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1 Introduction

The return mean-variance frontier (RMVF') originally proposed by Markowitz (1952) is
widely regarded as the cornerstone of modern investment theory. Similarly, the stochastic
discount factor mean-variance frontier (SMVF) introduced by Hansen and Jagannathan
(1991) represents a major breakthrough in the way financial economists look at data on
asset returns to discern which asset pricing theories are not empirically falsified. Somewhat
remarkably, it turns out that both frontiers are intimately related, as they effectively
summarise the sample information about the first and second moments of asset payoffs.

In this context, tests for spanning in the RMVF and SMVF try to answer a very
simple question: does the relevant frontier remain unchanged after increasing the number
of assets that we analyse? And although the answer has to be the same for both frontiers,
the implications of spanning are different. When we consider the RMVF, we want to
assess if the exclusion of some assets reduces the risk-return trade-offs faced by investors,
while when we study the SMVF, we want to determine if the additional assets impose
tighter restrictions on asset pricing models. It is perhaps not surprising that there is a
strand of the literature that develops tests for spanning in the RMVF' (see Huberman and
Kandel (1987) and Ferson, Foerster and Keim (1993)), and another one that develops tests
for spanning in the SMVF (see De Santis (1993, 1995) and Bekaert and Urias (1996)).

Despite their different motivation, both approaches are systematically used in numer-
ous empirical studies of (i) mutual fund performance evaluation (see De Roon and Nijman
(2001) for a recent survey); (ii) gains from portfolio diversification, often arising from
cross-border investments (Errunza, Hogan and Hung (1999)), but also accruing from non-
financial assets such as real estate (Stevenson (2001)), or human capital (Palacios-Huerta
(2003)); and (iii) risk premia restrictions imposed by linear factor pricing models (see e.g.
Campbell, Lo and MacKinlay (1996) or Cochrane (2001) for textbook treatments).

Nevertheless, given the duality of the two frontiers, it is possible to develop spanning
tests that are not tied down to the specific properties of either frontier. In particular,
since both frontiers are spanned by the cost and mean representing portfolios (RP’s) intro-
duced by Chamberlain and Rothschild (1983), one can simply test if these two portfolios
are shared by the initial and extended sets of assets. This is precisely the approach that

we follow. An important advantage of our approach is that we can directly apply Hansen’s



(1982) generalised method of moments (GMM) without introducing any nuisance para-
meters because those RP’s are defined in terms of uncentred moment conditions.

Given that Chamberlain and Rothschild (1983) considered cost and mean RP’s de-
fined in terms of central moments too, we also develop alternative testing procedures based
on these centred portfolios. This second approach, though, requires the introduction of
additional moment conditions that define the mean returns as nuisance parameters. Un-
fortunately, the joint covariance matrix of the augmented set of moment conditions turns
out to be singular in the population, although not necessarily in the sample, which compli-
cates GMM inference. For that reason, we extend the theory of optimal GMM estimation
in Hansen (1982) to those non-trivial situations in which the estimating functions have a
singular covariance matrix along an implicit manifold in the parameter space that contains
the true value. For the benefit of practitioners, we also suggest sensible consistent first-
step parameter estimators that can be used to obtain consistent estimates of the optimal
GMM weighting matrices with potentially better finite sample properties. The choice
of first-step estimators is particularly important in our singular GMM set-up to avoid
asymptotic discontinuities in the distributions of the estimators and testing procedures.

In addition, we compare our proposed tests to the extant spanning tests, and show that
the parametric restrictions are equivalent, which was known of the existing procedures.
More importantly, we also show that all the tests are asymptotically equivalent under
the null and compatible sequences of local alternatives, despite the fact that the number
of parameters and moment conditions can be different, although the number of degrees
of freedom is the same. In this respect, we would like to emphasise that we obtain our
novel asymptotic equivalence results under fairly weak assumptions on the distribution of
asset returns. In particular, we do not require that returns are independent or identically
distributed (i.i.d.) as Gaussian random vectors. We also present a comparison of the power
against fixed alternatives of the new and existing testing procedures by using Bahadur’s
notion of asymptotic relative efficiency studied by Geweke (1981).

Finally, we apply our testing procedures to shed some light on the important ques-
tion of whether the elimination of intra-European exchange rate risk resulting from the
European Monetary Union (EMU) has had any effect on global investors, given that it

has limited the extent to which they can internationally diversify their portfolios across



different currencies. We do so by testing if the opportunity set of investors who diversify
their holdings across the most important developed countries was the same (in a mean-
variance sense) in the pre-EMU era with and without the assets of several of the current
EMU members. We concentrate on the very short end of the term structure, which is the
only case in which a truly PanEuropean interbank money market has been created.

The rest of the paper is as follows. In section 2, we introduce the required mathematical
structure, while in section 3 we present our solution for optimal GMM inference with a
singular covariance matrix. This section is written so that readers who are not interested
in spanning tests can apply it to other problems, while those who are not interested in
GMM inference can go directly to the new spanning tests proposed in section 4. Then, we
describe the existing spanning tests in section 5, and devote section 6 to the asymptotic
comparison of all the tests. Finally, we present our empirical application to the Euro zone
money markets in section 7, and summarise our conclusions in section 8. The proofs of

our main results are in the appendix, while the rest are available on request.

2 Theoretical background

In this section, we first describe the RP’s introduced by Chamberlain and Rothschild
(1983), which we then use to characterise the RMVF and SMVF.

2.1 Cost and Mean Representing Portfolios

Consider an economy with a finite number N of primitive risky assets whose random
payoffs are defined on an underlying probability space. Let R = (Ry, ..., Ry)’ denote the
vector of gross returns on those assets, with first and second uncentred moments given
by v and I, respectively. We assume that these moments are bounded, which implies
that R; € L? (i=1,...,N), where L? is the collection of all random variables defined on
the underlying probability space with bounded second moments. We can then obtain the
covariance matrix of the primitive asset returns, X say, as I' — vv/, which we assume has
full rank. This implies that none of the primitive assets is either riskless or redundant,
and consequently, that it is not possible to generate a riskless portfolio from R, other

than the trivial one.! We also assume that not all expected returns are the same.?

!Spanning tests in the presence of a safe asset are studied in Pefiaranda and Sentana (2004).
2See Penaranda and Sentana (2004) for a brief discussion of the equal expected returns case.



Let Pxn be the set of the payoffs from all possible portfolios of the N original assets,
which is given by the linear span of R, (R). Therefore, the elements of Py will be of the
formp = Zf\il wiR; = W'R, where w = (w1, ...,wy) € RY is a vector of portfolio weights.
There are at least three characteristics of portfolios in which investors are interested:
their cost, the expected value of their payoffs, and their variance, which will be given by
C(p) = w'ly, E(p) = w'v and V(p) = w'Sw respectively, where ¢y is a vector of N ones,
which reflects the fact that we have normalised the price of all the original assets to 1.3
Since Py is a closed linear subspace of L2, it is also a Hilbert space under the mean square
inner product, E(xy), and the associated mean square norm \/Tﬂ) , where x,y € L%
Such a topology allows us to define the least squares projection of any ¢ € L? onto Py,

P(q|Pn), as the element of Py that is closest to ¢ in the mean square norm. Specifically:
P(q|Pn) = E(¢qR)E"'(RR)R. (1)

In this context, we can formally understand C(.) and E(.) as linear functionals that
map the elements of Py onto the real line. Since E(p?) > E?(p) by the Markov inequality,
the expected value functional is always continuous on L2. Similarly, our full rank assump-
tion on X implies that I' has full rank too, and consequently, that the cost functional is
also continuous on Py, which is tantamount to the law of one price. The Riesz represen-
tation theorem then implies that there exist two unique elements of Py that represent
these functionals over Py (see Chamberlain and Rothschild (1983)). In particular, the

uncentred cost and mean RP’s, p* and p™, respectively, will be such that:
C(p) = E(p'p) and E(p)=E(p'p) Vp€ Py.

It is then straightforward to show that

p*=¢"R=(,T"'R,

| 2)
pT=¢"R=vT'R.

If Py included a unit payoff, then p™ would coincide with it. But even though it does
not, it follows from (1) that pt = P(1|Py). To interpret p*, it is convenient to recall
that a stochastic discount factor (SDF), m say, is any scalar random variable defined on

the same underlying probability space which prices assets in terms of their expected cross

3The case of arbitrage (i.e. zero-cost) portfolios is studied in Pefiaranda and Sentana (2004).
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product with it. For instance, in a complete markets set-up, m would correspond to the
price of each Arrow-Debreu security divided by the probability of the corresponding state.
But whatever m is, we can again use (1) to interpret p* as P(m|Py). In addition, since
C(1) = E(1-m) = c say, the expected value of m defines the shadow price of a unit payoff.

Since C'(p*) = E(p*?) > 0, we can always define an associated return R* as p*/C/(p*).
Similarly, we can usually define R as p™/C(p™), except when p* and p™ are orthogonal,
which in view of our assumptions happens if and only if A = cov(p**, p™) = /I Yy = 0.

Finally, Chamberlain and Rothschild (1983) show that an alternative valid topology
on Py can be defined with covariance as inner product and standard deviation as norm
when there is not a safe asset in Py.* Hence, we could also represent the two functionals

by means of two alternative centred RP’s, p** and p** in Py, such that
C(p) = Cov(p™,p) and E(p) =Cov(p™,p) Vp€ Py.

Not surprisingly,
p** — QO*/R — Ei]VZflR — p* +Ap+,
p++ — QO+/R — Vlz—lR — (1 + B)p+,

(3)

where B = V(p™) = /X7 'v. We can then define the return associated with p** as R** =
UyETIR/(0yE" ), which coincides with the minimum variance return. Similarly, we
can also define R™ as p™/C(p™") = p*/C(p") = R" if (and only if) A # 0.
2.2 SDF and Return Mean-Variance Frontiers

The SMVF, or Hansen and Jagannathan (1991) frontier, is the set of admissible SDF’s

with the lowest variance for a given mean. Therefore, its elements solve the programme

min V(m) st. E(m)=c¢, FE(mR)=/{y, ceR".

meL?2

If there were a safe asset with gross return ¢!, the only SMVF portfolio would be

m™V(c) = ¢+ B(c) (R —v) = a(c) + B(c)'R,
Blc) =3y —cv) = ¢* —alc)p™, alc)=c—B(c)v.

41f 1€ Py, then the covariance and standard deviation would only constitute a proper metric over the
orthogonal complement to the safe portfolio in Py, Uy say (see Chamberlain and Rothschild (1983)).

>When A= 0, both pt and p*™ are arbitrage portfolios, which means that neither RT nor R** can
be defined. In addition, p** = p*, so that R** = R*.




But even though no safe asset exists, we can trace the SMVF by computing the above

expression for any ¢ > 0. It is sometimes more convenient to write m™V(c) as:
MV () — p* 1—pt) = p** ++
m(e) =p" +a(e)(1 —p") =p™ + ™" +alc),

which shows that all the elements of the SMVF are portfolios spanned by p* and 1 — p™*
alone. Note, however, that m*V (c) ¢ Py except for p*. Graphically, p* is the element
on the SMVF that is closest to the origin because it has the lowest second moment (see
Hansen and Jagannathan (1991)).

The RMVF, or Markowitz (1952) frontier, is the set of feasible unit-cost portfolios that

have the lowest variance for a given mean. Therefore, its elements solve the programme

min V(p) st. Ep)=v, Cp =1 vekR.
Pe(R)

As shown by Hansen and Richard (1987), the RMVF portfolios will be:
RM™(v) = R* +p* - [v — E(R")]/E(p"),

where p# = p™ — C(p*)R*, as long as not all v; are equal, which we are assuming
throughout. Thus, the RMVF will also be spanned by p* and p*. Graphically, R* is the
element of the RMVF that is closest to the origin because it has the minimum second
moment, while R is the point of tangency of the frontier with a ray from the origin.

Given the expressions above, it is easy to show that
mMV () = alc) = p* — a(c)pt = B'(c)R,

so that if we subtract from m*V(c) its position on the unit payoff, and compute the
corresponding return, then we will generally find an element on the RMVF. However,
there are some exceptions to such a duality. In particular, we can go from R™Y(v) to
mMV(c) for any return belonging to the RMVF except R*. The reason is that Rt is the
return to p*, while m*"(c) always holds a unit position on p*. However, we can still

establish a relationship by using a limiting argument. In particular

lim 5 | (1 41— ph) 2:0,

c—00 C
which defines the behaviour of the asymptotes of the SMVF frontier, whose slope is v/B.
Similarly, we can go from m™V(c) to RMV(v) for any point on the SMVF except for
¢ = A~lc, where c= V(p**) = X Yy. The problem is that m™"(A71c) holds an

arbitrage position of risky assets, for which there is no counterpart in the usual RMVF.
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3 Econometric Methods

We begin by briefly reviewing the inference methods proposed by Hansen (1982),
which allows us to introduce all the relevant notation and assumptions required in our
extension to those cases in which the covariance matrix of the estimating functions is
singular along an implicit manifold in the parameter space. Those readers who are not

interested in GMM inference can go directly to our proposed spanning tests in section 4.

3.1 GMM inference procedures

Let {Xt}thl denote a strictly stationary and ergodic stochastic process, and define
h(xy;60) as an n x 1 vector of known functions of x;, where 6 is a k x 1 vector of unknown
parameters. The true parameter value, 8°, which we assume belongs to the interior of the

compact set ® C R¥ is implicitly defined by the (population) moment conditions:
Elh(x; 6°)] = 0,

where the expectation is with respect to the stationary distribution of x;. In this context,

the unrestricted GMM estimator of @ will be

A

0, (Yr) = arg Iarél(gl Jr(0; Xr),

where Jr(0; X7) = h/p(0)Y ;hr(6) defines a particular norm of the sample moments

By (6) % S h(x;0)

characterised by the possibly stochastic, positive semidefinite weighting matrix Y7, which
we assume converges in probability to a positive semidefinite matrix Y.

A necessary condition for the identification of 8 is the usual order condition n >
k. If the inequality is strict, then we say that € is (seemingly) overidentified, while if
both dimensions coincide, we say that 6 is (seemingly) exactly identified. Assuming that
h(x;; ) is continuously differentiable in 6, with a Jacobian matrix D;(0) = dh(x;; 8)/06"
whose sample and population means, D7 (0) and D(8) respectively, are also continuous
in 0, a sufficient condition for the local identifiability of @ at 8° is that rank[H(6°, )] =
k, where H(6,Y) = D’(6)YD(8), which requires that rank[D(8°)] = k. Under the
additional assumptions that F(supgee |h(x:;80)|) < oo, Dr(6") & D(6°) if 6° 5 6°,



and v/Thy(0°) 4N [0,S(8°)], where S(8°) is positive semidefinite, then

VT[Br(Xr) - 6°] % N[0, V(6°, )],
V(©°,Y) = H Y8 Y) [D6°)YSO°)YD(B°)] -H'(6° )

(see Newey and MacFadden (1994) for more primitive regularity conditions and proofs).

The expression for V(6°, Y) simplifies to D~(8°)S(6°)D'~1(8") in exactly identified
models, as the weighting matrix Y1 becomes irrelevant for large enough 7T’ if its probability
limit Y is a positive definite matrix. In the overidentified case, in contrast, Hansen (1982)
showed that X = S~1(0°) is the “optimal” weighting matrix when the long-run covariance
matrix of the moment conditions S(6°) has full rank, in the sense that the difference
between the asymptotic covariance matrix of the resulting GMM estimator and a GMM
estimator based on any other norm of the same moment conditions is positive semidefinite.

The asymptotic distribution of the optimal GMM estimator of 8, 8,[S~1(8°)], will be
VT{Br[s7(6°)] ~ 6%} 5 N{0.H'[6°, 57(6°)]}.

This optimal estimator is infeasible unless we know S(8°), but under additional reg-
ularity conditions, we can define a feasible asymptotically equivalent two-step optimal
GMM estimator as 87[S7!(07)], where 07 is some initial consistent estimator of 6°, and
S (07) is a heteroskedasticity and autocorrelation consistent (HAC) estimator of S(6°)
based on h(x,; 07) (see e.g. de Jong and Davidson (2000) and the references therein).

The optimal weighting matrix is also required in the so-called “overidentification”
restrictions test, given by T - Jr{87[S~(8°)]; S~1(8°)}, which asymptotically follows a
x? with degrees of freedom equal to the difference between the number of moments and
parameters under correct specification of the original moment conditions (Hansen (1982)).

In this GMM context, it is also straightforward to carry out hypothesis tests of the
r < k implicit parametric restrictions G(8°) = 0. In particular, under the additional
assumptions that G(6) is continuously differentiable, with a full-rank Jacobian matrix
Q(6) = 9G(0)/00' in an open neighbourhood of 8°, and rank[F(8°, )] = r, where
F(0°,7) = Q(6")V(8°, T)Q'(8°), we can define a potentially suboptimal Wald test as:

Wr(Xr) =T - G0r(Yr)FH0°, TGO (Y1)



Given our assumptions, W (Y7) will be asymptotically distributed as a x? with r
degrees of freedom under Hy : G(6) = 0, and as a non-central x? with the same degrees
of freedom and non-centrality parameter 8 F~(8° Y)& under the Pitman sequence of
local alternatives H; : G(0) = 6/v/T (see again Newey and MacFadden (1994)). In
contrast, Wy (Y ) will diverge to infinity for fixed alternatives of the form H; : G(0) = 4,

which makes it a consistent test. Theorem 1 in Geweke (1981) then implies that
1
plim TWT(TT) = G(0")YF(6°,7)G(6°) (4)
00

coincides with Bahadur’s definition of the approximate slope of this Wald test. Note that
(4) has the same form as the non-centrality parameter derived above, except that now
F(6°,7) is no longer evaluated under the null. Once again, the expression for F(6°, Y)
simplifies when either 0 is just identified, or when Y is optimally chosen, in which case
the non-centrality parameter and/or approximate slope will achieve its maximum.

We can also base our tests on the restricted GMM estimator éT(TT), which minimises
Jr (6; Y1) over ©N{G(6) = 0}. If X;,(Y7) are the Lagrange multipliers (LM) associated

with the constraints G(0) = 0, we can define a potentially suboptimal LM test of Hj as:
LMp(Y7) =T - Xp(Y7) " E1(6°, X) A0 (Xr),
E(6°,7) = [Q(6°)H (6", 1)Q'(6")]'F(6°, T)[Q(6")H(6°, 1)Q'(6")] "

Importantly, Property 18.2 in Gouriéroux and Monfort (1995) indicates that for any Y,
LMp(Xr) — Wp(X7) % 0 as T — oo under the null and local alternatives. However,
such a relationship no longer holds under fixed alternatives, even though LMy (Y7) also
diverges to infinity in that case.

It is also possible to define the GMM analogue of the likelihood ratio test as
DMp(Yr) =T - {Jr[0r(YX1); Y1) — Jr[Br(YL1); Y]}

But like the overidentifying restriction test, this “distance metric” test will have an asymp-
totic x? distribution only if Y7 is optimally chosen, in which case it will be asymptotically
equivalent to the optimal versions of the W, and LMt tests under the null and sequences
of local alternatives (see e.g. Theorem 9.2 in Newey and MacFadden (1994)).

Finally, the following result on the asymptotic and sometimes numerical invariance of
GMM estimators of functions of the parameters of interest to linear transformations and

reparametrisations of the original moment conditions, will prove useful below:
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Lemma 1 Let O7(Y 1) = arg ming hp(8) Y rhy () denote a GMM estimator of the k x 1
vector of unknown parameter @ defined by the n > k set of moment conditions E[h(x;; 0)]
=0. Further, let G(0) denote a vector of r < k continuously differentiable functions of
0 whose Jacobian matriz has full row rank in an open neighbourhood of 6°. Finally, let
pr(Ynr) = argmin, hy,(p)X nrhyr(p) denote a GMM estimator of the k unknown
parameters p based on the transformed set of moment conditions Elhy (x4 p)] = 0,
where hy (x;;p) = A[P7!(p)h[x;; P~ (p)] = A(@)ho(x;0), A(B) is an n x n ma-
triz of continuously differentiable functions of 0 in an open neighbourhood of 8° such that
rank[A(8°)] = n, and P (.) is a reqular transformation from @ to p over the same open
neitghbourhood. If we assume that the standard reqularity conditions that guarantee the
asymptotic normality of éOT(TOT) hold, then

1. NT{GN[pxr(Tnr)] — GIOr(X7)]} = 0,(1) if Y = A V(@) YA(B°), where
T — TT = Op(1>; TN — TNT = Op(l) and GN(p) = G[Pil(p)]

2. Gn[pyr(Xnr)] = G[@T(TT)] for large enough T if A(@) = A VO and Xy =
AIY, AL
3.2 Optimal GMM with a singular covariance matrix
Unfortunately, the previous definitions of optimal GMM estimators and tests break
down when S(6°) is singular. In this section, we obtain both the optimal GMM estimators
of 6 and the optimal tests of Hy : G(€) = 0 in those non-trivial situations in which the
covariance matrix of h(x;; @) is singular along a manifold in ® which includes 0°. The
exact nature of such a singularity, which is the relevant one for the spanning tests in
sections 4.2 and 5.1, can be fully characterised by the following three assumptions:

Assumption 1 Let II(0) denote a n x kg matriz of continuously differentiable functions
of 8, where 0 < kg < k. Then, II'(0)h(x;,0) = 0 Vx; if and only ms(0) = 0, where
mg(0) is a ks x 1 continuously differentiable transformation of @ such that the rank of
Omg(0)/06’ is ks in an open neighbourhood of 6°.

Assumption 2 If kg > 0, then mg(6°) = 0.
Assumption 3 rank[S(0°)] = n — ke.

For the non-standard case of kg > 0, the first assumption implicitly defines the kg-
dimensional manifold in ® over which the singularity in the contemporaneous covariance
matrix of h(x, 0) takes place, where kg = k — ko, while the second assumption says that
the true values of the parameters belong to that manifold. Finally, Assumption 3 ensures

that the singularity of S(GO), when it exists, is fully characterised by Assumption 1.°

6Hence, we rule out trivial situations with “duplicated” moment conditions, in which some linear
combinations of h(x;, @) whose coefficients do not depend on @ are singular. Given that in those cases
any HAC estimator of S(6°), S1(87), will be singular in finite samples irrespective of the choice of first-
step estimator éT, the appropriate action is simply to eliminate the “duplicated” moment conditions,
which can be mechanically achieved by using as weighting matrix any generalised inverse of ST(QT).
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For notational simplicity, but without loss of generality, we shall work with the alterna-
tive kg + ko parameters (0, 05) = [mj(0), m/(0)] = m'(@), which we can always choose
to be a regular transformation on an open neighbourhood of 8° in view of Assumptions 1
and 2 (see e.g. Fleming (1977, p. 143)). The GMM estimators of 8 will then be obtained
from the estimators of 84 and €5 by means of the inverse transformation 1{m(6)] = 6. In
this context, our proposed solution for conducting optimal GMM estimation and inference
under singularity (or optimal GMMS for short) involves the following two steps:

a) replace the ordinary inverse of S(6°), which cannot be defined when kg > 0, by
any of its generalised inverses, S’(GO), and simultaneously

b) impose the parametric restrictions mg(6) = 85 = 0 by working with the smaller
vector of parameters 6.

In this way, we effectively decrease both the number of parameters and the number of
7

moment conditions to avoid the singularity, but their difference remains the same.

More specifically, let

Ag(6°) 0| | PL(6")

SO =[P P& 1) " | | b (6°)

— P (6°)Ac (0P, (6°)
denote the spectral decomposition of S(6°), where Ag(0°) is a positive definite diagonal
matrix of order n — kg, so that all its generalised inverses will be of the form
AZ(0) A®e(g° P’ (6°)
87(00) — [ P@(OO) P@(QO) ] S@ . ee( 0) ,@ . 7
ATH(67) A=9(67) | | PL(6)
with A®9(0°), AS®(0°) and A®°(0°) arbitrary (see e.g. Rao and Mitra (1971)). In

addition, let us define the following set of moment conditions:

he (x; 04, 05|6° P’ (6"h[x;,1(0,0
he('Xt;O@u@ew ) P’@(O )h[xtal(e@vee)]

"In the unlikely situation of ks = k, the dimension of 84 would be zero, which reflects the fact that
the manifold m(@) = 0 collapses to the single point 8 = 0°. As a result, we should be able recover the
true value of the parameters without any sampling variability. In contrast, if kg = 0, the dimension of
6 would be zero, which reflects the fact that S~(8°) = S71(8°). As a result, we can estimate O = 0
by means of the regular GMM methods discussed in the previous section.
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which is a full-rank linear transformation with constant coefficients of the original moment

conditions h(x;, #). In this notation, the optimal GMMS criterion function is:

Jr(l(8s,0);S7(68°)] = Jr[l(0s,0); ST(6°)] + hiy; (e, 0[0°) A®S(6°)her (64, 06°)
+hl;(04,0[0°) A®®(6°)hl1[1(04,0)|0°] + b1 (04,0/60°) A®°(0°)her (04, 0]6°),
Jr(1(6,0);S7(0°)] = hiyr(0e,0[6°) AL (0°) 1 [1(04,0)]0°).

To keep the algebra simple, we initially use the Moore-Penrose inverse S*(8°) in our dis-
cussion, although as argued below, the choice of S™(6") is asymptotically inconsequential.

Importantly, note that if we simply weighted the original moment conditions by S*(8")
without exploiting the restrictions implicit in 85 = 0, the resulting estimators and testing
procedures would be generally suboptimal because they would give no weight to precisely
the kg linear combinations of h(x;, ) estimable without error. In fact, it may well
happen that the transformed parameters 04 and 0. are not even identified from the
reduced set of n — kg moment conditions E[hg(x;; 0, 05|0°)] = 0, because, for instance,
n — kg < k. After imposing the restriction 85 = 0, on the other hand, these reduced

moment conditions will locally identify O at 029, as the following result guarantees:

Proposition 1 Let h(x;;0) denote a set of n continuously differentiable functions of the
k dimensional vector of parameters 0. If Assumptions 1 and 2 hold, and rank[D(8°)] = k,
then rank[Dgg, (0%]6°)] = ke, while rank[Deg,, (0%|6°)] = 0, where D(6°) = E[D,(0)],
Deo,, (05/60") = E[Deoyi(016°)], Dep, (05/60") = E[Dep,:(016°)],

Oh(x;; 0
Do) = 20
Ohe(x/: 0,0(0°)
Dao,i(0c/6") = IO o (400,110, 0)]L, (0,0)
S5
Oha(x;; 0s,000%)
Deo(0:]07) = PI000) b (00,010, 0)]L, (0, 0),
D
(0, 05)
L(0s.60) = g gr) = | Los(0e.00) Lo (6s,0c) ]

Similarly, we can also show that if we imposed the parametric restrictions 8- = 0, but
used a weighting matrix such that X # S~(0°), then the resulting estimators and testing
procedures would also be generally suboptimal. In this sense, our solution to the singular
GMM case can be regarded as the natural extension of the approach discussed in Judge et
al. (1985, section 12.5.2) in the context of a classical multivariate regression with a singular

residual covariance matrix, since they also reduce the number of equations by using the
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principal components of the multivariate regression residuals, as well as the number of
parameters by exploiting the parametric restrictions that give rise to the singularity.

If h(x;; 0) satisfies the regularity conditions mentioned in the previous section, together
with Assumptions 1 and 2, then we can easily prove that those regularity conditions will
also be satisfied by hg(x;; 0, 0[68°) because the latter functions are a linear combination
of the former, and the transformation from 6 to (64, 605) is regular over an open neigh-
bourhood of 6°. This fact, together with Proposition 1, allows us to derive the asymptotic
distribution of the infeasible unrestricted GMMS estimator of the transformed parameters

O, 057 [ST(0°)] = arg ming, co, Jr[1(0s,0); ST(8°)]. Specifically,

VT{0er[S7(6°)] — 0%} % N{0,V[6° AL (")},
Ve [0°,A51(6%)] = [Dip, (05)A5'(8°)Deo, (62)] "
= [L.,(65,0)D'(8°)S*(6°)D(8°) L (62, 0)] .

We can also prove that regardless of the choice of generalised inverse S~(6°),
VT{05r[S™(6°)] — Bar[ST(6°)]} = 0,(1),

where O[S (0°)] = arg ming,co, Jr[l(0s,0); S™(8°)]. As shown by Proposition 1, the
intuitive reason is that there is no identifying information whatsoever about @4 in the
moment conditions E[hg(x;; 04, 0]6°)] = 0 because he(x,; 05, 0[6°) = 0 V.

Finally, we can use the standard delta method to show that the optimal “unre-
stricted” GMMS estimators of the parameters of interest, 8, which will be given by
{0qr [S7(6°)],0}, will have an asymptotically normal distribution, but with a singular

covariance matrix of rank kg. Intuitively, the reason is simply that for large enough 7’
1{047[ST(0°)],0} = arg min Jr[6; S*(6%)] s.t. mg(0) = 0.
€

The following Proposition confirms our claimed optimality of 1{8gr [S=(6°)],0}:

Proposition 2 Let 9T(TT) = argmingece J7(0; Y1) denote a GMM estimator of the
kx 1 vector of unknown parameter 6 defined by the n > k moment conditions E[h(x;; 0)] =

0, which satisfy all the usual regularity conditions, together with Assumptions 1, 2 and 3.
Similarly, let Ogr[S™(6°)] = arg ming, ce,, Jr[l(0g,0);S™(0°)]. Then 1{047[S~(6")],0}
1s asymptotically at least as efficient as 9T(TT) regardless of Xr.
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Assuming that ks > 7, we can also define the infeasible, Moore-Penrose-based, opti-
mal restricted GMMS estimator of 8 as 1{87[S*(8°)], 0}, where gr[ST(0°)] minimises
Jr1(8s,0),S7(8%)] over ©g N {Gy(0g) = 0}, with Gg(0g) = G[1(0g,0)]. Further, we
can easily show that 1{0gr[S*(8°)],0} is numerically equivalent for large enough T to
both arg mingeg J7[0; ST(8°)] s.t. my(8) = 0 and G(0) = 0, and an unrestricted GMMS
estimator of @ in an extended system which includes not only the n original moment con-
ditions E[h(x;, 8)] = 0, but also G(6) = 0 as r additional singular “moment conditions”.
Therefore, we can adapt Proposition 2 to show that 1{847[S*(8°)],0} is asymptotically
at least as efficient as any other GMM estimator of @ which imposes the restrictions
G(0) = 0, but which either does not impose the singularity restrictions mg(8) = 0, or
does not use the optimal class of weighting matrices S~(8°).

Finally, we can use Ogr[S*(8°)] and g7 [ST(0°)] to define optimal GMMS versions
of Wr, LMy and DMy for the modified null hypothesis Hy : Gg(0g) = 0. If we further
assume that rank[Qg (03,)] = r, where Qg (0) = 0Gg(04) /06, then we can easily prove
that those three optimal tests will be asymptotically equivalent to each other under the
null and sequences of local alternatives, being distributed as a central and a non-central >
with r degrees of freedom, respectively. Moreover, they will separately diverge to infinity
under fixed alternatives.

In practice, the optimal GMMS approach that we have just described is not feasible
unless we know S~(0°), but under standard regularity conditions, the asymptotics will
not change if we replace it by a consistent estimator. However, an estimator of S’(GO)
must be chosen with some care when ks > 0 in order to avoid discontinuities in the
limit. The reason is the following: as we saw before, if 1 is an initial consistent esti-
mator of 8°, then we can easily compute a consistent estimator of S(8°), Sr(0r) say,
by means of a HAC covariance matrix estimator based on h(x;; @7). But in general, we
will not consistently estimate S~(6°) in singular cases if S7(07) has full rank for finite
T. Hence, a researcher who is unaware of the singularity of S(6°) because her choice of
01 is such that m@(éT) # 0, may well end up with seemingly optimal estimators and
testing procedures whose asymptotic distribution will be non-standard. For that reason,
we shall restrict our attention to those consistent estimators of 8°, 7 say, that satisfy

mg(67) = 0. In this way, the rank of S (07) is guaranteed to be kg in finite samples
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because IT'(O7)h(x,, O7) = 0 Vt.

In this respect, note that a Hansen, Heaton and Yaron (1996) continuously updated
criterion function of the form J7{1(0g,0); S7[1(04,0)]} would be numerically invariant
to the choice of generalised inverse because P [1(0¢, 0)|h[x;,1(04,0)] = 0 Vx; and VOg.
From this perspective, S (87) provides the two-step choice of S~(8°) that is closest to

such a continuously updated estimator.

Therefore, our feasible GMMS estimators will be based on the moment conditions
hg (x¢; 0, 0|éT) = PIEBT(éT)h[XtJ 1(05,0)],

whose regular asymptotic covariance matrix, Ag(6°), can be consistently estimated as
AT(éT), where P@T(éT)AT(éT)P’@T(éT) provides the spectral decomposition of ST(éT).

Finally, it is worth mentioning that if the original moment conditions exactly identify
6, our proposed GMMS approach is strictly speaking unnecessary as far as the unrestricted
estimators of @ are concerned, because Jr[@7(Y7); X7] = 0 for large enough T' regard-
less of Y. The following result makes the relationship between the two unrestricted

estimators and the corresponding Wald tests explicit:

Lemma 2 Let O7(Y ;) = argmingee Jr(0; Y1) denote a GMM estimator of the k x 1
vector of unknown parameter 6 defined by the n = k exactly identified moment conditions

E[h(x;0)] = 0, which satisfy all the usual regularity conditions, together with Assump-
tions 1, 2 and 3. Similarly, let O7[S™(0°)] = arg ming, ce,, J71(0a,0); S™(6°)]. Then

1. NT[0p(Xr) — H{Bgr[S™(8%)],0}] = 0,(1) for any Xr whose probability limit is a
positive definite matriz Y,

2. 07(YXr) = 1[0sr{SH[O(Y1)},0] for large enough T, where Oer{SE[0r (Y1)} =
arg ming, ce, J7{1(0s,0); S5 [07( Y1)}, if me[07(Xr)] = 0 and Y7 any positive
definite matriz,

3. The Wald tests based on Gg{0gr[ST(8°)]} and GO (X r)] will also be asymptoti-
cally equivalent if rank[Qg(0%)] = r, and

4. It is possible to define asymptotically valid Wald test statistics based on G[Or(Yr)]

and Gg [0 {SH[01(Y1)}] which are also numerically identical for large enough T.

In contrast, the restricted estimators 1{0g7[S*(8°)],0} and 87[Y 7] will not be asymp-
totically equivalent in general in exactly identified cases in view of Proposition 2, because

in effect the restrictions G(6) = 0 transform the original model into an overidentified one.
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4 Representing portfolios tests for spanning

Let Ry and R denote the gross returns to two subsets of N; and N, assets, respectively,
so that the dimension of the expanded set of returns R = (R, R})" is N = N; + Ny, which
we treat as fixed hereinafter in line with the existing literature. We want to compare the
SMVF and RMVF frontiers generated by R; with the ones generated by the whole of R.
In general, when we also consider Ry, the RMVF frontier will shift to the left because the
available risk-return trade-offs improve, while the SMVF frontier will rise because there
is more information in the data about the underlying SDF. However, this is not always
the case. In particular, we say that R, spans the SMVF and/or RMVF generated from
R when the original and extended frontiers coincide.® The purpose of this section is to

develop spanning tests based on the cost and mean RP’s described in section 2.

4.1 Uncentred cost and mean representing portfolios

Given that the cost and mean RP’s span both the SMVF and RMVF, a rather natural
way to test for spanning consists in studying whether these portfolios are common to
(Ry) and (R). In particular, if p} and p] denote the cost and mean RP’s corresponding
to (Rq), where pj = P(m|(R1)) = ¢iRy, pi = P(1|(R1)) = ¢{'Ry, ¢] = I'jj'y, and

I = I';'v1, mean-variance spanning of R by R; is equivalent to p* = pt and p™ = p.

If (Ry) and (R) only share the same mean RP, and A # 0, then the two RMVF’s
are tangent at the point that corresponds to the return associated with this portfolio. In
contrast, the two SMVF’s will have no common point, but they will share the asymptotes,
and the location of the global minimum (see Figures la and 1b). On the other hand, if
(R1) and (R) only share the same cost RP, then R* and p* will be the common elements
of the frontiers generated from R, alone, and the ones generated from R (see Figures 2a
and 2b). Thus, if we add both conditions, the old and new frontiers will be equal.

In order to implement our econometric tests for spanning, it is convenient to write the

definitions of p* and p* in (2) in terms of the following moment conditions:

RRj¢p" — R,
R:R¢p" — ly

= Ehy(Ry; ¢)] =0, ()

8A third, and last, possibility is that the original and extended frontiers touch at a single point.
Although it is common in the literature to refer to this situation as “intersection”, we prefer to use the
word “tangency” because the frontiers are never secant to each other, as the word “intersection” may
suggest. We discuss this case in detail in Pefiaranda and Sentana (2004).
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where ¢ = (¢, »")'. In this context, spanning imposes the 2N, homogeneous parametric
restrictions Hy : ¢p5 = 0, ¢ = 0, where we have partition ¢ and ¢* conformably with
R, and R,. Hence, we can test for spanning by using the trinity of GMM asymptotic tests
discussed in section 3.1. But since the moment conditions defining ¢* and ¢* are exactly
identified, the distance metric test will coincide with the overidentifying restrictions test.
In addition, all the tests can be made numerically identical by using a common estimator
of the asymptotic covariance matrix of v/T hy7(¢”), because both the moment conditions
and the restrictions to test are linear in the parameters (see Newey and West (1987)).
Such a linearity also implies that we can obtain simple closed-form solutions for the
unrestricted and restricted GMM estimators of ¢. Given that the moment conditions
(5) are exactly identified, the former is ¢, = Dy} - dr for large enough T, where dy =
(D ), 0p =TS Ry, Dyr = I, @ I'p and:
fo_ 1 XT: RuRy, RuRy | I:‘HT I:"m
TS\ RaRy, RaRj, Lo Toor
On the other hand, if we impose the null hypothesis on the moment conditions (5),

then we will be left with the overidentified system:

RR o7 — R
E R “1=o. (6)

R:Ry,é1 — Iy
As a result, the optimal restricted GMM estimator of ¢ from (6) will be ¢,y = 0 and

-1

3 8B = 4 L (Prp 8430 Lo [ 107
&7 Sy (@7)] = L2 ® (Tiar, Th10)1Spr (@) |1 ® #
21T

x{[Iy ® (P11, T%7)1Sp1(dr)dr},

where I, ® (117, I%,7) is the sample analogue of the Jacobian of (6) with respect to ¢, =
(¢F, 7Y, and Syr(@y) is some HAC estimator of the optimal weighting matrix obtained
with a preliminary consistent estimator q.bT. Although the choice of éST does not affect
the asymptotic distribution of two-step GMM estimators up to O, (T ~1/2) terms, there is
some Monte Carlo evidence suggesting that their finite sample properties can be negatively

affected by an arbitrary choice of initial weighting matrix such as the identity (see e.g.

Kan and Zhou (2001)). The following result justifies an obvious first-step estimator:
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Lemma 3 If R; is an i.i.d. elliptical random vector with mean v, covariance matriz 33,
and bounded fourth moments, then the linear combinations of the moment conditions in
(6) that provide the most efficient estimators of ¢ and ¢} under Hy : ¢ =0, ¢5 =0
will be given by
Ry;R}; ¢ — Ry
E v = Flhy (Ry; =0,
(RR G T) = e (R o)

4+ 1 A —x e . 1T
so that ¢p = U'jp01r and ¢y = Tpln,, where D1p =T, Ryy.

Intuitively, this means that under those circumstances, the blocks involving R; exactly
identify the parameters ¢} and ¢, while the blocks corresponding to Ry; provide the 2N,
overidentification restrictions to test. Although the elliptical family is rather broad (see
e.g. Fang, Kotz and Ng (1990)), and includes the multivariate normal and ¢ distribution
as special cases, it is important to mention that a);rT and ¢, will remain consistent under
Hj even if the assumptions of serial independence and ellipticity are not totally realistic

in practice, unlike the semiparametric estimators used by Vorkink (2003).

4.2 Centred cost and mean representing portfolios

As we discussed in section 2.1, we can define an alternative pair of mean and cost
RP’s, p*™ = R'Y"'v and p** = RSy, respectively, in terms of central moments in
the absence of a safe asset. Since these portfolios also span both SMVF and RMVF, we
can also test for spanning by checking that p{™ and p}* coincide with p™ and p**.

The graphical implication of sharing the centred mean RP has already been explained
in section 4.1 in terms of RT when A # 0, because p*™* is proportional to p* (see Figures
2a and 2b). In contrast, the reduced and expanded RMVEF’s will share the minimum
variance return R** if p** = pi*, while the original and extended SMVF’s will share
mMV (0), which is the value at the origin (see Figures 3a and 3b). Hence, if we add both
conditions, it is once more clear that the original and expanded frontiers must be equal.

The use of central moments, though, implies that we must explicitly define v to
estimate 3. The simplest way to do so is to add the moment conditions that exactly

identify these parameters. Hence, the extended set of moment conditions will be

v hy(Re; v)
El R —-v) (R —v)p"—R, | =F =EhpRy;e,v)] =0, (7)

hC<Rt7 L) V)
(R —v)(Re —v)'@" — Iy
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where ¢ = (™, p*)". Partitioning ¢ conformably with Ry; and Ry, the parametric
restrictions to test become Hy : ¢35 = 0, 5 = 0.

Although the approaches based on the uncentred and centred RP’s look similar, there
are three important differences between the moment conditions (5) in the previous section
and these ones. The first two are that (7) is no longer linear in parameters, and that some
of those parameters can be regarded as “nuisance”. The third one, which is far less obvious
but has more serious consequences, is made explicit in the following result:

Proposition 3 Let (@, v) = (¥, ", —p ™). Then, Il;(p,v)hg (Ri; @, v) = 0 VR,
if and only if mps(p,v) = v — ly = f = 0.

Given that gogo = mps(°, ) is 0 in view of (2), Proposition 3 implies that the rank
of the asymptotic covariance matrix of vThgr(¢°,1°), Sg(¢°, 1°) say, is 3N — 1.

But since the above moment conditions are exactly identified under the alternative
hypothesis, this singularity does not affect the unrestricted GMM estimators of v and ¢,

which will be given by &1 and @, = DE’;T -dyp, where I_)CLPT =1L ® f]T and

$ 1 ZT: (Ry; — 017)(Ry, — Pp) (R — D7) (R, — D) Siur 3,
TTT = ~ ~
gie= (Rot — Dar) (R, — D7) (Rar — Dor) (R, — Dlyp) Yo Yoor

In addition, it is easy to prove that the joint asymptotic covariance matrix of g5, and
@5 is not singular, despite the fact that the joint asymptotic distribution of @, and p
will be so. Therefore, we can compute a Wald test based on those unrestricted estimators.

However, the singularity described in Proposition 3 does affect the optimal restricted
GMM estimator, which must be carefully defined in order to take into account the infor-
mation implicit in the relationship mg(° %) = 0. To do so, it is convenient to write

the overidentified moment conditions under the null of spanning:

R,—v
E| (R —v)Ry —v1)f —R; | =0. (8)
(R —v)(Ry —v1)'] — Uy
The optimal GMMS procedure in section 3.2 implies that we must first reparametrise
hg(Re; ¢, v), for instance in terms of vg, @iy, ¢y and @i, where vg = v, @iy =
eV — @ ln,, @i, contains the last Ny — 1 elements of ¢, and i, = ¢i. Then,

we should impose the singularity constraint ¢, = 0, and finally estimate the remaining
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parameters by using a consistent estimator of the Moore-Penrose inverse of Sg(¢°, 2/°),
which effectively eliminates the singular linear combination of hg(Ry; ¢, v). As discussed
in that section, though, in order to obtain a consistent estimator of S5 (¢°, 1/°), we need a
consistent estimator of Sg(¢°, 1°) that is singular in finite samples. The following result

justifies an obvious first-step estimator:

Lemma 4 If R; is an i.i.d. elliptical random vector with mean v, covariance matriz 33,
and bounded fourth moments, then the linear combinations of the moment conditions in
(8) that provide the most efficient estimators of ¢ and ¢} under Hy : ¢3 = 0, ¢35 =0
will be given by

Ry —vy
E| Ry —v1) Ry —v1)pf —Ri: | = Elhp(Ry, p,v)] =0,
(th - V1)(R1t - Vl),SOT - gNl

T O L e % _ 311
so that Uyr = Dir, @ip = X and @1p = X70n, -

Intuitively, this means that under those circumstances, the blocks involving R; exactly
identify v, ] and ¢?, while the blocks corresponding to Ry; provide the 2N, testable
restrictions. But note again that @}, and @} will remain consistent under Hy even if
the assumptions of serial independence and ellipticity are not totally realistic in practice.
Note also that the first-step estimator defined in Lemma 3 does indeed guarantee that
Sk(@s, r) will be singular because the linear combination defined in Proposition 3 only
involves hg; (Ry; ¢, v) under the null of spanning, and @{7¢n, — @ipP1r = 0.

Finally, given that the singularity described in Proposition 3 affects hg(Ry; ¢, v) but
not ho(Ry; ¢, v), and that &7 is the GMM estimator of the expected returns based on
the moment conditions E[h,;(Ry;v)] = 0 alone, an alternative approach that avoids the
singularity of Sg(¢? 1Y) in this context would be to use a sequential GMM (SGMM)

estimator which replaces v by 7 in he(Ry; ¢, v) (see e.g. Ogaki (1993)). But since

8hC(Rt; LPO, 1/0)1 5 _(Rt _ VO)’90+OIN _ (th _ I/O)QOJFO’ o

D (", ) = E [
! —(R; =) Iy — (R; — %)

it is clear that v/T[hor(9°, 1) — hop(e®, )] 25 0 as T — oo. Thus, in this particular
instance, it is not necessary to account for the sample variability in £ in obtaining the
asymptotic covariance matrix of the unrestricted SGMM estimators, which numerically

coincide with the unrestricted GMMS estimators ¢,. Hence, the Wald tests based on
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the two estimators will coincide too. In contrast, we would expect the restricted SGMM
estimators to be asymptotically less efficient than the optimal restricted GMMS estimators

in view of Proposition 2.

5 Two-point tests for spanning

The centred and uncentred RP’s constitute rather natural choices for testing for
mean-variance spanning. However, there are infinitely many more pairs of portfolios that
could be used for the same purposes, because the two fund spanning property of both
frontiers does not depend on the particular funds used. In this section, we shall analyse

arbitrary two-point tests for spanning in the RMVF and SMVF.

5.1 RMVF Tests

Building on Jobson and Korkie (1982), Gibbons, Ross and Shanken (1989) and Hu-
berman and Kandel (1987) showed that in mean-standard deviation space, the RMVF
generated by R; and R coincide at the point of tangency with a ray that starts from
(0,¢71) if and only if the intercepts in the multivariate regression of (Ry — ¢ */y,) on a
constant and (R; —c¢ 'y, ) are all 0. Therefore, a natural way to test for spanning in the
RMVF is to test if there is simultaneous tangency at two points. Specifically, let ¢; ! and

C—l

., with ¢; # ¢;;, denote two arbitrary expected returns. Then, the null of spanning can
be written as Hy : a(¢;) = 0,a(c;) = 0, where the regression intercepts a(c;) and a(c;;)
are implicitly defined by the following exactly identified 2/No(/N7 + 1) moment conditions:

( 3

1
® [(Rar — ¢; 'n,) — alc;) — B(e)(Ray — ¢; My )]
th — Ci_lgNl
E
1
® [(Rar — ¢;;'Un,) — alcii) — B(ci) (Ray — ¢, )]
th - C;iléNl )

= E {h[Ry;a(c;), b(e;), alci), b(es)]} = 0. 9)

with b(c) = vec[B(c)]. But as pointed out by Marin (1996), the asymptotic covariance

matrix of the sample analogues of (9) is singular under the null. More explicitly:

91f we regard ¢! as the expected return of a zero-beta frontier portfolio orthogonal to the tangency
portfolio made up of elements of R; only, then we can interpret the regression intercepts as the so-called
Jensen’s alphas in the portfolio evaluation literature. These coefficients should all be 0 if the tangency
portfolio of Ry is really mean-variance efficient with respect to R (see De Roon and Nijman (2001)).
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Proposition 4 Let

HL[a(ci),b(ci),a(cii),b(cii)]:( _‘g,_lf(céi)‘@@fffjvz ) , with @(C):( LY ) .

—Cille I]\/1
Then, II[a(c;),b(c;),alci),b(cq)hr[Re;ale),b(e),ale;), ble;)] =0 VR,

a(ci) —a(e;) — ¢ [Blci) by, — Uns)
& mysla(ce), b(e),alci), b(ci)| = +¢; [Blei)ln, — Uy =0,
b(Cm) — b(Cl)
sale)=a+c'f, a(c;)=a+c;'f, and b(c;) =b(c;) =b = vec(B), (10)

where a is a Ny x 1 vector of parameters, B a No x N1 matriz, and £ = ly, — Bly;,.

Given that mysla(c;), b(c;),a(c;;), b(cy;)] is 0 at the true values, Proposition 4 implies
that the rank of the asymptotic covariance matrix of hyr[a’(c;), b%(c;),a’(ci;), b%(cy)]
is No(Ny + 1) instead of 2No(N; + 1). In this case, though, it is possible to explicitly
characterise the optimal transformation of moments and parameters proposed in section
3.2 to deal with the singular linear combinations of hy[Ry;a%(¢;), b%(¢;),a%ci;), bO(ci)]-
Proposition 5 The optimal GMM estimators of a(c;),b(c;),a(ci;),b(ci;) based on the

moment conditions (9) can be obtained through (10) from the optimal GMM estimators
of a and b based on the Ny(Ny + 1) moment conditions

E K Rllt ) % (Ray —a— BRy)| = E[hy(Ry:a,b)] = 0. (11)

Therefore, it is not surprising that the unrestricted GMM estimators of a(¢;), b(¢;),
a(c;;) and b(c;;), which are well defined despite the singularity of (9) because these moment

conditions are exactly identified, will be given by:

BT(CZ‘) = BT(CZ‘Z‘) = 221T21_11T =By,

~ ~ _1p A~ N _1p
ar(c;) = ar +¢; fr, ar(ci;) = ar + ¢, fr,
ar = vor — Brir, fr = sz - BTgNla

where a7 and by are the unrestricted GMM estimators based on (11), which coincide
with the OLS estimators in the multivariate regression of Ry on a constant and Rj.
Further, we can compute a Wald test of Hy : a(¢;) = 0,a(c;) = 0 based on a7(¢;) and
ar(c;;) because their joint asymptotic covariance matrix is not singular despite the fact
that the joint asymptotic covariance matrix of az(¢;), BT(ci), ar(c;) and BT(Cii) will be

so. But since ar(¢;) and ar(c;) are a full-rank linear transformation of a7 and £, with
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known coefficients, we can easily prove that such a Wald test is asymptotically equivalent
to the GMM-based Wald version of the Huberman and Kandel (1987) test discussed by
Ferson, Foerster and Kim (1993), which assesses whether Hy:a=0,f = 0.

In fact, Huberman and Kandel (1987) derived a likelihood ratio test and a related F
test whose finite sample distribution is exact under the assumption that the distribution
of Ry given Ry (s = 1,...,T) is multivariate normal with linear mean a + BRy; and
constant covariance matrix 2 = gy — 22121’11212.10 The same assumption also allowed
Kan and Zhou (2001) to theoretically compare the finite sample distributions of the Wald,
Lagrange multiplier and likelihood ratio versions of the Huberman and Kandel (1987)
testing procedure using results in Berndt and Savin (1977). The advantage of working
with a GMM framework, though, is that under fairly weak regularity conditions, the tests
are robust to departures from the assumption of i.i.d. Gaussian returns.

As for the optimal restricted GMMS estimators of a(c;), b(c;), a(c;) and b(ey)
based on (9), it follows from Proposition 5 that they can also be obtained through (10)
by minimising with respect to a and b the optimal norm of the sample analogue of
Ehg(Ry;a,b)] = 0 subject to the constraints a = 0 and f = ¢y, — Bly, = 0. As
described in section 6.2 of Campbell, Lo and MacKinlay (1997), a numerically equivalent
procedure is to minimise with respect to the elements of By the optimal norm of the

sample analogues of the following unrestricted set of moment conditions

1
Ro-Ritln,
E R o| (Bofiubn) _ Ehy((Riby)] -0, (12)

_B2 (Rlbt'Rlathl 71)
Ript-Riatln, -1

for any choice of reference portfolio Ry, where we have partitioned B = (b, By) and
{n, = (1,€y,_,)" conformably with R; = (Ri4, R};)’, and by = vec(By). In practice, we
need an initial consistent estimator of by to calculate the optimal weighting matrix. Our

next lemma suggests some sensible ways of doing so:

Lemma 5 If R; is an i.i.d. elliptical random wvector with mean v, covariance matrix
3, bounded fourth moments, and coefficient of multivariate excess kurtosis k < oo, then

10Nevertheless, both Pefiaranda (1999) and Kan and Zhou (2001) noticed a typo in the Huberman
and Kandel (1987) paper, whereby a square root is missing in the ratio of determinants of the residual
variances. Kan and Zhou (2001) also stress the fact that both the test statistic and the distribution to
use depend on whether N, is equal or greater than 1.
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the linear combinations of the moment conditions (12) that provide the most efficient
estimators of by under Hy : a =0, f = 0 will be given by

B[ i 1o @i Ny

+r(vy — Vialn,—1) —Ba(Ript — Riatln, -1

Since v and k are unknown, we could set  to 0, which is its value under Gaussianity, in
which case the first-step estimator of B, will come from the multivariate regression of (Ro-
Rialn,) on (Ryp-Rioln,—1). Alternatively, we could use the sample analogues of v and k
to obtain an IV estimator of By from (13).!' In either case, such first-step estimators will

remain consistent under H, even if those assumptions are not totally realistic in practice.

5.2 SMVF Tests

De Santis (1993, 1995) and Bekaert and Urias (1996) were the first to develop two-
point GMM-based spanning tests in the SMVF. The starting point of their suggested
procedure is the pricing equation obtained by using elements of the SMVEFE as SDF’s:

E[RmMY (¢)] = cov[R,m™V (¢)] + E(R)E[m™Y (c)] = ¢y Ve (14)

In this context, the null of spanning is simply m™V(c) = m{"(c) for every ¢, where

mi?V (c) is the element of the SMVF for R, for which E[m}’V(c)] = c. Therefore, we can

develop two-point GMM spanning tests based on the moment conditions:

P (Rt — I/){Ci + (Rt — 1/)'/8(00] + CiRt — fN _ E{hS[Rt; ,6<Ci)’ /6((0“), V]} _ 0,
(Rt — v)[cii + (Re — v)'B(cii)] + ciRe — Iy

where ¢; # ¢;; are two non-negative scalars chosen by the researcher. Unfortunately, v is
generally unknown, so that these moment conditions are not directly testable. Once more,
the simplest way to handle the estimation of v would be to add the moment conditions

h,/(Ry; v) that exactly identify v, as in (7). In particular, inference should be based on

B har(Rei ) ~ B{hp[R:B(), B v} —0,  (15)
h[Re; B(c). B(c"), v

where the restrictions to test become Hy : B5(c;) = 0, B5(c;) = 0, and where we have

partitioned B(c) = [3] (c), B35 (c)]' conformably with R;; and Ra;.

1Tt is trivial to compute the sample analogue of the coefficient of multivariate excess kurtosis of any
random vector Ry, which is defined as k = E[(R; —v) X" (R —v))?/[N(N +2)] — 1 (see Mardia (1970)).
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However, it turns out that we can write the moment conditions hp[Ry; B(¢;), B(ci), V]
as a full rank linear transformation with known coefficients of the moment conditions (7)
that define the cost RP. Specifically:

_CZ

hs[Ry; B(¢;), Bci),v] = r 1 R Iy | he(Ry; o, v).

Hence, we can use Lemma 1 to show that these two-point SMVF tests are in all respects
equivalent to our centred RP tests irrespective of the validity of the null hypothesis. In
particular, the covariance matrix of hp[Ry; B(c'), B(c™), v] is singular too. Note, though,
that there are no finite values of ¢; and ¢; for which hp[Ry; B(¢;), B(ci;), v] reduces to
hz(Ry; ¢, v), which reflects that p™ does not belong to the SMVF. In addition, depending
on the first-stage estimators of 3(¢;) and B3(c;;), the values of ¢; and ¢; may numerically
influence the GMM tests based on (15).12

In fact, De Santis (1995) and Bekaert and Urias (1997) worked with the moments

Rilei + (Re —v)'B(ci)] — ln
Rlci + (Re —v)'B(ci)] — Iy

Nevertheless, since

= E{hp[Ry; B(c:), B(cii), v]} = 0.

vB(c) In O hy(Ry;v)
vB(ci) 0 Iy hs[Ry; B(c:), B(cii), V]
Lemma 1 can again be used to show that the difference between the two-point spanning

tests based on hg[Ry; B(c;), B(cii), v] and hg[Ry; B(¢;), B(ci;), v] converges in probability

hp[Ry; B(ci), Blcu), v] =

to 0 as T — oo irrespective of the validity of the null hypothesis. In this context,
an advantage of working with hg[Ry; B(c;), B(cii), v] instead of hp[Ry; B(c;), B(ci),v] is
that sequential GMM can be applied without the need to make any adjustment to the
estimators of the asymptotic covariance of hgr[B(c;), B(cii), D7) in order to reflect the
sample variability in £ for the reasons explained at the end of section 4.2.

More recently, Kan and Zhou (2001) have discussed an alternative two-point spanning
test for the SMVF frontier. Specifically, they suggest to use the expressions obtained in

section 2.2 to reparametrise m™" (c) in terms of « instead of c as:

m* (@) = a + R'Blc(a)] = a + R'y(a),

12The second part of Lemma 1 provides sufficient conditions for the equality of explicit estimators of
B(c;) and B(c;;) obtained from hp[Ry; B(c;), B(cii), v], and implicit estimators obtained from estimators
of ¢ based on (7) through the theoretical relationship B(c;) = ¢* — ¢ o™
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where c(a) = (a+A)/(14B) and (o) = T ({y —av) = ¢* —a¢™. Given the properties
of the SMVF, though, it is again clear that there will be spanning if and only if the above
condition is satisfied for any two distinct o’s, which we shall call «; and «;;. Therefore,

the moment conditions that Kan and Zhou (2001) analyse are

Rifa; + Riy(ai)] — Uy

= E{hg[Ry;v(),v(ai)]} =0, (16)
Ryfai; + Ryy(aui)] — Uy

where «; # «;; are two scalars chosen by the researcher. In this context, the null becomes
Hy @ v5(a;) = 0, v5(c;) = 0. But like in the case of the tests based on two s, we
can also write these estimating functions as a full rank linear transformation with known

coefficients of the estimating functions that define the uncentred RP. Specifically

— 1
hg [Rt; ’Y(Oéi), ’Y(Oén')] = . @ In| hy (Rt; ¢) .
—Qyy

Therefore, we can again use Lemma 1 to show that tests based on (16) would be equiva-
lent to our uncentred RP tests irrespective of the validity of the null hypothesis. However,
there is no finite value of «; and «; for which the moment conditions hy [Ry; (), ()]
reduce to hy (R, ¢), which reflects that p* does not belong to the SMVF either. Further,
depending on the first-stage estimators of (c;) and ~(ay;), the values of o’ and o' may
numerically influence the GMM tests based on (16).'3

For all these reasons, in what follows we shall not separately discuss the different

two-point SMVF tests, concentrating instead on the centred and uncentred RP tests.

6 Asymptotic comparisons of spanning tests

So far, we have presented three separate families of spanning tests: centred and un-

centred RP’s, and regression versions. In this section, we shall extensively compare them.

6.1 Equivalence of the parametric restrictions
As we have already seen, the parametric restrictions involved in the novel testing

procedures proposed in section 4 simply mean that the centred or uncentred cost and

mean RP’s of R; do not depend on Ry;. Given that the SMVF is spanned by either

3Lemma 1 also provides sufficient conditions for the numerical equality of explicit estimators of ~(c;)
and v(a;;) obtained from hx[Ry¢; (), v(au:)], and implicit estimators obtained from estimators of ¢
based on (5) through y(a) = ¢* — a¢™ (see footnote 29 in Kan and Zhou (2001) for an example).
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pair of RP’s, it is straightforward to show that those restrictions are equivalent to the
parametric restrictions tested by De Santis (1993, 1995), Bekaert and Urias (1996), and
Kan and Zhou (2001), which amount to the hypothesis that the SMVF of R; does not
depend on Ry. In turn, Ferson (1995) and Bekaert and Urias (1996) showed that these
SMVF parametric restrictions are equivalent to the restrictions tested by Huberman and
Kandel (1987), which can be interpreted as saying that each element of Ry; can be written
as a unit cost portfolio of Ry, plus an orthogonal arbitrage portfolio with zero mean.

These equivalences can be seen more formally if we write:

P =i+ (1+B1) A’ A vy,
pz( = pIt + (€N2 - CgNl)/Ailvta (17)
p;t=piT+ (1 +B)dQ  wy,

Pf* = pﬁ + <€N2 - BglNl)Q_lwtv
where v, = Ry, — CRy, C = Ty )I'; and A = T'yy — I‘21I‘1_11I”21 are related to the least

squares projection of Ry on (R4), while w; = Ry, — a — BRy;, B and €2 are related to
the projection of Ry on (1, R4). From here, it immediately follows that

pt = pfep T =pTea=0,
p* = p; ~ gNz = CENN
p** = p’{* -~ ENQ = BgNl-

Further, if two of these parametric restrictions are satisfied, so will be the third one, as

f = (KN2 — CENI) +A1a/(1—|—B1).

6.2 Equivalence of the tests under the null and local alternatives

The fact that the restrictions to test are equivalent does not necessarily imply that
the corresponding GMM-based test statistics will be equivalent too. This is particularly
true in the case of the regression versions of the tests, in which the number of moment
and parameters involved is different, although the number of degrees of freedom is the
same. The purpose of this subsection is to fill the gap in the literature by investigating the
asymptotic performance of the different optimal versions of all the previously discussed
GMM tests under the null and sequences of local alternatives. The following proposition,

which is one of the key results of our paper, provides a very precise answer:
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Proposition 6 The trinity of optimal asymptotic tests based on each of the following sets
of moment conditions and restrictions:

E[hU(Rta d))] = Oa HO : ¢; = Oa ¢; = 07
Ehp(Ri;,v)] =0, Ho:¢; =0,¢; =0,
E[hH(Rt,a,b)] :0, H() : a:07f:0,

are asymptotically equivalent under the null and compatible sequences of local alternatives.

Therefore, there is no basis to prefer one test to the other from this perspective because
all the statistics asymptotically converge to exactly the same random variable. In this
respect, note that our equivalence result is valid as long as the asymptotic distributions
of the different tests are standard, which happens under fairly weak assumptions on the
distribution of asset returns, as we saw in section 3.1. Nevertheless, it is only valid under

the null of spanning, and alternatives arbitrarily close to it.

6.3 Relative Performance under Fixed Alternatives

We are going to use Bahadur’s definition of asymptotic relative efficiency (ARE) of
two testing procedures as the ratio of their approximate slopes (AS), which we described
in section 3.1. Although Wy, LMy and DMy are not necessarily equivalent in terms of
AS, except of course when they are numerically equivalent, for the sake of brevity we
shall only compare the approximate slopes of those versions of the Wald test statistics in
which the asymptotic covariance matrix of the restrictions evaluated at the unrestricted
parameter estimators has been computed by using the long-run variance of the centred
second moments under the alternative, as suggested by Hall (2000).

In principle, we can use (17) to obtain the required AS expressions, which indicate that
in general, the three families of spanning tests in Proposition 6 are not asymptotically
equivalent under fixed alternatives. However, it is virtually impossible to compare the
different AS without making specific assumptions about the true values of the parameters,

and/or the distribution of returns. In this respect, we can show that:

Lemma 6 Ifa=0, so that Ry and R share the mean RP’s, then the ARE of the Wald

tests based on the centred and uncentred RP’s is 1 regardless of distributional assumptions.

Additional results can be obtained when returns are 7.7.d. elliptical:

Lemma 7 If R; is an i.1.d. elliptical random vector with bounded fourth moments, then
the AS of the Wald version of the regression test is at least as large as the AS of the Wald
version of the centred RP test regardless of the values of the parameters.
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In contrast, it is possible to find parametric configurations for which the AS of the un-
centred RP test is either bigger or smaller than the AS of the GMM version of the
Huberman-Kandel (1987) test. For instance, we can show that the uncentred RP test
is always asymptotically more powerful than the regression test when the distribution of
returns is ¢...d. normal and Cly, = {y,, so that R; and R share the uncentred cost RP.

Although these results are fairly specific, they can rationalise Monte Carlo results
obtained under the commonly made assumption that R; is an 7.2.d. multivariate normal

or multivariate ¢ random vector (see e.g. Kan and Zhou (2001)).

7 Empirical Application

Although Euro notes and coins started to circulate on Jan. 1st, 2002, the third stage of
the European Monetary Union (EMU) began on Jan. 1st, 1999, when the exchange rates
of the participating currencies were irrevocably set. During these years, the European
Commission has envisaged the creation of EMU as a cornerstone to the realisation of a
Europe in which people, services, capital and goods can move freely. However, EMU is
not without its costs. Specifically, it is not clear a priori that the elimination of intra-
European exchange rate risk is necessarily beneficial for investors, given that it affects
their opportunities for diversification. In this section, we try to indirectly shed some
light on this issue by answering a related but simpler question: would the mean-variance
investment opportunity set of global investors who diversify their speculative investments
across the most important developed countries remain unaffected by not being able to
invest in the assets of several EMU members? We concentrate on the very short end
of the term structure, which is the only case in which a truly PanEuropean integrated
financial market has been created under the form of an interbank money market.

Our data consists of US dollar prices of Eurodeposits for 1 week, as well as 1 and 3
months from Jan. 4th, 1984 to Dec. 27th, 1995 for Canada, Japan, Switzerland, the UK,
the US, Germany, Belgium, France and Italy,'* which we transform in weekly (Wednesday

to Wednesday) returns. The reason why we stop our sample a few years before the actual

14The Eurodeposit data comes from Datastream. The typical code is ECXXXYY, where XXX denotes
the currency and YY the term. Specifically, CAD stands for Canadian dollar, JAP for Japanese yen,
SWEF for Swiss franc, UKP for British pound, USD for US dollar, WGM for Deutsche Mark, BFR for
Belgian franc, FFR for French franc and ITL for Italian lira. Similarly, 1W, 1M or 3M stand for 1-week,
1-month or 3-month rates, respectively. The exchange rate data are taken from the Bank of Spain.

29



creation of EMU is to avoid biasing our results in favour of the null hypothesis by using
data over a period in which there was a rapid convergence of the short end of the term
structure of the likely candidate members towards German levels. In this respect, we
take Germany as our representative EMU country, and consider the effects on the mean-
variance frontiers of excluding from the asset base the other three EMU countries.

The three families of spanning tests are reported in Table la. Specifically, we have
computed the centred and uncentred RP tests introduced in section 4, together with the
GMM version of the regression test discussed in section 5.1. To keep the ratio of assets
to observations small, we have only used the 1-week and 3-month rates, although qualita-
tively similar results are obtained by also considering data on 1-month Eurodeposits. As
can been seen, our results are not sensitive either to the choice of test family, or weighting
matrix, and clearly reject the null hypothesis of spanning.'” In this respect, Table 1b
contains the uncentred RP tests on a country by country basis, which suggest that the
evidence against spanning seems to be much higher for Belgium or Italy than for France.

Therefore, we can fairly confidently argue that during the second half of the 1980’s,
and the first half of the 1990’s, a global investor with speculative, short-term positions
was better off by investing not only in the money markets of Germany and other major

developed economies, but also in the Belgian, French and Italian money markets.

8 Conclusions

We have proposed a unifying approach to test for spanning in the return and stochas-
tic discount factor mean-variance frontiers, which is not tied down to the properties of
either frontier. Specifically, given that the uncentred cost and mean RP’s introduced by
Chamberlain and Rothschild (1983) span both frontiers, our testing procedure is based on
assessing if these two portfolios remain the same when we increase the number of assets
that we analyse. Since those RP’s are defined in terms of uncentred moment conditions,
GMM can be directly applied for testing without the need for nuisance parameters.

We have also proposed analogous spanning tests based on the centred cost and mean

B For illustrative purposes, we have computed the asymptotic slopes of the three testing families along
the lines of section 6.3, under the maintained assumption that returns are i.i.d. elliptical. If we replace
the first and second population moments of returns, together with the coefficient of multivariate excess
kurtosis, by their sample counterparts, then we find that the asymptotic slopes are .0762 and .0707 for
the uncentred and centred RP tests, respectively, and .0941 for the regression test.
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RP’s suggested by the same authors, which require the introduction of additional moment
conditions that define mean returns as nuisance parameters. However, since this results
in an unusual GMM framework, we have extended the theory of optimal GMM inference
in Hansen (1982) to those non-trivial situations in which the estimating functions have a
singular covariance matrix along an implicit manifold in the parameter space that contains
the true value. For the benefit of practitioners, we have suggested sensible consistent
first-step parameter estimators that can be used to obtain feasible versions of the optimal
GMM estimators with potentially better finite sample properties. The choice of first-step
estimator is of the utmost importance in our singular GMM set-up to avoid asymptotic
discontinuities in the distributions of the estimators and testing procedures.

We have related our proposed tests to the existing ones, and showed that they can
be grouped in three families: our two RP tests, and the regression tests introduced by
Huberman and Kandel (1987). We have also proved that their parametric restrictions
are equivalent, and more importantly, that all the tests are asymptotically equivalent
under the null and compatible sequences of local alternatives. The latter result has been
obtained under fairly weak assumptions on the distribution of asset returns. In particular,
we do not require that they are i.i.d. Gaussian or elliptical random vectors. Moreover, we
have compared the asymptotic power of the three families of spanning tests against fixed
alternatives by using Bahadur’s notion of asymptotic relative efficiency, and obtained some
specific results for certain parameter configurations and commonly made assumptions
on distributions. However, since our comparisons rely on asymptotic results, they have
little to say about the small sample performance of the different tests (see Bekaert and
Urias (1996) or Kan and Zhou (2001) for some Monte Carlo evidence on these issues).
Therefore, it would be useful to obtain higher-order expansions of all the test statistics,
which, however, are beyond the scope of this paper.

Finally, we have applied these procedures to the Eurodeposit market, with special em-
phasis on the recently created interbank money market for the Euro zone, and concluded
that the during the second half of the 80’s, and the first half of the 90’s, a global investor
with speculative, short-term positions was better off by investing in the money markets
of Belgium, France and Italy, as well as Germany and other major developed countries.

There are three situations in which the structure of the RMVFE and SMVF imply
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that spanning will be achieved if the original and expanded frontiers share a single risky
portfolio. This will happen when a safe asset is included in R4, only arbitrage portfolios
are available, and also when all expected returns are equal. For the sake of brevity,
these three special cases are separately discussed in a companion paper (see Penaranda
and Sentana (2004)). For the same reason, our analysis has not involved unconditional
moments of order higher than the second, market frictions, or positivity restrictions on
the discount factor. The first issue is studied in Snow (1991). Short-sales constraints
and transaction costs are dealt with by De Roon, Nijman, and Werker (2000). De Roon,
Nijman, and Werker (1997) also considered spanning under more general expected utility
functions (see also Gouriéroux and Monfort (2001)), as well as nontraded assets.

We have not discussed either spanning tests in the conditional versions of the RMVF
or SMVF (see Hansen and Richard (1987) and Gallant, Hansen and Tauchen (1990),
respectively). This issue is partly addressed in De Santis (1995), Bekaert and Urias
(1996), De Roon, Nijman, and Werker (1997) or Sentana (2004) by scaling returns with
instruments, which can be interpreted as the payoffs to managed portfolios. Alternative
partial approaches are discussed by Ferson, Foerster, and Keim (1993) and Cochrane
(2001) (see also De Roon and Nijman (2001)). Given that Hansen and Richard (1987)
derive conditional analogues to the centred and uncentred RP’s, our unifying approach
provides a rather natural and comprehensive way to test for spanning in those situations.
However, since the weights of the conditional mean and cost RP portfolios will generally
be functions of the relevant information set, the conditional analogues to our spanning
tests should be conditional moment tests, as opposed to the parametric restrictions tests
based on unconditional moments considered so far in the literature.

Finally, spanning tests are partly related to mutual fund separation. In fact, the only
additional restriction in a RMVF context is that the residual of the theoretical regression
of Ry on Ry must not only be orthogonal to Ry, but also mean independent (see e.g.
Chamberlain (1983) or Ferson, Foerster, and Keim (1993)). However, testing for mean
independence also involves conditional moment restrictions, which is again qualitatively
different from a standard parametric test. Given the practical relevance of all these issues,

though, they constitute obvious avenues for further research.
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Appendix

A Proofs of Propositions
Proposition 1:

Given that P(8°) is an orthogonal matrix, and m(8) is regular in an open neighbour-
hood of 8°, so that rank[L(6%,0)] = k by the inverse function theorem, then it follows
that rank[D(6°)] = rank[P’(60°)D(6°)L(0%,, 0)], which in turn equals

P, (6°)D(6°)L, (6%.0) P%(6°)D(6°)Lo, (63,0)
PL(6°)D(6")Lg, (62.0) PL(6°)D(6°)Ly_ (62.0)

rank

— k. (A1)

Now, IT'[1(0¢,0)h[x:;1(604,0)] = 0 V¢ from Assumption 1. If we differentiate this
equation with respect to 84, and evaluate the derivatives at 029, we will have

31}60{1—[’[1(9%, 0)]} Oh[x; 1(9%, 0)]

. 0 100
{h[xt7 1(0@7 0)] ® Ike} 80@ + H (0 ) ao@
1(QO .00
= e 0) o1, 2 09, 0) 4 i) PEEC ) (62 0) <o,

since 0° = 1(023, 0) from Assumption 2. If we take expectations of this expression, and
bearing in mind that E[h(x;;8")] = 0 by definition of 8°, then we can easily show that
IT'(60°)D(6°) Ly, (6%, 0) = 0. Finally, given that P (8°) must be a full-column rank linear
transformation of I1(6°) because PL(6°)h(x;; 6°) = 0 Vt, we can also show that

Pl@(eo)D(G())L@@ (0297 0) =0, (AQ)

As a result, rank[P%,(6°)D(6°)Lg,, (6%, 0)] must indeed be kg for (A1) to be true. O

Proposition 2:

Let us start by computing the joint asymptotic covariance matrix of v7D'(0°) Yh(6°)
and T L’%(O%,O)D’ (0")S~(8°)hy(0°), where irrespective of our choice of generalised
inverse, the second expression is equal to /T D’@g@(9%)Aél(00)PgB(90)l_1T(00) because
Ly, (0%,0)D'(8)S™(6°) equals

[ Lj, (62,0)D'(0°)Pe(6") Lj (6,0)D'(8°)Ps(6") ]

[ P/, (6°) ]
X :[Déae (089>0) 0]
P (6") ¢

Ae@(gi)) ACO

(
(

AG(8") A ] { P, (6°) ]

AS9(0%) ASS(9") )|
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and P (0°)h[x,;1(6%,0)] = 0 Vt in view of Assumptions 1 and 2. Specifically,

e v VTD'(0")Yhs(6°) _ D’(6°)YS(6°)YD(6°)
172 | VTDy, (65)A51(6") P (6°)hr(6°) D (65) Az (6")P;,(6°)S(6°)YD(6")
D'(6°)YS(6°)P¢(0°) A5 (6")De (62)
Diy,, (05)A5(0°)P(6°)S(6°)Pg(6°) AL (6°) ey, (65) ]

D’(6°)YS(68°)YD(6°) D'(6°)YD(6°)Ls (63, 0)
Ly, (03,0)D'(6°)YD(6") Diy (63)AZ (6")Dos, (65)

because S(8°) = Pg(6°)Ag(6°)PL(0°), and

D/(6°)YS(6°)P (6°) A, (6°) Deo, (62) = D/(6°) Y P (6°)P, (6°)D(6°) Lo, (6. 0)
= D/(6°)Y[L, — P (6°)PL(6°)D(6°)Lo, (6%.0) = IV(6°) YD(6°)Ly, (6%.0)

in view of (A2) and the orthogonality of P(6°), which simultaneously guarantees that
P/(6°)P(6°) = P (69)P/,(6°) + Po(6°)PL(6°) = T, = P(6°)P(6")

The delta method then implies that

(6 0){ Ve [6°,A5'(6°)] 0 }L’(OO 0)
. 0 0 7

will be the asymptotic covariance matrix of 1 {9@T [S7(6°)] ,O}, where
_ _ -1
Vg [0°,A5'(6°)] = [Diyp,, (02) AL (6°)Dgg,, (62)]
= [Lp, (65)D'(6°)S™(8°)D(6") Lo, (63)] "
Similarly, the asymptotic covariance matrix of @7(Y7) is

V@', T)=H"16° ) [DO°)YrS6°)YD(B")] - H*(6° ).

Hence, the difference between those two matrices will be positive semidefinite if so is
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the matrix
1/ n0 0 0 0 0 { Vo [90=A€31(90)} 0 }
D'(6°)YS(6°)YD(6°) — H(6°, Y)L(6%,0)
0 0
xL/(6%,0)H(6°,Y) =D'(6°)YS(6°)YD(6")

100 Vs [6°,45'(6°)] ©

—D'(0")Y[ D(6°)Ly, (65,0) D(6°)Ly_(6¢,,0) ] 0 0
Ly, (63,0)D'(6°)
Ly, (65, 0)D'(6")

X TD(6°) = D'(8°)YS(6°)YD(6°)

~D'(6°)YD(6")Lo, (65, 0)[Dizy,, (02) A5 (0°)Dao, (65)] 'Ly, (65, 0)D'(6°) YD(6°).

The result follows since this matrix is the asymptotic residual variance in the limiting
least squares projection of vTD’'(8°)Yhy(6°) on \/TLg@ (62,0)D'(6°)S~(6°)hy(6°). O
Proposition 3:

Trivial because IT,(p, v)hp(Ry; o, v) = ¢ 'v — @ty Vt for any v, ¢+, and *. O
Proposition 4:

The matrices ®(c) are such that (1,Rj-c¢ 0y )@ V(c) = (1,R},). As a result,
IT, [a(c;), b(c),a(ci), b(ci;) by [Re; ale;), b(e), ale;), b(c;)] will be

| ( | ) o | Recetn) —ate | |
R —cflﬁ 1 -B ¢ R _C;lg '
{[@7 (c)®In,] , [~ B (ca)®1n, ] } G N ( )1< 16 )
1 % (Rae-c;; n,) — alcis)
L th‘C,;lENl —B(Cu) (th_ci_ilgNl)

_ 1 - a(ci) —ale) + ¢ ' [B(ci)ln, — {n,] |
Ry —c;; [B(cii)ln, — lny) + [B(ci) — B(ci)| Ry

Finally, it is trivial to see that such an expression will be equal to 0 V¢ regardless of ¢;

J

and ¢;; if and only if the conditions in (10) simultaneously hold. O

Proposition 5:

If we use (10) to reparametrise a(c;), b(¢;),a(c;) and b(c;) in terms of a and b, we

can write hz[Ry;a(c;), b(c),alei), b(c;)] as

hy(Rs;a,b) = { { () tI)(O) ] ®IN2} [la ® hy(Ry; a,b)],



where hy(Ry; a, b) is defined in (11). It is then straightforward to show that the asymp-
totic covariance matrix of vThyr[a(c), b(c), a(c;), b(ci;)] will be
@(Cl) 0 (I)/(Ci)

0
® Iy, p [l2lh @ Sy (a’, bY)] @ 1In, ¢,
0 ¢<Cll) 0 @l(Cii)

a generalised inverse of which is

oV C; 0 {ol! d! C; 0
(@) ©1n, ¢ | =2 ® Sy (% b) ) ® In,
0 D V(c;;) 4 0 P (cii)

Hence, it is clear that applying the optimal singular GMM approach developed in sec-
tion 3.2 to E{h.[R¢;a(c;),b(c;), alci;), b(ci;)]} = 0 is equivalent to applying the standard
optimal GMM approach to E[hy(Ry;a,b)] = 0. O

Proposition 6:

For simplicity of exposition, but without loss of generality, we shall focus on the Wald
versions of the different spanning tests in view of asymptotic equivalence of the Lagrange
multiplier and distance metric tests under the null and sequences of local alternatives in

the framework presented in section 3.

Let Gy(¢) = [I ® (0,1,,)0)]¢ = Quep, Ge(p) = [I2 ® (0,I,)]¢ = Qcp, and

1 0 a 0 a
Gp(a,b) = ® In, + = Qpy +qu,
0 _€N1 b ENQ b

so that the three null hypotheses can be written as Gy(¢p) = 0, Ge(p) = 0 and
Gpg(a, b) = 0, respectively.
In this notation, the Wald version of the uncentred RP spanning test will be based on

~ N AN R . ~ ~
Gy (pr) = (@or: Por) = [(Par — Crinir)', (Uy, — Crly,) (I @ AZY)
with CT = f‘ngf‘ilT and f\T = f‘22T — f‘ngf‘ﬁle‘ng, where the last expression has being
obtained after applying the partitioned inverse formula to ((:b;/, é&;l) — (D, ) (T, @T7Y).
On the other hand, the Wald version of the centred RP spanning test is based on

~ ~ ~
R 0} a ar 14+Byr O A 1A -
Go(@r) = | | =@ed)| o |= A ® Q7' Ar | Gu(or)
Por fT Aqr 1
= WerGu(er),
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where the first expression has been obtained after applying the partitioned inverse formula
to (@1, @u) = (D, 0) (I ® B71), while the last expression follows from the numerical
relationships &7 = (14B17)(Par — Crivir) and fr = (Uy, — Crln, )+Arr(Dar — Crinr),
with A1 = Oy B2 and Bir = D42 D1

Finally, the Wald version of the regression spanning test is based on

- ar A . 1+Bir 0 ~ 5
Gu(ar,br) = . = (L ® Qr)Ge(@r) = ® Ar| Gu(or)
fT AlT 1
= ‘i’HTGU((%T)‘

Hence, both G¢(@;) and Gy (a7, byr) can be written as full-rank linear combinations
of GU((;bT). However, since Wor and Wy depend on sample data, the three Wald tests
will not be numerically equal in general (cf. Lemma 1).

In this context, we can define the different alternative hypothesis to be compatible if

Ge(9°) = oGy (¢°) and Gy (a° b%) = Gy (¢°), where

1+4B; O

U, = @ Q'A| =p lim Ueyp (A3)
Aq 1 T=e0
and
1+B; 0 . -
Aq 1 T=e0

Then, given that we can always write

VT[Ge(@r) — Gel(¢”)] = VT[¥erGy(dr) — UGy ()]
= UorVT[Gu(@r) — Gu(¢°)] + VT (Tor — Ue)Gy(9P)

regardless of the true values of the parameters, a straightforward application of Cramér’s
theorem implies that vVT[Ge(@y) — Ced/VT] = O TGy (dr) — 8 /VT] +0,(1) for the
case of compatible local alternatives of the form Gy (¢) = 6/v/T and G¢(¢°) = $ed /VT.

Finally, we can use an analogous argument to show that v/T[G (a7, br)—® ;6 //T] =
Uy V/T[Gy(¢y) — 8/VT) + 0,(1) for the case of compatible local alternatives of the form
Gy(p) = 6/VT and Gp(¢°) = ¥y6/VT. O
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B Proofs of Lemmata
Lemma 1:

Let 6 Ar(Yar) = argming h';;(0)Y yrhar(0) denote another GMM estimator of @
based on the alternative set of moment conditions E[h(x;;0)] = 0, where h4(x;;0) =
A(0)h(x;0). Our assumptions on A(6) guarantee that all the required regularity con-
ditions for the asymptotic normality of ] ar(Y n7) will hold if they hold for 9T(TT).

Therefore, we will have that
VTBar(Ynr) — 0°] = [D4(6°) Y xD4(6°)] D (6°) Y vV Thar(6°) = 0,(1)
and
VT[0r(Y7) — 6°) — [D'(6°)YD(6°)] D' (8°) YV Thr(8°) = 0,(1),

where D(6) = E[0h(x;;0)/06'] and D 4(0) = E[0ha(xy;0)/06'].

Importantly, these results continue to be valid even if there is a linear combination of
h(x;; 6°) that is 0 for all ¢.

But since vVThr(0°) — A(0°)VThr(6°) = 0,(1), and

D4(0) = E[h(xy; 0) ® IJ0vec[A(0)]00" + A(0)D(6),
so that D4(6°) = A(6°)Dp(6°) because E[ho(x;;0°)] = 0 by definition of 8°, then we
will have that
VT0.47(Xnr) — O7(X7)] = 0,(1).

Next, note that our assumptions on P(0) ensure that the usual regularity conditions
for asymptotic normality of py, (Y yr) will hold if they hold for ] ar(Y n7). Therefore,

we can easily show that
VT [pyr(Ynr) = p° = {Diy(p”) YD (p”)] ' Dy (p°) Y 5 VThyr(p°) = 0,(1),

regardless of whether or not there is a linear combination of h(x;; 8°) that is 0 for all ¢.

If we then apply the standard delta method, we can show that both
VT{GN[pyr(Ynr)] = Gr (%)} — Qu (") D (p°) Y x Dy (p”)] ' Dy (p°) X 5 VT hyr (p°)
and

VT{G[0.4r(Ynr)] — G(6°)} — Q(6°)[D4(6°) Y vDa(6°)] ' D4 (8°)Y nVThar(6°)
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will be 0,(1). But since vVThyr(p°) — vVThar[P~* (p°)] is also 0,(1), and

Dby (i 0) _ Ol P (6] 0P ()
op’ 00’ a7

so that
P (p%)

Dy (p°) = Da[P™" (p°)] o

and
_0Gy (p°) _ OGP (p°)] 0P (p")

0
QN<p ) ap/ 80/ 6p/ Y
the first part follows because p° = P (6°) and 0P~ (p°) /9p’ = [0P (8°) /00']~* has full

rank.
To prove the second part, note that the sample first-order conditions that define

9AT(TNT) and 9(TT) are given by
f)qu[éAT(TNT)] - Ynr - EAT[éAT(TNT)] =0

and

DY[07( Y1) - Yr - hy[0r(Y1)] =0,

respectively. But since
D17 [0.47(Y 1)) - Y ovr - Bar[@ar(Ynr)] = D30ar(Ynr)]A" - Yz - Abr[@ar(Xwr)],

because of the chain rule for Jacobian matrices and the definition of h4(x;;8), then the
condition Y y7 = A’ 'Y A1 guarantees that 9T(TT) will also satisfy the sample first-
order conditions that define ar(X y7) for large enough T.

Finally, note that the sample first-order conditions that define py,(Y nr) are

D'y [pnr(Xnr)] - Tnr - e[y (Lar)] = 0.

But since

D'y r[pnr(Xn1)] - T - hye[pyr(Lnr)]

_ 8P1'[ﬁéva/(TNT)] D', {P [Py (Xnr)]} - Y - har [P [par(Xnr)]},

because of the chain rule for Jacobian matrices and the definition of hy(xs; p), then
P[Oar(Ynr)] = POs(Yr)] will satisfy the sample first-order conditions that define
pnr(Xnr). Finally, the result follows because Gy{P[@(Y1)]} = G[O(X7)] for large
enough 7. 0
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Lemma 2:
The first part of this lemma follows immediately from the proof of Proposition 2 if
we note that in the exactly identified case both D’(8°)Y and D, (6%,0)A;(6°) are

full-rank square matrices of orders k£ and kg respectively, and also that
h(x;;6°) = P(6°)P'(6°)h(xs; 6°) = Py (0°)her(x:; 62, 0)

because the singularity described in Assumption 1 is such that P’e(BO)ht (x4;0°) = 0Vt by
virtue of Assumption 2. Hence, the asymptotic residual variance in the limiting projection
of VTD'(8°)Yhr(6°) on VTLj_(62,0)D'(8°)S™(6°)hr(6°) will be identically 0.

Now, given that the original functions h(x;; 0) exactly identify 6, which in this case
requires Y to have full rank, the unrestricted GMM estimator 87(Y7) can be obtained
for large enough T by solving the non-linear equation system hy[07(Y7)] = 0 regardless
of XY7. For that reason, we shall refer to @T(TT) as Op in what follows. If we make
the additional assumption that mg(@7) = 0, then the regularity of m(.) on an open
neighbourhood of 8° together with the consistency of @7 imply that in sufficiently long
samples there will be a unique value of O, é@T say, such that 8, = l(éeaT, 0), which in
turn implies that hy[1(8¢7,0)] = 0 for large enough 7.

The condition mg(f7) = 0 also implies that IT'(7)h(x,;07) = 0 Vt in view of

Assumption 1, and consequently, that ST(éT) has necessarily rank kg. Let

_ o Ber(Br) 0| | PhpBn) | o o
{ P@T<0T> P@T(0T> ] _@T ~ = PEBTwT)AEBT(OT)PEBT(OT)
0 0 Pl@T(OT)

denote the spectral decomposition of this matrix. Since 04 will also be exactly iden-
tified from the transformed functions hg(x;;6g,0|07) = Pé(éT)h[xt;l(B@,O)] under
our assumptions, the feasible unrestricted GMMS estimator, 9@T[S;(@T)], can be ob-
tained for large enough T by solving the non-linear equation system hg (g1, 0/07) =
P’ (07)hr[1{0:7(S;(07)],0)}] = 0. But since we saw before that hr[l(fer,0)] = 0 in
sufficiently long samples, é@T[SJTF(@T)] must be numerically equal to é@T for large enough
T. In fact, the numerical equality between 87 and 1{f47[S#(87),0} will continue to hold
in this exactly identified context if in the definition of g7 [SH(07)] we replace Pg(87) by
any matrix whose probability limit is such that none of its columns belong to the column

span of TI1(8°). For ease of notation, we refer to @g7([SH(87)] as gy in what follows.
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To prove the third part, we can apply the delta method to show that
VT[G(6r) - G(6°)] = Q(6°)D™(6°)VThy(6°) + 0, (1)
= Q(6")D "' (6")Ps(6°)VTP,(6°)hr(6°) + 0, (1),
and
VT[Ge(Ber) — Ga(63)] = Qa(85)Dyg, (65, 0)VTher(65, 0) + o, (1)
= Q(6°)Ly, (62, 0) [P (6°)D(6°)Lcs(62,0)] " VTP (6°)hr(8°) + 0, (1)
Therefore, it is clear that
VT[G(0r) — Go(Ber)] = 0p(1)
& Q(6°)Lo, (62.0) [PL(6°)D(6°) Lo, (62.0)] ' — Q(6°)D~'(6")P4(6") = 0
& Q(6°)Lo, (65,0) = Q(6")D™(8°)Py (6") P (6")D(6°)Ly, (65,0).  (B1)
But the last condition is indeed satisfied in view of (A2) and the orthogonality of P(6°).
Finally, we can define an asymptotically valid Wald test of Hy : Gg(6g) = 0 based
on Ogr as
War=TGl(057)[Qe(0er)Dap, 1 (Oer|0r) Aer(B1)Day, (Ber|0r)Ql (Ber)] ' Ga (Bar)-

We can also define an asymptotically valid Wald test of Hy : G(8) = 0 based on 07
as
Wi = TG/ (B1)[Q(B:)D7 (B:)8r (Br)D7" (Br)Q (Br)] ' G(Br).
Given that we have defined Gg(0g) as G[1(6g, 0)], it follows from the second part of the
lemma, that G(87) = Gg(Osr) for large enough T. As a result, Wy and Wgr will be
numerically identical if the matrices defining the two quadratic forms are also numerically

identical. We can express those matrices as

and
Qo (0er)Dgg, 1 (Ber, 0107) Asr(87)D gy (Ber, 0)QL (Oar) =
Q(81)Lo, (Ber, 0)[Plr(07)Dr(07)L(Ber)] ' Agr(r)

x[Lp, (Bar, 0)Dr(07) Plyr(87)] ' Liy (Bar, 0)Q (67),

41



respectively, where we have repeatedly used again the chain rule for Jacobian matrices.
Hence, both quadratic forms will be numerically equal for large enough T irrespective of

the value of Agr(07) if and only if

e ) . . . -1
Q(0r)D " (Br)Por(Br) = Q(B7)Ly, (B, 0) [Pl (Br)D(@r) Lo, (Bor, 0)]
Given that 7 = 1(8gr, 0), an argument analogous to the one we used to prove (B1) allows
us to show that the above condition will indeed be satisfied because (i) hr(67) = 0, so
that H/(éT)ET(éT)L9®(9@T,O) — 0, and (ii) our choice of S;(f7) as an estimator of

S(6°) guarantees that Por(87) is a full column rank linear transformation of II(@7). O

Lemma 3:

Let us re-order the estimating functions in (6) as

RiRi¢" — Ry
thRi(b* - ENl _ hUl(Rt§ ¢)

RQtR;:(,bJr — Ry hUz(Rt§ ¢)
Ry Ri@p" — Iy,

We just need to check that the condition (C1) in Lemma C1 (see Appendix C below) is
satisfied for kjo = ko = 0, with the additional peculiarity that since the second block
of moment conditions contains no additional parameters in this case, we simply have

to check that the left hand side of (C1) is equal to 0. But since Dyy = I, ® I'yp, and
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Dy = I, ® I'yy, it is easy to see that DU2D&}SU11(¢) will be equal to

(14+B) '[1+xB(1+B)"]
A1+B) "k
A(l+B) %k
® Iy
[c—a2(1+B) " +r([c—a2(1+B)"]-a2(1+8)7)

—2(1+B)+ (3B2(1+B) > =5B(1+B) ' +2)k
A(1+B)2(2-3k)

+

A(l+B)2(2-3k
B ( ) (2 ) B ® I‘erl_llyll/&
—2A%(1+B) "+ {3a2(1+B) " —[c—A%(1+B) }x

0 0 . ,
0 1+2k

0 (1+B) &
+ S AT (V1€3v1 + €N1V/1) )

(14+4B) ' —2a(1+4+B)'x

where Sy11(¢) has been obtained from Lemma D1 in Appendix D below. Finally, since
vy = Iy I'vy and fy, = T9 T4y, under the null of spanning, we will have that

DUQD(}iSUl]_(QSO) = SU21(¢0), where Sgo;1(¢) can also be obtained from Lemma D1. O

Lemma 4:

Let us begin again by re-ordering the estimating functions (8) as

Ry — vy ] )
(Rt —v1) (R —v)p™ — Ry, hy (R v1)
(R —v1) (R — v) " — Uy, B hoy(Russ 1, 97, v1)
Ry — v N has(Ror; 1)
(Rt —v2)(Re —v)'" — Ry | hea(Ris ', 1,11, 12) |
| (R —v2)(Re —v)' " — Uy, |

hEl(th; CPL Pl Vl)

hE2(Rt; <P1+; P, V1, V2)

Once more, we have to check that condition (C1) in Lemma C1 is satisfied under the
null hypothesis Hy : o5 = 0, ¢} = 0, where in this case 8 = (v1, p]’, ¢}) and p = v,.

To do so, we must first orthogonalise the two blocks of moment conditions by regressing
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the second set of estimating functions evaluated at 8° and p° onto the first one evaluated
at 0°. The regression coefficients, though, are not uniquely defined since the singularity
in hg(Ry; ¢, v) is confined to hg; (Ry; @) under Hy. Nevertheless, it is easy to see that
g2(Ry; 0°, p°), where g»(Ry; 0, p) = hy(Ry; 0, p) — (I @ B”)hg1 (Ry; 6), will be orthogonal
to hg (Ry; 0°) because Sy (8°, p°) = (I; ® B)S11(6°). In this respect, note that B can
be interpreted as the coefficients in the multivariate regression of Ry, — v5 on Ry — vy,

while (I ® B) can be interpreted as the coefficients in the multivariate regression of

(R2t - V2>(R1t - Vl)/SOIL — Ry,
(th - V2)(R1t - Vl)/SOT — U,

on

(Ryr —v1)(Ray — V1>/901’_ - Ry
(Rit — v1) (R — v1)' 7 — I,

The next step is to find out the appropriate reparametrisation that exploits the singu-
larity in hg (Ry; €), together with the Moore-Penrose inverses of the covariance matrices
of hp (Rt; 00) and go (Rt; 0°, po). Given that the latter covariance matrix has full rank,
we should concentrate on the first block. Specifically, we could work with the repara-
metrisation 6 = 1;(04,0) = (v, iy ¢l @i ), where vig = vy, ¢l contains
the last N7 — 1 elements of ¢, ¢z = @i, and pig = @i’V — @'l , together with the

non-singular set of moment conditions

his[Ri;06,0:] = Pl (0°)hi[Ry; (64, 65)],

g20[Ri; 05,05, p] = P4(0° p°)g2[Ri; 1 (04, 605), pl,

where P14 (0°) are the eigenvectors associated with the non-zero eigenvalues of the as-
ymptotic covariance matrix of v/Thr (00), while P4(8°, p°) contains all the eigenvectors
of the asymptotic covariance matrix of vTg.7(6°, p).

In view of Lemma C1, the condition for asymptotic equivalence between the optimal
GMMS estimators of 8 based on E[h; (Ry;8)] = 0 alone, and the ones that also exploit
the information in E[hs (Ry; 6, p)] = 0, is simply that

c <E 8g2€9 (Rt,O%aQPO)] > :

op
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But since PQ(GO, p°) has full rank, an equivalent condition in terms of the original moment,

conditions and parameters is

[ahQ (Rt§ 90; PO) oh, (Rt§ 90)
E o0

50 —(® BO)T] Ly, (02,0) € <E

Ohy (Rt§ 907 PO)] >

where Ly, (6%,0) = 01,(0,0)/00.,. Tedious algebra then shows that

( o 0) 0O O 0
8h~2 Rtae P
E[ ael = 0 221 O ’
0 0 Xy
Iy 0 0
oh, (Ry; 6°) 1
E 90 | 0 X, O ;
0 0o X,
so that
p ( 0 0) 5 ( 0) B 0O
h2 RtaO 7p h1 Rt,g
0 0O
In addition, since
In, 0 0
x/ _él V/
Lo, (0%, 0) — 1 Ni—1 1 7
0 Iy, -1 0
0 0 In,
then
oy (R:6", ) o, (R,;6") 2o
h; (Ry; 607, p h; (Ry;
0 ~LeB)——— Ls(62,00=| 0 0 0 |,
0 0O

where the only change with respect to the previous expression is that the row dimen-

sion of the second row of blocks is reduced by one. Finally, the result follows because
E [on) (Ri;0°,p°) /0p] = ( -1y, 0 0). O
Lemma 5:

First of all, it is important to note that under the null hypothesis, the relationship
between the estimating functions hy (Ry;by) and hy(Ry; a, b), where by = vec(Bs), will
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be given by the following full rank linear transformation with constant coefficients

h(Ry;bs) = (F ® Ly, )hy(Ry; a,b),
1 0 0
F=10 1 0
0 —ly-1 Inya
Hence, we will have that S (b9) = (F @ In,)Sg(a’% b°)(F'®1Iy,) under Hy, where the

expression for Sy(a, b) is given in Lemma D3 below.

Similarly, the Jacobian of the moment conditions (12) will be

0
R 74
Dy(by) =— |F —ly 1 | ®ln
vi I';
IN1—1
As a result, D’ (by)S; ' (by) will be equal to
-1
1 1 V)
—q(0 —lyy Inq) ' ' F o
1241 Fu V1 (l‘i -+ 1)211 + V1V/1
1 0 0
1 0 B
=—¢(0 —tly,, T) 0 1 0 ®Q
k(k+ 1) vy (k+1) 1y,
0 lny—1 Iny—a

= — {(li + D)7 k(v — vialy-1) 0 Iy1]® Q_l} '

which confirms that the optimal instrument is proportional to a constant translation of

Rlb'Rlaglel- O

Lemma 6:
Using the notation of section 3.1, we can write the approximate slope of the Wald

version of the uncentred RP spanning test as Gf;(¢°)F;* (¢°)Gu(¢°), where
Fi(¢°) = lim V{VT[Gu(dr) ~ Gu(°)]}.

However, it is more convenient to express this matrix as limy_, V[\/T gUT(qu)], where

gv (Ri; @) = Qu(9o)D,Y(9)hy (Ry; @), so that
Fy(¢°) = Qu(¢”)Dy" (¢°)Su(¢°)D () Qr(9°).
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But since

Qu(¢”) D" (@°) = Lo (0 Iy LT ) =L&(-A"C A1), (B2)
and
R; (pj —1
hy (Ry; @) = (pt ) 7
Rtp?[ — Uy

we can write
Vi (pt+ - 1)
thf - (ENZ - CENl)

We can proceed in the same manner with the centred RP test. Given that H, does

gu (Ry; @) = [I, © A

not involve v, and the Jacobian matrix is diagonal, the approximate slope of this test
reduces to G (@°)F.' (¢°)Go(¢?) = Gy (") PLF (°) P cGr(9?), where Wy is given
by (A3). Specifically, we can interpret W 'Fo ()WY as limy o, V[VTEor(¢°)], where
go (Ri; %) = ¥'QeDYhe (Ry; ¢°). But since

Qe )D"(@) = Lo (0 Iy)LeY ) =Le(-Q'B Q') (B3)
and
1+B)R;(pS —1 B — (1+B)p
(Rp; — ) + ARy (p — 1) A —pi—Apf
1+8B 0 R:(p/ — 1) p, —B(1+B)!
= X IN — 1724
A1 Ripi — Uy pf—Aa(l+B)!

because of the relationships between centred RP and uncentred RP described in section

2.1, we eventually get

-1
1+B; 0 1+B 0 w;(pf —1)— (1 +B) 'a
gc (Ri ") = ' @A (pr =1 = (1+8)
A1 A1 wipf —f+A(1+B) a

Finally, the approximate slope of the regression test will be
Gy (2", b")Fy' (2% b°)Gpr(a”, b") = Gy (¢°) U F ' (a°, b°) ¥ Gy (¢°),

where Wy is given by (A4). Once more, we can interpret W 'Fp(a’, b®)¥ Y as the

asymptotic variance of v/Tggr(a’, b°)], where
gn (Ry;a%,b°) = ¥,,'Qp(a”, b)Dy"(a%, b%)hy (Ry;a°, bY).
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But since

-1 0 1 vV
Qu(a%, b)D," (2% b°) = ! ® Iy,
| 0 glNl 1741 Fll
—(1+B V2
_ ( 1) viXg @Iy, (B4)
and hy(Ry;a% b%) = (1,R},) ® wy, we will end up with
Wt(pirt —1)

gr(Ry;a%, b)) =L A~ .
WiD1t
Hence, we have expressed gy (Ry; ¢°), go(Ry; ¢°) and g (Ry; a%, b?) as simple bilinear
functions of wy, p; and p}, and their counterparts under the null, i.e. vy, pf, and pj},,
respectively. The relationship between these random quantities is given by (17) together
with w, = v, —a(l —pf,), A = Q+ (1+B1) 'aa’, A=A, + Q7 !f, and B=B; + a'Q 'a.
Finally, it is straightforward to see that go(Ry; ¢°) = gu(Ry; ¢°) when a = 0. As a

result, the corresponding approximate slopes will be the same too. O]

Lemma 7:

Given that Hy does not involve v, and that the Jacobian matrix is diagonal, we can
treat the elements of v as if they were known without loss of generality. If we combine
the expression (B3) for Qc(¢°)Dg"(¢°) with the expression for S¢(¢°) in Lemma D2

below, we end up with

Fo(¢”) = Qo(¢”)D5"(¢°)Sc(#”")Qe(¢”) D (%) Qi (¢”)

= Le(-—0'B Q1) I+ (k+1)B (k+1)A -
(k+1)a  (k+1)c

N (2K + 1w/ (k+ 1)enV + kvl L -B'Q!
2
(k+ vty + by (2k 4+ 1)ln 0y Q!

1+(k+1)B (k+1)A

_ (+1)B (m+DA ) o
(k+1)A  (k+1)c

N (26 +1) 3 5 (k+ 13y’ + ks @3
(k+1)ps @5 + rpsps’ (26 +1) 3003
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Similarly, if we combine the expression for Qg (a’, b®)D;"(a% b?) in (B1) with the

expression for Sy in Lemma D3 (see again Appendix D), we end up with

Fu(a”,b") = Qu(a”,b")Dy"(a’, b%)Su(a’, b")Qu(a’, b’) Dy (a”, b”)Qjy (a’, b?)

—(1+B vt 1 v
_ ( 1) 12411 o1y, 1 2 Q
—Aq g/lel_ll | 281 (/{ + 1)211 + I/ll//l
—(1+8B —A 1+(sk+1)B K+ 1)A
y ( 1) 1 DLy | = ( )B1 ( )A1 .
Sl 3, (k+DAa;  (k+1)cy
In addition,
vz a
Ge(p) = = Lo ¢ = (L ®Q7)Gu(ab).
5

so that we can write
Gy(a,b)Fy'(a,b)Gx(a,b) — Go(p)F' (¢)Ge(p)
= G(a,b)Fy'(a,b)Gp(a,b) — Gy(a,b)(I, © @ HF ' (¢)(L ® Q7')Gu(a, b)
= Gjy(a,b)[Fy'(a,b) — (L ® Q@ F ' (@)1, © 271)]Gr(a,b).

Hence, a sufficient condition for the desired result would be that (I, ® Q)F¢o () (Io® Q) —

F(a,b) is a positive semidefinite matrix. But this difference is

1+ (k+1)B (k+1)A ol + (2k+1)aar  (k+ 1)fas + raf’
(k+1)A  (k+1)C (k + 1)af’ + xfars (26 + 1)ff
B 1+ (k+1)B; (k+1)Ay -
(k+1Da;  (k+1)cy
aQYla aQlf 2k + 1)aas + 1)fas + raf’
e I I I R R
aQQ it Q7 (k + 1)af’ + xfar (2k + 1)’

If we then pre-multiply this expression by (I, ® Q7%/2), and post-multiply by its
transpose, we end up with
(k+1)(&8)Iy, + 26+ 1)a8  (k+ D)@EPIy, + (k+ 1)fa + xaf
(k+ )&y, + (k+ Daf +xfd (s + D(EFDIy, + (26 + DEF
Ni; N
Ny No
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where & = Q~1/2a and f = Q~1/2f. Given that for elliptical distributions x > —2/(N +2)
(see Appendix D), and that any spanning test involves at least two assets, then both
diagonal blocks are positive definite because 2k + 1 > 0. Therefore, the whole matrix
N will be positive semidefinite if and only if Nay; = Nop — N’12N1’11N12 is also positive
semidefinite (We are grateful to Jan Magnus for suggesting this line of proof). But since

. 1 (26 +1)
Nl — Iv — 2o/
U T i D@EE) ™ ke DBr @A

by virtue of the Woodbury formula, it follows that
(3k + 2)(8'a)*

(k+1)
—[(3k + 2)(8'a) (f'f) — 4(2k + 1)(8'F)?)ad’

Noot = (3 +2) [(@8)(F']) — (38) (@)L,

+(5k + 2)(&A)X(FF) — (5 + 2)(8/'a)(8'F)(aF + f&).

Let us study the eigenvalues of Nog1. One is clearly 0 since Nyy 14 = 0, and another

one
4(/1+1)(2/1+1) oo 22 o132
f'f) — (d'f
since . i )
. af 4 1)(2 1) |s 3'f)? . af
AR LS I U ICAR DN 17 S Y P
a'a (3k +2) &a a'a

where the associated eigenvector is the residual of the Euclidean projection of f onto the

linear span of a. A third eigenvalue is

Noopy = (v + 1)

But since the orthogonal complement to < > is of dimension Ny — 2, then there are no
further eigenvalues. Finally, since (&4) (F'f) — (8f)2 > 0 by virtue of the Cauchy-Schwartz
inequality, all the eigenvalues of Ny, are non-negative, which implies that the matrix N

will be positive semidefinite. O
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C A useful GMM result:

We extend to the singular case earlier results in Gouriéroux, Monfort and Renault
(1996) and Lezan and Renault (1999), which in turn nest Theorem 1 in Breusch et al.
(1999).

Lemma C1 Let hy(x;;0) denote a set of ny estimating functions for 0 < k; < ny un-
known parameters 6, whose true values are implicitly defined by E[h;(xy; 00)] = 0, and
let hy(xy; 0, p) denote an additional set of ny estimating functions that depend not only
on 6 but also on some additional 0 < ko < no unknown parameters p, whose true values
are implicitly defined by E[hy(x;0°, p°)] = 0. Let

S1(6%)  S5,(6°, p)
S 00 0y — 11 21 )
( P ) [ S21(007p0> SQ2<00’p0)

denote the joint asymptotic covariance matriz of [VTh,;(08°),vVThy, (6%, p°)]', and fac-
torise it as

T 0 S11(6°) 0 L, —S7(6")5,(6% p°)
—S21(6°,p°)811(0°) 1o, 0 Syu(6°p%) 0 L, ’

2

where S7,(0°) is some generalised inverse of S11(8°), and
S2211(8°, p%) = S22(6°, p°) — S21(6°, p°)S;,(8°)S5, (6", p°)

can be regarded as the asymptotic covariance matriz of /T g27(0°, p°), where
2:(x1; 0, p) = h(x:; 0, p) — S21(8°, p°)S1,(6°)hu (x4 6),

are some transformed estimating functions which are invariant to the choice S7,(6°). In
addition, let
I, (0) IL»(6,p)
I1(0,p) = ’
( p> [ 0 H22 (07 p)

denote a (ny + ny) X (k1o + kag) matriz of continuously differentiable functions of @ and
p, with 0 < kg < k1 and 0 < kg < ko, such that

Hlon) o) | |y | = 0ws [ )

where mg (0, p) is a (kig + ko) continuously differentiable function of @ and p with

Oms (6)
k
ran {8(9/7 )
in an open neighbourhood of (6°, p°). Moreover, assume that mg(6°, p°) = 0 if kio +
kas > 0, and that rank[S;;(6°, p°)] = ny — k1o, rank[Sey1(0°, p°)] = na — ke, so that

rank[S(0°, p°)] = (n1+n2)—(kie+kas). Then, subject to the required regularity conditions,
the optimal GMM estimators of 6 based on

)]:mew,p):o,

} = (k1o + k2o)

E[hi(x4;0)] =0
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alone are asymptotically as efficient as the optimal GMM estimators that additionally use
Elhy(x,; 0, p)] =0

if and only if . .
D2G§0@ (0 7p0) € <D2EBP@ (0 vp0)> ) (Cl)

where

DQ@O@ (0297 pg;) - PIQEB(007 pO)D20(007 pO)LIG@ (0897 0)7
DZEBP@ (9297 pga) = PIQEB(O[)? pO)DQp(HOJ pO)LQp@ (0897 07 pgy 0)7

P2 (0°, p°) Mg (0°, p°) Pl (0°, p°) provides the spectral decompositions of Saap1(6°, p°),

0go(x;; 0, Ohy(x4; 0, B ohy(x;; 0
Dy(0.p) = E [%} =FE {%} - Szl(eoapo)su(eO)E {%} 5

agg(xt; 0, P) ahQ(Xt; 0, P)
D,,(0,p) = E[ - =Bl—5
9@9 ml@(e)
0o m;(6) { m, () 1
= = = 07 )
Po m2@(9,P) m2(9,p) m( p)
Po m2e(9,P>
L (0 0) _ 811(069709)
106 \Y®H Vo 80/@ )
Oly(0g, 0c, pay, p
L2p@(0®7067p@ap6> = 2( 6986/ = 9)’
Ps

L, [my(6)] } _ < 0 )
I2[m; (6), m>(6, p)] p)’
and (A) denotes the column space of the the matriz A.
Proof. : We know from Lemma 1 that E[gs(x; 6, p)] = 0 can replace Elhy(x:; 6, p)] =0
without loss of asymptotic efficiency. Given that v/T'g,r(6°, p°) and vTh;7(0°) are
asymptotically orthogonal by construction, the discussion in section 3.2 implies that the

right way to exploit the potential singularities in both sets of moment conditions is to

estimate the parameters 6 and pg, from the transformed moment conditions:

hig(xs;00,000°) = P! (0")h[x,;1;(04,0)],

gQ@(Xt; 0@7 07 P> 0|007 pO) - Pl2®<007 pO)hQ[Xt; 11(0@7 0)7 12(0@7 07 Ps> 0)]7

where P (0°) A1 (0°) P} (8°) provides the spectral decomposition of Sy;(6°).
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Let @@T and pgr denote the optimal GMM estimators of 04 and pg based on both
subsets of moment conditions. Similarly, let 847 denote the optimal GMM estimator
based on the first subset of moment conditions. Since we have transformed the poten-
tially singular problem in a non-singular one, under standard regularity conditions the

asymptotic variances of these estimators will be:

lim V ﬁ(éEBT B 0%) — 1699@ (00 ) D/zeso@ (0897 P[e)a)
7| VT (par — p2) 0 D}, (6%, p)
—1
A (6°) 0 Di1so, (6°) 0

0 A54(6° 0%) Dago., (05, 0%) Dasp, (05, P3)
and

lim VIVT(Bar — 02)] = D0, (03) A1 (0°) Diao, (65)] .

T—o0

Hence, we need to compare this last expression with limz ., V[vVT(8gr — 62)], which is

given by:

{Dl@o@(ﬁ’%)Afé(Oo)Dl@e@(O )+D2@0@(9397P29)A2_é<90uPO)D2@0@(9%»PSB)
2060 (00 P5) A2 (0", p°)Dasy, (05, P5)[Dig,, (02, Pg) Ao (6°, p°)Dasyg (65, pG)]

xDhg, (0, p5)A5(6", p°)Dage, (62, p3)} "

Since both asymptotic covariance matrices are positive definite, they will be equal if

and only if the matrix

D,ZGBO@ (029’ p%>A2_€é (00’ pO)D2®9@ (029’ p%) Dé@e@ (9%7 pge)Az_é (007 p0>D2®p@ (0897 P%)

[D/Q@p® (0?97 pga)AQ_Eé(e()? pO)DQ@p@ (0297 Pge)] lDIQGBpEB (0297 p%)AQ_é(GO, p0>D2@9@ (0297 P%)
is 0. But since we can interpret this matrix as the residual variance in the asymp-
totic least squares projection of Dig, (0%, p%) A5 (6°, POV T 821 (0%, 0, pr, 0) onto

Diep, (0%, p2) AL (0°, p°)VTEaer (0%, 0, pO7, 0), it will be zero if and only if we can

write Dag,, (0%, p3) as a linear combination of Dag,_ (05, p%)- O

D Covariance matrices of the sample moment condi-
tions under i.i.d. elliptical returns

Elliptical distributions are usually defined by means of the affine transformation R; =

V04 (X°)1/2¢2, where €7 is a spherically symmetric random vector of dimension N, which
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in turn is fully characterised in Theorem 2.5 (iii) of Fang, Kotz and Ng (1990) as &7 = e;uy,
where u, is uniformly distributed on the unit sphere surface in RY, and e, is a non-negative
random variable which is independent of u;. The variables e; and u; are referred to as
the generating variate and the uniform base of the spherical distribution. Assuming that
E(e?) < 0o, we can standardise €; by setting F(e?) = N, so that E(e}) =0, V(e}) = 1y,
ERy) = v and V(R;) = . For instance, if e¢; = /(v — 2)(,/&;, ¢, is a chi-square
random variable with N degrees of freedom, and &, is an independent Gamma variate with
mean v° > 2 and variance 20°, then &7 will be distributed as a standardised multivariate
Student ¢ random vector of dimension N with v° degrees of freedom, which converges to

0 — oo. If we further assume that E(e}) < oo,

a standardised multivariate normal as v
then the coefficient of multivariate excess kurtosis x reduces to E(e})/N(N +2) — 1. For
instance, k£ = 2/(v? —4) in the Student ¢ case, and xk = 0 under normality. In this respect,
note that since E(e}) > E?(e?) = N? by the Cauchy-Schwarzt inequality, with equality if
and only if e, = v/N so that €° is proportional to uy, then £ > —2/(N +2), the minimum
value being achieved in the uniformly distributed case.

Then, it is easy to combine the representation of elliptical distributions above with

the higher order moments of a multivariate normal vector in Balestra and Holly (1990)

to prove that the third and fourth moments of the elliptical distribution are given by
E(RR' @R) = (Iy: + Kyy) (v @ 2) + vec (T) V/, (D1)
and

E(RR/ (%9 RR,) = (E (%9 2) (IN2 + KNN) + (INQ + KNN) (E X I/I/,) (INQ + KNN)

+vec (T)vec (T) + & [(Z @ X) (Iy2 + Kyn) + vec () vee (B)] (D2)

respectively, where Kyy is the commutation matrix studied in Magnus and Neudecker
(1988). Similarly, it is possible to show that the mean vector and covariance matrix of
the distribution of Ry conditional on R; will be E(Ry|R;) = vy + X1 X (Ry — v) and
V(R2|R1) = o[(R1 — v1)E} (Ry — v1)] - ©, where Q = Xy — 21 5'3%,, and o(.) is a
scalar function whose form depends on the member of the elliptical class (see again Fang,
Kotz and Ng (1990)). For instance, o(.) is identically 1 in the multivariate normal case,

and affine in its argument for the Student ¢ (see Zellner (1971, pp. 383-389)).
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The following three results exploit these properties to obtain closed form expressions
for the asymptotic covariance matrices of the sample moment conditions that appear in

the different testing procedures:

Lemma D1 If R, is an v.i.d. elliptical random vector with mean v, covariance matriz
>, and bounded fourth moments, then the asymptotic covariance matriz of /Thyr (QSO),
where hy (Ry; @) is defined in (5), will be Sy(@°), with:
[+ T+ kB (1 +B)T
Su(9) _{ A(l+B) "k
A(1+B) 7k
2 2 1 2 -2 ® F
[c—A%2(14+B) J+r([c—Aa%(1+B) " ]—a%(1+B))
L[ 204m) 7+ (383 (1+8) P —5B(1+B) " +2)k
A(1+B) (2 —3kK)
A(1+B)2(2-3k) -
—2A2(1+B) 2+ {382(1+B) *—[c —a%(14+B) '|}x

0 0 y 0 (1+B)_1/€ , ,
+(0 1+2H)®£N€N+{(1+B)1,{ _2A(1_’_B)1KJ]®(V€N+€NV).

1

Proof. Tedious but straightforward on the basis of (D1) and (D2). O

Lemma D2 IfR; is an i.i.d. elliptical random vector with mean v, covariance matriz 3,
and bounded fourth moments, then the asymptotic covariance matriz of Thgr (%, ),
where hg(Ry; o, v) is defined in (7), will be Sg(°, V°), with:

I -1 0
Se(p,v)=| -1 1+(k+1)B (k+1)A | ®X
0 (k+1A  (k+1)C
0 0 0
+( 0 (26 + v/ (k + DlyV' + kvt |,
0 (k+ 1wty + klyV (26 + 1)lnLly

Proof. Tedious but straightforward on the basis of (D1) and (D2). O

Lemma D3 IfR; is an i.i.d. elliptical random vector with mean v, covariance matriz 3,
and bounded fourth moments, then the asymptotic covariance matriz of v/Thyr (a°% b?),
where hy(Ry; a,b) is defined in (11), will be Sy(a°, b®), with:

(1 v,
SH(37 b) - < v (H—’— 1)211 + Vll//l ) ® Q.
Proof. First of all, we can apply the law of iterated expectations to show that
Su(a,b) = E{E[hy(Rs; a,b)[Ry]}

[ RS Rl B RS R R |
E{o[(Ry; — v1)E Ry, — v1)]Ry} E{oRy — v1)'E7 (Ry, — v1) RyRY, }
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But since

V (R2t> - 222 - E [V (R2t|R1t>] + V [E (R2t|R1t)]
= Blo[(Ry — 1) (R —v1)]} - Q + BE, B,

then it must be the case that E{o[(Ry, — v1)'2]] (Ry; — v1)]} = 1. Similarly, since

E{(Ruv1) - ved [(Rarv2) (Rar-v2) [} =E [(Ryp-11) - E {ved [(Rarva)(Rar-v2)] [Rue}]
= E[(Ryrv1) - vec{o[(Ri-v1) T (Ry-v1)] - @ + B(Ryp-v1) (Ry-v1)' B’} = 0

by the symmetry of elliptical random vectors, it must also be the case that
E{o[(Rui; — v1)'S7] (Riy — v1)] (R — 1)} = 0,

and consequently, that E[o[(Ry — v1)' 2 (R — v1)]Ry} = vy,

Finally, since

E[(Rz — v2)(Ray — v2)' @ (Ryy — v1) (R — v1)]
= (k+1) [(Z22 ® T11) + (Ba1 @ B12) Ky v, + vee (Bna) vee (B1a)']
= E{E[(R2 — v2)(Rar — v2)'|R1] ® (Ryy — v1)(Ryy — v1)'}
= E[{o[(Rus — v1)Z (Ryy — v1)] - @
+B(Ry; — v1)(Ryy — v1)'B'} @ (Ryy — v1)(Ryy — v1)]]
= Q® E{o[(Ry — v1) 21 Ry — v1)] - Ry — v1) Ry — v1)'}
+B®1Iy,) E[(Ry —vi)(Ry —v1) @Ry —v1)(Ryy — v1) [ (B' @ 1y,)
= QR F{o[(Ri; — v1)'Zy] (Ri — v1)] - (Ray — v1)(Ray — 1)’}

+(/€ —+ 1) [(BElQ ® 211) + (221 &® 212) KNl,Ng + vec (212) vec (212),} ,

where we have repeatedly used expression (D2) for the fourth moments of an elliptical

vector, and the fact that

Iy, O Tu 0 Iy, B
B Iy, 0 Q 0 Iy,

S

it must be the case that E{o[(Ry;—v1)'Z Ry —v1)]- (R —v1) (R —v1)'} = (k+1)241,
and consequently, that E{o[(Ry, — v1)'E] (Ry — v1)]RuRy,} = (k + 1)2 + ). O
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Table 1a
Spanning Tests
All countries
Gross returns: 1 week and 3 months
p-values of the Uncentred Representing Portfolio (URP),
Centred Representing Portfolio (CRP), and Regression (Reg) versions

Weighting Matrix Lags URP CRP Reg

S 0 0.000 0.000 0.000
8 0.000 0.000 0.000
So 0 0.000 0.000 0.000
8 0.000 0.000 0.001

Table 1b
Spanning Tests
Belgium (BE), France (FR) and Italy (IT)
Gross returns: 1 week and 3 months

p-values of the Uncentred Representing Portfolio (URP) version

Weighting Matrix Lags BE FR IT

S 0 0.000 0.399 0.000
8 0.000 0.460 0.000
So 0 0.000 0.482 0.000
8 0.000 0.544 0.000
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Figure 3b: Return mean-variance frontiers that share the centred cost
representing portfolio
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