F J F P J F J F

N T trace F e eF

N T trace F a aF

−
−

−
−

− −

= =

− − −

=

− − −
∈∆

− − −
∈∆

′ ′≤

′⎡ ⎤ ⎡ ⎤+ Λ − Λ −⎣ ⎦ ⎣ ⎦

⎡ ⎤′ ′≤
⎣ ⎦
⎡ ⎤′ ′+
⎣ ⎦

∑ ∑

∑

�

�

� �

� �

( 1) / 1         ( ) ( ),m m
p NT p NTO s O s− − −= +

 

where the first inequality uses (c + d)2 ≤ 3c2 + 3d2, the next inequality relaxes the 

constraint that Hk is orthogonal to ˆ rF , and the rate uses R6 and R24. 

 

R30   For ,   ( ) ( 1)
p

kkk r PC k PC k σ≤ − − →− .      

Proof: 
1ˆ ˆ( ) ( 1) ( ) ( ) ( , )k kPC k PC k R F R F g N T−− − = − + + ,  

where 1ˆ ˆ( ) ( )
p

k k
kkR F R F σ−− →  (from R11) and ( , ) 0g N T →  by assumption. 
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R31   For 1ˆ ˆ,   ( ) ( ) ( ) ( )k r
p NT p NTk r R F R F O s O sδ− −> − = + .     

Proof:  

The result follows from R28, R29 and the definition of δ. 

 

R32   For [ ],   Pr ( ) ( ) 0 1k r PC r PC k> − < → .      

Proof:  

( )
ˆ ˆ[ ( ) ( )]( ) ( )

( , ) ( , )

k r
NT

NT

s R F R FPC r PC k k r
g N T s g N T

δ

δ

−−
= − − . 

Thus  

[ ]
ˆ ˆ[ ( ) ( )]Pr ( ) ( ) 0 Pr ( ) 1

( , )

k r
NT

NT

s R F R FPC r PC k k r
s g N T

δ

δ

⎡ ⎤−
− < = < − →⎢ ⎥

⎣ ⎦
, 

because 
ˆ ˆ[ ( ) ( )] 0

( , )

k r p
NT

NT

s R F R F
s g N T

δ

δ

−
→ . Where the final result follows because 

ˆ ˆ( ) ( ) (1)k r
NT ps R F R F Oδ ⎡ ⎤− =⎣ ⎦  (R31) and ( ),NTs g N Tδ → ∞  by assumption. 

 

R33 2 2

1

ˆ
rp

X e ii
i

σ σ σ
=

→ +∑  

Proof:   

  

2 1 2

1 1

1 2 1 2 1

1 1 1 1 1 1

ˆ ( )

( ) ( ) ( ) 2( )

N T

X it
i t

N T N T N T

it i t i t it
i t i t i t

NT X

NT e NT F NT F e

σ

λ λ

−

= =

− − −

= = = = = =

=

= + +

∑∑

∑∑ ∑∑ ∑∑
 

1 2 2

1 1
( )

N T p

it e
i t

NT e σ−

= =

→∑∑  (from A.5), 1 2

1 1 1
( ) ( )

N T rp

i t ii
i t i

NT Fλ σ−

= = =

→∑∑ ∑  (from A.3 and A.4), and 

1

1 1
( ) 0

N T p

i t it
i t

NT F eλ−

= =

→∑∑ (from R2). 

R34   For 
2

2
1

,   ( 1) ( ) ln
r

p
e iii k

p p r
e iii k

k r IC k IC k
σ σ

σ σ
=

= +

⎡ ⎤+
⎢ ⎥≤ − − →
⎢ ⎥+⎣ ⎦

∑
∑

.     
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Proof:  
2 1

2

ˆˆ ( )( 1) ( ) ln ( , )ˆˆ ( )

k
X

p p k
X

R FIC k IC k g N T
R F

σ
σ

−⎡ ⎤−
− − = −⎢ ⎥

−⎣ ⎦
 and  

22 1

2 2
1

ˆˆ ( )ln lnˆˆ ( )

rk p
e iii kX

rk
X e iii k

R F
R F

σ σσ
σ σ σ

−
=

= +

⎡ ⎤+⎡ ⎤− ⎢ ⎥→⎢ ⎥
− ⎢ ⎥+⎣ ⎦ ⎣ ⎦

∑
∑

  

(continuous mapping theorem and R11 and R33), and the result follows from g(N,T) → 0. 

 

R35  For 
2

2

ˆˆ ( ),   ln (1)ˆˆ ( )

r
X

NT pk
X

R Fk r s O
R F

δ σ
σ
⎡ ⎤−

> =⎢ ⎥
−⎣ ⎦

.       

Proof:  

2

22

ˆ ˆ( ) ( )ˆˆ ( )ln ,  where ˆ ˆˆ ( )

k rr
NTX

NT k
XX

s R F R FR Fs R
RR F

δ
δ σ

σσ

⎡ ⎤−⎡ ⎤− ⎣ ⎦=⎢ ⎥ −−⎣ ⎦
 is between ˆ( )kR F  and ˆ( )rR F . 

2 2ˆ 0
p

X eRσ σ− → >  by R11, R33 and A.5, and ˆ ˆ( ) ( ) (1)k r
NT ps R F R F Oδ ⎡ ⎤− =⎣ ⎦  by R31. 

 

R36    For ,   Pr ( ) ( ) 0 1p pk r IC r IC k⎡ ⎤> − < →⎣ ⎦ .      

Proof:  

( )

2

2

ˆˆ ( )ln ˆˆ( ) ( ) ( )
( , ) ( , )

r
X

NT k
p p X

NT

R Fs
IC r IC k R F

k r
g N T s g N T

δ

δ

σ
σ
⎡ ⎤−
⎢ ⎥− −⎣ ⎦= − − . 

Thus, 

( )

2

2

ˆˆ ( )ln ˆˆ ( )
Pr ( ) ( ) 0 Pr 1

( , )

r
X

NT k
X

p p
NT

R Fs
R F

IC r IC k k r
s g N T

δ

δ

σ
σ

⎡ ⎤⎡ ⎤−
⎢ ⎥⎢ ⎥

−⎢ ⎥⎣ ⎦⎡ ⎤− < = < − →⎣ ⎦ ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

, 
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because 

2

2

ˆˆ ( )ln ˆˆ ( )
0

( , )

r
X

NT k p
X

NT

R Fs
R F

s g N T

δ

δ

σ
σ
⎡ ⎤−
⎢ ⎥−⎣ ⎦ → . Where the final result follows because 

2

2

ˆˆ ( )ln (1)ˆˆ ( )

r
X

NT pk
X

R Fs O
R F

δ σ
σ
⎡ ⎤−

=⎢ ⎥
−⎣ ⎦

 (R35) and ( , )NTs g N Tδ →∞  by assumption. 

 

 

For the following results, let , or .it it itX X b X X b= + = +� �  Let kω� denote the k’th largest 

eigenvalue of 1( )NT X X− ′� � . Let 
1

( , )
k

k
i

R k X ω
=

=∑� � , ( , ) ( , ) ( , )PC k X R k X kg N T= −� � , and 

( , ) ln ( , ) ( , )ICP k X R k X kg N T⎡ ⎤= −⎣ ⎦
� � . 

 

R37  Let µ denote the largest eigenvalue of (NT)−1bb′, then  

( ) ( )1/ 2 1/ 22 2k k k k kω µ ω µ ω ω µ ω µ+ − ≤ ≤ + +�  

Proof:    

From Horn and Johnson 3.3.16 (1991) ( ) ( ) ( )1i j i jA B A Bσ σ σ+ − + ≤ + , where A and B are 

two matrices and σi denotes the i’th largest singular value. Thus,  
1/ 2 1/ 2 1/ 2 1/ 2 1/ 2 1/ 2

1( ) ( ) ( ) ( )k k k kNT X b NT X NT bω σ σ σ ω µ− − −≤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= + + = +⎣ ⎦ ⎣ ⎦ ⎣ ⎦� , 

and  
1/ 2 1/ 2 1/ 2 1/ 2 1/ 2 1/ 2

1( ) [ ( )] ( ) ( )k k k kNT X b NT X NT bω σ σ σ ω µ− − −≤⎡ ⎤ ⎡ ⎤ ⎡ ⎤= + − + − = +⎣ ⎦⎣ ⎦ ⎣ ⎦
� � � , 

which together yield the result. 

 

R38    Suppose 1 1 2 1

1 1

( )
N T

it p NT
i t

T N b O s− − −

= =

=∑∑ , then 1( )p NTO sµ −= .   

Proof:  

µ is the largest eigenvalue of  1( )NT b b− ′ , thus  

1 1 1 2 1

1 1

( ) ( ) ( )
N T

it p NT
i t

NT trace b b T N b O sµ − − − −

= =

′≤ = =∑∑ , and the result follows immediately. 
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R39    Suppose µ = op(1), then kω� − ωk = op(1) for k = 1, …, r.   

Proof:  

For ,
p

k kkk r ω σ≤ →  (R11), and the result follows directly from R37 

 

R40    Suppose 1( )p NTO sµ −= , then ( )k k p NTO s δω ω −− =�  for k > r.   

Proof:  

( )k p NTO s δω −=  from R28; from R37 1 (1 ) / 2( ) ( )k k p NT p NTO s O s δω ω − − +− = +� , and the result 

follows directly. 

 

R41  Results R30-R36 continue to hold in the model with X� replacing X.   

Proof:  

This follows from R39 and R40. 

 

R42 Let NT p NTI J= ⊗J , then ( )
p

NT I J→ ⊗ ≡J J . 

Proof:  

The result follows immediately from R19. 

 

R43 
21 1

1

ˆ ( )
T

t NT t p NT
t p

T O s− −

= +

− =∑ F J F . 

Proof:  

2 21 1

1 1 1

2 1

1

ˆ ˆ

ˆ ( )

pT T

t NT t t j NT t j
t p j t p

T

t NT t p NT
t

T T F J F

p F J F O s

− −
− −

= + = = +

−

=

− = −

≤ − =

∑ ∑ ∑

∑

F J F
 

where the inequality follows from adding positive terms and the rate follows from R22. 

 

R44  Suppose ( )1

1

1
T

t t p
t

T WW O−

=

′ =∑ , then ( )1 1/ 2

1

ˆ ( )
T

t NT t t p NT
t

T W O s− −

=

′− =∑ F J F .   
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Proof:  

The proof mimics R25 (using R43 in place of R22). 

 

R45  ( )1

1

ˆ ˆ
T p

t t t t
t

T E−

=

′ ′ ′→∑F F J F F J . 

Proof:  

( )

( )

( )( )

1 1

1 1

1

1

1

1

1

1

ˆ ˆ

ˆ

ˆ

ˆ ˆ-

T T

t t NT t t NT
t p t p

T

t NT t t NT
t p

T

NT t t NT t
t p

T

t NT t t NT t
t p

T T

T

T

T

− −

= + = +

−

= +

−

= +

−

= +

′ ′ ′=

′ ′+

′+

′+

∑ ∑

∑

∑

∑

F F J F F J

F - J F F J

J F F - J F

F J F F - J F

 

The first term converges in probability to ( )t tE ′ ′J F F J  by R42 and A.10, and the final 

three terms converge in probability to zero by R44 and R43. 

 

R46 1 1/ 2

1

ˆ ( )
T

t t p NT
t p

T O sη− −

= +

′ =∑ F . 

Proof:  

( )1 1 1

1 1 1

ˆ ˆ
T T T

t t NT t t t NT t t
t p t p t p

T T Tη η η− − −

= + = + = +

′ ′ ′= + −∑ ∑ ∑F J F F J F  

where the first term is 1/ 2( )pO T −  by R42 and A.10, and the second term is 1/ 2( )p NTO s−  by 

R44 and A.10. 

 

R47 1 1/ 2ˆ ( )NT NT p NTJ O s− −Φ − Φ =J . 

Proof:  
1

1 1

1 1

ˆ ˆ ˆ ˆˆ
T T

t t t t
t p t p

T F T
−

− −

= + = +

⎡ ⎤ ⎡ ⎤
′ ′Φ = ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
∑ ∑F F F ,  and (using t t tF Gη= Φ +F ),  

( ) ( )1 1ˆ ˆ ˆ ˆ
t NT NT t NT t t NT t NT NT t NT tF J J G F J F Jη− −= Φ + + − − Φ −J F J F J F , so that  
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( ) ( )1 1 1 1 1

1 1 1

1

1

1

1/ 2

ˆ ˆ ˆ ˆ ˆˆ

ˆ ˆ

( )

T T T

NT NT NT t t t NT t t NT NT t NT t t
t p t p t p

T

t t
t p

p NT

J J GT T F J F J T

T

O s

η− − − − −

= + = + = +

−

−

= +

−

⎡ ⎤
′ ′ ′Φ − Φ = + − − Φ −⎢ ⎥

⎣ ⎦

⎡ ⎤
′×⎢ ⎥

⎣ ⎦
=

∑ ∑ ∑

∑

J F F J F J F F

F F

where the rate follows from R19 and R42 (which imply that 
p

NTJ J→  and 
p

NT →J J ), 

R46, R25, and R44 which show that the terms 1

1

ˆ
T

t t
t p

T η−

= +

′∑ F , ( )1

1

ˆ ˆ
T

t NT t t
t p

T F J F−

= +

′−∑ F , and 

( )1

1

ˆ ˆ
T

t NT t t
t p

T −

= +

′−∑ F J F F  are Op( 1/ 2
NTs− )), and R45 which shows ( )1

1

ˆ ˆ
T p

t t t t
t

T E−

=

′ ′ ′→∑F F J F F J  

which is nonsingular by A.10. 

 

R48 Let ˆˆˆi iπ λ′= Φ  and i iπ λ′= Φ , then 
2

1 1 1

1

ˆ ( )
N

i NT i p NT
i

N O sπ π− − −

=

′− =∑ J . 

Proof: 

Write 1 1ˆ ˆ( )i NT i i NT iJ Jλ λ λ λ− −′ ′= + −  and ( )1 1ˆ ˆ
NT NT NT NTJ J− −Φ = Φ + Φ − ΦJ J , so that  

( )
( )
( ) ( )

1 1 1

1 1

1 1

ˆˆ

ˆ

ˆˆ

i NT i NT NT i NT i

NT NT NT i

NT NT i NT i

J J

J J

J J

π π λ λ

λ

λ λ

− − −

− −

− −

′ ′ ′ ′− = Φ −

′ ′+ Φ − Φ

′ ′+ Φ − Φ −

J J

J

J

 

and the result follows from R19, R27, R42, and R47. 

 

R49 1

1
'

N p

i i
i

N π π−
ΛΛ

=

′→Φ Σ Φ∑ . 

Proof:  

i iπ λ′= Φ , then the result follows directly from A.4. 
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R50 
2

1 1 1

1 1

( )
N T

t t i p
i t

N T O Tη γ− − −

= =

′ =∑ ∑F . 

Proof: 
2 2

1 1 1 1 1

1 1 1 1
( ),

N T N T

t t i i i t t p
i t i t

N T N G G T O Tη γ λ λ η− − − − −

= = = =

′ ′ ′ ′= =∑ ∑ ∑ ∑F F  

where the equality uses γi = λiG, and the rate follows from (A.4) (which implies that 

1

1
'

N p

i i
i

N G G G Gλ λ−
ΛΛ

=

′ ′ → Σ∑  and (A.10) (which implies that 1/ 2

1

T

t t
t

T η−

=

′∑F = Op(1)). 

 

R51    ( )
2

1 1 1

1 1

ˆ ( )
N T

t NT t t i p NT
i t

N T O sη γ− − −

= =

′− =∑ ∑ F J F . 

Proof: 

( ) ( )
2 2

1 1 1 1

1 1 1 1

1

ˆ ˆ

( )

N T N T

t NT t t i i i t NT t t
i t i t

p NT

N T N G G T

O s

η γ λ λ η− − − −

= = = =

−

′ ′ ′− = −

=

∑ ∑ ∑ ∑F J F F J F
 

where the equality uses γi = λiG, and the rate follows from (A.4) (which implies that 

1

1

'
N p

i i
i

N G G G Gλ λ−
ΛΛ

=

′ ′ → Σ∑  and R44 (with ηt = Wt ).  

 

R52  
2

1 1 1

1 1

ˆ ( )
N T

t t i p NT
i t

N T O sη γ− − −

= =

′ =∑ ∑F . 

Proof: 

( )1 1 1

1 1 1

ˆ ˆ
T T T

t t i NT t t i t NT t t i
t t t

T J T Tη γ η γ η γ− − −

= = =

′ ′ ′= + −∑ ∑ ∑F F F J F  

and the result follows from R50 and R51. 

  

R53  
2

1 1 1

1 1

ˆ ( )
N T

t it p NT
i t

N T e O s− − −

= =

=∑ ∑F . 

Proof: 
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( )1 1 1

1 1 1

ˆ ˆ
T T T

t it t it t NT t it
t t t

T e T e T e− − −

= = =

= + −∑ ∑ ∑F F F J F  

so that  

( )
2 2 2

1 1 1 1 1 1

1 1 1 1 1 1

1 1

ˆ ˆ3 3

( ) ( )

N T N T N T

t it t it t NT t it
i t i t i t

p p NT

N T e N T e N T e

O T O s

− − − − − −

= = = = = =

− −

≤ + −

= +

∑ ∑ ∑ ∑ ∑ ∑F F F J F
 

where the inequality uses (a+b)2 ≤ 3a2 + 3b2, and the rate follows from A.11 and R26 

(using F in place of F.)   

 

R54 Let ˆOLS
iπ =

1

1 1

1 1

ˆ ˆ ˆ
T T

t t t it
t p t p

T T X
−

− −

= + = +

⎡ ⎤ ⎡ ⎤
′⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
∑ ∑F F F , then 

2
1 1 1

1

ˆ ( )
N

OLS
i NT i p NT

i
N O sπ π− − −

=

′− =∑ J . 

Proof: 

( )1 1ˆ ˆ
it t i t i it t NT i t NT t NT i t i itX e eπ η γ π π η γ− −′′ ′′ ′ ′ ′= + + = − − + +F F J F J F J  

so that  

( )
1

1 1 1 1

1 1

1 1

1 1 1 1

1 1 1 1

ˆ ˆ ˆ ˆˆ

ˆ ˆ ˆ ˆ ˆ ˆ

T T
OLS
i NT i t t t t NT t NT i

t p t p

T T T T

t t t t i t t t it
t p t p t p t p

T T

T T T T e

π π π

η γ

−

− − − −

= + = +

− −

− − − −

= + = + = + = +

⎛ ⎞ ⎡ ⎤′′ ′′− = −⎜ ⎟ ⎢ ⎥
⎝ ⎠ ⎣ ⎦

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞′′ ′+ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑ ∑

∑ ∑ ∑ ∑

J F F F F J F J

F F F F F F

 

and the result follows from R19 and R42 (which imply that 
p

NTJ J→  and 
p

NT →J J ), R49, 

R44, R52, R53, and R45 which shows 1

1

ˆ ˆ ( )
T p

t t t t
t

T E−

=

′ ′ ′→∑F F J F F J  which is nonsingular by 

A.10. 

 

R55 Let ˆiπ denote an estimator of πi and bit =  ˆ ˆt i t iπ π′ ′−F F .  If 

2
1 1 1

1

ˆ ( )
N

i NT i p NT
i

N O sπ π− − −

=

′− =∑ J , then 1 1 2

1 1

T N

it
t i

T N b− −

= =
∑∑ = Op( 1

NTs− ). 

Proof: 
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Write ( )ˆ ˆ
t NT t t NT t= + −F J F F J F  and ( )1 1ˆ ˆi NT i i NT iπ π π π− −′ ′= + −J J , so that  

( ) ( ) ( ) ( )1 1 1ˆ ˆˆ ˆit t NT i NT i t NT t NT i t NT t i NT ib π π π π π− − −′ ′′ ′ ′′ ′= − + − + − −F J J F J F J F J F J , 

and  
2

2 21 1 2 1 1 1

1 1 1 1

2 2 21 1 1

1 1

21 1

1

ˆ

ˆ                          

ˆ ˆ                         

T N T N

it t NT i NT i
t i t t

T N

t NT t NT i
t i

T

t NT t i
t

T N b T N

T N

T N

π π

π

π

− − − − −

= = = =

− − −

= =

− −

=

⎡ ⎤ ⎡ ⎤′≤ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤+ − −⎢ ⎥⎣ ⎦

∑∑ ∑ ∑

∑ ∑

∑

F J J

F J F J

F J F
2

1

1

N

NT i
t

π−

=

⎡ ⎤′⎢ ⎥⎣ ⎦
∑ J

 

where the first term in Op( 1
NTs− ) from A.10, R42 and the assumption of the result; the 

second term in Op( 1
NTs− ) from R42, R43, and R49; the final term is Op( 2

NTs− ) from R43 and 

the assumption of the result. 
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