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laws of motion, i.e. there can be possible sunspot equilibria. Such complications 
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analyse the relevance of the zero lower bound for alternative levels of inflation 
in a standard Neo-Keynesian model, where stability is assured by assuming 
that fiscal policy turns expansionary at the zero lower bound. 
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1 Introduction

The zero bound on the nominal interest rate is an issue that has received increasing

attention from economists in recent times. What seemed to be a topic of purely

theoretic interest during the high-inßation period of the 1970s and early 1980s has

turned into a hot policy debate due to the steady decline of inßation rates and, above

all, the Japanese fall into the liquidity trap in the nineties. As a result, there has

developed a rapidly growing literature analyzing issues related to the zero bound1

and trying to learn from the Japanese experience2.

Central bankers are concerned about the zero bound on nominal interest rates

because it may render nominal interest rate policies unable to create the stimulus

needed by an economy when output is below trend and inßation expectations are

below target. This simply means that policy becomes less effective under certain

circumstances. More importantly, theoretical difficulties arise. As was shown in a

series of papers by Benhabib, Schmitt-Grohe, and Uribe (1999, 2000a, 2000b, 2001),

the presence of a lower bound on nominal interest rates implies the existence of an

alternative steady state, in which the inßation rate is negative (and equal in ab-

solute value to the equilibrium real interest rate) and nominal interest rates are zero.

Importantly, the standard steady state is unstable: there are an inÞnite number of

trajectories that take the economy from the standard equilibrium to the alternative

one. Moreover, this alternative steady state is indeterminate, i.e. random shocks to

expectations (sunspots) are compatible with rational expectations. These theoretical

considerations have important policy implications because the possibility of sunspots

1See Benhabib, Schmitt-Grohe and Uribe (1999, 2000a, 2000b, 2001), Bernanke (2000), Buiter
and Panigirtzoglou (1999), Clouse, Henderson, Orphanides, Small and Tinsley (2000), Goodfriend
(2000), Krugman (1998), McCallum (2000), Reifschenider and Williams (2000), Saunders (2000) or
Wolman (1999).

2See, for example, Bernanke (1999), Cecchetti (1998), Posen (1998) or Okina (1999).
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implies that the economy possesses an uncontrollable risk (cost) for the policy au-

thority. A theoretically satisfactory analysis of the relevance of the issue of the lower

bound in theoretical models therefore has to deal with the potential multiplicity of

steady states. Relative to these issues this paper is modest in scope in that it ignores

the sunspot issue and assumes unicity of the equilibrium.

This paper discusses the question of the level of inßation that maximises the

welfare of a representative agent within the framework of a Neo-Keynesian rational

expectations model. In the context of this model, optimal policy will depend on the

trade-off implicit in choosing a target level of inßation. The level of inßation here

is postulated to be positively correlated with the variance of demand shocks. Thus,

higher levels of the inßation target induce higher macroeconomic variance, which

is considered undesirable3. On the other hand, a higher level of inßation serves as

a protective barrier from the zero-bound of nominal interest rates, the trap out of

which escape is costly. Costly escape out of the trap is modelled by assuming that

otherwise neutral Þscal policy turns expansionary4, thus increasing inßationary pres-

sure, reducing the real interest rate, and ultimately pushing production back towards

its equilibrium level. The cost of this intervention is incurred because we assume

that government expenditure is essentially wasteful in this model5. Finally, monetary

policy is designed to maximise welfare of the representative consumer. Welfare essen-

tially consists of two parts, an expected value term, which is decreasing in government

expenditure (consumption equalling production minus government expenditure) and

the adjustment for the concavity of the utility function, which is decreasing in the

3This view is consistent with the distortions related to interactions of inßation with the tax
system (Feldstein (1997)) and the empirical Þnding that inßation level and inßation variance are
positively correlated both over time and across countries (Okun (1971), Okun (1975), Taylor (1981)
and Ball and Cecchetti (1990)).

4In the spirit of Svensson (2001).
5This is only a technical assumption. One can conceive alternative forms of public expenditures

that have a positive return.
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variance of consumption.

The value added by the paper is twofold. On the one hand, it allows for the

reaction of the economy to a shock to be state-dependent. This is specially true in

the context of the zero bound on nominal interest rates since the degree of effectiveness

of the monetary decisions is very limited when interest rates are close to zero6. On

the other hand, this paper embeds the relationship between the inßation rate and the

volatility of the shocks, widely documented in the literature, in an otherwise standard

model with nominal rates bounded at zero.

It should be noted that the results of the paper naturally depend on the parameters

we use to calibrate the model. In particular, they are sensitive to the assumption on

the equilibrium real interest rate. Under the assumption on the equilibrium real

interest rate being equal to 2%, we Þnd two main results: First, the probability of

hitting the zero lower bound upsurges non-linearly when the inßation target decreases,

increasing rapidly as the inßation targets drops below 1 percent and being around 5

percent for an inßation target of zero. And second, the simple economy we propose

implies that 2 per cent is the inßation target that maximises the expected utility of

a representative consumer.

However, if the equilibrium real interest rate is set equal to 3%, the probability

for the non-negativity constraint on nominal interest rates to be binding plummets to

negligible Þgures for all non-negative inßation targets and then the welfare maximising

inßation target turns out to be zero. Therefore, given the large degree of uncertainty

surrounding the estimates of the equilibrium real interest rate, a welfare-maximising

central bank, in the context of this model, should weigh these two different scenarios

when choosing the quantitative deÞnition of its policy objective. Indeed, a risk-averse

policy-maker would presumably buy insurance by means of attaching a higher weight

6See Kimura et al. (2002) for empirical evidence on the Japanese economy.
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to the �2% real rate� scenario.

Section 2 brießy surveys the literature on optimal inßation and the nominal in-

terest rate zero bound. Section 3 explains the model in greater detail. Section 4

produces the main results, notably, probability estimates of falling into the liquid-

ity trap for several inßation targets and an analysis of the optimal inßation target.

Section 5 concludes.

2 Optimal Inßation and the Zero Lower Bound

2.1 Optimal Inßation

When discussing the optimal inßation target it is compulsory to recall Milton

Friedman (1969), who proposed that the optimal inßation rate should be negative and

equal in absolute value to the real interest rate. According to the Fischer equation

the nominal interest rate would then be zero and real balances would be held at a

zero marginal cost7. This is the famous Friedman rule. The reasoning behind this is

that there is a social cost associated with holding currency relative to investing it at

a positive interest rate. Since the production of currency is essentially of zero cost

there would be, in the words of Robert Lucas, �one of the few legitimate �free lunches�

economics has discovered in 200 years of trying�.

Four years later, Phelps (1973) noted that the Friedman argument ignored the

fact that inßation allows the government to extract an inßation tax through seignior-

age. In the absence of seigniorage, the government will have to rely on alternative

(distortionary) means of collecting income. Depending on the welfare cost of these al-

ternative means, which depend on the tax code and the elasticities of factor supplies,

the optimal level of inßation will be correspondingly higher. Cogley (1997) notes

7Which is equal to the marginal cost of production of currency.
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that the inßation tax may in fact have a higher distortionary cost than other forms

of taxation, and argues in favor of an inßation rate of 1 percent on the basis of the

econometric evidence of distortionary taxation of Mulligan and Sala-i-Martin (1997)

and Braun (1994)8. Niccolini (1997) argues for a positive inßation tax in the presence

of an underground economy that the Þscal authority cannot tax otherwise. Aizeman

(1987) and Vegh (1998) argue for an inßation tax based on the collection costs that

are associated with other forms of taxation. Whereas these papers focus on calcu-

lating the optimal level of inßation others directly focus on the welfare implications

of alternative inßation rates. Two such applications are Lucas (2000) and Wolman

(1997). While Lucas argues that the reduction from the historic rate of 5 per cent

to 0 percent exploits most of the welfare gains relative to the Friedman optimal rule,

Wolman shows how this conclusion can be turned upside down by using a different

money-demand equation, i.e. he shows how for a different functional form for money

demand the bulk of the welfare gain lies in reducing the inßation rate from zero to

the Friedman-optimal rate of minus the real interest rate.9

Summers (1991) advocated a positive inßation target to deal with several �real-

world problems�. One of these problems10 is that nominal interest rates are bounded

at zero. Money has a pecuniary rate of return of zero (abstracting from insurance

costs, storage costs and taxes) and a non-pecuniary return as a unit of account and

a medium of exchange higher than other Þnancial assets. If the nominal interest rate

for a close but not perfect substitute for money is negative, an agent can maximise

8See also Kimbrough (1986), Guidotti and Vegh (1993), Christiano, Eichenbaum, and Evans
(1996), Correira and Teles (1996, 1999), De Fiore and Teles (1999) and De Fiore (2000) on the
optimal inßation rate in various theoretic economies.

9One important caveat in calculating the welfare effects of reducing inßation to the Friedman
optimal rate from estimated (or for that mater calibrated) mony-demand speciÞcations is that one
has to extrapolate results into a range of nominal interest rates that have never been observed
historically.
10Apart from inßation measurement bias and downward nominal wage rigidities.
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returns by holding money at a zero interest rate rather than using it to buy a close

substitute at a negative interest rate. In such a situation, the economy could Þnd

itself in what is called a liquidity trap.

2.2 The Zero Lower Bound

Following Svensson (2000), �In a liquidity trap the economy is satiated with liq-

uidity and the nominal interest rate is zero. (...) If equilibrium real interest rates are

positive, equilibrium expected inßation will be negative. (...) Thus, by a liquidity

trap, I mean a situation with zero interest rates, persistent deßation and persistent

deßation expectations�. The liquidity trap so deÞned is a nominal downward spiral.

This is the sense in which there may exist an alternative steady-state in addition to

the standard one in which the inßation rate is equal to the policy target and output

equals potential output11.

Policy prescriptions that assure the uniqueness of the standard steady state and

the economy�s law of motion have been advanced by a number of authors. These

policies are usually ordered into three main groups: providing more liquidity to the

economy, affecting expectations directly and taxing money holdings.

As to the Þrst group, the basic idea is that the central bank may increase the

monetary base by purchasing a variety of assets. For example, the monetary authority

may buy Treasury bills via open-market operations (Clouse et al. (2000)), government

bonds (Clouse et al. (2000) and Bernanke (2000)), foreign currencies in exchange

markets (Meltzer (1999), Bernanke (2000), Clouse et al. (2000), McCallum (2000)

and Svensson (2001)) and private sector securities (Bernanke (2000) and Clouse et al.

(2000)). In addition, the central bank may lend money to the private sector (Clouse

11See Reifschneider and Williams (2000) and Benhabib, Schmitt-Grohe, and Uribe (1999, 2000a,
2000b, 2001).

7



et al. (2000)) or may let money rain (Clouse et al. (2000), Bernanke (2000) and

Benhabib, Schmitt-Grohe and Uribe (2000a)).

The second set of proposals relies on affecting expectations directly to drive the

economy out of the trap. To get to this goal, the monetary authority must have the

credibility that it will adhere to what it proposes and, what is more important, the

credibility that it can deliver on its proposal. To gain credibility, monetary authority

may adhere to a commitment to an explicit inßation target for several years into

the future (Krugman (1998) and Bernanke (2000)), to money-growth targets (Hetzel

(1999)) or to maintain nominal interest rates at zero level after the liquidity trap

has been abandoned (Okina (1999)). Another possibility for the central bank is to

write options on the Treasury bond rate that will prevail at some point in the future

(Tinsley (1999)). Inside this group, it may be useful to consider agreements with

the Þscal authority to a contingency plan to be implemented immediately if a zero

bound situation were to occur (Svensson (2001)). Benhabib, Schmitt-Grohe and Uribe

(2000) propose an inßation sensitive Þscal policy that calls for lowering taxes when

inßation subsides and show that the rule can rule out liquidity traps by making them

Þscally unsustainable12. The channel through which the liquidity trap is eliminated

here is basically that a decline in taxes increases the household�s after-tax wealth,

which induces an aggregate excess demand for goods13.

The third group of potential alternatives to the interest rate channel basically

consists of various ways of taxing money holdings (Keynes (1923), Gesell (1949),

Buiter and Panigirtzoglou (1999) and Goodfriend (2000)). Such taxes are oftentimes

also referred to as Gesell taxes. By taxing money holdings, the opportunity cost of

12Since sustainability of the Þscal policy is a prerequisite for a rational expectations equilibrium,
no equilibrium that would imply an unsustainable Þscal policy can exist.
13Note that the magnitude of this effect goes back to the classical Keynes-Pigou debates (Keynes

(1936), Pigou (1950)).
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holding money is positive in a context of zero (or even slightly negative) nominal

interest rates. Hence, the demand for short-term bonds would be positive since they

are not taxed by the Gesell tax. The aforementioned elements enable the policy-

maker to decrease the short-term nominal interest rate below zero and to avoid the

liquidity trap simultaneously. The higher the tax rate on money holdings, the larger

the extra room of manoeuvre provided by the tax. Nonetheless, these policy actions

may be accompanied by so high administrative costs that they appear uninteresting

in practice.

In summary, there are two distinct arguments that are complementary to the

analysis of the liquidity trap. First, how can the likelihood of nominal interest rates

dropping to zero be minimised and, second, if we do arrive at zero nominal interest

rates, how can we escape from the trap. At this point it is important to note that all of

the above policy recommendations assure that while we may end up at the zero bound,

we do not enter the trap per se. To see this recall that the liquidity trap is deÞned

as an alternative equilibrium - a deßationary spiral - and as such it is a problem to

the extent that it would lead the economy to converge to an alternative (suboptimal)

steady state. At this other steady state there could theoretically be sunspot dynamics

of unbounded variance. As a result, all policies that allow the economy to slide inside

the trap are intrinsically inefficient. Hence, the only way any policy can protect the

economy from the trap is to rule it out as an equilibrium. This argument can be

captured in Figure 1, which is borrowed from Benhabib, Schmitt-Grohe and Uribe

(2000a), and shows the level of the nominal interest rate as a function of the level of

inßation.

In the graph � denotes the equilibrium real interest rate as determined by the

steady state rate of time preference of the consumers, and � is the rate of inßation

(varying throughout the horizontal axis). �+� denotes the nominal interest rate de-
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Þned as the rate that equilibrates the money market14(vertical axis) and �(�) denotes

the supply side �price�, the policy rule that determines the nominal interest rate as

a function of the nominal interest rate target and the state of the economy to which

the policy maker reacts (also throughout the vertical axis). Following Benhabib et al.

(2000a) we assume that ��(�)
��

|�=�∗� 1, an assumption that is satisÞed, for example,

by the Taylor rule as a policy function (see Section 3),

�(�) = �+ � + ��(�� − �) + ��(�� − �)�

where � and � denote the target levels (steady states) of inßation and output, respec-

tively. In this case ��(�)
��

= �� � 1 since �� = 1�5 in the Taylor rule15.

Clearly, there exist two steady states. The Þrst one is the standard case, where

� = �∗ � 0 and the nominal interest rate �(�∗) is positive. This equilibrium is

unstable. The second one represents the liquidity trap case, where � = �� = −� and
the nominal interest rate �(��) equals zero. Benhabib et al. (2000a) demonstrate

that the standard equilibrium is unstable whilst the deßationary spiral is stable. We

can then uniformly represent all of the policy recommendations regarding escapes

from the trap as ways to limit the support of the level of inßation. In fact, one way or

another all policy solutions lead to violations of some transversality condition for the

equilibrium associated with �� (see Benhabib et al. (2000a)) or increase the lower

bound on inßation beyond the level associated with the liquidity trap ��. In the

presence of appropriate policy, the equilibrium is then unique.

14By the Fischer equation, the nominal interest rate equals the real interest rate, �, plus the
expected future inßation rate. In equilibrium, the expected future inßation rate will be equal to the
rate of inßation, �.
15The reason why ��(�)

��
� 1 is a particularly appropriate assumption in the case of Taylor-type

policy rules is that this assumption usually is necessary to assure local determinacy of the economy
around the standard (target) steady state.
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2.3 The Relevance of the Zero Lower Bound

It seems clear that the importance of the zero bound on nominal interest rates as

a constraint on monetary policy depends on several factors, such as the frequency,

the magnitude and the persistence of the shocks that hit the economy. To analyse

the probability of being caught in the liquidity trap, researchers have followed two

complementary paths: to use historical data or to rely on simulation analysis.

2.3.1 Historical analysis

The main conclusion that is obtained from the analysis of historical time series

is that the probability of hitting the zero bound is essentially zero for an inßation

rate of 2 percent. Of course, this is a result that is conditional on an equilibrium real

interest rate in line with long-run averages of industrial countries.

Clouse et al. (2000) review the history of nominal interest rates in the United

States since 1860. They report that for the period between 1860 and 1930 short-term

interest rates were well above zero in the United States, despite a series of inßationary

and deßationary cycles. Short-term nominal interest rates hit the zero bound by 1932

as a consequence of deßation that began in 192916 (with the price level declining 25

percent between 1929 and 1932). From 1932 to 1948 nominal interest rates were

under 1 percent, very close to the constraint. The authors construct a proxy for the

room available to the monetary authority to diminish nominal rates in response to

shocks. The Great Depression is said to stand out �not because of relative little room

for easing at the outset of the downturn in 1929 but for ultimately running out of

room despite the initial room to ease�. Since 1950, nominal interest rates have been

well above the zero bound. Also, as noted by Summers (1991), this nominal interest

16Actually, a mild deßation in the Consumer Price Index was already under way since the end of
1924.
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rate history implies ex-post real interest rates in the United States have actually been

lower than zero in about one-third of the years since World War II17. Clouse et al.

also analyse the Japanese experience as well and Þnd that Japan in the 1990s had

a delayed decline in long-term yields that was very similar to the experience of the

1930s in the United States. Figure 2 shows the path of interest rates and inßation

for Japan during the 90s.

Putting the pieces together we can state that historically the nominal bound has

been important in the U.S. during the Great Depression and in Japan during the

90s.18 In any event, given the shortcomings implied by a purely historical analysis to

provide any policy recommendation, many studies supplement the historical analysis

with a simulation study.

2.3.2 Simulation analysis

By deÞning artiÞcial economies and analysing the effects of simulated shocks,

researchers have found that the relationship between the inßation target and the

probability of the zero bound to be binding is a non-linear one, such that as inßation

approaches zero, the likelihood of encountering the zero bound increases at an increas-

ing rate. The prevailing view seems to be that an inßation target of 2 percent would

be high enough to sufficiently reduce the effect of the zero bound on the effectiveness

of monetary policy.

Cozier and Lavoie (1994) present a calibrated reduced form model with an aggre-

gate demand equation, an expectations augmented Phillips curve, an exchange rate

17The real after-tax rate has actually been negative in about 75 per cent of these years
18In addition, the US historically has had the privilege of its currency serving as an international

Þnancial safe haven, which has resulted in lower real interest rates than in countries of similar
macroeconomic performance (see Campbell (1999)), which in turns means that the issue of the
zero bound is ceteris paribus (i.e. controlling for differences in inßation targets) of accentuated
importance for the Federal Reserve Board.

12



equation, and a forward looking monetary policy rule. They Þnd that the probability

of falling into the trap is 3.5 percent at a 1 percent inßation rate and 5 percent at a

zero inßation rate. Fuhrer and Madigan (1997) evaluate the zero bound importance

by comparing the response of their model (composed by a backward-looking IS curve,

a Phillips curve and a monetary policy reaction function) to IS curve shocks at in-

ßation targets of zero and 4 percent. They conclude that, at a zero inßation target,

monetary policy is signiÞcantly constrained by the zero bound.

Orphanides and Wieland (1998) propose a model quite similar to Fuhrer and

Madigan�s but disaggregating the IS curve into its components. They use estimated

shock processes and compare the variance of output at different inßation targets,

Þnding a signiÞcant effect on economic performance if monetary authority sets an

inßation target lower than 1 percent. More speciÞcally, they consider two types of

rules, attributed to Taylor (1993) and Henderson-McKibbin (1993), and Þnd that the

probability of the restriction to be binding is always higher for the latter, increasing

from 10% at an inßation rate of 1 percent to 30 percent as the inßation rate drops to

zero. However, they Þnd negligible risk for an inßation rate of 2 percent.

Reifschneider and Williams (2000) use the Federal Reserve Board�s econometric

model of the U.S. economy and reach the conclusion that the zero bound could be a

signiÞcant constraint on policy in very low inßation environments. As regards the two

policy rules mentioned above, they Þnd a probability of hitting the bound of 31 per

cent for an inßation target of zero and 7 per cent for an inßation target of 4 per cent

when the Henderson-McKibbin rule is used. These probabilities fall to 14 per cent

and less than 1 per cent when the Taylor rule is the policy rule. When the zero bound

is considered, Reifschneider and Williams, as opposed to Orphanides and Wieland,

Þnd that the Henderson-McKibbin rule outperforms the Taylor rule regarding output

13



gap stabilisation19 but at the cost of higher interest rate volatility.

Last but not least, Coenen and Wieland (2003) utilise a model taken from an ear-

lier piece of research (Coenen and Wieland (2002)), which comprises three economies:

the United States, the euro-area and Japan. Then, they conduct a simulation exer-

cise aiming to calculate the frequency of bind of the zero bound on the Japanese

nominal interest rates. This frequency turns out to be between 5 and 10 percent

when the equilibrium nominal interest rate is 4% and increases rapidly when a lower

equilibrium rate is assumed.

3 A Simple Model

3.1 Model speciÞcation

The present example builds around the paradigm of the neoclassical synthesis

(Goodfried and King (1997)) and is a nutshell version of a class of models that includes

Yun (1996), Jeanne (1997), Gali (2001) or Christiano, Eichenbaum, and Evans (2001)

among many others. Rather than deriving the model�s equilibrium-deÞning equations

here again we refer to the above papers. The linearised economy can be concisely

described by four building blocks, all variables being log-deviations with respect to

their steady state values. First, an IS curve

�� =
1

−	 [
� − �� [��+1]] + �� [��+1] + �� − ��[��+1] + 
� (1)

This forward-looking aggregate demand equation can be derived from the repre-

sentative consumer Euler condition imposing good markets clearing. �� denotes the

output gap at period �, deÞned as the log-difference between real output and potential

19Reifschneider and Williams assume that the equilibrium real interest rate equals 2.5% whilst
Orphanides and Wieland chose 1%. This difference is, presumably, the underlying factor behind the
discrepancy.
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output (the prevalent one in absence of nominal rigidities). ��+1 is the inßation rate

at period � + 1, deÞned as the log-difference between prices at � + 1 and prices at �.

�� represents public expenditure at time �. 
� is the nominal interest rate. �� is the

rational expectations operator and 	 denotes the constant risk aversion coefficient of

the representative household. The IS shock 
� in this model could be interpreted as

a preference shock,


� = �
�−1 + �� |�| � 1 (2)

Ball and Cecchetti (1990) found an empirical relationship between long-run inßa-

tion and the variance of the shocks that hit the economy. In this spirit, let�s assume

a linear relationship between the unconditional standard deviation of �� and the ab-

solute value of the inßation target20 (that is equal to the steady-state inßation rate

in this model).

�� = �0 + �1 ∗ ���(�) �0 � 0� �1 � 0 (3)

where � denotes the inßation target or steady-state inßation rate. Thus, we assume

that the distortions driven by inßation are minimised when the long-run inßation

rate, i.e. the policy target, is zero.21 The second building block is the New Keynesian

Phillips Curve,

�� = ��� [��+1] + ���� (4)

20Although we consider a symmetric effect (around zero) of the inßation rate on the variance of
the shock, a theoretical argument may be mentioned for inßation below zero to have a larger effect
than inßation above zero. From a theoretical perspective, an inßation rate below zero implies a
larger probability for the economy to fall into the deßationary spiral. In such a situation sunspot
shocks, whose variance is unbounded, may appear. However, sunspot shocks are not handled here
as the Þscal stimulus is assumed to shield the economy from the deßationary risk. As regards the
empirical evidence, the Japanese experience is rather uninformative about this issue. The sample
period is very short on one side. On the other side, it is difficult to disentangle the source of the
Japanese problem characterised by a situation of deßation amid a Þnancial crisis and a deep process
of reallocation of resources.
21As Woodford (1999).
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where � is known as the short-run slope of the Phillips curve. This forward-looking

aggregate supply equation could be obtained from aggregation of the Þrms� optimal

staggered price setting rules and assuming a linear relationship between real marginal

costs and the output gap. The third block is a truncated Taylor rule22,


� = max{����[��+1] + ����[��+1]�−� − �} (5)

where � is the equilibrium real interest rate, ��+1 symbolises the consumption gap at

time � + 1 (consumption is linked to output by the good-market clearing condition

�� = ��+��, where �� denotes the level of public expenditure at time �) and (�
�� ��)

are the Taylor rule coefficients.23 Therefore, the central bank would follow a forward-

looking Taylor rule as long as the nominal interest rate that comes from the rule were

zero or above. Otherwise, the policy rate would be zero.

In order to exclude a potential alternative deßationary steady state we simplisti-

cally could assume that whenever the interest rate is zero the Þscal authority stimu-

lates demand directly via government expenditure. Hence, the fourth and last equa-

tion of the model is

�� =

½
0 if 
� = ����[��+1] + ����[��+1]

� � 0 otherwise
(6)

Public expenditure is Þnanced by constant lump-sum taxes. Taxes do not appear

in the model as all variables are log-deviations from their steady-state values.

22Although we recognise that standard Taylor rules are not formulated in terms of the consumption
gap but the output gap, in the context of our model it seems more reasonable to include the
consumption gap in the monetary policy rule. The reason is that public expenditure becomes positive
only when the economy is in a very bad situation (the zero bound is binding) and, therefore, an
interest rate hike induced by positive expected public expenditure is the last thing the economy is
claiming for. The results are qualitatively similar when the consumption gap is replaced with the
output gap.
23Despite the fact that this truncated Taylor rule is not microfounded, it can be seen as a rather

good approximation to the behaviour of the central banks in major industrialised countries (see
Clarida, Gali and Gertler, 1998).
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The fact that the Taylor rule is truncated is the cornerstone of our analysis for the

fact that its non-linearity implies that we cannot apply standard solution techniques.

To show this we will slightly have to manipulate the IS and the PC curves. The

Phillips Curve, (4), can be solved forward to obtain

�� = �

∞X
	=0

�	����+	 = ��

·
�

1− ��−1
��

¸
(7)

where � denotes the lag operator. Likewise, we solve the IS curve, (1), forward, which

yields

�� = ��

·
1

1− �−1

·
1

−	 (
� − ��+1) + 
�

¸¸
(8)

Finally, we substitute for future �� from (7) into (8) to obtain

�� = ��

·
(1− ��−1)

(1−  1�−1 −  2�−2)
�

µ
1

−	 
� + 
�

¶¸
where  1 = 1 + � + � and  2 = −�. Which means that output today is a forward-
looking ARMA(2,1), a weighted average of expected future demand shocks and in-

terest rates. As said above, we cannot use standard system-reduction techniques to

solve this problem for any given point in time since today�s actions are weighted aver-

ages of two alternative monetary policy regimes, with weights that depend on today�s

economic state.

In this model we have only one economic shock, ��, the shock to the IS curve. This

shock is termed fundamental. It is the only shock that can affect the economy when

the economy is outside the trap (i.e. when the Taylor rule is active). But there is a

second shock, which can be labelled as a sunspot shock, that might affect the economy

if it is inside the liquidity trap. This shock is not linked to the fundamentals of the

economy (even though its dynamics are) and is therefore termed nonfundamental.

The reason is that while nominal interest rates are positive the monetary policy rule

deÞnes a unique rational expectations equilibrium but if the economy is caught in
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the liquidity trap, the monetary policy rule is passive and the rational expectations

equilibrium is not unique. To restore uniqueness, expansionary Þscal policy is assumed

to take the economy out of the trap in this model. Therefore, sunspot shocks do not

play a role anymore.

3.1.1 The effects of a fundamental shock if there is no trap in the model

Let�s start considering two extreme cases. First, we will assume that there is

no liquidity trap in the model (the inßation target is high enough). In this case, a

positive demand shock results in an increase of consumption and inßation. Given the

Taylor rule this produces an increase of nominal and real interest rates. It is this

increase along with the decaying effect of the demand shock that drives the economy

back to the steady state. Figure 3 plots the impulse-responses. The local dynamics

here are the same as around the standard steady state.

3.1.2 The effects of a negative fundamental shock if the economy is always
in the trap

The second extreme case is to assume that the economy is in the trap and it

will remain there forever. In this case, monetary policy is ineffective and public

expenditure does not help to stabilise the economy because �� = ��[��+1] = �, for

every �.

Further, the passivity of policy means that we have an economic structure that

does not yield enough transversality conditions to pin down all economic variables as

functions of the demand shock alone. Instead, we have a situation where the state

vector is composed out of the economic state variable that is the demand shock, as well

as an additional canonical state variable that is constructed as a linear combination

of economic variables and can be given the interpretation of a variable capturing

the expectational state of the economy. Other than in the standard case, where
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expectations are uniquely deÞned by the current economic state variable of the system,

we here have a case where expectations have marginal causal power. The state vector

that determines the dynamics of the economy is then bivariate, composed by 
� and

an additional variable. Since the law of motion of the state vector does not have a

diagonal transition matrix, a shock to demand will affect this second state variable

dynamically and will have a total effect on the economy that is given by the combined

effect of these two variables.

However, since this extreme case will be ruled out once the economy is able to

escape out of the trap, the canonical state variable is assumed to be zero every

period and the effects of a fundamental (negative) shock can be seen in Figure 4.

The responses of macroeconomic variables are much larger than before, since neither

monetary policy nor Þscal policy are able to provide the mechanisms needed to smooth

the path of the economy.

3.2 Model solution

We here report the main steps that allow us to numerically approximate the

model solution. The solution involves three fundamental steps and is essentially a

parameterised expectations version of the weighted residual method (see Christiano

and Fisher (1997)). First, we have to approximate the mappings from the state

of the economy to consumption and inßation respectively. Second, to weigh the loss

function over the grid of the state. And third, to Þnd starting values for the procedure,

calibrate some parameters and minimise the loss function to compute the others.

a) Mapping functions: The model is a forward-looking rational expectations

model, which means that today�s actions are functions of the entire future path of

shocks hitting the system. From the perspective of the representative consumer and
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Þrm, this means that their optimal consumption and pricing decisions depend on

future shocks as well as the form of monetary policy in action at all points in time

in the future. We thus have to calculate the state-depending probabilities of the two

possible events: �at the bound at point �+ �� and �not at the bound at point �+ ��.

These probabilities depend on the state of the economy today, �, which in turn allow

us to weigh the two macroeconomic regimes that pin down the optimal consumption

and pricing decisions. In other words, the model solution should involve the two

macroeconomic regimes which could be in place at all points in time from today on.

What is known is that optimal consumption and pricing are expectations of functions

of these future regimes and they have to be measurable with respect to the time-�

state variable 
� and the inßation target �.

We now proceed as follows. First, we deÞne a grid Ω
 on 
� over which to evaluate

the model solution. Then, for every �, we approximate the functions that determine

the parameters that map the state into consumption and inßation.

�� = !�(
�� �)
�
�� = !�(
�� �)
�

(9)

These approximations are done assuming that the mapping is a combination of the

linear mapping functions under the two extreme cases analysed above: �the economy

never ends up in the trap� and �the economy is always in the trap�,

!�(
�� �) = "(
�� �)� (1) + (1−"(
�� �))�(2)

!�(
�� �) = "(
�� �)� (1) + (1−"(
�� �))�(2)
(10)

where �(1) denotes the constant coefficient of the linear mapping function for the

case �never in the trap� and by analogy �(2) is the constant coefficient of the linear

mapping function for the case �always in the trap�. Hence, the responses of consump-

tion and inßation are going to lay somewhere in between these two extreme cases,

depending on the state of the economy and the inßation target chosen.
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The weight "(
�� �) is allowed to vary depending on the values of 
� and �. The

lower 
� or �, ceteris paribus, the lower "(
�� �). We made use of tenth-order Cheby-

shev polynomials24 to capture the non-linearities stemming from the monetary and

Þscal policy rules,

"(
�� �) = �#$���#$%(

� − 
min

2
max
� �)

where �#$���#$%(�) symbolises the 10th-order Chebyshev polynomial Þtted under
the inßation target �, and 
min and 
max are the smallest and largest values for 
� we

consider. These bounds are symmetric around zero (
min = −
max) and their values
are chosen to deÞne an interval covering more than 99.80 per cent of the probability

mass of the state variable25. Therefore, according to the interpretation of "(
�� �)

provided above, this function is expected to be increasing in 
� and to shift upwards

when the inßation target � augments.

b) Loss function: Then, we calculate the percentage errors of the aggregate de-

mand and supply equations over the grid Ω
. Therefore, we deÞne the following loss

function � for the grid point &
 and the set of parameters '.

' = [�� 	� �� �0� �1� �� �� �
�� ��� �� ��"(�)]

�('� &
) = ()�*

·
1
�
[
� −��[��+1('� &
)]]−��[∆��+1('� &
)] +��[∆��+1]− &


��('� &
)− ���[��+1('� &
)]− ���('� &
)

¸
As the model is not linear, the expectations about future economic variables are

not trivially computed. The right way of proceeding is the following: given a grid

point &
, an additional grid of shocks is deÞned Ω�. For each grid point &
 and

24The appeal of Chebyshev polynomials consists on compelling the approximation error to be
arbitrarly small as the order of the polynomial augments.
25If at any point during the simulations the state variable moves below (above) the lower (upper)

bound we simply set it equal to the lower (upper) bound.
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each point of Ω� the trajectories of the relevant variables are computed. Finally,

uncertainty is integrated out by means of Gaussian quadrature.

Next, we have to decide how to weigh the loss function at various points of the

grid. To this effect the related literature on functional approximation26 proposes a

variety of ways such as collocation, squared residuals, etc. In general there is no

natural answer to the question of how to best weigh the losses over the grid. In the

minimisation step we compute the euclidean norm of the loss function values over the

grid , i.e.

�� = k�('� &
min)� ���� ('� &
max)k (11)

c) Calibration and minimisation routine: The Þnal step is to calibrate some

parameters and compute the others by loss function minimisation. Table 1 shows

the values assigned to calibrated parameters. 	 represents the constant relative risk

aversion coefficient. We set it equal to 3 to obtain a larger degree of risk-aversion

than the one implied by log-preferences27. � is the AR(1) coefficient of the stochastic

process of the demand shock. We calibrate it equal to 0.85 to obtain the degree

of persistence observed in reality for output and inßation. �1 is set equal to 0.07,

based on the results reported by Ball and Cecchetti (1990) and �0 is assigned the

value 0.0036 to match the output gap standard deviation after World War II for

major industrialised countries with average inßation for the euro area after the ECB

was founded. � is the intertemporal discount factor. It is set equal to 0.995, since

units of time in the model are quarters. � is the slope of the Phillips curve. It is

assigned a small value (0.05) consistent with the estimated degree of price stickyness

26Judd (1996, 1998), McGrattan (1999).
27This value is consistent with the Þndings reported by Hamada (1997) and Guo and Withelaw

(2001).
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for major industrialised countries28. The nominal interest rate rule parameters (��� ��)

are calibrated following Taylor (1993) i.e.(1.5,0.5). The equilibrium real interest rate

(�) is set equal to 2%. However, due to the large degree of uncertainty surrounding

the value of this parameter, we also report the main results of the paper when the

equilibrium real rate is assumed to be 3% (see Appendix A). The public expenditure

parameter is assigned the value 0.03, consistent with the constraint on Þscal deÞcits

imposed by the Stability and Growth Pact (3 per cent of GDP per year)29.

Finally, we compute the parameters of the Chebyshev polynomial by means of

minimising the loss function (12) for each inßation target �,

'∗ = min


k�('� &
min)� ���� ('� &
max)k

Computationally we do this by using the Levenberg-Marquardt algorithm, for

inßation targets changing from -2 per cent (the so-called Friedman rule) to 4 per

cent. Since with one state variable the problem is computationally very manageable

we use a grid of 25 points for the state space and another grid of 25 points for the

Gaussian quadrature procedure to integrate uncertainty out. The next section reports

our numerical results.

4 Main results

4.1 Reduced form coefficients

Figure 5 plots the value of the weighting function "(
�� �) as the state variable 
�

varies (for � equal to -2 percent, the Friedman rule). Not surprisingly, "(�) increases
when the state of the economy improves. Moreover, the non-linearity implied by the

28See Lansing (2001) or Roberts (2001). This value of � is consistent with the range reported by
McCallum and Nelson (2000) for the impact of the output gap on inßation.
29Note that the level of potential output is normalised to 1.
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zero lower bound on nominal interest rates turns out evident.

Figure 6 charts the same plot but now � is set equal to 2 percent. As expected,

a higher inßation target shifts the weights upwards since it reduces the likelihood of

hitting the zero bound.

These exercises illustrate that our reduced form equations behave in an appropri-

ate manner. Therefore, we can make use of them to analyse the relevance of the zero

bound on nominal interest rates under different inßation targets.

4.2 The Probability of Hitting the Zero Bound

Figure 7 shows the probability of hitting the zero bound implied by our model30.

Like other scholars, we Þnd that the probability increases more than proportionally

when the inßation target decreases. When the equilibrium real interest rate is assumed

to be 2 percent, this model implies that the probability of hitting the zero bound

becomes negligible only at an inßation target above or equal to 1 per cent (the results

under the assumption � = 0�03 are reported in Appendix A).

For comparison, recall that Orphanides and Wieland (1998) report that the prob-

ability of the zero bound to be a binding constraint to nominal interest rate rules

in the U.S. is negligible for inßation targets around 2 percent in their model. These

authors report results for an estimated backward-looking sticky-price model for two

alternative policy rules, the Henderson and McKibbin (1993) rule and the Taylor

(1993) rule, which is also the one we use. Relative to the latter the former has both

a higher coefficient on the output gap (2 instead of 0.5) and on inßation (2 instead

of 1.5). They Þnd that the probability of hitting the bound is strictly higher for the

30This probability is computed by starting 40 simulations of 2500 periods each from the determin-
istic steady state. We then drop the Þrst 250 data points to limit dependence on initial conditions
and calculate the fraction of times that the zero lower bound was binding. Exact quadrature-based
methods were also used, leading to very similar results.

24



Henderson and McKibbin rule than for the Taylor rule increasing from essentially zero

per cent at an inßation target of two per cent to 10 and 30 per cent as the inßation

target drops to 1 and 0 per cent (for the Taylor rule they report 0, 3 and 16 per cent

respectively). Nonetheless, they rely on linear methods to conduct their simulation

exercises. This is not correct since the model is not linear once the zero bound on

the nominal interest rate is introduced.

On the contrary, we correctly take into account the non-linear feature of the model

when solving it. Interestingly, we do Þnd smaller probabilities: around 5 per cent for

the non-negativity constraint to be binding when the inßation target is zero, and

decreases to 2 per cent and 1 per cent when the target raises to 1 per cent and 2 per

cent respectively.

4.3 The Inßation Targets and Welfare

To run welfare analysis, the Þrst requirement must be a utility function. We

consider here a standard constant relative risk aversion functional form consistent

with the equations presented above. Thus, the one-period utility function of the

representative consumer is given by

+(��) =
1

1− 	
�
1−�
� (12)

where � denotes household consumption, deÞned by the good-market clearing con-

dition � = � + � (there is neither investment nor foreign sector in the economy).

A second order Taylor approximation around the stochastic steady state yields the

following expression for expected utility

�[+(��)] ' 1

1− 	
�1−�

		 − 	�−�−1
		

2
�
£
(�� − �		)

2
¤

(13)
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where �		 represents the steady state consumption level. Equation (13) may be

divided into two parts. One the one hand, a higher level of steady state consumption

implies more expected utility. In our economy, public expenditure is useless to the

representative household but drains scarce resources that constrain the steady state

consumption. Therefore, this term is expected to increase when the inßation target

increases as the probability of falling into the trap decreases.

On the other hand, a higher consumption variance decreases expected welfare,

since the representative agent is risk-averse (	 � 0). Regarding this, there are two

different effects in our model. A higher inßation target means a higher variance of the

exogenous shock and thus a higher consumption variance. However, at the same time,

a lower inßation target means that monetary policy may become ineffective for some

periods of time, increasing macroeconomic ßuctuations. Moreover, if the economy

hits the zero bound, public expenditure increases rapidly, reducing consumption and

increasing consumption variance. The Þnal effect depends on these trade-offs.

We now compute steady state welfare by means of Gaussian quadrature. Given

that the law of motion of the state vector is univariate Markovian, this is a very

efficient way to compute the entire distribution of the economy. For a generic function

�(� ) of the variables of the economy, � , we compute the expected value as follows

�[�(� )] =

Z
�(� (
)),- (
) '

X
���Ω�

�(� (
��
)).��

(14)

where - (
) denotes the cumulative distribution function of the state vector, 
� and

.��
denotes the appropriate weight associated to the grid point &
 on the state grid

Ω
, which in our case is obtained from Legendre�s formula.

When the equilibrium real interest rate is assumed to be 2 percent, the Þnal effect

is depicted in Figure 8 (the results under the assumption � = 0�03 are reported in

appendix A). It shows the welfare gains (in output gap standard deviations) with
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respect to the Friedman rule. Three conclusions may be drawn: First, to target a

zero inßation target is far from maximising welfare. Second, it could be seen that the

welfare-maximising inßation target implied by the model is around 2 per cent. At

this point, the trade-off is exploited optimally. And third, welfare losses of moving

between 1 per cent to 3 per cent are relatively small31.

However, if the equilibrium real interest rate is set equal to 3%, the abovesaid

results change and the welfare maximising inßation target turns out to be zero (see

Appendix A). As pointed out above, given the large degree of uncertainty surrounding

the estimates of the equilibrium real interest rate, a welfare-maximising central bank,

in the context of this model, should weigh these two different scenarios when choosing

the quantitative deÞnition of its policy objective. Indeed, a risk-averse policy-maker

would presumably buy insurance by means of attaching a higher weight to the �2%

real rate� scenario.

Naturally, the results obtained in this paper just like the results obtained in the

other studies cited above are only of practical importance to the degree that the

theoretical economies capture relevant features of real-world economies. While the

model of this paper is very simple, it captures most of the features of the latest gen-

eration of neo-Keynesian sticky price models. As such, it is an interesting benchmark

against which we can compare larger models using the techniques outlined in this

paper. More importantly, the central element of our analysis is the mechanism im-

plemented to escape from the trap. In our case Þscal policy assures the existence of

a unique equilibrium, which we then approximate. This equilibrium has as central

feature deÞcitary spending that is effective instantaneously and lasts only while the

nominal interest rate is zero. This means that, in our simple theoretical world, Þscal

31This a common feature to most exercises that use second order Taylor approximations to stan-
dard utility functions.
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policy helps to re-boost the economy as soon as monetary policy becomes ineffective.

In order to introduce a higher degree of realism into our model we may want to

add a number of features that are characteristic for government spending and that

are generically cited by opponents of Þscal stimulus packages. First, Þscal policy

is subject to well-known decision and implementation lags. As a result the timing

of the action is an issue. Second, once the stimulus package is decided upon, the

amount chosen may be inadequate, thus failing to achieve the policy�s objective, or

overshooting the goal. The latter combined with the lagged response might well lead

to economic instability in the sense of generating undesirably persistent economic

ßuctuations. Finally, experience in all of the major economies over the past century

has shown that government spending, while relatively easy to increase, has proven to

be notoriously difficult to decrease. As a result, the negative effects of government

spending (here simply modelled through its wastefulness, but ignoring the distortions

introduced through the tax system) might well amplify the overall cost of Þscal policy

to a multiple of the cost here calculated. All these considerations may imply that

our calculated optimal inßation target might well be biased towards zero, because

losses of falling into the liquidity trap could be underestimated. However, we also

could consider public expenditure not being completely useless, but entering into the

utility function with a coefficient less than one. In this case the bias works on the

opposite direction with the Þnal effect depending on the values of the parameters of

the model.

4.4 The bias stemming from the linear approach

As mentioned above, previous research on liquidity traps and the zero bound on

nominal interest rates32 is characterised by applying linear techniques to obtain the

32See, for example, Orphanides and Wieland (1998) and Reifschneider and Williams (2000).
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model solution, i.e. to Þnd the set of equations that drive the behaviour of the key

macroeconomic variables under the rational expectations assumption. However, once

the non-negativity constraint is taken into account, the model becomes non-linear. As

a result, these widely-used linear techniques lead to a bias when calculating the Þrst

moments of the unconditional distribution of the variables included into the model.

The intuition may be set out by the following example. In the vicinity of the

zero bound on nominal interest rates, the magnitude of the effects produced by a

positive shock on the economy are smaller than the magnitude of the effects caused

by a negative shock, because in the latter situation the probability for the central

bank to have enough room of manoeuvre to implement an appropriate reduction

in the policy rate decreases. A linear solution method implies both effects to be

quantitatively identical. Nevertheless, this is no longer true in the context of the

zero bound. We quantify this bias by calculating the Þrst moments of the linear and

non-linear approximations by quadrature.

Table 2 summarises the results for the means of �� and ��. Each entry represents

the difference between the corresponding moment calculated by solving the model as

it were linear minus the one calculated by using the non-linear technique proposed

here. For example, if the inßation target were 0%, the (wrong) linear method implies a

consumption average 0.15 percentage points larger than the one obtained by applying

the non-linear method. As expected a priori, this bias increases as long as the inßation

target decreases and, therefore, the probability of hitting the zero bound is higher

(e.g. if � were -1%, the bias would be around +1%). Finally, as could be inferred

from Table 2, the bias surrounding the means of the inßation rate is quantitative

smaller.
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5 Conclusions

This paper studies the question of the quantitative relevance of the zero lower

bound within the framework of a standard Neo-Keynesian sticky-price model. In

order to assure the global uniqueness of the steady state we assume that otherwise

neutral Þscal policy becomes expansionary at the zero lower bound.

The value added by the paper is twofold. On the one hand, it allows for the

reaction of the economy to a shock to be state-dependent. This is specially true in

the context of the zero bound on nominal interest rates since the degree of effectiveness

of the monetary decisions is very limited when interest rates are close to zero. On

the other hand, this paper embeds the relationship between the inßation rate and the

volatility of the shocks, widely documented in the literature, in an otherwise standard

model with nominal rates bounded at zero.

The results of the paper depend on the value we choose to calibrate the parameters

of the model. Indeed, these results are sensitive to the assumption on the equilibrium

real interest rate. If this parameter were calibrated to be equal to 2% we would

draw two main results from the model: Þrst, the likelihood for the non-negativity

constraint on nominal interest rates to be binding upsurges non-linearly when the

inßation target decreases, increasing rapidly as the inßation targets drops below 1

percent and being around 5 percent for an inßation target of zero. Second, the simple

model we have presented here implies that 2 percent would be the inßation target

that would maximise the expected utility of the representative consumer.

However, if the equilibrium real interest rate were set equal to 3%, the probability

for the zero lower bound falls to the vicinity of zero for inßation targets equal to or

larger than zero. Indeed, the welfare maximising inßation target turns out to be zero.

Hence, since the degree of uncertainty surrounding the estimates of the equilibrium
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real interest rate is non-negligible, a benevolent policy-maker which aims to maximise

the expected welfare of the representative consumer, ought to attach some weights to

these two alternative scenarios (among others) when facing the decision of choosing

the quantitative deÞnition of its policy objective. Indeed, a risk-averse policy-maker

would presumably buy insurance by attaching a higher weight to the �2% real rate�

scenario.

Furthermore, this model does not take into account all possible economic costs

that may be connected with an inßation rate different from zero (inßation premia, tax

distortions, redistribution effects...) and that could point to the optimality of a lower

inßation target. Moreover, if public expenditure were assumed to provide utility to

the agents or the Þscal authority were allowed to adopt preemptive measures to avoid

the zero bound situation, the welfare maximising inßation target would tend to fall.

On the other hand, a more realistic implementation of the Þscal sector, characterised

by slow government action and bureaucratic problems, may turn the zero�interest rate

situation even less desirable, pointing to the optimality of an even higher inßation

target. The Þnal effect remains unknown at this stage.

Further research may point to calculate the welfare-maximising nominal interest

rate rule in the vicinity of the zero bound. This rule should be asymmetric (since the

rule becomes useless below certain threshold) and state-dependent, i.e. the coefficients

of the policy rule ought to be allowed to change as long as nominal interest rate is

falling towards zero. Under the optimal monetary policy rule, the welfare maximising

inßation objective very likely will be lower than otherwise.
.
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A Main results under a different assumption on
the equilibrium real interest rate

This appendix reports the main results of the paper under the assumption of a
higher equilibrium real interest rate: 3 percent.

A.1 The Probability of Hitting the Zero Bound
Figure A1 shows the probability of hitting the zero bound under inßation targets

between -2 and 4 percent when the equilibrium real interest rate is set equal to 3
percent. As expected, the probabilities are much lower than previously reported,
since the buffer the policy-maker enjoys is much larger. In particular, the likelihood
for the non-negativity constraint to be binding falls below 0.1% for inßation targets
equal to or larger than zero. Note that Figure A1 is not the result of just shifting
Figure 7 to the left, since this model takes explicitly into account the link between
the long-run inßation rate and the variance of the shocks.

Figure A1: Probability of hitting the zero bound (r=3%)
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A.2 The Welfare-Maximising Inßation Target
Figure A2 depicts the welfare-based comparison (in terms of relative gains with

respect to � = −2%) of the non-negative inßation targets when the equilibrium real
interest rate is equal to 3 percent. Not surprisingly, the welfare-maximising inßation
target implied by the model falls with respect to Figure 8 because the probability
of hitting the zero bound and thereby the cost of choosing a low inßation target is
smaller now. Indeed, the welfare-maximising inßation target turns out to be zero.
In other words, when the equilibrium real interest rate is 3 percent, the trade-off
presented in this paper disappears as the zero lower bound is almost never binding
under non-negative inßation targets.

Figure A2: Welfare gains relative to a -2% inflation target 
(r=3%, output gap standard deviations)
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Table 1: Calibration of the model.

Parameter 	 � �0 �1 � � �� �� � �

Value 3 0.85 0.0036 0.07 0.995 0.05 1.5 0.5 0.02 0.03

Table 2: Bias arising from using (wrong) linear model solution methods instead of
non-linear methods.

� = 0% � = 1% � = 2% � = 3% � = 4%
Mean of �� + 0.15 % + 0.12 % + 0.10 % + 0.08 % + 0.02 %
Mean of �� + 0.05 % + 0.04 % + 0.03 % + 0.03 % + 0.01 %

40



Figure 1: The liquidity trap
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Figure 3: Response to a positive shock (no trap)
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Figure 4: Response to a negative shock (always in the trap)
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F igu re  5 : W eig h ting  fu n ctio n  (p i= -2% )
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F ig u re  6 : W e ig h tin g  fu n c tio n  (p i= 2 % )
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min and 
max were chosen to deÞne a symmetric interval covering ±4 standard
deviations of the state variable. The value of the weighting function for 
� = 0 may

be found by looking at 0.5 in the horizontal axis. Positive values of 
� are
represented to the right of 0.5 whilst the negative ones may be found to the left. A
value of 0 in the horizontal axis symbolises a value of 
� equal to -4 standard

deviations below the mean.
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Figure 7: Probability of hitting the zero bound
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Figure 8: Welfare gains relative to the Friedman rule 
(output gap standard deviations)
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