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1 Introduction

There is a body of well understood nonlinear models in econometrics, which are routinely estimated
by maximum likelihood or related methods using cross-sectional or time series data. These include,
to name a few, discrete choice, conditional volatility, or duration models. In panel data applications
of these models, a leading motivation is to exploit the time series variability to allow for heterogeneity
in some of the coefficients, which is a powerful way of addressing endogeneity concerns.

Unfortunately, when the time series dimension T is small relative to the cross-sectional dimension
n, ML estimates of the common parameters or other average effects can be severely biased, specially
in dynamic models. This is reflected in asymptotic results such as the fixed-T" inconsistency of the
ML estimator for some models, or the lack of identification of the model’s parameters in a large n
fixed-T" population for others. Sometimes it is possible to obtain fixed T" large n consistent estimators
of certain common parameters, based on features of the distribution of the data that do not depend
on individual-specific parameters. Nevertheless, situations of this type are more the exception than
the rule from the point of view of the needs of applied work.

A useful question is to ask how much heterogeneity can be given empirical content in a particular
panel model and data set. One could, for example, expect time series of size 10 to 20 to be statistically
informative for up to two or three different coefficients for certain processes. From this perspective, it
is natural to choose a population framework that does not rule out the possibility of statistical learning
from individual time series in panel data, so that both 7" and n tend to infinity. If T is statistically
informative but much smaller than n, as is often the case with micropanels, this should be reflected
in the choice of methods of estimation and inference. For example, by seeking estimators with biases
of order 1/T? or less as opposed to the standard magnitude of 1/T, and asymptotic approximations
where n/T or n/T3 converge to a constant.

Such is the goal of the recent literature on bias-adjusted estimation methods for nonlinear panel
data models with fixed effects. Three different approaches can be distinguished in this literature. One
approach is to construct and analytical or numerical bias correction of a fixed effects estimator. Hahn
and Newey (2002) considered corrections of this type for static nonlinear panel data models when n
and T increase at the same rate, and Hahn and Kuersteiner (2004) provided a similar analysis for
dynamic models. A second approach is to consider estimators from bias corrected moment equations.
Estimators of this type have been discussed in Woutersen (2002), Arellano (2003), Carro (2004), and
Fernandez-Val (2005), amongst others. Finally, a third approach is to consider estimation from a bias
corrected objective function relative to some target criterion. Adjustments of this type were discussed
in Pace and Salvan (2005) for a generic concentrated likelihood with independent observations, and in
Arellano and Hahn (2006) for static nonlinear panel models.*

In this paper we consider a modified objective function strategy to obtain estimators without bias

!See also Arellano and Hahn (2006) for a review of the literature.



to order 1/T in nonlinear dynamic panel models with multiple effects. We consider two approaches
to bias correct the objective function, both of which depend on a Hessian term and an outer product
of score term, the latter depending on the dynamic dependence of the score. One approach uses a
determinant based correction, which we argue later is appropriate in likelihood settings. When the
model fully specifies the distribution of the data, it is possible to obtain the expected outer product
term and we discuss this possibility. The other approach uses a trace based correction, which we show
later is not restricted to the likelihood setup, and is based on a trimmed outer product matrix of the
sample score vector. The trace based approach has been independently discussed in a recent paper by
Bester and Hansen (2005) as the integral of a bias-corrected moment equation.

Aside from being criterion based, an advantage of these estimators is the great simplicity and
transparency of the required corrections by comparison with bias corrections of estimators or moment
equations, specially in models with multiple effects. Another benefit of our approach is that bias
corrected objective functions can be related to various modifications of the concentrated likelihood
suggested in the statistical literature as approximations to conditional or marginal likelihood functions.
For example, the determinant based approach is analogous to the Cox and Reid (1987)’s adjusted
profile likelihood approach when fixed effects are information orthogonal to common parameters.

We analyze the asymptotic properties of both trace based and determinant based estimators when
n and T grow at the same rate, and show that they are asymptotically normal and centered at the
truth. Our strategy is to develop a theory for general bias corrected estimating equations, so that we
can obtain asymptotic results for a specific bias correction method using the first order conditions.

The paper is organized as follows. Section 2 explains how bias correction of the objective function
works. Section 3 presents some examples. Section 4 gives the asymptotic theory. Finally, a brief

conclusion is in Section 5. Proofs and technical details are given in the Appendix.

2 Correcting the Objective Function

Let the data be denoted by = (t =1,...,T;i = 1,...,n). Suppose that we are given a panel data model
with a common parameter of interest §y and potentially vector-valued individual specific fixed effects

Y. ¢ = 1,...,n. We consider a maximization estimator defined by

n T
argmaxzzw(xit;ﬂ,’yi) (1)

(97717' < 7'777,) =
0a717"'77n =1 t=1

for some criterion function 1 (-) that does not depend on T'. Here, 1 is a sensible function in the sense
that, if n is fixed, and T" — oo, the estimator (/9\, Vi ﬁn) is consistent for (6o, V10 - s Vno)-

In a likelihood setup, we assume that xi = (Yit, Yit—1,- - -, Yit—q) and

VY (i3 0,7;) = Inpe (Wit | Yig—15- - Yist—q3 0.%5) 5



where p. denotes the conditional density of v;;.2
Letting 7; () = argmax,, 23;1 ¥ (z4;0,a), we can characterize 6 as the estimator that maximizes

the concentrated objective function
~ )
0= argznax n Zwi (0,7: (0))
i=1
where

w (9 ’yz TZQ?D Lit; a/yz)

Now let 67 be the value that maximizes the limiting expected concentrated objective function for
fixed T

Or = argmax lim — ZE r }

n—oo N

Due to the noise in estimating 7; (#), in general 07 # 6y (Neyman and Scott (1948)’s incidental
parameters problem). This problem would not occur if the quantities 7, (#) were replaced by ~; (6)

defined as®
T

7 (6) = argmax i > Bl it o)), @)

So we could think of the infeasible concentrated objective function Y7 | ¥, (6,7, (0)) /n as a target
criterion and Y%, 4, (0,7; (0)) /n as a plug-in estimate with a bias of order 1/7. The source of
incidental parameter bias is that the concentrated objective function is itself a biased estimate of the
target criterion. This suggests maximizing a modified objective function that has no bias up to a
certain order in 7'

For smooth objective functions, the bias in the expected concentrated function at an arbitrary 6

can be usually expanded in orders of magnitude of T

%ZE 0.3, (9))—%;% G

for some B (6).

A bias corrected concentrated objective function is to plug into the formula for B (#) estimators of

lim F

n—oo

= ZB(0) +0 (%) (3)

its unknown components to construct B (0), and then obtain an estimator that maximizes the adjusted

criterion:

e_argmax( sz 3 ( —%E(G)). )

2We abstract away from strlctly exogenous regressors. For shortness we may write ¥, (6,7v;) = ¥ (z;6,7,).
3Note that v, (o) = 7,0 and that in the likelihood setup v, (9) is fully determined by # and the true values, 8y and

Yio-



The resulting estimator removes the leading term of the incidental parameters bias and, unlike 5, it
may give correct asymptotic confidence intervals when T' grows as fast as n.

To see this, consider an expansion for the first order conditions around the truth
1 8080, ¢ 0,7 0 n 0) ~ n n 2 8(9 7 0,74 0 Tia(g ,

and suppose that n/T tends to a constant, vVnT > 1, (8/96) 1; (00,7; (00)) /n 4, N(0,9),

VAT 5T 003 00) = VAT S 5 0. 3:00) + 4725500 10,1

T 00
i=1

and that

9B (8y) OB (6o)

% - o0 +o0,(1).
Thus, also
10—, n 0B (00) 4
VTS 30 00.3,00) = [ 75 £ X0.9),

which suggests that as n,T — oo, vVnT (5— 90) is asymptotically normal with zero mean and the
same asymptotic variance as the fixed effects estimator. We will give precise conditions for this result
to hold.

2.1 Formulae for the Bias Correction

Let us introduce the notation:

Vi0,y,) = —ilid
(0,7;) .
Hi(9) = - lim E[—avi (g’gi (9))},

Ti(0) = Jim TE V(0.5 () Vi (0.5 (0))]
A first-order stochastic expansion for an arbitrary fixed 6 gives

F5 (0) — v (0) =H; (0)"" Vi (0,7 () + O, <%> '

Next, expanding 1; (6,7; (8)) around ~; (#) for fixed 6 we get
i (0,79:(0) =i (0,7 (0) = Vi(0,7(0)) [3: () —7: ()]
5 BeO) =2 O T OB ©) 2401+ 0, (7375 )



and combining the two expansions,

T 056 = T (0. 0) = 574 0.5 0) T (0 Vi 0. 0) + 0y (737 )-

Finally, taking expectations and assuming that the expectations operator and the stochastic order

symbols can be interchanged, we obtain

E [, (9 — 0 (0,7 (0))] Z%W@HO(#)

where

%trace (7o) T 0)] = %trace [H:0) Var (VT 5, (6) =7 (0)]) } (5)

In the likelihood setup the information identity is satisfied at the truth so that H; (00)_1 T; (6p) =

B; (0) =

I. Moreover, V; (x;600,7; (00)) is a martingale sequence with the implication that

T (60) = Th—rgo - ZE (zit; 00, 7i0) Vi (ie; 00, 740)'] -

When evaluated at other values of 0, the score vector V; (zi; 6,7, (0)) still has zero mean but in general

it will be serially correlated:

o0

T.0)= > T

l=—00

where I'; () denotes the steady-state covariance matrix between V; (23 0,7, (0)) and V; (24150, v, (0)):

IV ) = TIEEOT tlZH (it; 0,7, (0) Vi (wit—1;0, v, (9))/] [ >0.

2.2 Estimation of the Bias

An estimator for the bias term in the modified concentrated likelihood (4) can be formed using B (6) =

S Bl (0) /n, where BZ (9) is a sample counterpart of the previous formulae.

Trace Based Approach One possibility is

i (0) = 5 trace [H: (0.5, (0)) " X:.(0.5, 0)) (6)
where
. — 8 7vbzt
H;(0,y) = TZ 8787 (7)
T (0,y) = Zz—_mszFl (0,7) (8)
1 min@I 9y, (0,7) Ot (6,7)
Iy (0, = y . 9
l( /Y) thmaxz(l,l—i-l) 871' afyi ()

5



The quantity m is a bandwidth parameter and wz; denotes a weight that guarantees positive definite-
ness of 1;(6,7), e.g., a Bartlett kernel weight such that wr; =1 — mLH.‘l Note that with m =T — 1
and wry, =1, T; (0,7) =V, (0,7, () Vi (0,7, (), so that in such case T; (6,7; (9)) = 0.

The adjustment term BZ (0) does not depend on the likelihood setting, and so it is valid for any
fixed effects estimation problem based on the objective function 7 ; Zle Y (zi;6,7;). The trace-
based approach can be regarded as an objective-function and estimating equation counterpart to the

approach of bias-correction of the estimator in Hahn and Kuersteiner (2004).

Determinant Based Approach In the likelihood setting we can consider a local version of the
estimated bias constructed as an expansion of 3; (A) at 6 using that at the truth H; (6g) > T; (6o) = 1.
To see this, note that

=3 1]+ =g Emho g0 (7)

where Xj () denotes the j-th eigenvalue of H; (0,5;(0)) " Y;(6,7;(f)) and p = dim(#). Since
Z?:l lan (0) = Indet [HZ (0,7, (0))1 14 (0,7, (9))], discarding constants, we can consider the al-

ternative adjustment

l\DIH

3, (0) = 5 Indet [H; (6,7, (6))] + 5 Indet [Y: (6,5, ()] (10)

The resulting modified concentrated likelihood function is

n T n n
— SO (.5, <e>>+§;1ndet [H; (6,7, <9>>]—§;1ndet T 0.5 0)] (1)

i=1 t=1

where ¥ (zit;0,7;) = npe (Yit | Yiz—1,- - Yit—q; 0, 7)-

The criterion Lp () is a multivariate and dynamic version of the adjusted concentrated likelihood
considered by DiCiccio and Stern (1993), and DiCiccio, Martin, Stern, and Young (1996).

Using the arguments in Pace and Salvan (2005), it can be related to the adjusted profile likelihood
considered by Cox and Reid (1987) as an approximation to the likelihood conditioned on the ML
estimates of the fixed effects. In a model with independent observations, Ferguson, Reid, and Cox
(1991) showed that such a modification led to bias reduction when the nuisance parameters were
information orthogonal to the parameters of interest.

In our context, the Cox—Reid approach maximizes

n T
Lor (0) =) > ¢ (x:0,75; (9) Zlndet (6.5 (0)]

i=1 t=1

*For simplicity of exposition, we will assume that the wr, are indeed Bartlett weights throughout the rest of the

paper.



and the connection with Lp (0) can be expressed as
1o — R
Lp(0) = Ler (9) = 5 Y Indet Var [\/nT 3; (0) — (9))]
i=1
where the variance term is given by the sandwich formula

Var [VaT (3; (6) = 7: (6)| = [H: (6.5, (0)))7 71 (6,7: (0)) [H: (6,7: ()] "

The conclusion is that Lp (6) can be regarded as a generalized Cox—Reid function with an additional
term to account for non-orthogonality. Under orthogonality the extra term is not needed because the

variance of 7, (6) does not change much with 6.

Determinant Approach Using Expected Quantities In the likelihood setting, an expected
outer product function can be calculated for given values of (6, ;) and (6o, v;9) analytically or numer-

ically, because the density of the data is available. Specifically, we may consider

Y1i (6,7 00,%i0) = D e wr Lre (0,700, 7i0) (12)

where, for [ > 0, we have

T
1
71 (0,7;00,7v:0) = T_1 E Ebo,v,0 [V; (it;0,7) Vi (xit—ﬁea’Y)I] . (13)
t=1+1

Alternatively, a centered covariance could be calculated:

L7y (0,7 00, vi0) = T1u (6,7: 00, vi0) — ttro (6,73 00, vio) by (6,73 00, vio)' (14)

where pipy (0,7:00,7;0) = (T —1)"" ZLH Eoy .o Vi (zit—1;0,7)]. Note that when evaluated at v =
7v; (8) for arbitrary 6 we have up; (0,7, (0);600,7,0) =0, so that centered and non-centered quantities
coincide.

This leads to an alternative modified concentrated likelihood of the form

n T

n n

Lep (9;9) - z; ;w (2it: 0,7, (9))% 2; In det H; (6,7, (9))—% Z;Indet Yri (9,% 08,7 (5)) .
i=1 t= i= =

(15)

Iterated Adjusted Likelihood Estimation An undesirable feature of the estimator 51 =
argmaxy Lgp (0;/0\) is its dependence on /9\, which may have a large bias. This problem can be
avoided by considering an iterative procedure. That is, once we have @1, we use it to evaluate the

expectations required in calculating a new estimate. Pursuing the iteration

/éK = arg mgtx LED (9;51(_1) (16)



until convergence, we obtain an estimator o that solves

where Sgp (0;0.) denotes the score of Lgp (0;6,) for fixed 6,. Note that, in contrast with the iterated
procedure, a continuously updated method will not work in this case (that is, maximizing a criterion
of the form Lgp (0;6)).

Discussion Both likelihood and pseudo likelihood settings are important in applications. For
example, there are nonlinear likelihood models whose parameters are no longer interpretable when the
likelihood is only regarded as a pseudo likelihood.

In a likelihood situation it seems natural to use the determinant form of the correction, but also an
expectation based estimate of the outer product term, specially if an analytical calculation is available,
hence avoiding semiparametric kernel estimation. However, if expectations need to be evaluated by
simulation, the conceptual advantage of the expectation—based adjustment is less clear, because the
number of simulations to be chosen is an issue.

In contrast, in a pseudo likelihood or incomplete model setting it is natural to use the trace form

of the correction and a kernel-based estimate of Y; (#), which is the only possibility available.

3 Examples

We consider three examples. The first one is static and linear, but illustrates the differences between
the two approaches in a familiar context. The second is a conditional volatility model, and the last

one is a dynamic binary choice formulation.

Example 1 Consider a simple multivariate model for an unconditional covariance structure with
heterogeneous means, where

1 1 _
Y (235 0,7;) = C — ) Indet 2 (0) — 2 (@i — ’Yi)/ Q(0) ! (zst — ;) -

If © () is unrestricted then 6 = vech [Q2 (0)]. We have 7; () = T; and

_ 82 2,0, i _
e N U

3%‘372

T
_ 1 321% (eﬁ) _ -1
Hz (97 7) = _T < 3778’}// == Q (‘9)

T (0,9;(0) = Y0, wrli(0,7;(9))
4|1 min(7T,T+1)

QO 5 Y (=) (e — )| Q0) 7
t=max(1,l4+1)

-
=
=2
=
I



The determinant approach with m = 0 gives

nT 1 L& . _
Lp(#) = C-— 7lndetQ ~3 E E (i — ) QO) (vir — Ti)
=1 t=1
n 1 1 — r
n -1 -+ -1 - = = —1
+5 Indet [Q 0) } 5 Indet (Q 0" = ;_1: ; (zie — i) (2 — T2) Q(0) )

Finally, collecting terms and discarding constants we get

T_l) Indet Q2 (6) — % trace [Q O Q]

where () is the unrestricted fixed effects estimate:

~ 1
Q=—
nT

n T
1=

(zit — %) (mir — Ti)"
1t=1
Thus, the information adjustment performs the required degrees of freedom correction (i.e. the cor-
rected unrestricted estimate is Q = %Q)
The trace-based approach should provide bias reduction in the presence of neglected serial corre-

lation. It gives
~ 1 ~ .
B (0) = 3 trace [FiQ (9) }
where
min(T,T+1)

~ 1,
Ii== Sty X (@i —T) (v —T)

t=max(1,l+1)
Letting I = n~! S T;, we obtain
nT nT 1A n 1
Lrg (0) = C = - Indet Q (0) — - trace [Q 0) Q] — 5 trace [Q (0) r] .

Note that with m = 0, [ = ﬁ, so that in this case the corrected unrestricted estimate is S~2T R =
%Q, which removes the bias of order 77!, but is not fully unbiased. In general, the trace-based

unrestricted estimate is given by
Q O+ LT
TR = T

Example 2 The next example is a heteroskedastic autoregressive model with two fixed effects,

one in the conditional mean and another in the conditional variance. Letting 6 = (01,62) and ~; =

(%i» %i)a we have

1 (yit — O1gir—1 — 710)°
2 h(yit-1,72)

9

1
U (zi30,7;) = 3 Inh (Yitr—1,79;) —



where

R (Yit—1,72;) = (72; + 92%&—1)2-

A model of this type, but with an exponential ARCH formulation of the conditional variance, is devel-
oped in Hospido (2006), where some of the estimators considered in this paper, as well as simulation-

based alternatives, are implemented and applied to study individual wage dynamics.

Example 3 A third example is an autoregressive binary formulation of the form

Y (i3 0,7;) = yir A (V1 + YoiYit—1 + Ovie—2) + (1 — yir) In [1 — A (yq; + YoiYit—1 + Oyir—2)]

where A (r) is the logit or probit cdf.

This model was suggested in Chamberlain (1985) as a framework for testing duration dependence
from binary panel data, by testing the restriction § = 0. Chamberlain showed that, in the absence of
exogenous variables, a simple fixed-1" consistent estimator for @ is available for the logistic specification
of this model. A random effects formulation of a model of this type has been recently applied by Card
and Hyslop (2005) to study the effects of earnings subsidies on welfare participation.

4 Asymptotic Theory

We first consider general conditions for a bias corrected estimating equation to deliver an asymptotic

normality theorem for the estimation error centered at the truth.

Notation 1 We use the following additional notation throughout:

o (xit; 0,7, oY (xit; 0,7, o (i3 0,7,
Us (wi;0,7;) = W —Pio- W, Vi(@it; 0,7) = W,
_ L [0% (@it; 60,740) % (w1300, vi0) - _ OU; (xit360,740)
o= |G| (p[Frg ) m=-p [T,

~ oviT\ 1
(o [2])

(2
For simplicity of notation, we will occasionally write Uy = U; (43600, v,0) and Vie = Vi (24360, Y40)-
We will denote by Uyy' = 0Ust/ 07} and Uyt = 02Uy / (97, ® 0v}) the first and second derivatives of
Uit with respect to ;. Likewise, we will denote by Vlzl the derivative OVi/ 0} of Vix with respect to
Yi-

Using this notation, we can characterize 6 as the solution to the first order condition
T -~ __ A
0=>""12 Ui (xit; 0,7; (9)) .

10



The normalized score % S Zthl U (x4;60,7; (60)) has an asymptotic bias, which renders the fixed

effects estimator 8 biased. The asymptotic bias of the normalized score can be shown® to be equal to

% times Wo (0o, {V10s Y20, - - -})> Where

1~/ 1 & 1 -
Vo (0o, {7v10> V205 ---}) = PlimﬁZ(?ZU;i) <—TZV;'5>

Note that v;; = argmax, E [¢ (z4; 6o, ¢)]. Therefore, using ~; (f) = argmax, F [¢ (z4; 6, ¢)], we can

write

Yo (00, {710,720, - - -}) = Yo (00, {71 (00) ;72 (00) 5 - - -})

which can be regarded as a function in fy. Such function will be written as ¥q () without loss of
generality. We will approximate it by W, (6o) = Yo (0o, {71 (60) ,75 (00),...}). Letting Sy, (fg) denote

some sample counter-part of ¥, (fp), we may consider solving
1 ~ (= 1 ~
0= 7 Zin T U (50,5, (9)) - 75 (9) (13

instead. We will assume that there exists some B,, such that S, (0) = 0By, (0)/ 00, in which case our

estimator @ can be understood as a solution to

n T
argmax — 33" 0 (2:0,%,) — 7:Ba (0 (19)

07157 TV i=1 t=1

We impose the following conditions:
Condition 1 Pr [supg ‘%Bn ()| =n] =o(T") for every n > 0.
Condition 2 supy 7 |95, (0)/ 00| = 0, (1).

Condition 3

n o

Sn(fo) = %Z > B [Ugi‘zt‘l]
=1 l=—00
+%% ;E [Ugm] vec (l;mE [‘Zt%ﬁs—l}) +op(1).

Under these conditions and the regularity conditions in Appendix A, we can obtain the asymptotic

distribution of 6 as n and T grow at the same rate.

®This is a standard result, but we do provide a rigorous derivation in Supplementary Appendix, which is available

upon request.

11



Theorem 2 Assume that Conditions 1, 2, and 3 hold. Further assume that the regularity conditions

in Appendiz A hold. Finally, assume that n/T — Kk, where 0 < Kk < co. Then
Vil (6-60) = N (0,770 (7))
Proof. See Appendix B. =

4.1 Determinant Based Approach

We now assume that zir = (Yit, Yit—1,- - -, Yit—q) and ¥ (zi;6,7;) = Inpe (vt vig—1, - - -

where p. here denotes the conditional density of y;;. We propose to estimate 6y by

n T

_ R 1< N 1 — N
0= argrenaxzzw (zit: 0,7 (0)) + 5 > Indet H; (6,7; () — 3 > Indet Yy (6,7
=1 i=1

i=1 t=1

where H; (6,7) and Y; (0,) are as defined in (7)—(9).
Comparing (20) with (19), we obtain

1 & R 1 « ~
B, () = —5- ;lndet H;(0,7,;(0)) + o glnde‘c T (0,7;(0))

By differentiating B,,, we obtain S, (6p). It can be shown that®

y Yit—qs 0) /Yz)a

i(0)) (20

(21)

Theorem 3 Assume that the regularity conditions in Appendixz A hold. Then, the By, (0) as defined

in (21) satisfies Condition 1.

Theorem 4 Assume that the regularity conditions in Appendix A hold. Further assume that m =

o (TY?). Then, the B, (0) as defined in (21) satisfies Condition 2.

Theorem 5 Assume that the model is given by the likelihood. Also assume that the regularity con-
ditions in Appendiz A hold. Further assume that m = o (T2/5). Then, the By, (0) as defined in (21)

satisfies Condition 3.

Proof. See Appendix C. =

Remark 1 Proof of Theorem 5 uses the information equality, as discussed in Appendiz on page 18.

This explains why the likelihood setup is required here.

Conclusion 1 Theorems 3, 4, and 5 imply that Theorem 2 applies to our new estimator.

6The proofs of Theorems 3 and 4 are in Supplementary Appendix, which is available upon request.

12



4.2 Expectation-based Determinant Approach

We now consider a variant of the above estimator where instead of T; (6, ) we use

~ _ m 877112 (97 '7) 8%‘1&—1 (9, /7)
Ti(0,7) =202 pwriky 5 t@y 9 : (22)

Here, Fj 3 [-] denotes an expectation taken with respect to the density evaluated at (5, ‘y\l) Note that
By, (0) is defined similarly as in (21). As before, B, we obtain S, () by differentiating B,,. It can
be shown that”

Theorem 6 Assume that the regularity conditions in Appendiz A hold. Then the By, (6) based on (22)
satisfies Condition 1 as long as m — oo such that m = o (T2/5). The same result hold even when the
preliminary estimates (@, /y\z) in (22) are replaced by some (0*,v;) such that ||0* — 0| = O, (T~%/)
and sup; v = violl = Op (T72/7).

Theorem 7 Assume that the regularity conditions in Appendiz A hold. Further assume that m =
0 (T2/5). Then, the By, (0) based on (22) satisfies Condition 2. The same result hold even when the
preliminary estimates (@, /y\z) in (22) are replaced by some (0%,~;) such that ||6* — 0| = O, (T_2/5)
and sup; [|v; = vyl = Op (T72/5).

Theorem 8 Assume that the model is given by the likelihood. Also assume that the reqularity con-

ditions in Appendiz A hold. Further assume that m = o (T2/5). Then, the By, (0) as defined in (21)

o~

satisfies Condition 3. The same result hold even when the preliminary estimates (9,%) in (22) are
replaced by some (6%,~F) such that ||0* — 0| = O, (T_2/5) and sup; |vF — violl = Op (T_2/5).

Proof. See Appendix G. =

Remark 2 Proof of Theorem 5 uses the information equality, as discussed in Supplementary Appendix

on page 22. This explains why we required the likelihood setup.

Conclusion 2 Theorems 6, 7, and 8 imply that Theorem 2 applies to our new estimator, even when the

preliminary estimates (5, ‘?l) in (22) are replaced by some (0*,~}) satisfying some regularity condition.

4.3 Trace Based Approach

We now consider a slightly different approach where we set
1 o« el .
B () = g 3 trace CAGAGRRACEAD)) (23)

It can be shown that®

"The proof of Theorem 6 is in Supplementary Appendix, which is available upon request. The proof of Theorem 7 is

similar to that of Theorem 4, and is omitted.
8The proof of Theorem 9 is similar to those of Theorems 3 and 4, and is omitted.
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Theorem 9 Assume that the regularity conditions in Appendix A hold. Further assume that m =
o (TY?). Then, the By, (0) as defined in (23) satisfies Conditions 1 and 2.

Theorem 10 Assume that the reqularity conditions in Appendix A hold. Further assume that m =
0 (T1/2). Then, the By, (0) as defined in (23) satisfies Condition Condition 3.

Proof. See Appendix D. =

Remark 3 Proof of Theorem 10 does not use the information equality. We therefore do not require

the likelihood setup here.

5 Concluding Remarks

We discussed a modified objective function strategy to obtain estimators without bias to order 1/T
in nonlinear dynamic panel models with multiple effects. Estimation proceeds from a bias corrected
objective function relative to some target infeasible criterion. We considered a determinant based
approach for likelihood settings, and a trace based approach, which is not restricted to the likelihood
setup. Both approaches depend exclusively on the Hessian and the outer product of the scores of the
fixed effects. They produce simple and transparent corrections even in models with multiple effects.

We analyzed the asymptotic properties of the new estimators when n and T" grow at the same rate,
and showed that they are asymptotically normal and centered at the truth.

These approaches are likely to be useful in applications where the value of 1" is not negligible
relative to n, as is the case with many household, firm, and country-level panels. However, if T'/n is
too small, further refinements may be required, because the sampling standard deviation of the 1/T
bias-corrected estimators will be small by comparison with the bias.

Existing Monte Carlo results and empirical estimates for binary choice and conditional volatility
models are very encouraging, but more needs to be known about the properties of the new methods

for other models and datasets.
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Appendix

A Regularity Conditions

Assumption 1 For each n > 0, inf; [G(i) (005 7i0) = SUP{(6,7):](0.7)—(00,7,0)1>n3 i) (05 ’y)] > 0.
Assumption 2 n,T — oo such that 7 — K, where 0 < k < co.

Assumption 3 (i) For eachi, {xy,t = 1,2,...} is a stationary mizing sequence; (ii) {zy,t =1,2,...}
are independent across i; (i1i) sup; |a; (m)| < Ca™ for some a such that 0 < a < 1 and some C > 0,
where Al = 0 (Tity Tit—1, Tit—2, ---) Bt = 0 (Tity Tit41, Tit+2, ---), and
aj (m) = sup; sup s 4 pep;,,, [P (AN B) = P(A) P(B)].

Assumption 4 Let ¢ (xit, @) be a function indexed by the parameter ¢ = (0,v) € int ®, where ¢ is a
compact, convezr subset of RP, p = dim (¢), and R = dim (0). Let v = (v1,...,vk) be a vector of non-
negative integers v;, |v| = Z§:1 vj and DV (x4, ) = OVl (x4, ¢)/ (07*...0¢7%). There exists a func-
tion M (xit) such that | DY (zit, ¢1) — DY (i, ¢)| < M (xir) |1 — sl for all ¢y, ¢p9 €  and |v| <
5. The function M(z;) satisfies supyeq | DY (v, ¢)|| < M (i) and sup; {|M(xit)|10q+12+6] < 00
for some integer q > p/2 + 2 and for some § > 0.

Assumption 5 Let \jp denote the smallest eigenvalue of ;7 = Var (T 1/2 Zt L Ui (it 0,%)>. We

assume that inf; inf7r \;7 > 0.

Assumption 6 (i) inf;infy .. |E [0%) (zi:0,7;)/ 07,07;]| > 0;
(i) infyinfe y, 352 o B[O (it;0,7:)/ 07:) (O (wie—156,7:)/ 07;)] > 0

Remark 4 Assumption 6 is stronger than the one assumed in Hahn and Kuersteiner (2004).

Assumption 7 Let p;; < ... < py < ... < p;p be the eigenvalues of Z; in ascending order. We have
(i) 0 < inf; pyq < sup; pip < 00; (i) limy oo n ™t > 1 | Z; emists; (iii) letting T =lim,_oon 1> 0, T;,

we assume that I is positive definite.

Assumption 8 supg ,\ce Sup; Loy [M (wit) M (zit—1)] < o0.

B Proof of Theorem 2

We focus on asymptotic normality here, taking consistency result as given. (The consistency re-
sult is available in a Supplementary Appendix, which is available upon request.) Because 0 =

Z:{:l \%4 (a:it; 5, i @V)) by definition, 0 can be given the alternative characterization

0= 30 (5 (1)) - 3.7)

i=1 t=1
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By the Taylor series expansion we obtain

T ZZU (wit; 00,7, (6o)) — TS ' (60)

=1 t=1
n T )
~ 105, (0) /~
( Y w5 ) ) () - 15 (1)
for some @ on the line segment adjoining Ay and 0. Because 1, =—-F [‘W%w—)}, we may define

I = —% ZZ;I U? (:Uit;@, i (5)), which yields

VT (0—6,) = Ilas) nTU 00,7, (0 "S,(0)) (24
WT (6 00) = (- Z T nTz; 7it; 00,7 (60)) — \ [ 755 (60) | (24)
(

It can be shown? that 1 3°7 | 7; = T + 0, (1). By Condition 2, we also have + 05, (0) /06" = o, (1).
We therefore have

1=  105,(0)
E;L—i—? 50 =T +o0,(1) (25)

By applying a second order Taylor series approximation to niT Sy Z:{:l U (x4;60,7; (00)) around
-1 -
. ~ . T T
7io, and noting that ; (6o) — v = — (E [gZ/D (% > i1 V;’t) + op (ﬁ) =7 21 Vit +0p (ﬁ)»

we can anticipate that!?

T
7= ZU(iUit;H(J»/V\i (6o))

+op (1) (26)

which, when combining (24), (25), (26) and Condition 3, yields

n T
m(g—Ho) =71 (\/% ZZIZI (i3 00, 7i0) > + 0p (1)

from which the conclusion follows.

9See Lemma 6 in Supplementary Appendix A.
'9In Supplementary Appendix C, we provide a rigorous proof of the expansion (26).
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C Proof of Theorem 5

By differentiating B,,, we obtain that S, (6) = [2] 4+ - - - + [5], where

-1
- - a wzt 0 wzt
2= Z(TZ(% (0 ® 0v) ) ((Tzavaw
1 L oy, A
[3]5_552 Tza @7 @07 0
i—1 '7 v ® '7 — %
min(7T,T+1) b 87707, 8wz 3
Rl ae((at)®(—a“))
t=max(1,l4+1) /7 g
. —1
I —m min(T,T+) Oy Oy
T ——mw b
(T Zl_ o (t:maxz(l,l—i-l) 3’}/ 87,
min(7T,T+1) o awl awl B
e (M 2 (3)(359)
t=max(1,l4+1) gl 2 v
I —m min(@TH) - gy, Oy B
c =0 wr, — it Z il
((T Zli ! (t—maxz(:l,l—i-l) 87 8’71

We will often use the first order condition for 7, (¢), which implies that

and

97, (0 9%, (6,7 (0 %, (0,75, (0
77,():_ Z wzt( 771()) Z wzt(?W@()) ) (27)
00 — 000~' — oyoy'

In the discussion below, all the terms [2],-- -, [5] will be evaluated at 6g. We first take care of the
expansion of [2] + [3]. Note first that, by definition of Uy (6,~;), we have Wg%)) =U)" + p Vi),
where V.7 (0, ;) = 82\;%%;)' It turns out that all the averages over ¢ on the RHS of [2] is uniformly
consistent over i.!' We therefore obtain

11 ¢ 1
2= —55 Y (EUL+ pB V) vee (BI) ™) +0, (1) (28)
i=1

The uniform consistency over ¢ combined with (27) also implies that

97 (6)
BT

max
%

+pi| = 0p(1) (29)

Using the uniform consistency and equation (29), we obtain

11 -1
8= 5= > BV vee (B[ ™) +0p (1) (30)
=1
'1See Lemma 6 in Supplementary Appendix.
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Combining (28) and (30), we obtain
2+ 8] =5, Z U7 vee ((BVI)™) +0p (1) (31)
We now take care of the expansion of [4] + [5]. Note that
o <<8¢it (QW)) @ <3¢it—l (ﬁﬂ)) _ <521/1it (97’7)) - <3¢it—z (QV))
00 oy oy 000~ oy
+ <8wit (Q/W)) ® (_321%—1 (&7)) = (U +pVi) ® Vi1 + Vg ® (U + piVidy)

oy 000~

and

8_,}/<<37,}// ® 37,)// :‘/;’t}/@‘/;lt—l—i_‘/’l:,t@‘/’l;ty—l

we can write

e = 22 sy s (Va0 00 © Vi (o5, (G
2n = =m0 L max(Li+1) \ Vit (60,7 (00)) @ U;,_, (60,7; (60))
1 - min(T,T+1) N N , -1
c| (g 2E—mwry > Vit(00.7; (00)) Vie—i (6,7 (60)) +op (1)
t=max(1,l4+1)
Using Lemma 5 in Supplementary Appendix, we obtain
1 m min(7T,T+1) R R
ax | = 330wy > Vie(80,7; (60) Vit (80,7 (60)) = 222 o B [VieVig] | = 0p (1)
t=max(1,l4+1)

Furthermore, if the conditional likelihood is properly defined, then we should have Vj; serially uncor-

related, which implies that

1 . min(T,T+1) , ,
max T Dol WTY > VitVigy — E [Vit it]
t t=max(1,l41)
1 min(T,T+1) ,
= max T DL WT > VitV + £ [V J| =o0p(1)
v t=max(1,l4+1)

where the first equality is based on the information equality. Therefore, we obtain

1 min(T,T-+1) Uz (60,7 (00)) ® Vie—i (80,7, (60))’
+Vit (00,7 (60)) @ Uy (60,7; (60))

T t—max(1,I+1)
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Using Lemma 5 again we obtain

W+ = —5- Zzl__oo (U3 @ Vi + Vi @ Uy vee (BIVTTY) +0, (1)
= 55 Z PRI ) {Ui’z‘/vit—l + U%_Mt] +0p (1)
=1

= SR B0V o) (32)
1=1
Combining (31) and (32), we obtain
Sy (80) = ———ZE U7 vee ((BIVD) ) + Zzl__oo U3Vt + 0 (1) (33)

Now, we note that, under correct specification of conditional likelihood, the ‘Zt would have zero serial
correlation and we would therefore have Y 7° _F [f/itf/i’t_l] =F [‘Zt‘z;] —(EV)  EWVaVL (BT

Furthermore, we have E [V;;V},] = —E [V,'] by the information equality. It follows that
Si (80) = ZE U7 veo ( S B[Vl ZD ZD— o B ULVt + 0p (1)
l=—0
D Proof of Theorem 10
We have
n T
1 1 iy —1ne -1

Lm0 (1~ 3Py e
+2TLZ o0 T213V(37’®8y’) VeC(Hi TzHi )

1 & min(T,T+1) b ( (&b " ) <3¢ - ) ) L
5 -m ey o vec (H,~
2n Z ( Zl_ t= maxz(l,l—i-l) 00 el o ( )

=1

27 (0) (1 G 9 (2o (2222 o
+_ ; T 2= an =) ® - vec (H;
2n ; 00 T 2t t:ma;71+l) o o' o' ( )

Proceeding as in Section C, we can obtain that

Sulth) = 50 D BUFvee ((BIVE) ™ (S22 B 1) (21VD )

Zzz__oo (U3 @ Vi g + Vi @ U] vee (BIVID ™) + 0, (1)
= % ZE [U?ﬂ] vec (Zloi—oo [ zt l]) ZZZ__OO [Ugf/it—l + U;_Z‘Zt] + 0, (1)
- o BT v (S B[] )+ S B 2T+ o 1)
=1
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A  Some Auxiliary Lemmas

Throughout this appendix, we will let F' = (F7, ..., F},) denote the collection of (marginal) distribution
functions of z; and F= (Fl, ... Fn), where F denotes the empirical distribution function for the
i-th observation. Define F'(¢) = F' + T (F — F) for € € [O, T_l/Q], and Ay = VT (E — FZ> We
first provide a different version of Lahiri’s (1992) Lemma 5.1, which is stated for bounded zero mean

random variables.

Lemma 1 (Hahn and Kuersteiner, 2004) Assume that {Wy,t =1,2,...} is a stationary, mizing
sequence with E[Wy] =0 and E [|Wt|2r+6] < oo for any positive integer r, some 6 > 0 and all t. Let
A =0 (Wi, W1, Wi_a,...), Be = 0 (Wi, Wigr, Wiga, ...), and

o (m) = sup; SUP ac 4,,BeBss [P(ANB) — P (A) P(B)|. Then, for any m such that 1 <m < C(r)n,

E [(Z?:l I/Vi)QT] <C (T‘) E |:|I/Vi|2r+5} [nerT + n2ra (m)Tﬂ—&]
where C (r) is a constant that depends on r.

Lemma 2 (Hahn and Kuersteiner, 2004) Suppose that, for each i, {&;,t =1,2,...} is a mizing
sequence with E [§;] = 0 for all i,t. Let Al = 0 (& &ir1,&iv—s ) Bt = 0 (&4, Eivs15 Sitgns ), and
a; (m) = sup, SUD g A BeB; |P(ANB) — P(A) P (B)|. Assume that sup; |a; (m)| < Ca™ for some a
such that 0 < a < 1 and some 0 < C < co. We assume that {£;;,t = 1,2,3,...} are independent across
i. We also assume that n = O (T'). Finally, assume that E [|§it|6+6] < oo for some § > 0. We then

have

1
Pr L<l<n Zt 1 &t >77}—0(T )
for every n > 0. Now assume that E [[{it\loqﬂﬂé} < oo for some 6 > 0 and some integer ¢ > 1.
Then,
br |:1<z<n \/_Zt 18| > 17T10 U} =o(T77)

for every n >0 and 0 < v < (100g + 120) "

Lemma 3 (Hahn and Kuersteiner, 2004) Let & (xi,¢) be a function indexed by the parameter
¢ € ® where ® is a convex subset of RP with E [ (x4, )] = 0 for all i,t and ¢ € ®. Assume that
there exists a function M (z;) such that |€ (zi, d1) — & (xit, Pg)| < M (44) |01 — &ol| for all ¢y, Py € P
and supy |€ (i, §)| < M(wy). For each i, let v be a a-mizing process with exponentially decaying
mizing coefficients a; (m) satisfying sup; |a; (m)| < Ca™ for some a such that 0 < a < 1 and some
0 < C < o0. Let g denote a positive integer such that q > p—';l, where p = dim¢. We also assume

that E [|1\/I( )|1Oq+12+6] < o0 for some 6 > 0. Finally, assume that n = O (T). We then have

1



Pr [maxi ﬁZlef(xu,qﬁi) >T1_10_“} =o(T1) for0 <w < (100q +120)*. Here, {¢;} is an

arbitrary nonstochastic sequence in .

Lemma 4 (Hahn and Kuersteiner, 2004) Assume that x;; satisfies Assumption 3, and let (x4, ¢)
be a function indexed by the parameter ¢ € int ®, where ® is a conver subset of RP. For any sequence
¢; € int @, assume E [§ (v, ¢;)] = 0. Further assume that supy [|€ (x4, ¢)|| < M (24) for some M (i)
such that E [M (l’it)4:| < oo. Let Xpp = >0 ng with Effp = Var (# 23;1 & (4, ¢Z)> Denote the

smallest eigenvalue of Zf by AzT, and assume that inf; infp )\fT > 0. Then,

1 n T ce
ﬁzzzl (Tit, ¢;) :>N(’f )’ and

where f& =lHmn =t S0 | f5° and £;* =00 B [€ (zi, ¢) & (wie—j 6,)'].

139
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Lemma 5 Let ki = k (zi:0,7; (0)) and ky = k (zi4;0,5; (0)) where xy satisfies Assumption 3, k
satisfies Assumption 4 and 9, ; are defined in (1). Assume that E[ky] = 0O for i,t. Let ff* =
S FE [ ikl l] and fF* =lim,_oon 122 1fkk Then,

min(7T,T+1)
sup —Z Z wry Y Kk | = 7 = 0p(1),
9 l——m t=max(1,l)

where m, T — oo such that m = o (T2/5).

Proof. The proof is almost identical to a similar result found in Hahn and Kuersteiner (2004).
Let = max(1,!) and ro = min(7T,T + 1) and define K ,,, = % Wy Z:Q:n ikl ;.

We first show that 2 3% | K, — f¥% = 0p(1). This follows if 1 > | E[K; ] — f** = o(1) and
Var (% St Kim) =o(1). Since f5* —n=1 3" | fk* — o(1) by definition, we first consider

| B 5im] - 7

< SR | = 1| 1B (k) + S | ki)

i A L it A 5 > A
= T [ - T B Bkl S 1B ki)

< S (P T ) I Bkl )+ S 1 D] |

< S (5 ) I Bkt [+ Do 12 Pkl )|

< TP a () 10(@) + (08) e o (035) - 0asm T - o



where the last inequality follows from Condition 3 and the fact that

_1 1 s\l
| E [Kit 1 Kit—1,5,]| < 8 (E [|kit,j1|2+6]) a (E [|kit—l,jzl2+5})2+6 (aQi‘S)

for any two elements k; j; and k;;—g j, of ki and k;;—; for some 6 > 0, which can be proved by Corollary
A.2 of Hall and Heyde (1980). Since the bound on || E [Kjm] — f¥*|| is uniform it therefore follows
that 37 | B [K; ] — f* =0(1).

Next we show that

To show this we may assume without loss of generality that k; is scalar. The variance can then be

L —n 1
Var <ﬁ 2i=1 Ki””) H S 3 ey [Var (G ) || = 0 (1) .

evaluated as

Var (Kz,m)

1
= 73 Lilem—m WTH Tl 2}ty (B [RityKit—ty Kita Kita —1] — B [Rity it ] E [Kita Kty 1))

1 m T
= 7 o= WL WT L 2o ey (B [Kity Kito] B [Kit—1y Kity—15] + E [Kity Kity—1,] E [Kito Ki—1,])

1 m T
+ﬁ le Jo=—m w1, WT 15 Ztitgzrl Cum (k’ih kit—ll kitg kitz—lz)

= 0(1)
such that Var (K ,,) is uniformly bounded in 4. It now follows that 2 > | K; ., — f* = 0,(1) by

Markov’s inequality.

Next we turn to showing that

1 1 ~ -
SV S wra i, (Riekly g — Rkl 1) = 0p(1):
We use the decomposition

1 m T NN

T Dl WT D 42y, (kitkét_z - kitkét_z)
1 m 7 o N !
= 7 Dt WTL D (kit - kit) (kiit—z - kit—l)

~

1 roo1 ~
+o Do W Y i Kit (kit—l - kit—l) + 7 Do WT D (kit - kit) Kis_y

~

We first consider the term % > Wy Z:;l (k:it — k:it) kl,. Use a first order Taylor approximation

to
[T kS, (5— 9) + k3, (Vi — io)

where kY = Ok (xit;é,fyi) /00" and k], = Ok (xit;é,fy;) /Oy with é,’yi,é,,% such that Hé - HOH <
a7~ <o

) , etc. by the multivariate version of the mean value theorem. Note

3



that each row of 0k (:cit; 0, ’yi) /00’ needs to be evaluated at a different 6 but in slight abuse of notation

we do not make this explicit. Then

E ST wry g2, vee | (e — ki) Ko (34)
= —Zfi_m wry Y 2, ( it— l®k‘n) (A )
[

(3 — 7i0)
+ZTZO Zl——m leZt r VEC k;/tkzt l}

and consider % > Wy ZIQ:TI (kit_l ® k:ft). Without loss of generality assume that (kit_l ® k:ft) is
a scalar. Then by the Cauchy-Schwartz inequality

1
T ity Ktk

IN

T 12 (4 . ) 1/2
< Doi—1 kzt l) (T >t 501,15 (8k (zit50,7) /39') )
< <l ZT M(J} )2> 2 <l ZT M(.CL‘ )2> 12
> T t=1 it—l T t=1 it
1/2

such that F HT 12 Foit— kG|] < (% ZthlE [M (@it—1) D ( Zt 1 { (xit) ]) = O(1) uni-

formly in i. It thus follows from the Markov inequality that

1 1 —~

SN S wry X, (ki @ ) (8- 0) = Oy(m/ ).
We now turn to the second term in (34). Noting that

T/ max 7 = Yiol = 0p (1)

by Lemma (7), we obtain

1

(3' - '0)
i T Xl WP 24, VeC Kk

1 1
< WTWS max [¥; — Yol - n Z?:l Zﬁ—m wr,l Z?:n HVeC [k” kn z] H

< 0 (T_7/5) ' % D it D WT Z:im vece [MitMi/t—l]
o (7)1 (1- S ) -

= op (T 7/5> m)
(
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We now turn to

1 m T T N !

T Do WTL Y 42, Vee (kit - kit) (kit—l - kit—z)

1 " — /

= N wre S, (W@ k) vee (0-0) (0-0)

1 . . ~ /

o S wra S, (Mt © K)) (B = i) vee (6 - 0)
1 . - .

+T DL WT Ztim (k‘%_z ® kft) (9 - 9) (Yi — vio)
1 . . ’
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All the terms on the RHS are o, (m/ T2 5) by similar arguments. m

Lemma 6 Under Assumptions 1, 2, 8, 4, 5, 6, and 7, we have
(i) n™ 3 Ti = T = 0p(1);

AV 00,7 00) = B[V]] | = 0, (1);

350 VE (60,7 (00) — E [V | = 0p (1)

F LU (00,7 (00)) — E[U77] | = 0, (1);
VI (00,71 (00) = B[V = 0, (1),

(7i) max;

(71i) max;

(iv) max;

(v) max;

Proof. We only prove the first result. The rest can be proved using the same argument as in
Hahn and Kuersteiner (2004). Note that

|23 = 2 < sup B (1M l]) (5= 0]+ max 5, = 3l ) +0, 1)

Since

=~ 1 ~€ 1 ~ee (~

Vi = Yaol < Na 17i O) + 57 7i (8)]
with max; T~ 10 175 (0)| = 0p(1) and max; T 75 (€)| = op(1) by Lemma 14, it follows that max; |Z; — Z;|| =
op(1) such that

Lemma 7 (Hahn and Kuersteiner, 2004) Let Assumptions 1, 2, 3, 4 and 5 be satisfied. Then
VT (3; — %0)‘ > Tl/lo_“] =0 (T") for 0 <v < (100g + 120)" %

Pr [maxi

Lemma 8 Let Assumptions 1, 2, 3, 4 and 5 be satisfied. Then Pr [maxi
o (T71) for 0 < v < (100 + 120)".

VT (5; (6o) — %0)‘ > T1/10—U] _



Proof. It can be proved in the same way as in Hahn and Kuersteiner (2004), and is omitted. m

Lemma 9 Let ki = k (xit; 00,7v;9) and Eit = k (zit;00,7; (00)) where x; satisfies Assumption 3, ki
satisfies Assumption 4 and 0, ; are defined in (1). Assume that E[ky] = 0 for i,t. Let ff* =

S E [ ikl l] Then, sup; ||> 2, wT,lngﬁ, [kzztkn l} kkH = o0p(1), where m,T — oo such
that m = o (T2/5).

Proof. For notational simplicity, we may assume without loss of generality that k; is scalar. Let
m = e wr Ekitki—i]. We first consider

[ =12

i
ro —r;+1
> m

PP s = | N kit + S I ]

. 11
< ST (74 o) M Bkl + 5 B i)

m 1 1 s\l & \m & \!
D mcl T—FE || <a2+5) +(a2+5) 2> 1 <a2+6) —0asm, T — oo

IN

IN

where the last inequality follows from Assumption 3 and the fact that, for any two elements k; ;, and

Kit—1j, of ki and ki, it follows from Corollary A.2 of Hall and Heyde (1980) that

1 1 l|
B ki1l <8 (B [l 2]) 7 (B [Iin2]) 7 (a7
»J1 3J2 5J1 »J2
for some 6 > 0. It follows that

sgp HK@m - fzkkH =o0(1).

Now, let
m m
m = Z wT,lf}gﬁ [ itk l Z wT,l/ ztkzt lpztld Tty Lit— l)
l=—m l=—m
where
ky = kit(xiﬁeO:;y\i(eO))
Ditl = Dit (xitaxit—lﬂga;y\i)

Here, p; ¢ (zit, xit—1;0,7;) denotes the joint density of (xi,z4—;). Consider I?Zm — Kim

~

Ki,m sz = Z le/ ztkzt lpzt — kitkir— lpzt) d(xztaxzt l)

l=—m



We use the mean value theorem and write

~

Kk — kaka—ipi = E;Yt~it—lﬁit (7; (60) — v40) + Eitggg_lﬁit (7: (B0) —7i0)
+EitEit—lﬁ?t (5 - 9) + %itgit—l% (¥ — i0)

where Eft =0k (xit; 0, ’Nyi) /00, etc. Note that we may write pf, = uf,p;x and f]t = 09pit. By Assump-

tions 4 and 8, we obtain
[ R = ) <m0 (500152 (60) =0+ [0 = ]| 50 5, =l
7 (2
for some finite constant M, or

i [Ran = K| = 00 (73)

by Lemmas 7 and 8. m

Lemma 10 Let ki = k(zi;00,7;0) and Eit = k(xit;00,7; (60)) where x4 satisfies Assumption 3,
kiv satisfies Assumption 4 and 0%, ~f are such that ||0* — 0| = O, (T_2/5) and sup; [|[vF — vl =
Op (T‘2/5). Then, sup; >, wr Eg 4 [/lgitjc\gt_l] — fkkH = op(1), where m,T — oo such that
m=o (T2/5).

Proof. Similar to the proof of Lemma 9, and omitted. m

Lemma 11 (Hahn and Kuersteiner, 2004) Pr [maxlgign maxy.,._1 [V; (€) —viol = n| =0 (T7)
for every n > 0.

Lemma 12 Suppose that K; (-;00,7; (0o,€)) is equal to
O m24h (wit; 0o, v (o, €))

oy
for some m < 1,....5. Then, for any n > 0, we have
Pr | max lzn: K; (+:00,7; (0 e))dF.(e)—lzn:E[K.(x-e vl > a1l =o (@)
1<t | 2 i\ V0,7 \V0, 7 n 4 i \ Lty V05 Y40
| —="=VT i=1 =1
and
Pr |max max /Kz (+:60,7i (00, €)) dF; (€) — E'[Ki (wit; 0o, 7i0)]| > 77] =o(T7).
v 0<e<—=
I SeSTE
Also,

> CTTlo v

/ K (00, (60, ) dAir

Pr | max max ZO(T—l)
b oO<esp

for some constant C >0 and 0 < v < (100g + 120)_1.
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Proof. Note that we may write

H/Kz (60,7 (0o, Fi (€))) dFi (e /K 00, 7i0) AF;

< H [ K 30,71 00, B ()4 ()~ [ K (560,70 dF (0
H/K 90,720) dF /K 00,%0) dF;
< / M(zi0) (17 (60, s (6)) — vi0l) | (6)

—}—eﬁ

’/Kz (::00,vi0) d (ﬁz - E)

Therefore, we have

1
- Kz(aea 7,(97 ()))dF K 9, % )dF
n;/ 0,7 \Wo / 0,740

n 12 (| = T o\ 1/2
( Z i (Oo, Fi %‘0)2) (n Z (E (M ()] + T ZM(:M)) )
=1

i=1 t=1

11
+ = Z (T ZKZ (z4t; 00, vi0) — E [ K (iUit;HOa%'O)])

1=1 t=1

the RHS of which can be bounded by using Lemmas 2 and 11 in absolute value by some 1 > 0 with
probability 1 — o (T‘l).

Because

' [ 33003400, B 0) 4B (0) = B (00,70

T
< by (B0, 5 (€)) — il (E M ()] + 2 S M <xu>)

. t=1
Z Sl?zt (Slfzt)]

9

’ﬂ |

we can bound

max max
? O<E< 1

/K :00,7; (00, F; (€))) dF; (6) — E [K; (zit;00,7i0)]

in absolute value by some 1 > 0 with probability 1 — o (T _1).

Using Lemmas 3, we can also show that

max
%

/ K (00, 7: (60, F ())) dAsr

can be bounded by in absolute value by C'T 1Y for some constant C' > 0 and v such that 0 <wv< WIO
with probability 1 — o (T‘l). [



B Consistency

Let

N[ =
M'ﬂ

Y (zig; 0,7 Gy (0,7) = EW (zit;0,7)]
t=1

where 7, (0) = argmax,, Z:{:l Y (230, a).

Lemma 13 (Hahn and Kuersteiner, 2004) For all n > 0, it follows that

Pr | max sup ‘G ) — G («9,7)‘ > 17] =0 (T_l)

1<i<n (g )

Recall now that 0 is a solution to (19).

Theorem 11 Pr [

0— 90‘ > 17] =0 (T_l) for every n > 0.

Proof. Let n be given, and let ¢ = inf; [G(i) (00, Yi0) = SUPL(6,7):1(8,7)— (Bo.v:0)>n} Gy (0:7)] > 0.

Because of Condition 1, we have

o:l»—l

‘%Bn (9)‘ <

with probability equal to 1 — o (%) Also, because of Lemma 13, we have

@IH

<
lriliﬁ(sglp‘G (0.7) — G (0, )‘ <

with probability equal to 1 — o (%) It follows that

1
1ZG(Z z T n(e)

|0 00 ‘ >77771 IR ,’Yn

1
< n L G B, (0
T 0)— (Gomo |>n Z T (9)
1
< max n! G e
o |(97’Yz) (607710 |>77 Z 6
1
< nt G 3¢
- |(0”Y7.) (007710 |>77 Z
_ 2
S n 1 ZG(Z) (90,'}/2‘0) — §€
i=1
NN 1 1
< n ZG(i) (6o, 7i0) — TBn (6o) — 3¢
i=1



Because
1

n N 1 n R
-1 2 : . A - > -1 § , ) — —
Oy’gl?i{’m " =1 G(Z) (9’ ’%) TBn (6) =" =1 G(Z) (GO’WZO) T

by definition, we can conclude that Pr HE — 00‘ > 77] =0 (T‘l). ]

Theorem 12 (Hahn and Kuersteiner, 2004) Pr[maxi<i<n [¥; — Yol = 1] =0 (T71)

Theorem 13 Let 0 be such that Pr H@ — 90| > 17] =0 (T_l) for every n > 0. Then,

P | 5 (0) ~ vl 2 1] = o (27)

1<i<n

for every n > 0.
Proof. We first prove that

T Pr Lléliagxnsgp Gy (0,7) — Gy (60,7)| = 7]} =o(1)

for every 7 > 0. Note that

max sup |G (0,7) — Gy (60,7)

1<i<n 5
< max sup |G (0.9) = G (0 7)|+ max sup |Gy (6,7) = Gy (00,)
< max sup ‘é(i) (0.7) — G (0, 7)( + max B[M (zir)] - |0 — 6o .
Therefore,
T Pr Lrg%l sup ‘é(i) (6,7) = G (6o, 'y)( > ?7]
< TPr|max Sup ‘é(i) (0,7) = G (9,7)( > g]

_ U
+TPr [!9 — 60| > 2 (1 + maxy<j<p B [M (%’t)])}

= o(1)

by Lemma 13 and Theorem 11.

We now get back to the proof of Theorem 13. It suffices to prove that

TP | [3: ) ~ 0] 2 1] =0 (1)

(35)

for every n > 0. Let n be given, and let ¢ = inf; [G(i) (005 7i0) = SUP ;=0 [>n} G &) (90,%)] > 0.

Condition on the event

&,

W =

1r£12a§>%s171p ‘CA}'(Z-) (5, ’Y) -G (90/7)‘ <

10



which has a probability equal to 1 — o (%) by (35). We then have

o 1 2 ~ = 1
max Gl 9, ) < max Gz 9, ~+—€<Gi 0, ; __5<Gi 0, i0) — €
max G (6,7:) g max () (0o, 7;) 3 @) (00, %i0) 3 @ (@, 7i0) 3

This is inconsistent with @(i) (@, i (5)) > @(i) (5, %0), and therefore, HZ (5) — %0! < n for every ¢. m
Vi (5> — Yio

Proof. It follows from Theorem 13 above. m

Corollary 1 Pr [maxlgign > 17] =o0 (T‘l).

11



C Justification of (26)

We analyze the asymptotic distribution of

n T
S S U (b0, (00) (36)

i=1 t=1
Let F = (Fi,...,F,) denote the collection of (marginal) distribution functions of x;. Let F =
(ﬁl, ... ,ﬁn), where }?’l denotes the empirical distribution function for the observation i. Define

Fle)=F+e/T (F\ — F) for € € [0, T_1/2]. For each fixed 6 and e, let ; (6, F; (¢)) be the solution

to the estimating equation

0= / V(0,7 (6, F ()] dF; (c),

and let u (F (€)) be the solution to the estimating equation

n

0=%" / (U (2 80, (8o, Fi (6))) — 1 (F (6))) dF ().

i=1

Note that u (F (0)) = 0, and

/() = n( (7)) a5 (e (0 (7))

T

_ % D) U (wi; 00,7 (60)) -

=1 t=1

By a Taylor series expansion, we have

1 1/ 1

n(F) =) == ) + 3 <ﬁ) pE0) + ¢ (ﬁ)?’ i @), (37)

where 1€ (€) = du(F (€))/de, p(e) = d?u(F (€))/ de?, ..., and € is somewhere in between 0 and
T~1/2. Tt is shown later in Appendix C.2 that the last term is of order o, (1). We will therefore work

with the expansion

VAT (0 (F) = () = iy (0) + Vil (%)2 4 (0) + 0y (1). (39)

The expansion (26) follows from combining (38) with (44) and (47) below.

C.1 Details of Expansion (37)
C.1.1  u(0)
In order to obtain (44) and (47), we let
hi (-, €) = Ui (5600, 7; (0o, Fi (€))) — p (F (€)) (39)

12



The first order condition may be written as

-1 Z/hi (&) dF; () (40)
i=1

Differentiating repeatedly with respect to €, we obtain

0 = %i / dhid(e"e Z / &) dAir (41)

0 = gZ/dth(z dF; (e) +2— Z/dh dAlT (42)

0 = E;/dhdg dF; (e) + 3— Z/ dAzT (43)

where Ajp = VT (f’l - E)

Equation (41) can be rewritten as
0 = %Z/(Ui% (300,7; (B0, F; (€))% (00, Fi (€)) — p* (F (€))) dF; (e)

433 [ 0300, 2 ) = ()

Evaluating this expression at € = 0, and noting that F [Uz7 Z] = 0, we obtain

1 n
=— Z/UidAiT (44)
i

C.1.2 ~f

In the ith observation, 7, (6o, F; (€)) solves the estimating equation

/ Vi (600, 7; (80, F; (€))) dF; (¢) = 0 (45)

Differentiating the LHS with respect to €, we obtain

0— (/ 8‘/;(;;;9, e)dFi (6)> ;i (Qéer (¢)) +/%(.,9’6) dAsr.

Evaluating the expression at ¢ = 0, we obtain gives

= DulnEO) <E [g_: ] ) . (% iv) | (46)

13



C.1.3 ;i (0)

Equation (42) can be rewritten as

0 = =23 [w(F )R ©
> [ (027 560, (00, P2 (0)) (35 (60,2 () @ 7 (0. F (0))) dFs (0

> [ (U2 (3007 B0, B ()76 (0o, F () dFs 0
i=1

+ Z/ (U7 (00,7 (80, Fi (€))) 75 (B0, Fi (€)) — 1 (F (€))) dir

where U = §2U; / (07y; ® 0;). Evaluating at € = 0, and noting that E [U]"] = 0, we obtain

pe(0) — %ZE U7 (o 979) %2_)( [ U b0 dir) 2 60 0)
e ([ () () ()
25 () (o[22 ()
o = a5ewn (o3 (C15) T[(FEw) o (1)
() (o [2]) (S5

Second order differentiation of (45) yields

0 = ( & éf) 4F, (6)> P40, Fi (<)
+< PVi(0.6) yn (6)> <8% (0. Fi(e) . 07 (0, Fi (e))>

8'}/2 86

which characterizes v§°.

14



C.2 Bounding Remainder Term in (37)

Lemma 14 below allows us to ignore the last term in equation (37).

Lemma 14

Pr |[max max |75 (e)] > CTH | = O(T_l) (48)
i 0<e<—= |
Pr | max |u(e)| > CTH | = o (T_l) (49)
02 _
1 2]
Pr imax max |5 ()] > C(Tl_o_“) = O(T_l) (50)
T 0<e<—L=
VT J
2
Pr| max | (e)| > C (Tl—lo—v) — o(T™) (51)
0<e< =
VT J
1 3_
Pr max max |vs€ (e)] > C (TTO—U) = 0 (T_l) (52)
i 0<<—:<—
—
3
Pr| max |u““(e)| >C (T%O_“) = o(T™)
o<y _

for some constant C' >0 and 0 < v < (100g 4 120) "

Proof. Proof is almost identical to the argument in Hahn ad Kuersteiner (2004), and so only the

last equality is explicitly established here. From (43), we have

- Phi ()
0= EZI/ de? Z/ d62 dAlT

1=

1 " d3h7, €
E;/%dﬂ (€)
_ —%Z / 1 (F (€)) dF; (e)

+% > / U (500, 5; (B0, F (€))) (45 (B0, Fi (€)) ® 5 (00, Fi (€)) @ 7 (B0, F (€))) dF (e)

where

%;/ (U7 (100, ; (00, F; (€))) (45 (B0, Fi (€)) ® ¥ (00, F; (€)))) dF; (e)
+ Z/ (U (00,7, (B0, F: (€))) (74 (B0, F: (€)) 5 (0, s () dF: ()
20 [ 0 3002, o) 00 ) aFi 0

15



and

> i/ Chi(:9 g
- - 19 T

n de?

= ——Z/ ) dAir

+ Z/ (U7 (400, 7; (6o, Fi (€))) (75 (60, F; (€)) @ 75 (0o, Fi (€)))) dAir
2 [ (0075003 00 F30) (5 00 Fy ) @ 0 F () dida

Combining Lemma 12 in Appendix A and (48)-(52), we can bound 1 ) S f 9 AN by C (T 10 ”)3
with probability 1 — o (71). Likewise, using Lemmas 12, and (48)-(52) again, we can conclude that
IS S %dﬂ () is equal to —p“ (F (€)) plus terms that can all be bounded by £ 3™ | [ %dAiT
by C (T% _“)3 with probability 1 — o (T‘l). [

16



D Proof of Theorem 3

Without loss of generality, we may write

:__Zlndet< 050+ zlndet( 0.5:.0) (53)

We begin with the first component on the RHS of (53). By Assumption 4, each component of
H; (0,7, (0)) is bounded above by Z:{:l M (z;) such that sup; E [|M(a:it)|10q+12+6} < oo for some
integer ¢ > (dim (0) + dim (7)) /2 + 2 and for some é§ > 0.

Lemma 15 Suppose that A is an n X n matriz. Then
|det (A)] < n!-max (|a;|)"

Proof. By definition, we have

det (A) = Z (—1)¢(j1""’j") H Qij;
i=1

where the summation is taken over all permutations (ji,...,J,) of the set of integers (1,...,n) and
¢ (Ji1,--.,Jn) is the number of transpositions required change (1,...,n) into (j1,...,Jn). Because the
number of all permutations is equal to n!, we obtain the desired conclusion. m

Using Lemma 15, we then obtain that

T
1 1
In det <TH1 0,7; (9))) <lnr!'+rln (T ;:1 M (xzt)>

where r = dim (). It follows that
n T

‘_% > Indet <%H 0.3, (9))) ( Z (2t ) ‘

£ S (0 ) = B (@) > ] =o (17

n

< lnr'—i-rlz

=1

By Lemma 2, we have

Pr [max

1<i<n

from which we obtain!2

(35500 @) = (B | > 2] = o ()

Pr | max |In
1<i<n

It follows that

|1 iz:;lndet (76050

Pr —0 (T—l)

1

>Inr! 4 r— Zln (E[M (z#)]) +n
n 1=1

"2Tn addition to the Condition 4, we need to impose that the minimum of E [M ()] is bounded away from zero to

make this inequality valid.

17



from which we conclude that

Pr | L= LS det (L1, (0,5, (0
r T_nzz:;n € T Z(?’y’l,())

> n] =o(T™)

for all n > 0.

We now take care of the second component on the RHS of (53). By Assumption 4, each component
~ . in(T,T+1 .
of Y; (0,7, (0)) is bounded above by > wr; (Zﬁﬁax(lﬁll) M () M (.%‘it_l)>. Using Lemma 15,
we can then conclude that

min(7T,T+1)

1 1
Indet (—Ti (0,79; (9))> <hrl+rin{ =30,
T T t=max(1,l4+1)

M(ib‘zt) M (iUit—l))

Using Lemma 2 again, we have

1 min(T,T+I)
= 2 (M (i) M (i) — E[M (i) M (2it-1)])

Pr
T t=max(1,l4+1)

max
1<i<n

> 77] =o (T

and we obtain

1 min(T,T+1) .
Pr|max |In [ =>" > M (z) M (zi—y) | —In (X7, B [M (23) M (z—1)])| > mn| =0 (T
1<i<n T t=max(1,l+1)

It follows that

Pr —0 (T—l)

1 . 1
In det <TTZ (0,7; (9))) >Inrl + r— i_zlzl__mE [M (i) M (234—1)] + mn

Because F [M (zi) M (x4—1)] < \/E [M (xit)ﬂ E [M (:vit_l)2] =F [M (:Cit)ﬂ, we have

1 ~ 1 < 2 1
Pr |Indet <TTi 0,7, (9))> > lnr!—i—?m'rE;E [M (i) ] +mn| =o(T7")
or
[1 1 N Inr!  2m 21 m _
Pr T In det <TTZ 0,7; (9))) > + Trsng [M (xit) } + TU] =o (T

Therefore, we obtain

Pr % In det <%TZ (0,7; (6))) > n] =o(T™)

for all n > 0.

18



E Proof of Theorem 4

We can verify by inspection that 8559(9) can be expressed as a sum of terms, all of which are cross

section averages of some smooth functions of the form

min(g,:T—&—l) o (i,0,7; (0))

T
]. ~ ]- m U ~
f Z Dvw (xita 97 Vi (9)) ) T Zl:—m wr, ® D w (xit—la 97 Vi (9)) )

t=max(1,l4+1) 8’7,
-1 . . . -1
Z 3 ¢ $Zt> /77, (0)) l Zm wry mln(%T—ﬁ—l) 8¢ (xib 9> Vi (9)) 8¢ (xit—b 0’ Vi (9))
T 070 CAT T ey 0y 0y

with |v| < 4. Here, ¢ = (0,7), and D (zy, ) = 0ly (zit, @)/ (097*...007" ), where v = (v1,...,vk)

be a vector of non-negative integers v;, and |v| = Zk vj. By Assumptions 4, 6, and Lemma 5, we

j=1
can see that all these terms are O, (1) uniformly over i and 6.

19



F Proof of Theorem 6

Because of the result in the previous section, we only need to consider Y; (6,7; (6)). By Assumption 4,
each component of T; (0,7; ()) is bounded above by > ;" By [M (i) M (x4—;)]. By Assumption

8, we have

sup D=, By

85, [M (zi¢) M (z4—1)] < 2mK

where K = sup g ,)co Sup; Ep [M (24¢) M (x4—1)], and
Indet (1; (0,7, (0))) <Inr!+2rKInm
It follows that
Pr(Indet (1; (6,7; (0))) > Inr!+ 2rKInm +n] = o (T 1)
Therefore, we obtain
1 1 _ .
Pr 7 In det ?Ti 0,9:(0) ) >n| =o(T7)

for all n > 0 as long as B = o (1).
We note that all the above results hold even when the preliminary estimates (9, ‘y\z) are replaced

by some (6%, 7F).

20



G Proof of Theorem 8

By differentiating B,,, we obtain that

3@01 8wit—l
[89 << 8y’t> @ ( 2l ))”
~1

i - ;%zl i e 5 ((52) (32)]

awit awzt
m WT 1 i | 0y 0y

l_
We can see that [2] and [3] are identical to the ones in the previous section. Because we have already
established

~

I
N | —
S|
||’M:
]

]

3

g
3

5”

and

n

2418 = =5 D E U vee (B ™) +0, (1)

=1

we will focus on [4) and [5]" here.

Because

0 Oyt (0,7) Oy (0,7)
%<<t3—v, ® taT = (Ug+pVi) @V + Vo (U + Vi)

5 (22} o (2 0)) = vpovii+viovL,

07; (6)
00

and

=—p;i+0p (1)

21



we can write

Uzt (60,7; (60)) ® Vie—i (60,7; (60))

11 ¢
4+ B = o= | wnE N A
2n T Vi (00,7, (00)) © U;L_ (0,7 (00))

=1

|

-1
cc ((zzi_m wra By, [Vie (00,7: (00)) Viet (00,7 (60))']) ) +o0p (1)
Using Lemma 9, we obtain
m?X‘Z}Z_m wr By 5 [Vie (00,7 (00)) Vie—1 (00,73; (60))'] = X2 B [VaeViy ‘ZOp(l)

Furthermore, if the conditional likelihood is properly defined, then we should have Vj; serially uncor-

related, which implies that

max |7, wriBy s, [Vie (60.7: (60)) Vie—t (90,7 (60))] = B [VirVi]

= max |7, wrly s, [Vat (60,7 (00)) Vit (00,7 (00))'] + B V]| = 0, (1)

where the first equality is based on the information equality. Therefore, we obtain

+
1y . U (00,35 (00)) ® Vet (00.5: 00)) \] _(promnty 4 o
nglz“‘m s, <+vit<eoﬁi<eo>> ®U;_, (60,7: (60) )] (BW) + o)

Using Lemma 9 again, we obtain
4+ Bl = —5 ZZZ__OO (U3 @ Viey + Vi @ U] vee (BIVT) + 05 (1)

Because we havel3
(U7 @ Vi) vee (BIVITTY) = URBIVI]™ Vi = ~U3 Vi
( i ® Ui’ryf—l) vec (E [Vil]_l) = Uy B [VJ]_I Vie = _U;—zf/it

it follows that
11 ¢ ~
A+ B = 5o YN B UVt + Uy Vie| 40, (1)
i=1
1m0 P
= YV B UV 40, ()
i=1
We note that, because of Lemma 10, all the above results hold even when the preliminary esti-

mates (0\, ‘y\z) are replaced by some (6*,~F) as long as ||6* — 6y|| = O, (T_2/5) and sup; |7 — v0ll =
0, (T-2/5).

3See, e.g., Magnus & Neudecker (1988, p. 31, eq. (3)).
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