
Training and Testing with Multiple Splits: A
Central Limit Theorem for Split-Sample Estimators

Bruno Fava∗

November 25, 2025

[Click here for the latest version]

Abstract

As predictive algorithms grow in popularity, using the same dataset to both
train and test a new model has become routine across research, policy, and
industry. Sample-splitting attains valid inference on model properties by us-
ing separate subsamples to estimate the model and to evaluate it. However,
this approach has two drawbacks, since each task uses only part of the data,
and different splits can lead to widely different estimates. Averaging across
multiple splits, I develop an inference approach that uses more data for train-
ing, uses the entire sample for testing, and improves reproducibility. I address
the statistical dependence from reusing observations across splits by proving
a new central limit theorem for a large class of split-sample estimators un-
der arguably mild and general conditions. Importantly, I make no restrictions
on model complexity or convergence rates. I show that confidence intervals
based on the normal approximation are valid for many applications, but may
undercover in important cases of interest, such as comparing the performance
between two models. I develop a new inference approach for such cases, ex-
plicitly accounting for the dependence across splits. Moreover, I provide a
measure of reproducibility for p-values obtained from split-sample estimators.
Finally, I apply my results to two important problems in development and pub-
lic economics: predicting poverty and learning heterogeneous treatment effects
in randomized experiments. I show that my inference approach with repeated
cross-fitting achieves better power than existing alternatives, often enough to
reveal statistical significance that would otherwise be missed.
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1 Introduction

As predictive algorithms transform empirical economics, policy, and industry, it is now
routine to use the same dataset to train and evaluate a new model. For example, when
training a machine learning algorithm to predict treatment effects, create a targeted
policy rule, or automate consumer credit scoring, it is essential to evaluate the quality
of the predictions and assess whether implementation would generate disparate impact
across demographic groups. However, standard methods for training and evaluating
typically waste part of the data by splitting the sample into training and testing sets.
I develop a new inference approach that uses the entire sample for both tasks by
combining multiple splits, improving statistical power and reproducibility. I provide
valid confidence intervals under weak conditions for model properties such as accuracy
and fairness calculated using cross-fitting, repeated sample-splitting or repeated cross-
fitting.

Specifically, I study a setting in which an analyst (a researcher, policymaker, or
industry practitioner) wishes to use the same dataset to both:

(i) train a new model, and

(ii) evaluate some of its properties, such as a measure of accuracy or fairness.

For example, consider a government using machine learning (ML) to target recipients
of a poverty alleviation program. Step (i) consists of training a model to predict,
for example, families at higher risk of falling below the poverty line, while step (ii)
consists of constructing a confidence interval for the out-of-sample mean squared error
or rate of correct classifications.

Using the same observations for both steps (i) and (ii) creates a form of statis-
tical dependence that makes inference challenging. For example, standard central
limit theorems (CLTs) assume independence, which is violated in this setting. This
difficulty is often overcome by randomly splitting the sample into two, one part to
train the model (training sample), and the other to evaluate its properties (evaluation
sample). Since each task is conducted with separate data, such statistical dependence
is not generated, and one can use standard approaches to inference. This procedure,
however, has three drawbacks: it uses only part of the data for training the model,
only part of the data for evaluating its properties, and different random splits can
lead to widely different estimates and potentially affect statistical significance.

My main contribution is an inference approach that averages estimates across
multiple sample splits, improving upon a standard 50/50 split by using more data for
training, using twice as much data for evaluation, and improving reproducibility. In
empirical applications and Monte Carlo experiments, I show that these improvements
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often reveal statistical significance that would otherwise be missed. The main chal-
lenge of using multiple splits is a new form of statistical dependence due to reusing
observations in both training and evaluation roles across different splits. I address
this challenge by proving a new CLT for a large class of split-sample estimators un-
der weak conditions. My CLT builds on previous literature in two key dimensions:
(i) it applies to a large class of estimators and split-sample procedures, and (ii) it
imposes no restrictions on model complexity or rates of convergence and stability,
only requiring that the estimated model converges to an arbitrary limit at any rate.
This generality is crucial for accommodating popular ML algorithms, such as random
forests or neural networks. Moreover, I characterize when confidence intervals based
on the normal approximation are valid, showing they may fail in important cases such
as comparing the performance of two models or learning features of heterogeneous
treatment effects. I develop a new inference approach for such cases that explicitly
accounts for the dependence across splits, leveraging my CLT. Finally, I develop a re-
producibility measure for p-values from split-sample procedures, quantifying whether
the number of repetitions is sufficiently large to ensure reproducible inference.

To illustrate the technical challenges and empirical implications of my results,
consider the problem of predicting poverty as a simple running example, which is
one of my applications. Accurate out-of-sample poverty prediction is central to De-
velopment Economics for understanding poverty dynamics and designing targeted
interventions. I focus on assessing predictive accuracy as the natural starting point,
though my framework applies more broadly. Consider a sample D “ pYi, Xiq

n
i“1 of n

households, where Xi are covariates and Yi is a binary indicator equal to one if house-
hold i is below the poverty line 13 years after the covariates were measured. The
goal is to use the sample to (i) train a model η̂pxq to predict poverty by estimating
P pY “ 1|X “ xq, for example using a machine learning algorithm, and (ii) evaluate
its accuracy, for example by estimating and calculating a confidence interval (CI) for
the out-of-sample mean squared error (MSE)

θη̂ “ E
“

pYnew ´ η̂pXnewqq
2

|D
‰

“

ż

py ´ η̂pxqq
2 dP py, xq,

where pYnew, Xnewq is an out-of-sample observation drawn from the same distribution
as the sample. Note that θη̂ is data-dependent, and is thus different from targeting
a parameter θη0 for some fixed η0. In the policy prediction example, the researcher
is not interested in the out-of-sample accuracy of an ideal but unknown model η0.
Instead, they are interested in the accuracy of the actually estimated model η̂.

In this context, confidence intervals are often constructed using sample-splitting.
If the entire sample is used for both tasks, standard CLTs do not apply to the average

1

n

n
ÿ

i“1

pYi ´ η̂pXiqq
2,
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since the summands are not independent. For example, Y1 ´ η̂pX1q and Y2 ´ η̂pX2q

are dependent since η̂ is estimated with both pY1, X1q and pY2, X2q. A standard
approach to handle this dependence is to impose complexity restrictions on how η̂ is
estimated, such as Donsker conditions. These restrictions hold for simple procedures
like ordinary least squares, but fail for complex machine learning algorithms frequently
used in applied problems (Chernozhukov et al., 2018). Sample-splitting avoids this
dependence without strong assumptions: randomly split t1, . . . , nu into sets s1 and s2
of size for example n{2, use data in s1 to estimate η̂1, and data in s2 to calculate the
average

θ̂η̂1 “
1

n{2

ÿ

iPs2

pYi ´ η̂1pXiqq
2. (1.1)

Since the summands in θ̂η̂1 are independent conditional on s1, standard CLTs apply,
and the normal approximation gives a valid CI for θη̂1 . However, this procedure uses
only half of the data for each task, and different random splits can lead to widely
different estimates and potentially different conclusions about statistical significance.

Using multiple splits can improve upon these drawbacks but introduces a new
challenge. Consider, for example, two-fold cross-fitting, where the roles of samples s1
and s2 are reversed and the final estimator averages the split-specific estimates. That
is, estimate η̂1 using s1 and η̂2 using s2, then calculate the final estimator

θ̂η̂ “
1

n

«

ÿ

iPs1

pYi ´ η̂2pXiqq
2

`
ÿ

iPs2

pYi ´ η̂1pXiqq
2

ff

, (1.2)

where η̂ “ pη̂1, η̂2q. The estimand in this case is the MSE of an average model, as
discussed in the next paragraph. While this estimator averages over all n observations,
standard CLTs do not apply due to a different form of statistical dependence: the first
sum is not independent of the second since both use the entire dataset. My first main
contribution is a central limit theorem for a large class of estimators that includes θ̂η̂,
which I use to construct valid CIs. In addition to using the entire sample for evaluation
in (1.2), which reduces the variance of the asymptotic distribution compared to that
of (1.1), more data can be used for training by increasing the number of folds. With
3 folds, for example, three models are trained, each using two-thirds of the data, with
the remaining third used to evaluate the MSE. Finally, reproducibility is improved
by repeating the splitting process multiple times and averaging the estimators over
repetitions.

I show that
?
npθ̂η̂ ´θη̂q is asymptotically normal under weak conditions, targeting

its out-of-sample expectation

θη̂ “ E
„

1

2
pYnew ´ η̂1pXnewqq

2
`

1

2
pYnew ´ η̂2pXnewqq

2
|D

ȷ

.
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In the example above, θη̂ is mathematically equivalent to the MSE of the average
model, that is, θη̂ “ θη̄, where

θη̄ “ E
“

pYnew ´ η̄pXnewqq
2

|D
‰

, η̄pxq “
1

2
η̂1pxq `

1

2
η̂2pxq.

This happens anytime the outcome is binary, and holds for the MSE, mean absolute
deviation, among others, including when averaging over multiple folds and repetitions.
In the poverty prediction example, this means that a researcher or policymaker can
use model η̄ for out-of-sample predictions, which will have MSE θη̂. For continuous
outcomes, the researcher has two options. The first is to use a model η̃pxq that
predicts a value in pη̂1pxq, η̂2pxqq at random. This model has an out-of-sample MSE
equal to θη̂. Alternatively, one could still use η̄, which has the guarantee to perform
better or equal than η̃ in terms of out-of-sample accuracy due to a risk-contraction
property (for details, see Appendix A).

I make three main contributions. First, I prove a new central limit theorem for a
large class of split-sample estimators under mild conditions. Specifically, I make no
restrictions on the complexity of the models η̂, or on their rates of convergence or al-
gorithmic stability. For sample-average estimators, my CLT follows under a standard
moments condition and assuming that η̂ converges to an arbitrary limit, at any rate.
I show that the normal approximation yields a valid CI in many applications, but
may fail to do so in important cases of interest, such as comparing the performance
between two models or some instances when η̂ converges to a constant. My second
contribution builds on the CLT to develop a new inference approach that covers such
cases, explicitly accounting for the dependence across splits. I focus on the case of
comparing the performance between two models, and discuss how the arguments ap-
ply more broadly to other cases. Finally, I develop a reproducibility measure for
p-values obtained from split-sample estimators. It addresses a common concern: an-
other researcher using the same dataset, but different splits, may reach a different
conclusion about statistical significance. For a given (large) number of repetitions
of sample-splitting/cross-fitting, my measure quantifies p-value reproducibility, as-
sessing whether the number of repetitions is sufficiently large to ensure reproducible
inference.

Other contributions include a central limit theorem for split-sample empirical pro-
cesses, which I use to prove my main central limit theorem, and may be of independent
interest. I also apply this CLT to develop a new ensemble method for learning fea-
tures of heterogeneous treatment effects in randomized experiments, following the
framework of Chernozhukov et al. (2025b). The ensemble method improves on pre-
vious alternatives by using the entire sample for evaluation, more data for training,
and combining multiple machine learning predictors, potentially improving power and
avoiding issues of multiple hypothesis testing.
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I apply my inference approaches to two important problems in development and
public economics: predicting poverty and learning heterogeneous treatment effects in
randomized experiments. In the first application, using a panel from Ghana (Osei
et al., 2022) and Monte Carlo experiments, I show that repeated cross-fitting outper-
forms previous alternative approaches in detecting predictive power for being below
the poverty line 13 years ahead. In the second application, I revisit the experiment
of Karlan and List (2007) on charitable giving and conduct Monte Carlo simulations,
and show that my ensemble method achieves improved power for detecting heteroge-
neous treatment effects compared to previous alternatives.

The rest of the paper is structured as follows. Section 1.1 summarizes related work,
and Section 2 establishes the setup and notation. Section 3 establishes a central limit
theorem for split-sample Z-estimators, and Section 4 develops inference using the
normal approximation and for comparing two models. I introduce my measure of
reproducibility in Section 5. Finally, I implement my inference approaches in two
empirical applications: predicting poverty in Ghana in Section 6 and heterogeneous
treatment effects in charitable giving in Section 7. Section 8 concludes. Proofs are
delayed to Appendix B.

1.1 Related Work

I contribute to the literature on inference using multiple splits of the data. The
literature on risk estimation via cross-validation provides related results establishing
asymptotic normality for sample-average estimators based on multiple splits. Like
my approach, these CLTs target data-dependent parameters, but rely on different
types of assumptions and focus on the particular case of sample-averages. Dudoit
and van der Laan (2005) consider estimators that average over all possible splits or
cross-splits of the sample, assume bounded loss function and require η̂ to be loss
consistent for a risk minimizing function, whereas I assume that η̂ converges to an
arbitrary limit. Austern and Zhou (2020) and Bayle et al. (2020) provide CLTs under
rate assumptions on the algorithmic stability of η̂. Bayle et al. (2020) provide two
CLTs using estimators based on a single repetition of cross-fitting, one relying on rate
conditions for algorithmic stability, and the second requires a “conditional variance
convergence” assumption that they verify using rates for loss stability. My result does
not require verifying loss stability conditions, which may not be satisfied in some high-
dimensional settings (Bates et al., 2024), and my result allows for any ML algorithm
as long as η̂ converges to an arbitrary limit at any rate, in the sense established in
Section 3. LeDell et al. (2015) provide a CLT for the particular case of estimating the
area under the curve (AUC) measure via cross-validation, and Andrews et al. (2022)
derive confidence intervals for the different but related problem of learning the transfer
error of a model across domains. Moreover, I document that asymptotic normality of
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split-sample estimators does not immediately lead to valid inference for the important
problem of comparing the performance between two models, and I construct a new
inference approach for this case that explicitly incorporates the dependence across
splits.

A different class of related results show asymptotic normality using cross-fitting
when targeting parameters that are not data-dependent. These approaches require
stronger conditions on η̂ that may not hold in general for nonparametric models with
more than a handful of covariates, such as requiring η̂ to converge in probability at
some specified rate (Luedtke and Van Der Laan, 2016; Belloni et al., 2017; Cher-
nozhukov et al., 2018; Benkeser et al., 2020; Imai and Li, 2025). Leveraging the
data-dependent parameter of interest, my CLT (Theorem 3.1) requires no complexity
restrictions, and assumes η̂ converges in probability to any limit at any rate.

In the context of learning features of heterogeneous treatment effects in random-
ized trials, Chernozhukov et al. (2025b) proposed taking the median of estimators,
confidence intervals and p-values across splits, similarly focusing on a data-dependent
parameter, without relying on complexity or rate assumptions. Wager (2024) pro-
posed a modified, sequential approach based on Luedtke and Van Der Laan (2016),
and Chernozhukov et al. (2025a) suggested taking the median over repetitions of the
sequential approach. In the same framework, Imai and Li (2025) developed inference
using cross-fitting, relying on rate assumptions. My results build on this literature in
four main dimensions, relying on the mild assumption that the trained models con-
verge to any limit, at any rate. First, my estimator uses all observations on the role of
evaluation sample, leading to a smaller variance of its asymptotic distribution. Sec-
ond, my approach does not exhibit a tradeoff between training and evaluation sample
sizes, allowing for more data to be used to train the models. Third, I provide inference
for an interpretable estimand under no rate assumptions on the trained models, while
Chernozhukov et al. (2025b) require a rate of concentration condition for coverage of
their median estimand, which requires for example the training sample to be large
relative to the evaluation sample. Finally, I introduce a new ensemble method that
combines predictions from multiple ML algorithms, potentially improving statistical
power for detecting HTE, and avoiding issues of multiple hypothesis testing.

The literature on learning features of heterogeneous treatment effects with mul-
tiple splits is a subset of a broader literature on aggregating potentially dependent
p-values (Rüger, 1978; Rüschendorf, 1982; Meng, 1994; Meinshausen et al., 2009;
Gasparin et al., 2025). These approaches similarly apply to data-dependent param-
eters under weak conditions, and typically target size control under the worst data
generating process, thus being conservative in general. My confidence intervals are
asymptotically exact and improve statistical power.

Finally, my work is complementary to Ritzwoller and Romano (2023). They pro-
vide a stopping algorithm for determining how many times to repeat sample-splitting
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to ensure reproducibility of averages over split-sample statistics, for example, the
average point estimate. I take the number of repetitions as given and focus on in-
ference, providing a measure of reproducibility for p-values calculated using multiple
splits. While Ritzwoller and Romano (2023) uses an asymptotic framework that takes
the sample size fixed and assumes a small threshold for the variability of the aver-
age split-sample statistic, my framework uses a growing sample size and number of
repetitions.

2 Setup

I consider a setup in which an analyst (a researcher, policymaker, or industry practi-
tioner) wishes to use a dataset to both (i) train a new model and (ii) evaluate some
of its properties. This is typically the case when one wants to train a new model to
automate or assist decision-making, for example using a machine learning algorithm.
Since these algorithms, despite their potential, may perform poorly in practice or
have disparate performance across groups, it is often important to assess their ac-
curacy and fairness. I use the term fairness as in the algorithmic fairness literature
(Chouldechova and Roth, 2018; Cowgill and Tucker, 2020; Barocas and Selbst, 2016)
and provide example measures below. I state the analyst’s goals, discuss the param-
eter of interest with examples, and introduce the split-sample procedures I study.

The first goal of the analyst is to train a model η̂ P H using an algorithm and
a dataset D “ pWiq

n
i“1, where each Wi P W is an iid draw from a distribution P . I

use train to denote the fitting/estimation of η̂ using D, training algorithm (or just
algorithm) for the procedure that maps D to η̂, and estimated model (or just model)
for the realized function η̂. For example, one can use the Random Forests algorithm
to train a new model η̂. The sets H and W are in principle unconstrained, and H
depends on the choice of training algorithm. Typically, the analyst will estimate η̂
by minimizing some loss function. My setup, however, is agnostic to the choice of
training algorithm, and all results hold for any algorithm as long as η̂ converges to
an arbitrary limit at any rate, in the sense defined in Section 3.

The second goal of the analyst is to use D to evaluate some performance property
of η̂, denoted θη̂. Specifically, the analyst wishes to construct a confidence interval
xCIα for θη̂ such that, for α P p0, 1q,

lim inf
nÑ8

P
´

θη̂ P xCIα

¯

ě 1 ´ α, (2.1)

where the probability accounts for the randomness in both η̂ and xCIα. θη̂ can be,
for example, a measure of accuracy or fairness of η̂. The parameter of interest, θη̂,
depends on the data through the estimated model η̂. This differs from the standard
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semiparametric literature, where the parameter of interest takes the form of θη0 for
some nuisance function η0. In the applications I consider, the object of interest is θη̂
since the analyst/policymaker is interested in the accuracy or fairness of the specific
estimated model η̂ they can actually implement. This is different from evaluating the
performance of an ideal but unknown model η0.

I provide three examples of such parameters of interest, and then discuss related
cases in the literature where the parameter of interest is data-dependent.

Example 1 (Mean Squared Error). The individual observations are W “ pY,Xq,
where Y P R is an outcome and X P X Ď Rd is a set of covariates with d ě 1.
η̂ : X Ñ R is a function that predicts Y from X. In the poverty prediction example
discussed in Section 1 and developed in Section 6, Y is a binary indicator for whether
a household is below the poverty line, and η̂pxq is an estimate of P pY “ 1|X “ xq.
The mean squared error (MSE) of model η̂ is

θη̂ “

ż

py ´ η̂pxqq
2 dP py, xq.

A related estimand, also covered by my framework, is the difference in MSE be-
tween two groups, which is a measure of fairness (Auerbach et al., 2024; Liang et al.,
2024; Liu and Molinari, 2024). Let W “ pY,X,Gq, where G P ta, bu indicates group
membership (e.g., racial groups). Then,

θ1
η̂ “

ż

py ´ η̂pxqq
2 dPY,X|G“apy, xq ´

ż

py ´ η̂pxqq
2 dPY,X|G“bpy, xq (2.2)

quantifies how much better η̂ performs for one group relative to the other, where
PY,X|G“g is the conditional distribution of pY,Xq given G “ g.

Example 2 (Classification Rate - Binary Classifiers). The individual observations
are W “ pY,Xq, where Y is a binary outcome and X P X Ď Rd is a set of covariates,
for some d ě 1. η̂ : X Ñ t0, 1u is a function that predicts whether Y “ 1 or Y “ 0.
The correct classification rate of model η̂ is

θη̂ “

ż

I py “ η̂pxqq dP py, xq.

θη̂ is a measure of accuracy, corresponding to the probability that η̂ classifies an ob-
servation correctly.

Similar to (2.2), the difference in classification rate between two groups is a mea-
sure of fairness.
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Example 3 (Classification Rate - Probabilistic Classifiers). The previous example
can be generalized to accommodate probabilistic classifiers η̂ : X Ñ r0, 1s, with η̂pXq

being the estimated probability that Y “ 1 given X. The correct classification rate is
given by

θη̂ “

ż

rη̂pxqI py “ 1q ` p1 ´ η̂pxqqI py “ 0qs dP py, xq.

This is equivalent to the probability (taking η̂ fixed) that aη̂pXq “ Y , where aη̂pXq “ 1
with probability η̂pXq, independent of D. A measure of fairness can be defined similar
to (2.2).

There are several examples in the literature where the parameter of interest takes
the form of a data-dependent θη̂. This occurs anytime the hypothesis of interest is
selected only after the data has been used (Dawid, 1994). An important case is the
approach of Chernozhukov et al. (2025b) to inference on features of heterogeneous
effects in randomized trials, which I revisit in Section 7. Other examples include
evaluating the impacts of data-driven algorithms in policy applications (Potash et al.,
2015; Kuzmanovic et al., 2024), measuring welfare gains generated from data-driven
rules (Kitagawa and Tetenov, 2018; Ida et al., 2024), and the “inference on winners”
framework of Andrews et al. (2024).

My setup also applies to some cases where the parameter of interest is not data de-
pendent, but is estimated using split-sample techniques. For example, in Fava (2025)
I develop an approach to inference on points of the distribution of treatment effects.
Although the parameter of interest, θ, is not data dependent, I incorporate covariate-
adjustment terms η̂ that yield bounds θη̂,L ď θ ď θη̂,U . Inference on θ can then be

derived from the asymptotic distribution of split-sample estimators pθ̂η̂,L, θ̂η̂,Uq, cen-
tered around the bounds pθη̂,L, θη̂,Uq. Other examples where θη̂ is informative about a
parameter θ include learning the mean outcome under an optimal treatment regime
(Shi et al., 2020; Fischer-Abaigar et al., 2024), and averages of intersection bounds
(Ji et al., 2024; Semenova, 2025). Another type of application is when θ “ θη̂ does
not depend on η̂, yet estimating θη̂ leads to some better properties. This is the case
of adding a covariate-adjustment term for learning the average treatment effect in a
randomized trial, as I discuss in Appendix I.

I consider four split-sample procedures for attaining the analyst’s goals: 1) sample-
splitting, 2) cross-fitting, 3) repeated sample-splitting, and 4) repeated cross-fitting.
First, I introduce some notation. Let rns “ t1, . . . , nu and the dataset D “ pWiqiPrns

be an iid sample of W „ P . I denote the training algorithm by A : Wm Ñ H, a
function that takes a sample of size m and returns a value η P H. The dependence
on m is suppressed in the notation of A. For any subsample s Ă rns, Ds “ tWiuiPs.

Sample-splitting consists of taking a random subsample s Ď rns of size b, using its

complement s̃ “ rns zs to train the model η̂s̃ “ ApDs̃q, and calculating xCIα from s for
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the parameter θη̂s̃ . Cross-fitting consists of partitioning rns into K roughly equal-sized
subsets (folds) pskqKk“1, at random. For k “ 1, . . . , K, train a model η̂s̃k “ ApDs̃kq,
that is, using all observations except those in fold k. Each model η̂s̃k is trained from
npK ´ 1q{K observations when n is a multiple of K. In Section 3, I discuss different
ways to aggregate the K models into an estimand θη̂, where η̂ “ pη̂s̃kqKk“1, and the

construction of a confidence interval xCIα for θη̂. I consider K fixed as n Ñ 8.
Repeated sample-splitting and cross-fitting consist of repeating the procedures

above M times. That is, for repeated sample-splitting, take M independent, random
subsamples of rns of size b, psm,1q

M
m“1, and train M models pη̂s̃m,1qMm“1. For repeated

cross-fitting, take M independent, random partitions of rns into K roughly equal-
sized folds, R “ prmqMm“1, where each rm “ psm,kqKk“1 forms a partition of rns. For
each subsample sm,k, train a model η̂s̃m,k

using all observations except the ones in sm,k,
giving a total ofMK models. I discuss different ways to aggregate the multiple splits
in Section 3.

I give a unified notation to the four split-sample procedures described above. Let
R “ prmq

M
m“1 denote a collection of M random splits of the sample, where each split

can be either:

• Sample-splitting: K “ 1 and rm “ psm,1q with sm,1 Ă rns of size b, or

• K-fold cross-fitting: K ą 1 and rm “ psm,kqKk“1 forms a partition of rns.

I useK “ 1 to denote sample-splitting for convenience. K “ 1 means that rm consists
of one subsample, of size b ă n chosen by the researcher. For cross-fitting, I assume
folds are equal-sized if n is a multiple ofK, and have sizes tn{Ku and rn{Ks otherwise,
and define b “ n{K. Define π “ limnÑ8 b{n, π P p0, 1q. With this notation, K “ 1
denotes sample-splitting and K ą 1 denotes cross-fitting. I allow M to grow as n
increases, and denote

M̄ “ lim
nÑ8

M P N Y t`8u .

This notation unifies the four split-sample procedures described previously, as shown
in Table 1. I use the term multiple splits to denote any of the three procedures that

Table 1: Classification of Split-Sample Procedures

Number of folds (K)
Limit number of
repetitions (M̄)

1 ą 1

1 Sample-splitting Cross-fitting
ą 1 Repeated sample-splitting Repeated cross-fitting

11



use more than one split (M̄ ą 1 and/or K ą 1). In all cases, I assume that the splits
are taken at random uniformly over all possible splits or cross-splits. Although the
number of possible splits is finite for any given n, I consider that the M repetitions
are taken independently, with repetition. This assumption reflects common practice,
as the computationally feasible number of repetitions is usually much smaller than
the total number of possible splits, so that the probability of taking two identical
splits is negligible.

I compare the four split-sample procedures in terms of statistical power, modeling
power, and reproducibility properties in Section 3.2.

3 CLT for Split-Sample Z-Estimators

I prove a central limit theorem for split-sample Z-estimators, defined as zeroes of em-
pirical moment equations. Z-estimators are a large class of estimators which include
averages, linear regressions, and most M-estimators, since the parameter value that
maximizes some objective function is the same that sets its partial derivatives to zero.
This CLT can be used off-the-shelf in many applications, including the poverty predic-
tion application in Section 6. First, in Section 3.1, I define split-sample Z-estimators
and Z-estimands, introduce the assumptions used, and state the CLT. Finally, in Sec-
tion 3.2, I compare the four split-sample procedures (sample-splitting, cross-fitting,
repeated sample-splitting, and cross-fitting).

I provide a more accessible exposition for the particular case of sample average
estimators, such as the MSE (Example 1), in Appendix D. I prove a new CLT for
split-sample empirical processes in Appendix E, which I use to prove my CLT for
Z-estimators and may be of independent interest.

3.1 Main Result

Since Z-estimators can be nonlinear, unlike the mean squared error (Example 1),
different approaches to aggregating multiple splits lead to different estimators and
estimands. I discuss three such approaches. Let ∥¨∥ be the Euclidean norm, ψθ,η :
W Ñ Rd be measurable functions for θ P Θ Ď Rd and η P H (H is defined as in
Section 2), and d ě 1. For η P H, let Ψηpθq “ Pψθ,η, Ψ̂s,ηpθq “ |s|´1

ř

iPs ψθ,ηpWiq,

and 9Ψη be the Jacobian matrix of Ψηpθηq. As in Section 2, let R denote a collection
of splits with M repetitions and K folds, and let η̂ “ η̂R “

`

η̂s̃m,k

˘

mPrMs,kPrKs
.

The first type of estimand is an average across split-specific estimands:

θ
p1q

η̂ “
1

MK

ÿ

rPR

ÿ

sPr

θ
p1q

η̂s̃
, (3.1)
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where θ
p1q
η for η P H is the unique solution for θ in Ψηpθq “ 0, i.e.,

Ψηpθp1q
η q “ 0.

(3.1) consists of solving the moment condition Ψη̂s̃pθq “ 0 for each split s̃, and aver-
aging over the split-specific estimands. The Z-estimator for (3.1) is

θ̂
p1q

η̂ “
1

MK

ÿ

rPR

ÿ

sPr

θ̂
p1q

η̂s̃
, (3.2)

where θ̂
p1q

η̂s̃
P argminθPΘ

∥∥∥Ψ̂s,η̂s̃pθq

∥∥∥. This approach is analogous to the DML1 estimator

in Chernozhukov et al. (2018).
The second type of estimand solves the average of the moment conditions. That

is, θ
p2q

η̂ uniquely solves
1

MK

ÿ

rPR

ÿ

sPr

Ψη̂s̃

´

θ
p2q

η̂

¯

“ 0. (3.3)

The associated Z-estimator is given by

θ̂
p2q

η̂ P argmin
θPΘ

∥∥∥∥∥ 1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pθq

∥∥∥∥∥ . (3.4)

This approach is analogous to the DML2 estimator in Chernozhukov et al. (2018).
Finally, the third type of estimand is a hybrid of the previous two approaches. It

solves the moment condition at each cross-split of the sample, and averages across
repetitions. That is,

θ
p3q

η̂ “
1

M

ÿ

rPR
θ

p2q

η̂r
, (3.5)

where θ
p2q

η̂r
uniquely solves

1

K

ÿ

sPr

Ψη̂s̃

´

θ
p2q

η̂r

¯

“ 0.

The associated Z-estimator is given by

θ̂
p3q

η̂ “
1

M

ÿ

rPR
θ̂

p3q

η̂r
, (3.6)

where

θ̂
p3q

η̂r
P argmin

θPΘ

∥∥∥∥∥ 1

K

ÿ

sPr

Ψ̂s,η̂s̃pθq

∥∥∥∥∥ . (3.7)
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In this approach, each θ̂
p3q

η̂r
uses the whole sample both for calculating η̂r and the

average in (3.7), and the final estimator θ̂
p3q

η̂ is the average of the cross-fitting esti-

mators across repetitions. Note that θ
p1q

η̂ “ θ
p3q

η̂ if K “ 1, θ
p2q

η̂ “ θ
p3q

η̂ if M “ 1, and

θ
p1q

η̂ “ θ
p2q

η̂ “ θ
p3q

η̂ if K “ M “ 1. The estimators are not assumed to be unique, but I
assume the estimands and the limit of the estimators to be unique.

For a concrete example, I consider below the particular case of sample-averages,
as in the example of calculating the MSE for poverty prediction (Example 1).

Example 4 (Split-sample averages).
Let ψθ,ηpwq “ fηpwq´θ for some known fη. In this case, the three estimators coincide:

θ̂
pjq

η̂ “
1

MK

ÿ

rPR

ÿ

sPr

1

|s|
fη̂s̃pWiq

for any j, and the estimand is

θ
pjq

η̂ “
1

MK

ÿ

rPR

ÿ

sPr

ż

fη̂s̃pwqdP pwq.

θ̂
p2q

η̂ can be interpreted as the value of θ that solves the moment condition for a

randomized function that takes value across
`

η̂s̃m,k

˘

mPrMs,kPrKs
uniformly at random.

That is, (3.3) is equivalent to

ż

ψ
θ̂

p2q

η̂ ,η̂ξ
pwqdP pw, ξq “ 0,

where dP pw, ξq “ dP pwqdP pξq and ξ takes value in ps̃m,kqmPrMs,kPrKs
uniformly at

random. If, for example, each η̂s̃ is a probabilistic classifier as in Example 3, θ̂
p2q

η̂

can be interpreted as solving the moment condition for a randomized rule η̄pxq that
predicts a positive classification with probability pMKq´1

ř

rPR
ř

sPr η̂s̃pxq.

I provide a CLT for the three estimators pθ̂
p1q

η̂ , θ̂
p2q

η̂ , θ̂
p3q

η̂ q. Below, I establish my
main regularity conditions.

Assumption 3.1. For some Θ1 Ď Θ, the following conditions hold:

(i) For some δ ą 0,

sup
PPP,ηPH,θPΘ1

EP

”

|ψθ,ηpW q|
2`δ

ı

ă 8;
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(ii) There exists η˚
P P H such that for η̃ “ ApDq, W K D, and every θ P Θ1,

ˇ

ˇ

ˇ
ψθ,η̃pW q ´ ψθ,η˚

P
pW q

ˇ

ˇ

ˇ

P
ÝÑ 0

uniformly in P P P.

Assumption 3.1(i) is a standard moments condition for CLTs. Assumption 3.1(ii)
is a mild stability condition on η̃. Importantly, η̃ is allowed to converge at any rate
and to any limit η˚

P , which may depend on P . It holds, for example, if

ψθ,η̃pwq
P
ÝÑ ψθ,η˚

P
pwq

pointwise for every w P W and θ P Θ1. This condition is more interpretable but
stronger than required (see Assumption E.2 in Appendix E). Assumption 3.1(ii) differs
from the typical approach in the double machine learning literature where faster
convergence rates (often n´1{4) are required for nuisance functions (e.g., Chernozhukov
et al., 2018). The key difference between the two approaches is that I target a different,
data-dependent parameter.

My CLT relies on the additional technical regularity conditions Assumption B.1,
which I delay to Appendix B.1. This assumption adapts standard conditions for
consistency and asymptotic normality of Z-estimators to the context of split-sample
estimators (e.g., Van der Vaart, 2000; van der Vaart and Wellner, 2023). This is
a weak assumption that holds in many settings, and it mostly concerns the choice
of ψθ,η. First, it assumes that the classes Fη “ tψθ,η,j : θ P Θ1u are Donsker, which
restricts complexity along θ P Θ1 but does not restrict the complexity of H. Second,
it requires θ̂

pjq

η̂ to nearly solve the moment conditions, and θ
pjq

η̂ to be unique and
well-separated zeroes of the population moment conditions. Finally, it assumes that
Ψη is differentiable in θ for η P H, and the Jacobian is continuous in η around η˚

P .
Assumption B.1 holds, for example, in the case of sample averages (Example 4), or
the “fraction in poverty by tercile” estimator in the poverty prediction application in
Section 6.

Theorem 3.1 is the first main result of this paper.

Theorem 3.1. (CLT for split-sample Z-estimators)
Let Assumptions 3.1 and B.1 hold. Then, for j P t1, 2, 3u,

?
n
´

θ̂
pjq

η̂ ´ θ
pjq

η̂

¯

⇝ N
´

0, Vη˚
P

¯

uniformly in P P P, where

Vη˚
P

“ VM̄,K
9Ψ´1
η˚
P

ˆ

Pψθ
η˚
P
,η˚

P
ψT
θ
η˚
P
,η˚

P

˙

´

9Ψ´1
η˚
P

¯T

,
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and

VM̄,K “

#

M̄´1
`

π´1 ` M̄ ´ 1
˘

, if K “ 1 and M̄ ă 8

1, otherwise.

The limiting variance Vη˚
P
is the product of two terms, the scalar VM̄,K and a

positive semidefinite matrix. The choice of split-sample procedure only affects Vη˚
P

through VM̄,K , which acts as a variance-inflating term since VM̄,K ě 1. When using
a single split (K “ 1, M̄ “ 1), the asymptotic variance is inflated by VM̄,K “ π´1,

where π is the fraction of the sample used to evaluate θ̂
pjq

η̂ (as opposed to training η̂).

This occurs because θ̂
pjq

η̂ is calculated from only b “ πn observations. When using

repeated sample-splitting (K “ 1 and M̄ ą 1), VM̄,K “ M̄´1π´1 ` M̄´1pM̄ ´ 1q is an
average of π´1 and 1 with weights proportional to 1 and M̄ ´ 1. This occurs since
each observation is picked a different number of times across splits for calculating θ̂

pjq

η̂ .
A larger number of repetitions leads to more balance in how often each observation
is selected, and VM̄,K decreases with larger M̄ . In fact, if M̄ “ 8, there is perfect
balance in large samples and VM̄,K “ 1. When using cross-fitting (K ą 1), all
observations are used an equal amount of times, and VM̄,K “ 1. For intuition on this
result, consider the particular case of sample averages (Example 4). In this case,

θ̂η̂ “
1

M

ÿ

rPR

1

K

ÿ

sPr

1

b

ÿ

iPs

fη̂s̃pWiq

is the same for j “ 1, 2, 3. If M̄ “ K “ 1, θ̂η̂ averages over b “ πn observations. If
M̄ ą 1 and K “ 1, different observations are picked by splits s a different, random
amount of times, and larger M̄ leads to more balance. If K ą 1, 1

K

ř

sPr
1
b

ř

iPs fη̂s̃pWiq

is an average over all observations, the entire sample is used equally, and the variance-
inflation term is minimum. Hence, the asymptotic variance is minimized using cross-
fitting with any number of folds K ą 1 and repetitions M̄ .

Theorem 3.1 appears to be new. The literature on risk estimation via cross-
validation provides related results establishing asymptotic normality for sample aver-
age estimators based on multiple splits. Like my approach, these CLTs target data-
dependent parameters, though they rely on different types of assumptions, and focus
on the specific case of sample-averages. Dudoit and van der Laan (2005) consider
estimators that average over all possible splits or cross-splits of the sample, assume
bounded loss function and requires η̂ to be loss consistent for a risk minimizing func-
tion, whereas I assume η̂ converges to any limit. (Austern and Zhou, 2020; Bayle
et al., 2020) provide CLTs under rate assumptions on the algorithmic stability of η̂.
Bayle et al. (2020) provides two CLTs using estimators based on a single repetition
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of cross-fitting, one relying on rate condition for algorithmic stability, and the second
requires a “conditional variance convergence” assumption that they verify using rates
for loss stability. My result does not require verifying a loss stability condition, which
may not be satisfied in some high-dimensional settings (Bates et al., 2024), and my
result allows for any ML algorithm as long as Assumption D.1(ii) holds. LeDell et al.
(2015) provides a CLT for the particular case of estimating the area under the curve
(AUC) measure via cross-validation.

A different class of related results are CLTs with cross-fitting for parameters that
are not data-dependent. These approaches require stronger conditions on η̂, such as
requiring η̂ to converge in probability at some specified rate, typically n´1{4 (Luedtke
and Van Der Laan, 2016; Chernozhukov et al., 2018; Benkeser et al., 2020; Imai and
Li, 2025). Theorem 3.1 requires no complexity restrictions, and assumes η̂ converges
in probability to any limit at any rate.

A central limit theorem for the class of split-sample Z-estimators appears to be
new. The characterization of the asymptotic variance, specifically how the variance-
inflating term VM̄,K depends on the number of splits M̄ when K “ 1, also appears to
be new. The proof uses a new CLT for split-sample empirical stated in Appendix E,
which also appears to be new and may be of independent interest.

Remark 3.1. In the double machine learning context, which targets a different pa-
rameter θη0 and uses M “ 1, simulation evidence (Chernozhukov et al., 2018) and
theoretical results (Velez, 2024) suggest using DML2 over DML1. It is unclear whether

similar arguments hold for comparing θ̂
p1q

η̂ and θ̂
p2q

η̂ , and how they compare with θ̂
p3q

η̂ .
Exploring theoretical and empirical properties of the three methods is an interesting
direction for future research.

3.2 Comparison of Split-Sample Procedures

I compare the four split-sample procedures (sample-splitting, cross-fitting, repeated
sample-splitting, and repeated cross-fitting) in terms of statistical power, modeling
power, reproducibility, and computation time.

Cross-fitting and repeated cross-fitting, as well as repeated sample-splitting with
M̄ “ 8, all exhibit the highest statistical power since they all minimize the variance
of the asymptotic distribution in Theorem 3.1. Repeated sample-splitting with 1 ă

M̄ ă 8 comes second, and sample-splitting yields the largest variance.
I say that an estimator has better modeling power than another if the models

in
`

η̂s̃m,k

˘

mPrMs,kPrKs
are trained using larger datasets. Using more data for training

typically leads to models with smaller expected loss, as I formalize in Appendix C. For
sample-splitting or repeated sample-splitting, modeling power increases by picking a
smaller b (and π), so that more data is used to train each η̂s̃m,k

. However, if M̄ ă 8,
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a smaller b leads to smaller statistical power, since fewer data are used as evaluation
sample at each split. When using cross-fitting, modeling power increases withK, since
b “ n{K. In this case, the returns to increasing K are diminishing. For example, if
K “ 2, η̂s̃m,k

is calculated with 50% of the sample, and this fraction raises to 90%
with K “ 10. If K “ 20, however, the fraction only raises by another 5%. Although a
large value of K or small value of π (when K “ 1) lead to better modelling power, my
asymptotic framework takes these quantities as fixed. This means that the quality
of the asymptotic approximation may be poor if K is large (or π small) relative to
the sample size. For example, my asymptotic framework does not accommodate for
leave-one-out cross-fitting, that is, K “ n.

I formalize the fact that increasing M leads to better reproducibility properties in
Section 5. For example, as M increases, it becomes more likely that two researchers
using the same dataset but different random splits will reach the same conclusion
about statistical significance of θη̂. Although I make no formal comparison between
the cases K “ 1 and K ą 1 in terms of reproducibility, I note that Ritzwoller and Ro-
mano (2023) documented the difference in variance between repeated sample-splitting
and cross-fitting in an earlier draft.1 Comparing cross-fitting with M repetitions to
sample-splitting with KM repetitions, they argued that in principle it is possible
that split-sample estimators have smaller variance conditional on data when K “ 1
instead of K ą 1, but show empirical evidence that cross-fitting typically leads to
better reproducibility.

Table 2 summarizes the comparison of the four procedures.

Table 2: Comparison of Split-Sample Procedures

Procedure
Statistical
Power

Modeling
Power

Reproducibility
Computation

Time

Sample-splitting Low Low Low Low
Cross-fitting High High Medium Medium
Repeated sample-splitting Med/High˚ Med/High˚ High˚˚ High
Repeated cross-fitting High High High˚˚ High

˚High if M̄ “ 8, medium if M̄ ă 8.
˚˚Whether repeated sample-splitting or cross-fitting dominates depends on application.
Modeling power considers the trade-off with statistical power: for sample-splitting and repeated
sample-splitting with M̄ ă 8, increasing modeling power requires decreasing statistical power.
Computation time and reproducibility columns compare repeated cross-fitting with M repeti-
tions to repeated sample-splitting with KM repetitions.

1This discussion appears in the second version at https://arxiv.org/abs/2311.14204 (dated
December 9, 2023).
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The choices of M , K, and π (when K “ 1) involve tradeoffs. Statistical power is
maximized when K ą 1 or M̄ “ 8 (Appendix D), and the reproducibility properties
improve with largerM and are ambiguously affected by K, despite empirical evidence
that K ą 1 usually leads to better properties (Ritzwoller and Romano, 2023). For
K “ 1 and M̄ ă 8, there is a tradeoff between statistical and modelling powers,
unlike with cross-fitting. A larger M is always beneficial in terms of reproducibility
(and statistical power when K “ 1), but this comes at the cost of higher computation
time. Hence, I recommend choosing M as large as computationally convenient, and
K ą 1 but small, since that provides valid asymptotic inference, maximum statistical
power, and likely better reproducibility properties. In Section 5, I provide a measure
to assess whether a given M is sufficiently large to ensure reproducibility of p-values
calculated from split-sample Z-estimators.

4 Inference on Split-Sample Estimands

The CLT in Theorem 3.1 can be directly applied to conduct inference on many split-
sample estimands. However, confidence intervals based on the normal approximation
may fail to cover θη̂ at the nominal level in some important cases of interest. First,
in Section 4.1, I consider inference when the normal approximation is asymptotically
exact, and discuss why this approximation may not be precise in some contexts.
Then, in Section 4.2, I propose a new approach for the particular cases of inference
on comparisons between models, which explicitly accounts for the dependence across
splits.

I discuss in Section 4.1 that a typical case when the normal approximation CI may
have coverage probability smaller than nominal is when the variance of a moment
function is allowed to be zero in the limit. I provide a general method for inference
that covers this case in Appendix F, by exploring the faster-than-

?
n convergence

rate of the empirical moment functions and introducing a tuning parameter. I also
discuss in Sections 4.1 and 4.2 that although Section 4.2 considers the specific case of
comparing two models, the arguments developed in that section apply more broadly,
covering other cases such as the Generic ML approach of Chernozhukov et al. (2025b)
(see Appendix B.5.5).

4.1 Inference from Normal Approximation

Consider the problem of conducting inference on hpθη̂q, where θη̂ is any of the split-
sample Z-estimands in Section 3, and h is any scalar differentiable function with row-
vector of partial derivatives 9hpθη˚

P
q ‰ 0. This encompasses many cases of interest,

for example when hpθη̂q is a subset of the vector θη̂ or a linear combination of its
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entries, as in the application of Section 6. An application of Theorem 3.1 and the
delta-method yields

?
n
´

hpθ̂η̂q ´ hpθη̂q

¯

⇝ N p0, σ2
η˚
P

q, (4.1)

where θ̂η̂ is a Z-estimator as in (3.4), and

σ2
η˚
P

“ 9hpθη˚
P

qV ˚

η˚
P

9hpθη˚
P

q
T .

If σ2
η˚
P

ą 0, one can calculate the plug-in estimator

σ̂2
η̂ “ 9hpθ̂η̂qV̂η̂ 9hpθ̂η̂q

T , (4.2)

where V̂η̂ is given in (B.11) in Appendix B.2, and the confidence interval

”

hpθ̂η̂q ´ n´1{2z1´α{2σ̂η̂, hpθ̂η̂q ` n´1{2z1´α{2σ̂η̂

ı

(4.3)

contains hpθη̂q with probability approaching 1 ´ α, where zα is the α-th quantile of
the standard normal distribution.

Theorem 4.1. (Asymptotic Exactness of Normal Approximation CI)
Let the conditions of Theorem 3.1 hold, Vη˚

P
be positive definite, assume there exists

an estimator
p9Ψη̂ such that ∥∥∥p9Ψη̂ ´ 9Ψη˚

P

∥∥∥ P
ÝÑ 0

uniformly in P P P, and that infPPP

∥∥∥ 9hpθη˚
P

q

∥∥∥ ą 0. Then, for any sequence pPnqně1 Ď

P,

Pn

´

hpθη̂q P

”

hpθ̂η̂q ´ n´1{2z1´α{2σ̂η̂, hpθ̂η̂q ` n´1{2z1´α{2σ̂η̂

ı¯

Ñ 1 ´ α.

Theorem 4.1 assumes the existence of a consistent estimator of 9Ψη˚
P
. If ψθ,ηpwq

is differentiable in θ, this assumption is satisfied by the plug-in estimator defined in
(B.10) in Appendix B.2 under a uniform integrability condition on this derivative.
Otherwise, consistent estimators of 9Ψη˚

P
can typically be constructed on a case-by-

case basis (Hansen, 2022). Note that the probability in Theorem 4.1 is taken over
both the random estimand hpθη̂q and the CI.

Theorem 4.1 implies that (4.3) contains hpθη̂q with probability approaching 1´α
in many settings. However, in some cases, (4.3) may not cover hpθη̂q with nominal
probability, as illustrated in the two examples below.
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Example 5. Consider a dataset with covariates X, outcome Y P R, and moment
function ψθ,ηpy, xq “ yηpxq ´ θ, so

θ̂η̂ “
1

MK

ÿ

rPR

1

n

ÿ

sPr

ÿ

iPs

Yiη̂s̃pXiq.

The limit variance in (4.1) is

σ2
η˚
P

“ VarP rY η˚
P pXqs .

If σ2
η˚
P

ą 0, (4.3) contains hpθη̂q with probability approaching 1 ´ α. However, if

η˚
P pxq “ 0 for all x, σ2

η˚
P

“ 0,

?
n
´

hpθ̂η̂q ´ hpθη̂q

¯

P
ÝÑ 0,

and (4.3) may not contain hpθη̂q with nominal probability.

Example 6. Consider a dataset with covariates X, outcome Y P R, and moment
function

ψθ,ηpy, xq “

ˆ

y ´ θ0 ´ θ1ηpxq

py ´ θ0 ´ θ1ηpxqqηpxq

˙

,

that is, for each subsample s, θ̂s̃ is the OLS estimator for pθ0,̃s, θ1,̃sq in the regression

Yi “ θ0,̃s ` θ1,̃sη̂s̃pXiq ` εi

using observations i P s. Focusing on the slope coefficient, the final estimator can be,
for example,

θ̂
p1q

1,η̂ “
1

MK

ÿ

rPR

ÿ

sPr

θ̂1,̃s.

If ErZTZs is positive definite, where Z “ p1, η˚
P pXqqT , the conditions of Theorem 3.1

are met, and (4.3) contains θ
p1q

1,η̂ with probability approaching 1´α. However, if η˚
P pxq

is constant in x, ErZTZs is not invertible, the conditions of Theorem 3.1 are not met,
and (4.3) may contain hpθη̂q with probability below the nominal level.

Examples 5 and 6 have two features in common: the normal approximation CI
may undercover θη̂ only when η˚

P pxq is constant, and one of the empirical moment
equations evaluated at the true parameter converges to zero at a rate faster than
n´1{2:

min
jPt1,...,du

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
n

ÿ

iPs

ψθη̂̃s ,η̂s̃,j
pWiq

ˇ

ˇ

ˇ

ˇ

ˇ

P
ÝÑ 0, (4.4)
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where ψθ,η,j is the j-th entry of the vector ψθ,η. In Section 4.2, I develop an approach
that can be used to test whether η˚

P pxq is constant, and although I focus on the
particular case of comparing the performance between two models, the arguments
apply more broadly and could be used to provide a valid CI for the problems in
Examples 5 and 6 under the same conditions of Theorem 4.1. In Appendix F, I
establish a general approach to inference on θη̂ that allows (4.4) to happen. The
approach explores the faster-than-

?
n convergence rate to provide an asymptotically

uniformly valid CI by introducing a tuning parameter.

4.2 Inference on Model Comparisons

In several applications, the goal is not only to create a new model η̂ and assess some
property θη̂, but to compare such properties between two models. For example, if θη̂
is a measure of accuracy such as the mean squared error (Example 1), one might want
to infer if η̂ has better performance than a baseline model that predicts the sample
mean of Y for all observations. This is the case in the application of Section 6,
where the goal is to assess whether a random forest model has predictive power for
poverty, that is, whether it achieves smaller MSE than using the sample average.
Alternatively, one might want to compare the performance of using different machine
learning algorithms, such as training η̂ with neural networks versus random forests. I
show that the CLTs of the previous sections give a valid inference approach when both
models do not have similar performances in large samples. However, if the models
have similar performance, the asymptotic distribution of the difference in performance
is degenerate at the

?
n rate, and CIs based on the asymptotic approximation may

fail to control size. In this section, I build on the CLT of Section 3 to develop an
inference method that is valid for both cases. Although this section focuses on the
particular case of comparing two models, I discuss in the end of Section 4.1 that the
arguments developed in this section apply more broadly.

The setting is as follows. θ̂η̂ denotes any of the estimators pθ̂
p1q

η̂ , θ̂
p2q

η̂ , θ̂
p3q

η̂ q of Sec-
tion 3, assumed to be a scalar (d “ 1) (alternatively, one could consider a scalar
transformation hpθ̂η̂q as in Section 4.1). I refer to the parameter θη̂ (defined anal-
ogously) as a performance measure for expositional convenience, though the results
apply more generally. I focus on comparing θη̂ to the performance θb̂ of a baseline

model b̂ P H computed using the entire sample, that is, without forms of sample-
splitting. b̂ is assumed to come from a parametric model, and it can be, for example,
the sample average b̂pxq “ n´1

řn
i“1 Yi in Examples 1 and 3. Following the notation

of Section 3, θb̂ is the unique solution for θ in Ψb̂pθq “ 0, i.e.,

Ψb̂pθb̂q “ 0.
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Similarly, the estimator θ̂b̂ is a (near) zero of the empirical moment condition,

θ̂b̂ P argmin
θPΘ

∥∥∥∥∥ 1n
n
ÿ

i“1

ψθ,b̂pWiq

∥∥∥∥∥ .
In Appendix G, I discuss how to extend the current setting for comparing θη̂ to the
performance of another model η̂1 computed with the same split-sample approach as
η̂. Let

S “ psm,kqmPrMs,kPrKs

be a collection of MK splits of the sample, that is, a vectorization of R defined in
Section 2. Notice that each s P S is associated with a model η̂s̃, as in (3.1).

To see the challenge of conducting inference based on θ̂η̂ ´ θ̂b̂, consider a simplified

setting where each θ̂η̂s̃ (as in (3.2)) is a sample average, that is, ψθ,ηpwq “ fηpwq ´ θ

for some fη and θ̂η̂s̃ “ |s|´1ř

iPs fη̂s̃pWiq. The CLT in Theorem 3.1 gives

?
n
´

θ̂η̂ ´ θη̂

¯

“
1

?
n

n
ÿ

i“1

´

fη˚
P

pWiq ´ Pfη˚
P

¯

` oP p1q,

and the normal approximation gives an asymptotically valid CI for θη̂. Similarly, if b̂
converges to some model bP P H,

?
n
´

θ̂b̂ ´ θb̂

¯

“
1

?
n

n
ÿ

i“1

pfbP pWiq ´ PfbP q ` oP p1q,

and these two results can be combined to construct a CI for θη̂ ´θb̂ based on a normal
approximation. However, if the baseline model bP is the same as η˚

P , both estimators
have the same limit, the difference

?
n
”´

θ̂η̂ ´ θ̂b̂

¯

´ pθη̂ ´ θb̂q
ı

“ oP p1q (4.5)

has a degenerate limit in probability, and the CLT of Section 3 does not inform how
to compute a CI for θη̂ ´ θb̂.

First, I develop a test for whether any of the models η̂s̃ perform better than b̂,
then show how this test can be used to construct a CI for θη̂ ´ θb̂. Both results build
on my CLT for Z-estimators.
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4.2.1 A Multivariate One-sided Test for Model Differences

From (4.5), the asymptotic distribution of θ̂η̂ ´ θ̂b̂ centered around the parameter of
interest θη̂ ´ θb̂ is degenerate at the n´1{2 rate if bP “ η˚

P . Yet, for each split s P S,

?
n
”´

θ̂η̂s̃ ´ θ̂b̂

¯

´ pθη̂s̃ ´ θb̂q
ı

“

?
n

|s|

ÿ

iPs

´

fη˚
P

pWiq ´ Pfη˚
P

¯

´

?
n

n

n
ÿ

i“1

´

fη˚
P

pWiq ´ Pfη˚
P

¯

` oP p1q (4.6)

has a non-degenerate limit since the first average does not include observations i P s̃.
I explore this fact to construct a test of whether any model η̂s̃ has better performance
than b̂, then develop a CI for θη̂ ´ θb̂ in the following subsection.

Consider the hypothesis test

#

H0,η̂ : θη̂s̃ ´ θb̂ ě 0 for all s P S,
HA,η̂ : θη̂s̃ ´ θb̂ ă 0 for some s P S.

(4.7)

If θη is a measure of performance such as the mean squared error, having θη̂s̃ ´ θb̂ ă 0

means that η̂s̃ performs better than b̂. The hypotheses H0,η̂ and HA,η̂ depend on η̂ due
to the data-dependent parameter of interest θη̂. Testing such hypotheses is analogous
to constructing a confidence interval for a data-dependent parameter as in (2.1). Let

δη̂ “ pθη̂s̃ ´ θb̂qsPS ,

and similarly define

δ̂η̂ “

´

θ̂η̂s̃ ´ θ̂b̂

¯

sPS
.

An application of Theorem 3.1 gives

?
n
´

δ̂η̂ ´ δη̂

¯

⇝ N p0,Σq ,

for some nonzero Σ that can be consistently estimated with Σ̂ (see equation B.12 in
Appendix B.2). Since splits reuse observations, the off-diagonal terms of Σ explicitly
incorporate the dependence across splits.

Denote by σ̂2
s the entry of the main diagonal of Σ̂ associated with s P S, that is,

with the term θ̂η̂s̃ ´ θ̂b̂. I propose computing the test-statistic

T pδ̂η̂, n
´1Σ̂q “

ÿ

sPS

˜

min

#

?
n
θ̂η̂s̃ ´ θ̂b̂
σ̂s

, 0

+¸2

.
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This type of test statistic has been considered for example in Chernozhukov et al.
(2007); Romano and Shaikh (2008); Andrews and Guggenberger (2009); Romano and
Shaikh (2010) in the context of moment inequalities. Critical values ĉ1´α can be
computed via Monte Carlo: simulate Z „ N p0, Σ̂q and estimate ĉ1´α as the 1 ´ α
quantile of T pZ, n´1Σ̂q. I note that, alternatively, one could use the likelihood ratio
test statistic.

Asymptotic exactness of this test under the least favorable null follows from similar
conditions to Theorem 3.1, established below.

Assumption 4.1. Assumptions 3.1 and B.2 hold with scalar θ̂η̂ pd “ 1q. Additionally,

(i) Vη˚
P

ą 0;

(ii) For some bP P H,

?
n
´

θ̂b̂ ´ θb̂

¯

´
?
n
´

θ̂bP ´ θbP

¯

P
ÝÑ 0

and
?
n pθb̂ ´ θbP q

P
ÝÑ 0

uniformly in P P P.

Assumption B.2 consists of more technical conditions, which are delayed to the ap-
pendix for ease of exposition. For example, they extend the Z-estimator assumptions
on η˚

P to bP . Assumption 4.1(i) requires the limiting variance of
?
npθ̂η̂ ´ θη̂q to be

positive, and Assumption 4.1(ii) defines the requirements on the baseline (paramet-
ric) estimator b̂. It holds, for example, if b̂ belongs to a Donsker class with probability
approaching one, which typically happens for parametric models such as the sample
average b̂pxq “ n´1

řn
i“1 Yi.

Theorem 4.2. (Size control of multivariate one-sided test for model differences)
Let Assumption 4.1 hold. Then, for any c̄2 ą 0,

lim sup
nÑ8

sup
PPtPPP:P pδη̂ě0qąc̄2u

P
´

T pδ̂η̂, n
´1Σ̂q ą ĉ1´α

ˇ

ˇ

ˇ
δη̂ ě 0

¯

“ α.

For any sequence pPnqně1 Ď P with limnÑ8 Pnpδη̂ “ 0q ą 0,

lim
nÑ8

Pn

´

T pδ̂η̂, n
´1Σ̂q ą ĉ1´α

ˇ

ˇ

ˇ
δη̂ “ 0

¯

“ α.
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Theorem 4.2 appears to be new. It establishes size control: the probability of
rejecting the null hypothesis, conditional on it being true, does not exceed α in large
samples. Note that the probabilities in Theorem 4.2 are not random objects, they
integrate over the distribution of the data conditional on the events δη̂ ě 0 or δη̂ “

0. Alternative approaches for testing across multiple splits of the sample typically
aggregate p-values or confidence intervals computed separately for each split, without
accounting for the dependence structure across splits (see, e.g., Chernozhukov et al.,
2025b; Gasparin et al., 2025). For example, Chernozhukov et al. (2025b) propose
aggregating the median of p-values or CIs across splits. Because these methods do not
incorporate the correlation across splits, they are conservative in most data-generating
processes, as they guard against the worst-case dependence structure. In contrast, my
approach explicitly accounts for the dependence across splits, which enables the test
to achieve exactness under the least favorable null δη̂ “ 0 in a uniform sense across
DGPs. The proof is made possible by the decomposition in (4.6), which follows from
the new CLT in Section 3.

The result above requires the probability of the conditioning event to be bounded
away from zero using the constant c̄2 ą 0. This could lead to an apparent uniformity
issue for sequences of DGPs pPnqně1 with Pnpδη̂ ě 0q Ñ 0, for example. For such
sequences, the probability of rejecting the null conditional on the null being true could
be greater than α. This is not, however, an issue for empirical practice: for such
sequences the probability of being under the null itself converges to zero. Incorrectly
rejecting the null is not a concern when the probability of the null being true is zero.

4.2.2 A Confidence Interval for the Average Performance

I construct a new confidence interval for θη̂ ´ θb̂ based on two insights from the
previous subsections. The first is that a CI based on the normal approximation using
Theorem 3.1 is asymptotically exact if θη̂ ´ θb̂ converges in probability to a value
different from zero, since in this case the terms in (4.5) do not cancel out. The second

insight is that the case θη̂ ´ θb̂
P
ÝÑ 0 is closely connected with the null hypothesis of

the one-sided test developed in the previous subsection. Hence, my CI consists of
using the normal approximation if the one-sided test is rejected, and an extended CI
in case it is not.

Define the normal approximation CI

xCIα,N “

„

´

θ̂η̂ ´ θ̂b̂

¯

´ z1´α{2

σ̂δ̂?
n
,
´

θ̂η̂ ´ θ̂b̂

¯

` z1´α{2

σ̂δ̂?
n

ȷ

,

where σ̂δ̂ is a standard error for θ̂η̂ ´ θ̂b̂ (see equation B.13 in Appendix B.2), and an
extended CI

xCIα,ext “ Conv
´

xCIα,N Y t0u

¯

,
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where Convp¨q denotes the convex hull, that is, xCIα,ext has all the elements in xCIα,N ,
0, and all elements in between. The final CI is given by

xCIα “

#

xCIα,N , if T pδ̂η̂, Σ̂q ą ĉ1´α

xCIα,ext, otherwise.

xCIα is based on a pre-test, using different inference approaches depending on whether
the one-sided test is rejected or not. This construction is motivated by the follow-
ing facts, which are formalized in Theorems B.1, 4.3 and 4.4. If θη̂ ´ θb̂ converges

in probability to a negative value, P pT pδ̂η̂, Σ̂q ą ĉ1´αq Ñ 1, and xCIα,N is used,
which is asymptotically exact. If θη̂ ´ θb̂ converges in probability to a positive value,

P pT pδ̂η̂, Σ̂q ą ĉ1´αq Ñ 0, xCIα,N is asymptotically exact but xCIα,ext is used, which

is valid since it is wider than xCIα,N , although conservative. This asymmetric con-
struction is a choice, which reflects the motivating problem of this section of learning
whether the new model η̂ performs better (instead of worse) than the baseline model

b̂. Finally, if θη̂ ´ θb̂
P
ÝÑ 0, intuitively P pT pδ̂η̂, Σ̂q ą ĉ1´αq should be close to α given

Theorem 4.2. If that happens, xCIα,ext covers θη̂ ´ θb̂ with high probability since it in-
cludes 0, the limit of θη̂´θb̂. However, this guarantee depends on additional conditions

as I discuss next, since P pδη̂ ě 0q may not converge to one even if δη̂
P
ÝÑ 0.

First, I show that xCIα is valid pointwise in P P P , assuming that if η˚
P “ bP , then

the parametric model is well-specified in the sense that it minimizes the error θη in η,

that is, θη ě θbP for all η P H. Then, I establish conditions under which xCIα is valid
uniformly in P P P .

Theorem 4.3. (Pointwise Asymptotic Validity of xCIα)
Let Assumption 4.1 hold. Then, for any P P P such that either

(i) θη˚
P

‰ θbP , or

(ii) θbP ď infηPH θη,

lim inf
nÑ8

P
´

pθη̂ ´ θb̂q P xCIα

¯

ě 1 ´ α.

Further, I show that xCIα is asymptotically valid for most sequences of θη̂ ´θb̂, and
discuss why it may fail for specific sequences. Then, I establish that the additional
condition Assumption 4.2 is sufficient for xCIα to be asymptotically uniformly valid in
P P P . Later, I propose a modification to xCIα that gives uniform validity under only
Assumption 4.1.
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Assumption 4.2. For any sequence pPnqně1 Ď P such that θη˚
Pn

´ θbPn
Ñ 0,

?
n pθη̂ ´ θb̂q

Pn
ÝÑ 0.

Theorem 4.4. (Uniform Asymptotic Validity of xCIα)
Let Assumption 4.1 hold. For any c̄3 ą 0 and c̄4 ą 0, define

Pc̄3,c̄4 “

!

P P P : P
´

pθη̂ ´ θb̂q ě 0 _ pθη̂ ´ θb̂q ď c̄3

¯

ą c̄4

)

.

Then,

lim inf
nÑ8

inf
PPPc̄3,c̄4

P
´

pθη̂ ´ θb̂q P xCIα

ˇ

ˇ

ˇ
pθη̂ ´ θb̂q ě 0 _ pθη̂ ´ θb̂q ď c̄3

¯

“ 1 ´ α.

Moreover, if Assumption 4.2 holds,

lim inf
nÑ8

inf
PPP

P
´

pθη̂ ´ θb̂q P xCIα

¯

“ 1 ´ α.

Under Assumption 4.1, xCIα covers θη̂ ´ θb̂ when this difference is positive or “suf-
ficiently” negative, with Pc̄3,c̄4 only requiring this event to happen with positive prob-
ability. If θη̂ ´ θb̂ converges to any negative value, coverage is asymptotically exact
(Theorem B.1). If it converges to a positive value, similarly, the normal approxima-

tion CI is exact, and the extended xCIα,ext is conservative. Failure of coverage may

happen only if θη̂ ´θb̂
P
ÝÑ 0´, that is, it converges to zero “from the left”. For such se-

quences, the components of δη̂, θη̂s̃ ´θb̂, may be enough negative so that the one-sided
test rejects the null with high probability, but since they converge to zero, the terms
in (4.5) cancel out, and the normal approximation CI may undercover. Importantly,
xCIα is valid in the case of interest θη̂ ´ θb̂ ě 0, that is, when η̂ performs equally or

worse than the baseline model b̂. This is the case, for example, when the parametric

model is well-specified, as in Theorem 4.3, since
?
n pθb̂ ´ θbP q

P
ÝÑ 0 from Assump-

tion 4.1. Hence, xCIα may overstate the advantage of η̂ when it slightly outperforms
b̂, but not when their performances are equal or when η̂ performs worse.

Assumption 4.2 rules out the problematic sequences by ensuring that if θη̂ ´ θb̂
P
ÝÑ

0´, θη̂ is close enough to θb̂ in large samples so that the one-sided test does not reject
with probability higher than α. It is motivated by the fact that machine learning
algorithms typically penalize deviations from the mean. If there is little signal to
be learned by η̂, that is, θη˚

Pn
is close to θbPn

, it may be reasonable to expect that
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regularization will make the estimates η̂ closer to b̂ than to η˚
Pn
. For example, in the

case of estimating a linear model with the Lasso, if the true coefficients are very small,
penalization leads to estimated coefficients exactly equal to 0 with high probability
(Zhao and Yu, 2006; Zhang and Huang, 2008; Wüthrich and Zhu, 2023). However, this
assumption may not lead to a good approximation for the behavior of DGPs where
θη˚

Pn
is sufficiently distant from θbPn

and η̂ is estimated with no or little regularization.

Next, I provide an alternative, more conservative CI that gives uniform coverage

without relying on Assumption 4.2. It deals with sequences with θη̂ ´ θb̂
P
ÝÑ 0´ by

modifying xCIα to be more conservative in the one-sided test. For any c̄5 ą 0, consider
the modified version of the test in (4.7):

#

H0,η̂ : θη̂s̃ ´ θb̂ ě ´c̄5 for all s P S,
HA,η̂ : θη̂s̃ ´ θb̂ ă ´c̄5 for some s P S.

c̄5 represents a degree of slackness on how large ´pθη̂s̃ ´ θb̂q has to be to reject the
null hypothesis. The final CI is given by

xCI
1

α “

#

xCIα,N , if T pδ̂η̂ ` c̄5, Σ̂q ą ĉ1´α

xCIα,ext, otherwise,

and the critical value ĉ1´α is the same as before. A large c̄5 gives more robustness in
finite samples in the sense that

P
´

pθη̂ ´ θb̂q P xCI
1

α

¯

is (weakly) increasing in c̄5. On the other hand, a large c̄5 leads to less power.
Importantly, this approach is not necessary if the goal is to test the null H0,η̂ :
θη̂ ´ θb̂ “ 0, since this cased is covered by Theorem 4.4. The modified confidence

interval xCI
1

α is intended for researchers who may want to be careful not to overestimate
the magnitude of θη̂ ´ θb̂ when it is small but negative.

Theorem 4.5. (Uniform Asymptotic Validity of xCI
1

α)
Let Assumption 4.1 hold and fix any c̄5 ą 0. Then,

lim inf
nÑ8

inf
PPP

P
´

pθη̂ ´ θb̂q P xCI
1

α

¯

ě 1 ´ α.
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5 Reproducibility

The split-sample estimators and estimands defined in Section 3 depend not only on
the algorithm used to estimate η̂, but also on the specific splits of the sample R. In
applications, this may lead to the undesirable phenomenon that different researchers
with the same dataset, using different random splits R, may reach different conclu-
sions in terms of statistical significance. Intuitively, by averaging over multiple splits,
this phenomenon becomes less likely. In this section, I first formalize this intuition
by establishing basic reproducibility properties of split-sample Z-estimators. Then,
I develop a measure that quantifies the reproducibility of p-values from hypothesis
tests based on Z-estimators for a given number of repetitions M .

5.1 Basic Reproducibility Properties

I establish two basic reproducibility properties for the three versions of split-sample
Z-estimators defined in Section 3. The two results formalize the notion that, for fixed
n, choosing to use a larger number of repetitions M improves reproducibility of the
estimators. The results exploit the fact that θ̂

p1q

η̂ and θ̂
p3q

η̂ are averages over M inde-
pendent repetitions r P R. For the second estimator, I use the fact that, conditional
on the data D, θ̂

p2q

η̂ is still a Z-estimator where the “observations” are the splits r P R
and the target parameter is the value of θ that solves the moment condition averaged
over all possible splits. This allows me to explore large M properties of θ̂

p2q

η̂ using
arguments similar to those applied to Z-estimators (e.g., Theorem 5.9 in Van der

Vaart, 2000). For θ̂
p2q

η̂ , I require an additional technical condition which I delay to
Appendix B.3.1. This assumption is analogous to standard conditions for proving
consistency of Z-estimators, and holds, for example, if Θ1 is bounded, ψθ,η is Lipschitz
in θ with a Lipschitz constant that does not depend on η or w, and if the solution to
the moment condition averaged over all possible splits is unique.

The first reproducibility property is that, for fixed n, the variance of the Z-
estimators conditional on the data converge to zero as M grows. Conditional on
the data, the estimators vary only due to the random partitioning. This approxi-
mates the behavior of the estimators when the number of repetitions M is chosen
to be large. This guarantees that two researchers with the same dataset and differ-
ent splits will calculate estimators that are arbitrarily close to each other with high
probability for large enough M .

Proposition 5.1. Let 3.1 hold, π,K be arbitrary, and j P t1, 2, 3u. Additionally, let
B.3 hold if j “ 2. Then,

VarP

”

θ̂
pjq

η̂

ˇ

ˇ D
ı

P
ÝÑ 0

as M Ñ 8 with n fixed.
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For the estimators θ̂
p1q

η̂ and θ̂
p3q

η̂ , I show that the conditional variance is strictly
decreasing in M . This establishes a stronger property than the asymptotic result in
Proposition 5.1: not only does reproducibility improve asM Ñ 8, but every increase
in M strictly reduces variance and thus improves reproducibility.

Proposition 5.2. Let 3.1 hold, n be fixed, M,π,K be arbitrary, and j P t1, 3u. Then,
if

VarP

”

θ̂
pjq

η̂

ˇ

ˇ D
ı

ą 0,

VarP

”

θ̂
pjq

η̂

ˇ

ˇ D
ı

is strictly decreasing in M .

5.2 A Reproducibility Measure

I propose a reproducibility measure for p-values from hypothesis tests based on trans-
formations of split-sample Z-estimators. Specifically, I study reproducibility of the
p-value for testing H0,η̂ : hpθη̂q “ τ versus HA,η̂ : hpθη̂q ‰ τ (and its one-sided ver-
sions) for h : Θ Ñ R differentiable. The hypotheses H0,η̂ and HA,η̂ depend on η̂ since
the parameter of interest, θη̂, depends on η̂. Testing this hypothesis is analogous to
constructing a CI for θη̂: in fact, inverting this test for all values of τ at significance
level α gives the confidence interval of Section 4.1.

I begin by defining the reproducibility measure, then describe the asymptotic
framework I use and the technical challenges involved. Finally, I establish the limit
distribution of the difference of t-statistics constructed from different random splits,
and apply this result to construct the reproducibility measure. As in Section 3, I
consider M repetitions of sample-splitting with K folds (K “ 1 denotes repeated
sample-splitting).

The goal of this section is to construct a measure δ̂pβq, for β P p0, 0.5q, that
satisfies

P

˜

p2 ą p1 ` δ̂pβq

ˇ

ˇ

ˇ

ˇ

ˇ

D

¸

“ β ` oP p1q,

where p1 and p2 are p-values for H0,η̂ calculated with separate, independent splits.
This measure provides the following guarantee: if a researcher calculates a p-value
p1 using one set of random splits, then a second researcher using the same dataset,
but different splits, will obtain a p-value exceeding p1 ` δ̂pβq with probability ap-
proximately β. This allows researcher 1 to assess whether their result would remain
statistically significant without the computational cost of re-running the analysis. For
example, if p1 ă 0.05 but p1 ` δ̂pβq ą 0.05 for some small β, the researcher may need
to increase M to guarantee reproducibility of their finding.

I consider an asymptotic regime where both the number of repetitions M and
the sample size n grow to infinity, which is the main technical challenge for proving
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validity of my reproducibility measure. An alternative framework is to consider the
data D fixed, let M Ñ 8, and treat each repetition as an independent observation.
Although this alternative regime facilitates statistical analysis, it provides asymptotic
guarantees only when M is large relative to n. In practice, choosing M much larger
than n is often computationally intractable. My asymptotic framework better reflects
much of empirical practice by allowing M to grow slower than n, so that M can be,
for instance, a small fraction of n. The proofs of my results under this asymptotic
regime rely on the CLT of Section 3.

I focus on the estimator θ̂η̂ “ θ̂
p2q

η̂ from Section 3, and similar results can be

extended to θ̂
p1q

η̂ and θ̂
p3q

η̂ using similar techniques. The θ̂
p2q

η̂ case is much more chal-

lenging because, unlike θ̂
p1q

η̂ and θ̂
p3q

η̂ , θ̂
p2q

η̂ is not an average of M independent terms
conditional on the data.

The setting follows Section 3. Additionally, let R1 and R2 be independent collec-
tions of M splits of the data with K folds (uniformly at random). Let η̂1 and η̂2 be
calculated with R1 and R2 respectively, which leads to analogous definitions of θ̂η̂j ,
θη̂j , and σ̂η̂j for j “ 1, 2. Under the null hypothesis and the conditions of Theorem 3.1,
the t-statistic

tη̂j “

?
nphpθ̂η̂jq ´ τq

σ̂η̂j
⇝ N p0, 1q,

where σ̂η̂j is given as in (4.2), 9hpθq is a row vector with the partial derivatives of hpθq

evaluated at θ, and V̂η̂ is a plug-in estimator for Vη˚
P
defined in Appendix B.1. Based

on this result, one can calculate p-values

p˘
j “ 2Φ

˜

´

ˇ

ˇ

ˇ

ˇ

ˇ

?
nphpθ̂η̂jq ´ τq

σ̂η̂j

ˇ

ˇ

ˇ

ˇ

ˇ

¸

,

p`
j “ Φ

˜?
nphpθ̂η̂jq ´ τq

σ̂η̂j

¸

, p´
j “ Φ

˜

´

?
nphpθ̂η̂jq ´ τq

σ̂η̂j

¸

,

for H0,η̂j : hpθη̂jq “ τ versus HA,η̂ : hpθη̂q ‰ τ and its one-sided versions.
The asymptotic regime assumesM´1nσ2

D “ OP p1q, where σ2
D (defined in (B.17) in

the appendix) reflects the variance of tη̂1 conditional on the data. Since hpθ̂η̂q and σ̂η̂

converge to non-random quantities hpθη˚
P

q and ση˚
P
respectively, σ2

D
P
ÝÑ 0. Hence, the

asymptotic regime requires M Ñ 8 at a rate slower than n. The rate of convergence
of σ2

D depends on the rate at which η̃ “ ApDq converges to η˚
P , and may be slow

especially when η̃ is estimated nonparametrically. In Theorem 5.3, I show that a safe
guideline for achieving the reproducibility guarantees established below is to choose
M of comparable magnitude to n.
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I characterize below a central limit theorem for the difference of t-statistics con-
structed using different splits, which is the main ingredient for deriving my repro-
ducibility measure in Theorem 5.2. Both results rely on the fairly technical Assump-
tion B.4, stated in Appendix B.3.2. The key condition is a Donsker-type requirement
on tΨη̂s̃ : s Ď rnsu and ψθ,η,iψθ,η,j. This condition holds, for example, if Θ1 and ψθ,η

are bounded and the cross products of the entries of ψθ,η are Lipschitz. Importantly,
Assumption B.4 does not restrict the complexity of η̂, it only restricts the complexity
of the function classes over θ P Θ1, and not over η P H.

Theorem 5.1. (Reproducibility of t-statistics based on Z-estimators)
Let Assumptions 3.1 and B.4 hold. Then, for any τ P R,

ˆ?
nσ̂D

?
M

˙´1
˜?

nphpθ̂η̂1q ´ τq

σ̂η̂1
´

?
nphpθ̂η̂2q ´ τq

σ̂η̂2

¸

⇝ N p0, 1q

conditional on D with probability approaching one.

I introduce my reproducibility measure for each of the three tests (two-sided and
both one-sided tests), where Φ is the standard normal cdf, and formalize their guar-
antees in Theorem 5.2.

δ̂˘
pβq “ 2Φ

˜

´

ˇ

ˇ

ˇ

ˇ

ˇ

?
nphpθ̂η̂1q ´ τq

σ̂η̂1

ˇ

ˇ

ˇ

ˇ

ˇ

´

?
nσ̂D

?
M

Φ´1
pβ{2q

¸

´ 2Φ

˜

´

ˇ

ˇ

ˇ

ˇ

ˇ

?
nphpθ̂η̂1q ´ τq

σ̂η̂1

ˇ

ˇ

ˇ

ˇ

ˇ

¸

,

δ̂`
pβq “ Φ

˜?
nphpθ̂η̂1q ´ τq

σ̂η̂1
´

?
nσ̂D

?
M

Φ´1
pβq

¸

´ Φ

˜?
nphpθ̂η̂1q ´ τq

σ̂η̂1

¸

,

δ̂´
pβq “ Φ

˜

´

?
nphpθ̂η̂1q ´ τq

σ̂η̂1
´

?
nσ̂D

?
M

Φ´1
pβq

¸

´ Φ

˜

´

?
nphpθ̂η̂1q ´ τq

σ̂η̂1

¸

.

Theorem 5.2. (Reproducibility of p-values based on Z-estimators)
Let Assumptions 3.1 and B.4 hold, and τ P R. For any β P p0, 0.5q and

ppj, δ̂pβqq P

!

pp`
j , δ̂

`
pβqq, pp´

j , δ̂
´

pβqq, pp˘
j , δ̂

˘
pβqq

)

,

it follows that

P

˜

p2 ą p1 ` δ̂pβq

ˇ

ˇ

ˇ

ˇ

ˇ

D

¸

ď β ` oP p1q, (5.1)

with equality if pj P
␣

p`
j , p

´
j

(

.
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Theorem 5.2 gives a novel measure of reproducibility for p-values based on split-
sample Z-estimators. The guarantee of reproducibility in (5.1) is inspired by the
definition of pξ, βq-reproducibility in Ritzwoller and Romano (2023). They provide
an algorithm for deciding how many repetitions M of the sample-splitting procedure
are necessary to guarantee reproducibility of the average across split-sample statis-
tics. This covers, for example, the estimators θ̂

p1q

η̂ and θ̂
p3q

η̂ . My approach complements
theirs by focusing on reproducibility of inference, examining p-value rather than av-
erage statistics. My results hold for θ̂

p2q

η̂ , and the arguments can easily be extended

to θ̂
p1q

η̂ and θ̂
p3q

η̂ . Ritzwoller and Romano (2023)’s procedure takes as input the de-
sired level of reproducibility, and outputs the required number of repetitions M that
guarantees such reproducibility. My approach takes M as input (assumed “large”),
and outputs a measure of how much reproducibility is guaranteed by such M . The
asymptotic regimes also differ: Ritzwoller and Romano (2023) takes the data as fixed
and considers that the desired threshold for the variability of the average split-sample
statistic is small, while my framework considers n and M large.

The result in Theorem 5.2 relies on choosing M such that M´1nσ2
D “ OP p1q.

In practice, it may be hard to choose M that satisfies this condition since the rate

at which σ2
D

P
ÝÑ 0 is in general unknown. I show that if M grows too fast, i.e., if

M´1nσ2
D

P
ÝÑ 0, the distribution in Theorem 5.1 collapses and the guarantees in Theo-

rem 5.2 hold conservatively. This gives a safe guideline for empirical implementation:
choose M to be at least a small fraction of n, such as M “ 0.1n, and the guarantee
in Theorem 5.2 will hold conservatively.

Theorem 5.3. (Reproducibility under M´1nσ2
D

P
ÝÑ 0)

Let Assumptions 3.1 and B.4 hold, replacing B.4(v) with M´1nσ2
D

P
ÝÑ 0. Then, for

any τ P R,
ˆ?

nσ̂D
?
M

˙´1
˜?

nphpθ̂η̂1q ´ τq

σ̂η̂1
´

?
nphpθ̂η̂2q ´ τq

σ̂η̂2

¸

P
ÝÑ 0.

For
ppj, δ̂pβqq P

!

pp`
j , δ̂

`
pβqq, pp´

j , δ̂
´

pβqq, pp˘
j , δ̂

˘
pβqq

)

,

and β P p0, 0.5q,

P

˜

p2 ą p1 ` δ̂pβq

ˇ

ˇ

ˇ

ˇ

ˇ

D

¸

P
ÝÑ 0.
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6 Application 1: Poverty Prediction in Ghana

Understanding the drivers of poverty is at the root of much of Development Eco-
nomics. For research, being able to better predict poverty dynamics is of first-order
importance to both form hypotheses and then validate theories that explain poverty
and poverty dynamics. For policy, accurate predictions of current or future poverty
could enable better targeting of interventions (ideally then combined with causal
inference on policies and interventions).

Using a sample of 319 households in urban Accra from the ISSER-Northwestern-
Yale Long Term Ghana Socioeconomic Panel Survey (GSPS) (Osei et al., 2022), I ex-
amine how well I can predict which households will be below the poverty line 13 years
ahead. The outcome of interest is an indicator for whether a household is below the
poverty line in the fourth wave of GSPS (2022/2023), and I use covariates measured
in wave 1 (2009/2010), that is, 13 years before. Of the 319 households, 22 were below
the poverty line in wave 4 (around 7%). I use predictive covariates including house-
hold demographics, parental education, religion, political and traditional leadership
experience, asset holdings, and financial indicators (see Appendix B.4 for details).
Although I focus on the binary indicator of below the poverty line, the approach
applies more broadly and could use other outcomes such as level of consumption or
assets.

I estimate two quantities: the mean squared error (MSE) and the fraction in
poverty by tercile of predicted probability of being below the poverty line. In both
cases, I use repeated cross-fitting with K “ 3 and M “ 200, and fit random forest
models using the R package ranger implemented through mlr3. Let i P t1, . . . , 319u,
Yi denote the indicator of whether household i is below the poverty line in wave 4 of
GSPS and Xi the set of covariates measured in wave 1. The estimated MSE is given
by

θ̂η̂,MSE “
1

M

ÿ

rPR

1

n

n
ÿ

i“1

pYi ´ η̂s̃pXiqq
2 .

For j P t1, 2u, let t̂j,̃s be the first and second terciles of pη̂s̃pXiqqni“1, that is,

t̂j,̃s “ inf

#

t :
1

|s|

ÿ

iPs

1tη̂s̃pXiq ď tu ě
j

3

+

,

and let t̂0,̃s “ ´8, t̂3,̃s “ 8. For j P t1, 2, 3u, the fraction in poverty in tercile j of
predicted probability of being below the poverty line is given by

θ̂η̂,Fracj “
1

MK

ÿ

rPR

ÿ

sPr

ř

iPs YiI
`

t̂j´1,̃s ă η̂s̃pXiq ď t̂j,̃s
˘

ř

iPs I
`

t̂j´1,̃s ă η̂s̃pXiq ď t̂j,̃s
˘ .
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I show in Appendix B.4 that θ̂η̂,Fracj is a Z-estimator.
I also compare the MSE of the models estimated with random forests to the

MSE of using the sample average, as described in Section 4.2. In particular, I report
p-values for the test of Section 4.2.1.

I calculate the MSE estimators and the one-sided test both in the real data and in
two Monte Carlo designs, described in Appendix B.4. The data generating processes
are designed to be similar to the original dataset, preserving the empirical marginals
and rank-based dependence structure of the observed data. In the first design, denoted
Correlated, the outcome Y is correlated to the covariates X. In the second design,
denoted Uncorrelated, the outcome is independent of the covariates. I run around
5,000 Monte Carlo iterations for each of the three designs – real data, “correlated”
and “uncorrelated” simulated data –, drawing 200 new random splits of the sample
at each Monte Carlo iteration. For the real data, the only source of randomness
are the 200 splits, while for the simulation designs I draw a new dataset at each
iteration (with 200 splits for each dataset). For each simulated dataset and split, I
also calculate the difference between top and bottom terciles, θ̂η̂,Frac3 ´ θ̂η̂,Frac1.

I compare the estimates and p-values of using repeated cross-fitting (RCF) with
three alternatives. The first is the standard “twice the median” (TTM) rule (Rüger,
1978; Gasparin et al., 2025; Chernozhukov et al., 2025b): calculate the p-value (for
difference in MSE or “top minus bottom” estimator) separately for each fold, that
is, using a third of the data, take the median of the 600 p-values (200 repetitions, 3
folds) and multiply it by 2. The second is the Sequential Aggregation (Seq) approach
of Luedtke and Van Der Laan (2016) and Wager (2024): train a random forest using
only fold 1, compute the t-statistic using fold 2, then train a random forest using
folds 1 and 2 and compute the t-statistic in fold 3. The p-value for each repetition
of cross-fitting uses as final t-statistic

?
2 times the average of the two t-statistics.

Finally, the final p-value for each Monte Carlo iteration is twice the median over the
200 p-values coming from the 200 repetitions, similar to Chernozhukov et al. (2025a).
The third method is standard sample-splitting (SS): train a random forest using two
thirds of the data, calculate p-value in the excluded third, not aggregating across
repetitions.

Figure 1 presents the p-values for whether random forest MSE is lower than sample
average MSE, and accuracy (1 ´ MSE) point estimates across Monte Carlo itera-
tions for the two simulation designs as well as for the real data. In the uncorrelated
design, all methods exhibit similar accuracy on average, with sample-splitting having
larger variance since it does not aggregate across multiple splits. All methods are
conservative: the p-values concentrate around 1. For sample-splitting, this happens
since the sample average is the best predictor of Y in this design, and the random
forests are noisy estimates that have larger MSE. The other methods are conservative
for the same reason, and TTM and Seq are more conservative since they take twice
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Figure 1: Accuracy Comparison Across Methods and Datasets

Notes: Left panels show distribution across Monte Carlo iterations of p-values for testing whether
random forest MSE is lower than sample average MSE. Vertical red and blue lines are respectively
0.05 and 0.10. Right panels show distribution of accuracy (1 ´ MSE) of the random forest, and
vertical red lines are the accuracy of the sample average. Rows show results for real data (top),
simulations from correlated design (middle), and simulations from uncorrelated design (bottom).
Methods: RCF (repeated cross-fitting), TTM (twice-the-median), Seq (sequential aggregation), SS
(standard sample-splitting). Top-right panel excludes sample-splitting observations higher than
0.95 or smaller than 0.93 to improve visualization. The number of iterations for the real dataset,
correlated design and uncorrelated design are, respectively, 11841, 28335, and 7485. SS uses the
same number of iterations, multiplied by 600 (200 repetitions, 3 folds).

the median p-value, which guards against the worst DGP. For the correlated design,
all methods correctly give small p-values, with RCF being more concentrated around
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zero.
In the real dataset, Seq often has the smallest accuracy, and TTM the highest,

while RCF stands in between. Seq has smaller accuracy since one the two models that
it averages over is trained with only a third of the data. RCF and TTM, on the other
hand, always use two thirds of the data for training. The only difference between
the two numbers is that RCF averages model performances over 200 repetitions while
TTM takes the median. Hence, the higher accuracy of TTM reflects the distribution
of model accuracies being left-skewed. Only RCF manages to consistently reject the
null, concluding that poverty can be predicted from the observed covariates using a
random forest model. TTM and Seq are more conservative, with Seq having larger
p-values than TTM due to its lower accuracy.

A comparison similar to Figure 1 for the top minus bottom estimator θ̂η̂,Frac3 ´

θ̂η̂,Frac1 is presented in Figure 5.

Table 3: Poverty Prediction by Tercile in Real Dataset

Method Variable Estimate 95% CI p-value
RCF Bottom tercile 0.046 [0.007, 0.085]

Top tercile 0.122 [0.059, 0.184]
Top minus bottom 0.076 [0.002, 0.150] 0.023

TTM Bottom tercile 0.056 [´0.021, 0.133]
Top tercile 0.114 [0.006, 0.223]

Top minus bottom 0.083 [´0.052, 0.208] 0.228

Seq Top minus bottom – – 0.150

Notes: Estimates of fraction below poverty line by tercile of predicted probability of being below the
poverty line. Fraction below poverty line in entire sample is around 7%. Bottom tercile corresponds
to θ̂η̂,Frac1 and top tercile to θ̂η̂,Frac3. RCF, TTM and Seq correspond respectively to repeated
cross-fitting, twice-the-median, and sequential aggregation. All estimates aggregate over 7,104,600
splits.

Table 3 shows the point estimates and CIs for the estimators θ̂η̂,Frac1, θ̂η̂,Frac3, and
their difference using RCF and TTM in the real dataset, as well as p-values for testing
whether the difference between top and bottom groups is positive (that is, top tercile
has a larger fraction below the poverty line than the bottom tercile). These final
estimates aggregate over all the 7,104,600 splits displayed in Figure 1, averaging for
RCF and taking the median for TTM. I do not display the point estimates for Seq
since Wager (2024) focuses on testing, but the p-value indicates that the difference
between top and bottom groups is not significant. Table 3 shows that the difference
between top and bottom terciles is statistically significant only for RCF.
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7 Application 2: Heterogeneous Treatment Effects

in Charitable Giving

There has been growing interest in the literature for learning features of heteroge-
neous treatment effects using machine learning (Chernozhukov et al., 2025b; Wager,
2024; Imai and Li, 2025; for applications, see, e.g., Bryan et al., 2024; Athey et al.,
2025; Johnson et al., 2023). I revisit the Generic Machine Learning framework of
Chernozhukov et al. (2025b) (henceforth CDDF), and propose a new ensemble esti-
mator that uses the entire sample for calculating confidence intervals, more data for
training machine learning algorithms, and aggregates predictions over multiple ML
predictors into an ensemble. I first revisit CDDF’s approach, and second introduce
my ensemble estimator. Theoretical properties are delayed to Appendix B.5. Fi-
nally, I compare my estimator to the approaches of CDDF and of Wager (2024) in a
Monte Carlo design and in an empirical application using data from Karlan and List
(2007). The simulation exercise shows gains in power using the ensemble method,
and the ensemble approach is the only to detect statistically significant treatment
effect heterogeneity in the empirical application.

7.1 The Generic ML Approach of Chernozhukov et al. (2025b)

CDDF proposed a method for learning features of treatment effect heterogeneity in
randomized trials. In this section, I focus on their Sorted Group Average Treatment
Effects (GATES) estimand. This approach consists of using a machine learning (ML)
algorithm and pre-treatment covariates to find groups of individuals with larger and
smaller average treatment effects (ATEs). If such groups exist, this means that treat-
ment effect is heterogeneous and that this heterogeneity can be explained at least
in part by observable characteristics. Moreover, one can explore how these groups
differ in terms of these characteristics. They call this last step Classification Analysis
(CLAN), and although I focus on GATES to simplify exposition, my results also hold
for CLAN.

First, I define some notation. Let D “ pYi, Ti, Xiq
n
i“1 denote the data, where Y is

a scalar outcome, T is the treatment assignment indicator, and X is a vector of pre-
treatment covariates. I assume that pYi, Ti, Xiq are drawn i.i.d. from a distribution
P P P . Let A denote an ML algorithm, a function that takes a dataset as input, and
outputs an estimate of the Conditional Average Treatment Effect (CATE) function,

ηP pxq “ EP rY p1q ´ Y p0q|X “ xs .

For example, A could be Causal Forests (Wager and Athey, 2018), or based on
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Random Forests, Neural Networks, or Gradient Boosting.2 For any subsample s Ď

t1, . . . , nu, let Ds “ tYi, Ti, XiuiPs, s̃ “ t1, . . . , nu zs, and η̂s̃ “ ApDs̃q, that is, η̂s̃ is the
model trained with algorithm A using the subsample Ds̃.

The procedure is given as follows. First, take M random subsets of t1, . . . , nu

of size πn. For each m “ 1, . . . ,M , denote the subsample by sm, where sm Ď

t1, . . . , nu and |sm| “ πn. For each repetition m, call sm the main sample, and
s̃m “ t1, . . . , nu zsm the auxiliary sample. For m “ 1, . . . ,M , train the model

η̂s̃m “ ApDs̃mq (7.1)

using data from the auxiliary sample. In the main sample, calculate predicted in-
dividual treatment effects (ITEs) τ̂i “ η̂s̃mpXiq. Sort pτ̂iqiPs into J quantile groups
G1, . . . , GJ , where

Gj “ ti P t1, . . . , nu : τ̂i P Iju , (7.2)

with Ij “ rd̂j´1, d̂jq, ´8 “ d̂0 ă d̂1 ă ¨ ¨ ¨ ă d̂J “ 8, and pd̂jq
J
j“0 are calculated

such that the number of observations in pGjq
J
j“1 is balanced or nearly balanced. For

example, with J “ 4, pGjq
J
j“1 is a partition of the sample into quartiles of pτ̂iqiPs.

Calculate the split-specific GATES estimator by running the weighted regression

Yi “ αZi `

J
ÿ

j“1

γ
pmq

j rTi ´ ppXiqs I pi P Gjq ` εi, i P sm, (7.3)

with weights ωi “ tppXiq r1 ´ ppXiqsu
´1, where ppxq “ P pT “ 1|X “ xq is the

(known) propensity score. These weights guarantee correct identification of ATEs
when the propensity score is not constant, that is, it ensures

γ
pmq

j “ EP rYip1q ´ Yip0q|i P Gjs .

Denote the estimates by pγ̂
pmq

j qJj“1. A frequent parameter of interest is

δpmq
“ γ

pmq

J ´ γ
pmq

1 ,

the difference in ATEs between the top and bottom groups of predicted ITEs. This
parameter can be estimated with the analogue

δ̂pmq
“ γ̂

pmq

J ´ γ̂
pmq

1 ,

2For example, one could use any of these three algorithms to estimate separately the functions
EP rY p1q|X “ xs and EP rY p0q|X “ xs, and use the difference of the two estimated functions as an
estimate of the CATE.
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and a CI can be calculated as usual,

pLpmq, U pmq
q “ pδ̂pmq

´ z1´α{2σ̂
pmq

{
?
πn, δ̂pmq

` z1´α{2σ̂
pmq

{
?
πnq, (7.4)

where σ̂pmq{
?
πn is a heteroscedasticity-robust standard error for δ̂pmq calculated as

usual from the OLS regression (7.3), and z1´α{2 is the 1´α{2 quantile of the standard
normal distribution. Finally, the final estimators and CIs are given by

δ̂ “ Medpδ̂pmq
q

and
pL,Uq “

`

MedpLpmq
q,MedpU pmq

q
˘

,

where Med denotes the median across repetitions m. Conditions for the validity of
this CI are established in Theorem 4.3 of CDDF.

This approach carries a tradeoff that’s not present in my method, and it considers
a single ML algorithm A. The tradeoff regards the choice of π: a larger π means more
data is used to estimate the regression (7.3), leading to narrower CIs in (7.4); but fewer
data are used to train the ML model in (7.1), likely yielding a worse estimate of the
CATE. Moreover, regularity condition R3 in CDDF requires π to be relatively small
to guarantee that the CI rL,U s covers the median of δpmq across all possible splits.
My ensemble approach presented next avoids this tradeoff since it uses the entire
sample for estimation and a larger sample for training. The ensemble estimator also
incorporates more than one ML algorithm, which is important if one does not want
to commit beforehand to any specific algorithm. Although CDDF’s approach can
be repeated with different algorithms, that comes with potential issues of multiple
hypothesis testing.

In the next subsection I propose a new GATES estimator that (i) uses the entire
sample to calculate pγ̂jq

J
j“1 in (7.3), and (ii) combines predictions from multiple ML

algorithms to form an ensemble, eliminating the need for algorithm selection.

7.2 An Ensemble Estimator

Before defining my ensemble estimator, I introduce some additional notation. Theo-
retical properties are delayed to Appendix B.5. Let A denote the number of machine
learning algorithms that will be used for predicting ITEs. For a “ 1, . . . , A, let Aa

denote an ML algorithm, that is, a function that takes a dataset as input, and outputs
an estimate of the CATE. For example, one could choose A1 to use Random Forests,
A2 Neural Nets, and A3 Gradient Boosting. For s Ď r1, . . . , ns and a “ 1, . . . , A, let

η̂s,a “ AapDsq,
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that is, η̂s,a is the model trained with algorithm Aa using the subsample Ds.
The ensemble approach is summarized in Algorithm 1. The first difference is that

instead of splitting the sample into two sets, I split it into K roughly equal-sized folds
pskqKk“1, again repeating the process M times. I calculate A predicted ITEs for each
individual using the A ML algorithms, trained using all folds except the one that
contains observation i. I denote the predicted ITEs by τ̂i,a “ η̂s̃kpiq

pXiq, where kpiq
is such that i P skpiq. Then, to calibrate the weights for combining the multiple ML
predictions into one, I split the sample again into L different folds, for each repetition
m “ 1, . . . ,M . Let ts1

ℓu
L
ℓ“1 denote the L folds (m is not incorporated in the notation

to simplify exposition). For ℓ “ 1, . . . , L, estimate the weighted regression

Yi “ α1 `

A
ÿ

a“1

βapτ̂i,a ´ τ̄aq rTi ´ ppXiqs ` α2Zi ` εi, i P s̃1
ℓ, (7.5)

with weights ωi “ tppXiq r1 ´ ppXiqsu
´1. In (7.5), τ̄a “ 1

n´|s1
ℓ|

ř

iRs1
ℓ
τ̂i,a, ppXiq is the

propensity score, and Zi is a vector of functions of Xi, for example Zi “ pX1,i, ppXiqq1,
where X1,i is a subset of Xi. The role of Zi is only reducing noise in estimation, so

this term can be omitted if desired. Denote the estimates of pβℓ,aqAa“1 by pβ̂ℓ,aqAa“1.
The final predicted ITE is then given by

τ̂i “

A
ÿ

a“1

β̂ℓ,aτ̂i,a, i P s1
ℓ.

Repeating this process for ℓ “ 1, . . . , L gives τ̂i for every observation. I sort pτ̂iqiPs
into groups separately by fold. That is, for k “ 1, . . . , K,

Gj,k “ ti P sk : τ̂i P Ij,ku ,

with Ij,k “ rd̂j´1,k, d̂j,kq, ´8 “ d̂0,k ă d̂1,k ă ¨ ¨ ¨ ă d̂J,k “ 8, and pd̂j,kqJj“0 are
calculated such that the number of observations in pGj,kqJj“1 is balanced or nearly
balanced. Finally, the split-specific GATES estimator uses the whole sample, defining

Gj “

K
ď

k“1

Gj,k, (7.6)

and running the weighted regression

Yi “ αZi `

J
ÿ

j“1

γ
pmq

j rTi ´ ppXiqs I pi P Gjq ` εi, i P t1, . . . , nu , (7.7)
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Algorithm 1 Ensemble Method for GATES

Input: Dataset D “ pYi, Ti, Xiq
n
i“1, ML algorithms pAaqAa“1, repetitions M , number

of folds K (training) and L (calibration), number of groups J .
Output: GATES estimates pγ̂jq

J
j“1 and standard errors pσ̂jq

J
j“1

1: for m “ 1, . . . ,M do
2: Train ML models: Split D into K folds pskqKk“1

3: for k “ 1, . . . , K and a “ 1, . . . , A do
4: Train η̂s̃k,a “ AapDs̃kq; compute τ̂i,a “ η̂s̃k,apXiq for i P sk
5: end for
6: Calibrate ensemble: Split D into L different folds ps1

ℓq
L
ℓ“1

7: for ℓ “ 1, . . . , L do
8: Estimate pβ̂ℓ,aqAa“1 using Ds̃1

ℓ
as in (7.5)

9: Compute τ̂i “
řA

a“1 β̂ℓ,aτ̂i,a for i P s1
ℓ

10: end for
11: Compute GATES: Sort pτ̂iq

n
i“1 into pGjq

J
j“1 as in (7.6)

12: Estimate pγ̂
pmq

j , σ̂
pmq

j qJj“1 with (7.7)
13: end for
14: Compute: pγ̂jq

J
j“1 “ 1

M

řM
m“1pγ̂

pmq

j qJj“1, pσ̂jq
J
j“1 “ 1

M

řM
m“1pσ̂

pmq

j qJj“1

15: return pγ̂j, σ̂jq
J
j“1

with weights ωi “ tppXiq r1 ´ ppXiqsu
´1.

(7.5) is very close to the Best Linear Predictor (BLP) regression of CDDF, except
that it uses the A predicted ITEs instead of just one. The intuition behind (7.5) is
that pβaqAa“1 are the best linear predictor coefficients of a regression where the true
CATE ηP pXiq is the response variable, and pτ̂i,aqAa“1 are the independent variables

(see Theorem 3.1 of CDDF). Hence,
řA

a“1 βaτ̂i,a is the best linear approximation of
ηP pXiq given pτ̂i,aqAa“1.

The final estimator averages over repetitions,

δ̂η̂ “ δ̂ “
1

M

M
ÿ

m“1

δ̂pmq,

where, as before, δ̂pmq “ γ̂
pmq

J ´ γ̂
pmq

1 , with γ̂
pmq

J and γ̂
pmq

1 being the estimates from
(7.7). The final standard error is

σ̂η̂ “ σ̂ “
1

M

M
ÿ

m“1

σ̂pmq

?
n
, (7.8)

where σ̂pmq{
?
n is a heteroscedasticity-robust standard error for δ̂pmq calculated as
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usual from the OLS regression (7.7). The parameter of interest is

δη̂ “ δ “
1

M

M
ÿ

m“1

γ
pmq

J ´ γ
pmq

1 ,

where γ
pmq

J and γ
pmq

1 are defined in (7.7).

7.3 Application to Charitable Giving and Monte Carlo Ex-
periments

I compare my new ensemble approach to two alternative methods in an empirical
application and in Monte Carlo experiments. I revisit Karlan and List (2007), which
sent fundraising letters to prior donors of a liberal nonprofit organization in the United
States, randomizing the match ratio offered (1:1, 2:1, or 3:1) versus no match for a
control group. I pool all match treatments into a single treatment group, focusing
on the binary treatment of receiving any match offer versus none. The outcome of
interest is the amount donated in dollars. The predictive covariates I use include
individual donation history (frequency, recency, amount), gender, state-level political
variables (Bush vote share, count of court cases in which the organization was either
a party to or filed a brief), and zip code-level demographics and economics (race, age,
household size, income, homeownership, education, urbanization) (see Appendix B.5
for details). I focus on the subset of 6,419 donors who donated within the last two
months, as they were more responsive to the solicitation and the smaller sample
facilitates computation of the Monte Carlo experiments.

I compare the ensemble with CDDF’s approach, described in Section 7.1, and
the sequential aggregation approach of Luedtke and Van Der Laan (2016), Wager
(2024), and Chernozhukov et al. (2025a). Sequential aggregation (Seq) consists of
splitting the sample into K folds, for k “ 2, . . . , K train an ML model using folds
1 through k ´ 1, and compute GATES in the K-th fold. The final estimator is the
average over the K ´ 1 estimates, and the p-value uses the final t-statistic equal to?
K ´ 1 times the average of the fold-specific t-statistics. This approach uses more

data for calculating GATES and p-values (npK´1q{K observations), but trains some
ML models using fewer data (the first model uses n{K observations). I aggregate the
final estimates and p-values taking the median overM repetitions as in Chernozhukov
et al. (2025a).

I compute the three approaches across four designs: (i) using the real data (real),
(ii) using the real data but shuffling the treatment assignment indicator at random
(so there is no treatment effect heterogeneity) (real-shuffled), (iii) drawing from a
DGP where treatment effect is partially predictable using covariates (mc-hte), (iv)
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drawing from a DGP where treatment effect heterogeneity is independent of covari-
ates (mc-nohte). The two DGPs are meant to be similar to the real data, pre-
serving the marginal distributions of covariates and rank-correlation structure, as
described in Appendix B.5. Across all methods and datasets, at each Monte Carlo
iteration I use 100 repetitions of sample-splitting, take random samples (without
replacement) of sizes n “ 500, 1000, 2000, 6419 (entire dataset), and compare the
number of folds K “ 2, 3, 5, 10 (for CDDF, the ML is trained with npK ´ 1q{K ob-
servations and GATES calculated in the remaining sample). For Ensemble, I draw
at random between 1 and 4 ML algorithms among 10 popular algorithms available
in R’s mlr3verse: XGBoost (xgboost), Random Forest (ranger), Neural Networks
(nnet), Elastic Net (glmnet), k-Nearest Neighbors (kknn), Linear Regression (lm),
Decision Trees (rpart), Fast Nearest Neighbors (fnn), Multivariate Adaptive Regres-
sion Splines (earth), and Gradient Boosting (gbm). For CDDF and Seq, I draw one
of the same ten algorithms at random, for each Monte Carlo iteration. I show the
number of iterations used for each specification in Table 4 in the appendix.

Figure 2 shows the gains in power of using the ensemble method in the real
dataset. It displays boxplots of one-sided p-values for testing whether the top tercile of
predicted treatment effects has a larger ATE than the bottom tercile. A small p-value
means rejecting the null hypothesis of no detectable treatment effect heterogeneity.
With n “ 6419 (the entire dataset), Ensemble with 4 algorithms detects treatment
effect heterogeneity at the 10% level in more than 75% of the iterations. Seq and
CDDF give p-values above 10% in most iterations. None of the methods are powered
enough to reject the null consistently with n “ 2000.

Figure 3 is similar to Figure 2, except that it uses the synthetic DGP where there is
no detectable heterogeneity. It shows that all methods correctly fail to reject the null
in most iterations. Similar figures for designs real-shuffled and mc-hte are presented
in Appendix B.5.

Figure 4 shows the rejection probabilities at the 5% significance level, that is,
the percentage of iterations with p-value below 5%. For the two datasets with no
detectable heterogeneity, real-shuffled and mc-nohte, all methods are conservative
when K “ 2 or K “ 3, they yield rejection probabilities below the nominal level. In
the real-shuffle design with n “ 6419 and K “ 5 or K “ 10, the ensemble methods
reject the null with probability slightly higher than nominal, but smaller than 10%.
With n “ 2000, only Ensemble 4 rejects the null with probability higher than nominal
withK ě 5 in the real-shuffled design. In the real dataset, CDDF almost never detects
HTE, and Seq detects in less than 20% of iterations with K “ 10 and n “ 6419. The
ensemble methods have higher power especially in the specifications using the entire
dataset. For example, Ensemble 2 detects heterogeneity in around 50% of iterations
with K “ 3 folds. In the synthetic dataset where there is detectable heterogeneity,
mc-hte, as well as in the real data, Ensemble 2 and 4 have higher power across all
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Figure 2: Distribution of p-values for Top - Bottom GATES Groups – Real Dataset

Notes: Distribution of one-sided p-values for testing whether the top tercile has a larger ATE
than the bottom tercile across Monte Carlo iterations using the real dataset. Rows show different
sample sizes (n “ 2000, 6419), columns show different numbers of folds (K “ 2, 3, 5, 10). Each box
represents the distribution across Monte Carlo iterations with 100 repetitions of sample-splitting per
iteration. Sources of randomness are the subsample when n “ 2000, which ML algorithms are used,
and how the data are split. Red dashed line at 0.1, blue dashed line at 0.05. Specifications with
K “ 10, n “ 2000 are excluded.

specifications.
As I discuss in Appendix B.5, the rejection probability under the null of no de-

tectable heterogeneity could in principle be above the nominal level when using the
normal approximation CI. In Appendix B.5.5, I propose an alternative CI that con-
trols size under the null, at the expense of being more conservative and requiring
more computational time. However, I note that extensive simulation experiments,
including but not limited to the design of Figure 4, suggest that Ensemble 4 is con-
servative for relatively small values of K. Hence, my recommendation for empirical
practice is to use the normal approximation CI with Ensemble 4 and K “ 3.
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Figure 3: Distribution of p-values for Top - Bottom GATES Groups – Synthetic DGP
with no Heterogeneity

Notes: Distribution of one-sided p-values for testing whether the top tercile has a larger ATE than
the bottom tercile across Monte Carlo iterations using the real dataset. Rows show different sample
sizes (n “ 2000, 6419), columns show different numbers of folds (K “ 2, 3, 5, 10). Ens. 1, Ens. 2,
and Ens. 4 represent the Ensemble method using respectively 1, 2, and 4 algorithms. Each box
represents the distribution across Monte Carlo iterations with 100 repetitions of sample-splitting per
iteration. Boxplots show the median (center line), interquartile range (box), and whiskers extending
to 1.5 times the IQR, with points beyond shown as outliers. Data is generated from a synthetic
DGP where there is no explainable treatment effect heterogeneity (Appendix B.5). Red dashed line
at 0.1, blue dashed line at 0.05. Specifications with K “ 10, n “ 2000 are excluded.

8 Conclusion

As predictive algorithms become increasingly popular, using the same dataset to
both train and test a new model has become routine across research, policy, and
industry. I derived a new inference approach on model properties that averages across
several splits of the sample, where at each split one part is used to train a model and
the remaining to evaluate it. Compared to a standard 50-50 sample-splitting, my
approach improves statistical and modeling power by using more data for training
and evaluating, and improves reproducibility, so two researchers using different splits
are more likely to reach the same conclusion about statistical significance. Although
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Figure 4: Rejection probabilities for Top - Bottom GATES Groups at 5% Significance
Level

Notes: Percentage of Monte Carlo iterations with p-value below 5% for testing whether the
top tercile has a larger ATE than the bottom tercile. Rows show different sample sizes (n “

500, 1000, 2000, 6419), columns show what simulation design is used. Specifications with K ě 5, n ď

1000 and K “ 10, n “ 2000 are excluded.

the practice of averaging over multiple splits is not new, the confidence intervals and
establishing their validity appears to be new.

I addressed the main technical challenge, the dependence created by reusing ob-
servations across splits, by proving a central limit theorem for the large class of
split-sample Z-estimators. Leveraging the data-dependent parameter of interest, my
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CLT does not require restricting the complexity of the model or its convergence rate,
unlike in the classic semiparametrics problem that used cross-fitting and focused on
a different parameter that is not data-dependent. This generality is important as it
allows the model to be learned with potentially complex machine learning algorithms,
as is commonly done across research, policy, and industry.

Using the CLT, I constructed CIs based on the normal approximation that are
valid in a large class of problems, and documented cases where this approximation may
fail to cover the parameter of interest at nominal rate. I provided a new approach
to inference for such problems, focusing on the particular case of inference when
comparing the performance between two models. The approach builds on my CLT,
and I discussed how the arguments can be extended to other problems. I also provided
a general approach that allows the moment functions to have zero limit variance in
Appendix F, by exploring the faster-than-

?
n convergence of the empirical moment

equations and a tuning parameter.
In Section 5, I derived a new reproducibility measure for p-values calculated with

split-sample Z-estimators. This measure is especially useful when computational re-
sources are limited, quantifying whether a given number of split-sample repetitions
suffices for two researchers using different splits to reach similar conclusions about
statistical significance with high probability.

Finally, I illustrated the empirical implications of my results by revisiting two
important problems in development and public economics: predicting poverty and
learning heterogeneous treatment effects in randomized experiments. Using a panel
from Ghana (Osei et al., 2022) and Monte Carlo experiments, repeated cross-fitting
performed better than previous alternatives in detecting predictive power for being
below the poverty line 13 years ahead. For the heterogeneous treatment effects appli-
cation, I developed a new ensemble method that uses the entire sample for evaluation,
more data for training, and combines multiple machine learning predictors. I revis-
ited Karlan and List (2007)’s experiment on charitable giving and conducted Monte
Carlo simulations. In both cases, my ensemble method achieved improved power for
detecting heterogeneous treatment effects compared to previous alternatives.
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A Bounding the Performance of Average Model

Let Y be a scalar outcome, X a set of covariates, and pη̂s̃qsPS be a collection of models
estimated through multiple splits of the sample, where s̃ is the complement of s,
as in Section 2. For example, S can be a vectorization of R defined in Section 2,
S “ psm,kqmPrMs,kPrKs

. Denote η̄pxq “ 1
|S|

ř

sPS η̂s̃pxq. If Y is binary, some algebra
manipulation gives the following equalities:

θη̄,1 “

ż

|y ´ η̄pxq| dP py, xq “
1

|S|

ÿ

sPS

ż

|y ´ η̂s̃pxq| dP py, xq “ θη̂,1,

θη̄,2 “

ż

py ´ η̄pxqq
2 dP py, xq “

1

|S|

ÿ

sPS

ż

py ´ η̂s̃pxqq
2 dP py, xq “ θη̂,2.

Hence, one can use either η̄ or a model η̃pxq that takes value in pη̂s̃pxqqsPS uniformly
at random, and both will yield the same out-of-sample mean absolute deviation and
mean squared error.

For the general case, if Y is continuous, an application of the triangle inequality
establishes a risk-contraction property for η̄:

θη̄,1 “

ż

|y ´ η̄pxq| dP py, xq ď
1

|S|

ÿ

sPS

ż

|y ´ η̂s̃pxq| dP py, xq “ θη̂,1,

θη̄,2 “

d

ż

py ´ η̄pxqq
2 dP py, xq ď

1

|S|

ÿ

sPS

d

ż

py ´ η̂s̃pxqq
2 dP py, xq “ θη̂,2.

Similar results hold for other distance-based functional forms where the triangle in-
equality applies. Although my framework does not cover the parameters θη̄,1 and θη̄,2,
it covers θη̂,1 and θη̂,2, which are upper bounds on the error rate of using model η̄.
Hence, if one uses model η̄ for out-of-sample prediction, they have the guarantee that
its accuracy will be at least as large (error at least as small) as the error they can
estimate, θη̂,1 or θη̂,2. Note that the root mean squared error estimand θη̂,2 is similar
although different from the one discussed in Section 1. In this case, the estimator is
also covered by Section 3 and given by

θ̂η̂,2 “
1

|S|

ÿ

sPS

d

1

|s|

ÿ

iPs

pYi ´ η̂s̃pXiqq2.

B Proofs and Extra Definitions

The following notation is used throughout the proofs. If unspecified, X
P
ÝÑ Y de-

notes convergence in probability uniformly in P P P , that is, for every ε ą 0,
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supPPP P p|X ´ Y | ą εq Ñ 0. Xn “ oP panq ðñ Xn{an
P
ÝÑ 0. Xn “ OP panq ðñ

p@ε ą 0, DM ą 0 and N ą 0 s.t. n ą N ùñ supPPP P
´
ˇ

ˇ

ˇ

Xn

an

ˇ

ˇ

ˇ
ą M

¯

ă εq. ⇝ means

weak convergence uniformly in P P P .

B.1 Proofs and Extra Definitions of Section 3

Define

Ψη̂pθq “
1

MK

ÿ

rPR

ÿ

sPr

Ψη̂s̃pθq,

Ψ̂η̂pθq “
1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pθq,

Ψ̂η˚
P

pθq “
1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η˚
P

pθq,

9Ψη̂pθq “
1

MK

ÿ

rPR

ÿ

sPr

9Ψη̂s̃pθq,

9Ψη̂ “ 9Ψη̂pθη̂q,

where 9Ψη̂s̃pθq is the Jacobian matrix of Ψηpθq, its derivative in θ.

Assumption B.1. For some Θ1 Ď Θ, the following conditions hold:

(i)
!

θη˚
P

P Θ : P P P
)

Ď int pΘ1q, and the classes Fη “ tψθ,η,j : θ P Θ1u are P-

Donsker uniformly in P P P and η P H in the sense defined in Assumption E.1
with T “ Θ1, where j “ 1, . . . , d, and ψθ,η,j is the j-th coordinate of ψθ,η;

(ii) The estimators θ̂
p1q

η̂ , θ̂
p2q

η̂ , θ̂
p3q

η̂ satisfy

?
n
∥∥∥Ψ̂s,η̂s̃pθ̂

p1q

η̂s̃
q

∥∥∥ P
ÝÑ 0 @s P psm,kqmPrMs,kPrKs

,

?
n

∥∥∥∥∥ 1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pθ̂
p2q

η̂ q

∥∥∥∥∥ P
ÝÑ 0,

?
n

∥∥∥∥∥ 1

K

ÿ

sPr

Ψ̂s,η̂s̃pθ̂
p3q

η̂r
q

∥∥∥∥∥ P
ÝÑ 0 @r P R,

uniformly in P P P;
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(iii) For every ε ą 0,

sup
PPP

sup∥∥∥∥θ´θ
η˚
P

∥∥∥∥ąε

´

∥∥∥Ψη˚
P

pθq

∥∥∥ ă 0 “

∥∥∥Ψη˚
P

pθη˚
P

q

∥∥∥ ;
(iv) For η̃ “ ApDq, ∥∥∥ 9Ψη̃ ´ 9Ψη˚

P

∥∥∥ P
ÝÑ 0

uniformly in P P P;

(v) Ψη is differentiable at θη for η P H, and for some c̄1 ą 0,

inf
PPP

ˇ

ˇ

ˇ
det

´

9Ψη˚
P

¯ˇ

ˇ

ˇ
ě c̄1.

Assumption B.1(i) is a Donsker condition for a subset Θ1 that contains θη˚
P
in its

interior. Importantly, Assumption E.1, defined in Appendix E, does not restrict the
complexity of the class of trained models H, and it allows η̂ to be estimated with
any machine learning algorithm as long as Assumption 3.1(ii) holds. It restricts the
complexity of ψθ,η only along θ P Θ1, and not along η P H. Assumption B.1(i) holds,
for example, if Θ1 is bounded and ψθ,η is Lipschitz in θ with a Lipschitz constant that
does not depend on η or w. Assumption B.1(ii) allows for approximate Z-estimators
which nearly solve the moment condition, and is immediately satisfied for exact Z-
estimators, for example when

1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pθ̂
p2q

η̂ q “ 0

in the case of θ̂
p2q

η̂ . Assumption B.1(iii) requires θη˚
P
to be a unique and well-separated

zero of Ψη˚
P
, and can be replaced by the higher-level condition that ∥θ̂pjq

η̂ ´ θ
pjq

η̂ ∥ P
ÝÑ 0

uniformly in P P P for j P t1, 2, 3u. Assumption B.1(iv) holds under the condition
that 9Ψη˚

P
is continuous in η around η˚

P . Finally, Assumption B.1(v) requires the
absolute determinant of the Jacobian to be bounded away from zero, which guarantees
its invertibility in a uniform sense over P P P .

Lemma B.1. Let Assumptions 3.1 and B.1 hold. Then, uniformly in P P P,

sup
θPΘ1

∥∥∥Ψ̂η̂pθq ´ Ψη̂pθq

∥∥∥ P
ÝÑ 0 (B.1)

sup
θPΘ1

∥∥∥Ψ̂η˚
P

pθq ´ Ψη˚
P

pθq

∥∥∥ P
ÝÑ 0 (B.2)

sup
θPΘ1

∥∥∥Ψη̂pθq ´ Ψη˚
P

pθq

∥∥∥ P
ÝÑ 0 (B.3)
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Proof of Lemma B.1. (B.1) and (B.2) follow from asymptotic equicontinuity estab-
lished in Theorem E.1. (B.3) follows from asymptotic equicontinuity of Ψη̂pθq ´

Ψη˚
P

pθq (follows from Assumption E.1(v)) and pointwise in θ convergence (Assump-
tion E.2). ■

Lemma B.2. Let Assumptions 3.1 and B.1 hold. Then,∥∥∥θ̂η̂ ´ θη̂

∥∥∥ P
ÝÑ 0.

Proof of Lemma B.2. By Assumption B.1(iii), for any ε ą 0, there is γ ą 0 such that∥∥∥θ ´ θη˚
P

∥∥∥ ą ε ùñ

∥∥∥Ψη˚
P

pθq

∥∥∥ ą γ.

Hence,

sup
PPP

P
´
∥∥∥θ̂η̂ ´ θη˚

P

∥∥∥ ą ε
¯

ď sup
PPP

P
´
∥∥∥Ψη˚

P
pθ̂η̂q

∥∥∥ ą γ
¯

Ñ 0,

since ∥∥∥Ψη˚
P

pθ̂η̂q

∥∥∥ ď

∥∥∥Ψη˚
P

pθ̂η̂q ´ Ψη̂pθ̂η̂q

∥∥∥ `

∥∥∥Ψ̂η̂pθ̂η̂q ´ Ψη̂pθ̂η̂q

∥∥∥ ` oP p1q

“ oP p1q,

by Assumption B.1(ii), (B.3), and (B.1). This implies
∥∥∥θ̂η̂ ´ θη˚

P

∥∥∥ P
ÝÑ 0 uniformly in

P P P .
Similar happens for

∥∥∥θη̂ ´ θη˚
P

∥∥∥. For any ε ą 0, there is γ ą 0 such that

sup
PPP

P
´∥∥∥θη̂ ´ θη˚

P

∥∥∥ ą ε
¯

ď sup
PPP

P
´∥∥∥Ψη˚

P
pθη̂q

∥∥∥ ą γ
¯

Ñ 0,

since Ψη̂pθη̂q “ 0 and ∥∥∥Ψη˚
P

pθη̂q

∥∥∥ “

∥∥∥Ψη˚
P

pθη̂q ´ Ψη̂pθη̂q

∥∥∥ P
ÝÑ 0

uniformly in P P P by (B.3).
The result follows from the triangle inequality. ■

Proof of Theorem 3.1. I first show the result for the case of θη̂ “ θ
p2q

η̂ (and θ̂η̂ “ θ̂
p2q

η̂ ).
Differentiability of Ψη̂ and Assumption B.1(iv) gives

Ψη̂pθ̂η̂q ´ Ψη̂ pθη̂q “ 9Ψη̂

´

θ̂η̂ ´ θη̂

¯

` oP

´
∥∥∥θ̂η̂ ´ θη̂

∥∥∥¯
“ 9Ψη˚

P

´

θ̂η̂ ´ θη̂

¯

` oP

´
∥∥∥θ̂η̂ ´ θη̂

∥∥∥¯ . (B.4)
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Asymptotic equicontinuity gives

?
n
´

Ψη̂pθ̂η̂q ´ Ψη̂pθη̂q

¯

“ ´
?
n
´

Ψ̂η̂pθ̂η̂q ´ Ψη̂pθ̂η̂q

¯

` oP p1q (B.5)

“ ´
?
n
´

Ψ̂η̂pθη̂q ´ Ψη̂pθη̂q

¯

` oP p1q (B.6)

“ ´
?
nΨ̂η̂pθη̂q ` oP p1q (B.7)

“ OP p1q, (B.8)

where (B.5) uses
?
nΨ̂η̂pθ̂η̂q “ oP p1q (Assumption B.1(ii)) and Ψη̂pθη̂q “ 0, and (B.6)

uses Assumption B.1(i) and Theorem E.1, and∥∥∥θ̂η̂ ´ θη̂

∥∥∥ P
ÝÑ 0

uniformly in P P P , established in Lemma B.2. Note that Assumption 3.1(ii), used
for Theorem E.1, is stronger than Assumption E.2 (see proof of Theorem D.1).

By invertibility of 9Ψη˚
P
,

?
n
∥∥∥θ̂η̂ ´ θη̂

∥∥∥ ď

∥∥∥ 9Ψ´1
η˚
P

∥∥∥∥∥∥ 9Ψη˚
P

?
n
´

θ̂η̂ ´ θη̂

¯
∥∥∥ .

Plugging (B.4) in the right-hand side gives

?
n
∥∥∥θ̂η̂ ´ θη̂

∥∥∥∥∥∥ 9Ψ´1
η˚
P

∥∥∥´1

ď

∥∥∥?
n
´

Ψη̂pθ̂η̂q ´ Ψη̂ pθη̂q

¯

` oP

´?
n
∥∥∥θ̂η̂ ´ θη̂

∥∥∥¯∥∥∥ ,
which implies

?
n
∥∥∥θ̂η̂ ´ θη̂

∥∥∥ˆ∥∥∥ 9Ψ´1
η˚
P

∥∥∥´1

` oP p1q

˙

ď

∥∥∥?
n
´

Ψη̂pθ̂η̂q ´ Ψη̂ pθη̂q

¯
∥∥∥ “ OP p1q,

where the equality follows from (B.8) and Assumption B.1(v). As a consequence,

oP

´?
n
∥∥∥θ̂η̂ ´ θη̂

∥∥∥¯ “ oP p1q. (B.9)

Finally, combining (B.4) and (B.7) gives

9Ψη˚
P

?
n
´

θ̂η̂ ´ θη̂

¯

“ ´
?
nΨ̂η̂pθη̂q ` oP

´?
n
∥∥∥θ̂η̂ ´ θη̂

∥∥∥¯ ` oP p1q

“ ´
?
nΨ̂η̂pθη̂q ` oP p1q.

Hence,

?
n
´

θ̂η̂ ´ θη̂

¯

“ ´ 9Ψ´1
η˚
P

?
nΨ̂η̂pθη̂q ` oP p1q,

“ ´ 9Ψ´1
η˚
P

?
nΨ̂η˚

P
pθη˚

P
q ` oP p1q
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by applying Theorem E.1, and the result follows for θ
p2q

η̂ . Note that Assumption 3.1(ii)
is stronger than Assumption E.2 (see proof of Theorem D.1).

The results for θ
p1q

η̂ and θ
p3q

η̂ follow similarly. For θ
p1q

η̂ , applying the same arguments
above with K “ 1 and M “ 1 gives

?
n
´

θ̂η̂s̃ ´ θη̂s̃

¯

“ ´ 9Ψ´1
η˚
P

?
nΨ̂η̂s̃pθη̂s̃q ` oP p1q

for any s̃ P ps̃m,kqmPrMs,kPrKs
, and the result follows for j “ 1 by summing over s P

psm,kqmPrMs,kPrKs
:

?
n
´

θ̂
p1q

η̂ ´ θ
p1q

η̂

¯

“ ´ 9Ψ´1
η˚
P

?
nΨ̂η˚

P
pθη˚

P
q ` oP p1q.

Similar holds for j “ 3 applying the arguments above with M “ 1 and K ą 1 and
summing over r P R. ■

B.2 Proofs and Extra Definitions of Section 4

If ψθ,η is differentiable in θ, let 9ψθ,ηpwq be the Jacobian matrix of ψθ,ηpwq, where the

derivatives are taken in respect to θ. In that case,
p9Ψη̂ can be given by

p9Ψη̂ “
1

MK

ÿ

rPR

ÿ

sPr

1

b

ÿ

iPs

9ψθ̂η̂ ,η̂s̃
pWiq. (B.10)

Define

VM,K “

#

M´1 pn{b ` M ´ 1q , if K “ 1

1, otherwise,

V̂η̂ “ VM,K
p9Ψ´1
η̂

˜

1

MK

ÿ

rPR

ÿ

sPr

1

b

ÿ

iPs

ψθ̂η̂ ,η̂s̃
pWiqψ

T
θ̂η̂ ,η̂s̃

pWiq

¸

´

p9Ψ´1
η̂

¯T

. (B.11)

Proof of Theorem 4.1. Under the conditions of the theorem, for j P t1, 2, 3u,

?
nV̂

´1{2
η̂

´

θ̂
pjq

η̂ ´ θ
pjq

η̂

¯

⇝ N p0, Idq

uniformly in P P P , where Id is the identity matrix. Consistency of the inner term

to

ˆ

Pψθ
η˚
P
,η˚

P
ψT
θ
η˚
P
,η˚

P

˙

follows similarly to the proof of Theorem D.2, and the result

follows from the continuous mapping theorem, Theorem 3.1 and the delta method. ■

Assumption B.2. The following conditions hold:
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(i) There exists a consistent estimator V̂η̂
P
ÝÑ Vη˚

P
uniformly in P P P;

(ii)
∥∥∥ 9Ψb̂ ´ 9ΨbP

∥∥∥ P
ÝÑ 0 uniformly in P P P;

(iii)
ˇ

ˇ

ˇ
θ̂b̂ ´ θb̂

ˇ

ˇ

ˇ

P
ÝÑ 0 uniformly in P P P;

(iv) supPPP
9Ψ´1
bP

ă 8.

Item Assumption B.2(i) requires Vη˚
P
to be consistently estimable, which can typ-

ically be verified as in Theorem 4.1. Item Assumption B.2(ii) through Item Assump-
tion B.2(iv) adapt conditions Assumption B.1(iv) through Assumption B.1(v) to bP
instead of η˚

P .
I give below a formula for Σ̂ for the case of sample averages, that is, ψθ,ηpwq “

fηpwq ´ θ. Analogous estimators can be defined for the general case using the fact

that θ̂η̂ ´ θη̂ is asymptotically linear:

?
n
´

θ̂η̂ ´ θη̂

¯

“ ´ 9Ψ´1
η˚
P

?
nΨ̂η˚

P
pθη˚

P
q ` oP p1q,

from Theorem 3.1.

Σ̂ “

´

Σ̂j,ℓ

¯MK

j,ℓ“1
, (B.12)

where for splits sj, sℓ P S with complements s̃j, s̃ℓ,

Σ̂j,j “
1

n2

ÿ

iPs̃j

´

fb̂pWiq ´ f̄b̂,̃sj

¯2

`
1

n2

ÿ

iPsj

´

f̃jpWiq ´
¯̃fj

¯2

,

Σ̂j,ℓ “
1

n2

ÿ

iPs̃jXs̃ℓ

´

fb̂pWiq ´ f̄b̂,̃sjXs̃ℓ

¯2

`
1

n2

ÿ

iPs̃jXsℓ

´

fb̂pWiq ´ f̄b̂,̃sjXsℓ

¯´

f̃ℓpWiq ´
¯̃fℓ,̃sjXsℓ

¯

`
1

n2

ÿ

iPsjXs̃ℓ

´

f̃jpWiq ´
¯̃fj,sjXs̃ℓ

¯´

fb̂pWiq ´ f̄b̂,sjXs̃ℓ

¯

`
1

n2

ÿ

iPsjXsℓ

´

f̃jpWiq ´
¯̃fj,sjXsℓ

¯´

f̃ℓpWiq ´
¯̃fℓ,sjXsℓ

¯

for j ‰ ℓ,

where f̃jpWiq “ fb̂pWiq´ n
|sj |
fη̂s̃j pWiq, and for any set s Ď t1, . . . , nu, f̄b̂,s “ |s|´1

ř

iPs fb̂pWiq

and ¯̃fj,s “ |s|´1
ř

iPs f̃jpWiq, with
¯̃fj “

¯̃fj,sj .
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Again, I give a standard error for the case of sample averages, and analogous
estimators can be constructed for the general case following, e.g., Theorem 4.1.

σ̂2
δ̂

“ σ̂2
η̂ ` σ̂2

b̂
´ 2

1

MK

ÿ

rPR

ÿ

sPr

1

|s|

ÿ

iPs

´

fη̂s̃pWiq ´ θ̂s̃

¯´

fη̂b̂pWiq ´ θ̂b̂

¯

, (B.13)

where σ̂η̂ is defined as in (4.2) and

σ̂2
b̂

“
1

n

n
ÿ

i“1

´

fb̂pWiq ´ θ̂b̂

¯2

.

Proposition B.1. Σ̂
P
ÝÑ Σ uniformly in P P P.

Proposition B.2. σ̂δ̂
P
ÝÑ σδ̂ uniformly in P P P.

The two propositions above follow from a law of large numbers and Assump-
tion 3.1(i) (assumed in Assumption 4.1).

Coverage of xCIα is exact along any sequences where θη˚
Pn

ă θbPn
in the limit,

without relying on Assumption 4.2.

Theorem B.1. (Asymptotic exactness of xCIα)
Let Assumption 4.1 hold. Then, for any sequence pPnqně1 Ď P such that limnÑ8 θη˚

Pn
´

θbPn
ă 0,

lim
nÑ8

Pn

´

pθη̂ ´ θb̂q P xCIα

¯

“ 1 ´ α.

Proof of Theorem B.1. Follows from (B.16) and Proposition B.2. ■

For the proof of Theorem 4.2, define

δη˚
P

“

´

θη˚
P

´ θb

¯

sPS
,

and
δ̂η˚

P
“

´

θ̂η˚
P

´ θ̂b

¯

sPS
.

Proof of Theorem 4.2. I first show the result for the case δη̂ “ 0. Let C2 ą 0,
pPnqně1 Ď P arbitrary such that Pnpδη̂ “ 0q ą C2. For any ε ą 0 and s P S,
denote the event

Es “

ˇ

ˇ

ˇ

?
n
”´

θ̂η̂s̃ ´ θ̂b̂

¯

´ pθη̂s̃ ´ θb̂q
ı

´
?
n
”´

θ̂η˚
P

´ θ̂b

¯

´

´

θη˚
P

´ θb

¯ıˇ

ˇ

ˇ
ą ε.
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By Theorem 3.1 and Assumption 4.1(ii),

Pn pEsq Ñ 0,

which implies

Pn pEs|δη̂ “ 0q ď Pn pEs|δη̂ “ 0qPnpδη̂ “ 0qC´1
2

ď pPn pEs|δη̂ “ 0qPnpδη̂ “ 0q ` Pn pEs|δη̂ ‰ 0qPnpδη̂ ‰ 0qqC´1
2

Pn pEsqC
´1
2 Ñ 0.

Hence,

Pn

´
ˇ

ˇ

ˇ

?
n
´

δ̂η̂ ´ δη̂

¯

´
?
n
´

δ̂η˚
P

´ δη˚
P

¯
ˇ

ˇ

ˇ
ą ε

ˇ

ˇ

ˇ
δη̂ “ 0

¯

Ñ 0,

and
?
n
´

δ̂η̂ ´ δη̂

¯

⇝ N p0,Σq

conditional on δη̂ “ 0. Together with Proposition B.1 and the continuous mapping
theorem, this implies

T pδ̂η̂, n
´1Σ̂q⇝ T pZ,Σq,

where Z „ N p0,Σq. The result follows since the quantiles of N p0, Σ̂q converge to
those of N p0,Σq by the continuous mapping theorem and Proposition B.1.

Similar happens for the case δη̂ ě 0. The inequality comes from the fact that

?
nδ̂η̂ ě

?
n
´

δ̂η̂ ´ δη̂

¯

⇝ N p0,Σq.

■

Proof of Theorem 4.3. Follows from Theorem 4.2, using

?
n
´

θ̂b̂ ´ θb̂

¯

“
?
n
´

θ̂bP ´ θbP

¯

` oP p1q

from Assumption 4.1(ii), so that
?
n
´

θ̂η̂ ´ θb̂

¯

ě oP p1q when θη˚
P

“ θbP . ■

Proof of Theorem 4.4. For the first result, an argument similar to the proof of The-
orem 4.2 conditional on

pθη̂ ´ θb̂q ě 0 _ pθη̂ ´ θb̂q ď c̄3 (B.14)

implies
?
n
´

δ̂η̂ ´ δη̂

¯

⇝ N p0,Σq (B.15)
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and

?
n
´

θ̂η̂ ´ θη̂

¯

´
?
n
´

θ̂b̂ ´ θb̂

¯

“ ´ 9Ψ´1
η˚
P

?
nΨ̂η˚

P
pθη˚

P
q ` 9Ψ´1

bP

?
nΨ̂bP pθbP q `oP p1q (B.16)

conditional on (B.14), uniformly in P P Pc̄3,c̄4 . (B.16) uses Assumption 4.1(ii), Theo-
rem 3.1, and Proposition B.2. If pPnqně1 Ď Pc̄3,c̄4 is such that limnÑ8 θη˚

Pn
´θbPn

ď c̄3,

the result follows Proposition B.2 since (B.16) is asymptotically normal (nondegen-
erate). c̄3 ă limnÑ8 θη˚

Pn
´ θbPn

ă 0 is ruled out since that implies

Pn ppθη̂ ´ θb̂q ě 0 _ pθη̂ ´ θb̂q ď c̄3q Ñ 0.

If limnÑ8 θη˚
Pn

´ θbPn
ě 0, the result follows from (B.15) and Proposition B.1.

For the second result, note that (B.15) and (B.16) also hold unconditionally. For
any sequence with limnÑ8 θη˚

Pn
´ θbPn

ă 0, the result follows from (B.16), and for

sequences with limnÑ8 θη˚
Pn

´θbPn
ą 0 it holds from (B.15). If limnÑ8 θη˚

Pn
´θbPn

“ 0,

Assumption 4.2 implies
?
nδη̂

Pn
ÝÑ 0,

and the result follows from (B.15). ■

Proof of Theorem 4.5. Follows as in the proof of Theorem 4.4, except for sequences
with ´c̄5 ď limnÑ8 θη˚

Pn
´ θbPn

ď 0, where the result follows from using (B.15) and
Proposition B.1. ■

B.3 Proofs and Extra Definitions of Section 5

B.3.1 Proofs and Extra Definitions of Section 5.1

Assumption B.3. The following conditions hold:

(i) For every ε ą 0,

P

˜

sup
θPΘ1

∥∥∥∥∥ 1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pθq ´ Ψ̂Dpθq

∥∥∥∥∥ ą ε

ˇ

ˇ

ˇ

ˇ

ˇ

D

¸

P
ÝÑ 0,

where
Ψ̂Dpθq “ EP

”

Ψ̂ξ,η̂ξ̃
pθq

ˇ

ˇ D
ı

,

and ξ is a random subset of rns of size b (as defined in Section 2);
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(ii) For every ε ą 0,

sup
∥θ´θ̂D∥ąε

´

∥∥∥Ψ̂Dpθq

∥∥∥ ă 0 “

∥∥∥Ψ̂Dpθ̂Dq

∥∥∥
with probability 1, where θ̂D uniquely solves

∥∥∥Ψ̂Dpθ̂Dq

∥∥∥ “ 0.

Proof of Proposition 5.1. For j P t1, 3u, the result follows from a Law of Large Num-

bers since θ̂
pjq

η̂ is an average of M iid observations (conditional on data). Note that
convergence in probability to a point implies convergence of the variance to zero
given uniform square integrability (Assumption E.1(iv)). For j “ 2, consistency fol-
lows from consistency of M-estimators (for example, Theorem 5.9 in Van der Vaart
(2000)). ■

Proof of Proposition 5.2. Let Xprq “ 1
K

ř

sPr θ̂
p1q

η̂s̃
if j “ 1 and Xprq “ θ̂

p2q

η̂r
if j “ 3.

Then,

θ̂
pjq

η̂ “
1

M

ÿ

rPR
Xprq,

and Xprq K Xpr1q conditional on D for r ‰ r1. It follows that

VarP

”

θ̂
pjq

η̂

ˇ

ˇ D
ı

“
1

M
VarP

“

Xprq
ˇ

ˇ D
‰

is strictly decreasing in M as long as VarP
“

Xprq
ˇ

ˇ D
‰

ą 0. ■

B.3.2 Proofs and Extra Definitions of Section 5.2

I first define some objects used in the proofs.

gθprq “
1

K

ÿ

sPr

v´1
D Ψη̂s̃pθq, Gη̂pθq “

1

M

ÿ

rPR
gθprq, Gη̄pθq “ EP rgθprq|Ds ,

and θη̄ uniquely solves Gη̄pθη̄q “ 0. Note that θη̂ uniquely solves Gη̂pθη̂q “ 0.

9Gη̂ “
1

M

ÿ

rPR

1

K

ÿ

sPr

v´1
D

9Ψη̂s̃pθη̂s̃q;

9Gη̄ “ EP

«

1

K

ÿ

sPr

v´1
D

9Ψη̂s̃pθη̄q

ˇ

ˇ

ˇ
D

ff

;
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V̂G “

˜

1

MK

ÿ

rPR1

ÿ

sPr

Ψ̂s,η̂s̃pθ̂η̂1q

¸˜

1

MK

ÿ

rPR1

ÿ

sPr

Ψ̂s,η̂s̃pθ̂η̂1q

¸T

;

V̂η̂pθq “

˜

1

MK

ÿ

rPR

ÿ

sPr

1

b

ÿ

iPs

ψθ,η̂s̃pWiqψ
T
θ,η̂s̃

pWiq

¸

;

V̂η˚
P

pθq “

˜

1

n

n
ÿ

i“1

ψθ,η˚
P

pWiqψ
T
θ,η˚

P
pWiq

¸

;

Vηpθq “ P V̂ηpθq. Note that

?
n

˜

1

MK

ÿ

rPR

ÿ

sPr

1

b

ÿ

iPs

ψθ,η˚
P

pWiqψ
T
θ,η˚

P
pWiq

¸

“
?
nV̂θ,η˚

P
` oP p1q

from (E.11) (the equality holds without oP p1q if K ą 1).

σ2
η̂ “ VM,K

9hpθ̂η̂q
p9Ψ´1
η̂ Vη̂pθ̂η̂q

´

p9Ψ´1
η̂

¯T
9hpθ̂η̂q

T ;

v2D “ VarP

”

σ´1
η˚
P

9hpθη̄q 9G´1
η̄

?
MGη̂pθη̄q

ˇ

ˇ D
ı

;

v̂2D “ σ̂´2
η̂1

9hpθ̂η̂1q
p9Ψ´1
η̂1
V̂G

´

p9Ψ´1
η̂1

¯T
9hpθ̂η̂1q

T ;

ζ2D “ VarP

„

2´1σ´3
η˚
P

phpθη˚
P

q ´ τqVM,K
9hpθη˚

P
q 9Ψ´1

η˚
P

?
MVη̂pθ̂η̂q

´

9Ψ´1
η˚
P

¯T
9hpθη˚

P
q
T
ˇ

ˇ

ˇ
D

ȷ

;

â “ pâ1 ¨ ¨ ¨ âdq “ 9hpθ̂η̂1q
p9Ψ´1
η̂1
;

v̂pi,jq are the entries of V̂η̂1pθ̂η̂1q,

ĉpi,jq,pi1,j1q “
1

MK

ÿ

rPR

ÿ

sPr

˜

1

b

ÿ

ℓPs

ψθ,η̂s̃,ipWℓqψθ,η̂s̃,jpWℓq ´ v̂pi,jq

¸

ˆ

˜

1

b

ÿ

ℓPs

ψθ,η̂s̃,i1pWℓqψθ,η̂s̃,j1pWℓq ´ v̂pi1,j1q

¸

;

ζ̂2D “ 2´2σ̂´6
η̂1

phpθ̂η̂1q ´ τq
2V 2

M,K

d
ÿ

i“1

d
ÿ

j“1

d
ÿ

i1“1

d
ÿ

j1“1

âiâj âi1 âj1 ĉpi,jq,pi1,j1q;
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ρv,ζ “ CovP

«

σ´1
η˚
P

9hpθη̄q 9G´1
η̄

?
MGη̂pθη̄q,

2´1σ´3
η˚
P

phpθη˚
P

q ´ τqVM,K
9hpθη˚

P
q 9Ψ´1

η˚
P

?
MVη̂pθ̂η̂q

´

9Ψ´1
η˚
P

¯T
9hpθη˚

P
q
T

ˇ

ˇ

ˇ

ˇ

ˇ

D

ff

;

d̂i,pj,ℓq “
1

MK

ÿ

rPR

ÿ

sPr

´

Ψ̂s,η̂s̃,ipθ̂η̂1q ´ Ψ̂η̂1,ipθ̂η̂1q

¯

˜

1

b

ÿ

i1Ps

ψθ,η̂s̃,jpWi1qψθ,η̂s̃,ℓpWi1q ´ v̂pj,ℓq

¸

;

ρ̂v,ζ “ 2´1σ̂´4
η̂1

phpθ̂η̂1q ´ τqVM,K

d
ÿ

i“1

d
ÿ

j“1

d
ÿ

ℓ“1

âiâj âℓd̂i,pj,ℓq;

σ2
D “ 2pv2D ` ζ2D ` 2ρv,ζq; (B.17)

σ̂2
D “ 2pv̂2D ` ζ̂2D ` 2ρ̂v,ζq.

Assumption B.4. The following conditions hold:

(i) For any δn Ó 0 and ε ą 0,

P

˜

sup
∥θ´θ1∥ăδn

∥∥∥?
M pGη̂ ´ Gη̄q pθq ´

?
M pGη̂ ´ Gη̄q pθ1

q

∥∥∥ ą ε

ˇ

ˇ

ˇ

ˇ

ˇ

D

¸

P
ÝÑ 0

uniformly in P P P;

(ii) For pi, jq P rds
2, Assumption E.1 holds with T “ Θ1 and

Fη “ tψθ,η,iψθ,η,j : θ P Θ1
u ,

where ψθ,η,i is the i-th coordinate of ψθ,η;

(iii) There exists an estimator
p9Ψη̂ such that∥∥∥p9Ψη̂ ´ 9Ψη˚

P

∥∥∥ P
ÝÑ 0

uniformly in P P P;

(iv) For some v ą 0,

σ2
η˚
P

“ 9hpθη˚
P

qVη˚
P

9hpθη˚
P

q
T

ě v;

(v) M´1nσ2
D “ OP p1q.
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(vi) Either

v´1
D ζD

P
ÝÑ c1 ‰ 1

or
2
ρv,ζ
ζDvD

P
ÝÑ c2 ‰ ´1.

Assumption B.4(i) is a Donsker condition on
␣

v´1
D Ψη̂s̃ : s Ď rns

(

conditional on the
data. It is similar to Assumption B.1, and can typically be verified using arguments
similar to the ones used to verify Assumption E.1(vi). It holds, for example, if Θ1 is
bounded and ψθ,η is Lipschitz in θ with a Lipschitz constant that does not depend on η
or w (see, e.g., Example 19.7 in Van der Vaart, 2000). Assumption B.4(ii) is a Donsker
condition similar to Assumption B.1(i), but in terms of the product ψθ,η,iψθ,η,j instead
of ψθ,η,i. It is used to derive asymptotic normality of the standard errors σ̂η̂1 , σ̂η̂2 . If
ψθ,η,ipwq ď C̄ for some C̄ ă 8, that is, if the functions ψθ,η,i are uniformly bounded,
then Assumption B.4(ii) is implied by Assumption B.1(i) (see, e.g., Example 2.10.10
in van der Vaart and Wellner, 2023). Assumption B.4(iii) assumes the existence of
a consistent estimator of 9Ψη˚

P
. If ψθ,ηpwq is differentiable in θ, the plug-in estimator

defined in (B.10) satisfies this assumption under a uniform integrability condition
on this derivative. Otherwise, consistent estimators can typically be constructed on
a case-by-case basis (Hansen, 2022). Assumption B.4(iv) requires the asymptotic
variance of hpθ̂η̂q to be lower bounded. Assumption B.4(v) establishes the asymptotic
regime. Finally, Assumption B.4(vi) restricts a corner case where the variance of the
t-statistic σ̂´1

η̂1

?
nphpθ̂η̂1q ´ τq is zero because of perfect negative correlation between

σ̂´1
η̂1

and hpθ̂η̂1q. Note that the quantities ρv,ζ , ζD, vD can all be consistently estimated

with ρ̂v,ζ , ζ̂D, v̂D defined previously.
Before proving Theorem 5.1, I establish some key intermediary results.

Lemma B.3. Let the conditions of Theorem 5.1 hold. Then,

σ´1
D vD “ OP p1q, σ´1

D ζD “ OP p1q.

Proof. I show σ´1
D vD “ OP p1q and the second result follows analogously.

σ2
D “ 2pv2D ` ζ2D ` 2ρv,ζq,

σ´2
D v2D “ 2´1

p1 ` v´2
D ζ2D ` 2v´2

D ρv,ζq
´1,
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v´2
D ζ2D ` 2v´2

D ρv,ζ “ v´2
D ζ2D ` 2v´1

D ζD
ρv,ζ
ζDvD

“ v´1
D ζD

ˆ

v´1
D ζD ` 2

ρv,ζ
ζDvD

˙

“

#

OP p1q, if v´1
D ζD “ OP p1q,

oP p1q, if vDζ
´1
D “ oP p1q,

since
ˇ

ˇ

ˇ

ρv,ζ
ζDvD

ˇ

ˇ

ˇ
ď 1. Note that

v´1
D ζD

ˆ

v´1
D ζD ` 2

ρv,ζ
ζDvD

˙

P
ÝÑ ´1 ðñ v´1

D ζD
P
ÝÑ 1 ^ 2

ρv,ζ
ζDvD

P
ÝÑ ´1,

which is ruled out by Assumption B.4(vi). ■

Theorem B.2. Let Assumption B.4 hold. Then, for any ε ą 0,

P
´
∥∥∥v´1

D

?
M pθη̂ ´ θη̄q ´

´

´v´1
D

9G´1
η̄

?
MGη̂pθη̄q

¯
∥∥∥ ą ε

ˇ

ˇ

ˇ
D
¯

P
ÝÑ 0

uniformly in P P P, and hence

sup
PPP

P
´∥∥∥v´1

D

?
M pθη̂ ´ θη̄q ´

´

´v´1
D

9G´1
η̄

?
MGη̂pθη̄q

¯∥∥∥ ą ε
¯

Ñ 0.

Moreover,
v´1
D

9G´1
η̄

?
MGη̂pθη̄q “ OP p1q.

Proof of Theorem B.2. For a random variable XM and a deterministic (conditional
on D) sequence aMpDq, I use XM “ oP |DpaMpDqq to denote

P

ˆ
∥∥∥∥ XM

aMpDq

∥∥∥∥ ą ε
ˇ

ˇ

ˇ
D

˙

P
ÝÑ 0

uniformly in P P P for any ε ą 0, and analogously define OP |DpaMpDqq similar to
the OP notation.

By differentiability of G,

v´1
D

?
M pGη̄pθη̂q ´ Gη̄pθη̄qq

“ v´1
D

?
M 9Gη̄ pθη̂ ´ θη̄q ` oP |D

´
∥∥∥v´1

D
9G´1
η̄

?
M pθη̂ ´ θη̄q

∥∥∥¯ . (B.18)
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Further,
?
M pGη̄pθη̂q ´ Gη̄pθη̄qq “ ´

?
M pGη̂pθη̂q ´ Gη̄pθη̂qq (B.19)

“ ´
?
M pGη̂pθη̄q ´ Gη̄pθη̄qq ` oP |Dp1q (B.20)

“ ´
?
MGη̂pθη̄q ` oP |Dp1q (B.21)

“ OP |Dp1q. (B.22)

(B.19) uses the definitions Gη̄pθη̄q “ Gη̂pθη̂q “ 0, and (B.20) uses Assumption B.4(i).
(B.22) follows from the Lindeberg CLT.

Combining (B.18) and (B.21) gives

v´1
D

?
M pθη̂ ´ θη̄q

“ ´v´1
D

9G´1
η̄

?
MGη̂pθη̄q ` oP |D

´
∥∥∥v´1

D
9G´1
η̄

?
M pθη̂ ´ θη̄q

∥∥∥¯ ` oP |D

´
∥∥∥v´1

D
9G´1
η̄

∥∥∥¯
“ ´v´1

D
9G´1
η̄

?
MGη̂pθη̄q ` oP |D p1q ,

since

v´1
D

9G´1
η̄ “ EP

«

1

K

ÿ

sPr

9Ψη̂s̃pθη̄q

ˇ

ˇ

ˇ
D

ff´1

“ 9Ψ´1
η˚
P

pθη˚
P

q ` oP p1q “ OP p1q

by Assumption B.1(v), and an argument similar to (B.9), exploring (B.22), gives
?
M ∥θη̂ ´ θη̄∥ “ OP |Dp1q.

The second result follows since, for any events A and B,

P pA|Bq “ oP p1q ùñ sup
PPP

P pAq “ sup
PPP

EP rP pA|Bqs Ñ 0.

Finally,∥∥∥v´1
D

9G´1
η̄

?
MGη̂pθη̄q

∥∥∥ ď

∥∥∥v´1
D

9G´1
η̄

∥∥∥∥∥∥?
MGη̂pθη̄q

∥∥∥ “ OP p1qOP |Dp1q.

■

Proof of Theorem 5.1. The proof is divided into three main steps. First, I show that

v´1
D

?
Mphpθ̂η̂1q ´ hpθ̂η̂2qq “ ´ 9hpθη̄qv´1

D
9G´1
η̄

?
M pGη̂1pθη̄q ´ Gη̂2pθη̄qq ` oP p1q . (B.23)

Second, I show that

ζ´1
D

?
M pσ̂η̂1 ´ σ̂η̂2q (B.24)

“ p2ση˚
P

q
´1VM,K

9hpθη˚
P

q 9Ψ´1
η˚
P
ζ´1
D

?
M

´

Vη̂1pθ̂η̂1q ´ Vη̂2pθ̂η̂2q

¯´

9Ψ´1
η˚
P

¯T
9hpθη˚

P
q
T

` oP p1q.

Finally, I combine the previous steps to reach the result.
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Step one.

v´1
D

?
Mphpθ̂η̂1q ´ hpθ̂η̂2qq

“ v´1
D

?
Mphpθ̂η̂1q ´ hpθη̂1qq ´ v´1

D

?
Mphpθ̂η̂2q ´ hpθη̂2qq ` v´1

D

?
Mphpθη̂1q ´ hpθη̂2qq

“ v´1
D

?
Mphpθη̂1q ´ hpθη̂2qq ` oP p1q,

since
?
n
´

hpθ̂η̂1q ´ hpθη̂1q

¯

“ 9hpθη̂1q
?
npθ̂η̂1 ´ θη̂1q ` oP

´?
n
∥∥∥θ̂η̂1 ´ θη̂1

∥∥∥¯
“ 9hpθη̂1q 9Ψ´1

η˚
P

?
nΨ̂η̂1pθη̂1q ` oP p1q

“ 9hpθη˚
P

q 9Ψ´1
η˚
P

?
n
´

Ψ̂η˚
P

pθη˚
P

q ´ Ψη˚
P

pθη˚
P

q

¯

` oP p1q,

where oP

´?
n
∥∥∥θ̂η̂1 ´ θη̂1

∥∥∥¯ “ oP p1q by Theorem 3.1, the second equality holds from

Theorem 3.1, and the last equality from Theorem E.1, using the fact that
∥∥∥θη̂1 ´ θη˚

P

∥∥∥ “

oP p1q. Note that v´1
D

?
M{

?
n “ OP p1q from Lemma B.3.

By differentiability of h,

v´1
D

?
M phpθη̂1q ´ hpθη̄qq “ v´1

D

?
M 9hpθη̄qpθη̂1 ´ θη̄q ` oP p1q ,

since v´1
D

?
M ∥θη̂1 ´ θη̄∥ “ OP p1q from Theorem B.2. This implies

v´1
D

?
M phpθη̂1q ´ hpθη̂2qq “ 9hpθη̄qv´1

D

?
Mpθη̂1 ´ θη̂2q ` oP p1q .

Theorem B.2 gives

v´1
D

?
M pθη̂1 ´ θη̂2q “ v´1

D

?
M pθη̂1 ´ θη̄q ´ v´1

D

?
M pθη̂2 ´ θη̄q

“ ´ 9G´1
η̄ v´1

D

?
M pGη̂1pθη̄q ´ Gη̂2pθη̄qq ` oP p1q.

(B.23) follows from combining the two previous displays.

Step two.

ζ´1
D

?
Mpσ̂2

η̂1
´ σ̂2

η̂2
q “ ζ´1

D

?
Mpσ̂2

η̂1
´ σ2

η̂1
q ´ ζ´1

D

?
Mpσ̂2

η̂2
´ σ2

η̂2
q ` ζ´1

D

?
Mpσ2

η̂1
´ σ2

η̂2
q

“ ζ´1
D

?
Mpσ2

η̂1
´ σ2

η̂2
q ` oP p1q,

since

ζ´1
D

?
Mpσ̂2

η̂1
´ σ2

η̂1
q ´ ζ´1

D

?
Mpσ̂2

η̂2
´ σ2

η̂2
q

“

ˆ

?
M

?
n
ζ´1
D

˙

`?
npσ̂2

η̂1
´ σ2

η̂1
q ´

?
npσ̂2

η̂2
´ σ2

η̂2
q
˘

“ OP p1q
`?

npσ̂2
η̂1

´ σ2
η̂1

q ´
?
npσ̂2

η̂2
´ σ2

η̂2
q
˘

,
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and

?
npσ̂2

η̂1
´ σ2

η̂1
q ´

?
npσ̂2

η̂2
´ σ2

η̂2
q

“ VM,K
9hpθ̂η̂1q

p9Ψ´1
η̂1

?
n
´

V̂η̂1pθ̂η̂1q ´ Vη̂1pθ̂η̂1q

¯´

p9Ψ´1
η̂1

¯T
9hpθ̂η̂1q

T

´ VM,K
9hpθ̂η̂2q

p9Ψ´1
η̂2

?
n
´

V̂η̂2pθ̂η̂2q ´ Vη̂2pθ̂η̂2q

¯´

p9Ψ´1
η̂2

¯T
9hpθ̂η̂2q

T

“ VM,K
9hpθ̂η̂1q

p9Ψ´1
η̂1

?
n
´

V̂η˚
P

pθη̄q ´ Vη˚
P

pθη̄q

¯´

p9Ψ´1
η̂1

¯T
9hpθ̂η̂1q

T

´ VM,K
9hpθ̂η̂2q

p9Ψ´1
η̂2

?
n
´

V̂η˚
P

pθη̄q ´ Vη˚
P

pθη̄q

¯´

p9Ψ´1
η̂2

¯T
9hpθ̂η̂2q

T
` oP p1q

“ oP p1q,

where the second equality follows from Assumption B.4(ii) and Theorem E.1, and the

last equality uses
?
n
´

V̂η˚
P

pθη̄q ´ Vη˚
P

pθη̄q

¯

“ OP p1q.

Finally,

ζ´1
D

?
Mpση̂1 ´ ση̂2q “

ζ´1
D

?
Mpσ2

η̂1
´ σ2

η̂2
q

ση̂1 ` ση̂2
“ p2ση˚

P
q

´1ζ´1
D

?
Mpσ2

η̂1
´ σ2

η̂2
q ` oP p1q,

and

ζ´1
D

?
Mpσ2

η̂1
´ σ2

η̂2
q

“ VM,K
9hpθ̂η̂1q

p9Ψ´1
η̂1
ζ´1
D

?
M

´

Vη̂1pθ̂η̂1q ´ Vη̂2pθ̂η̂2q

¯´

p9Ψ´1
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using the fact that ζ´1
D

?
M

´

Vη̂1pθ̂η̂1q ´ Vη̂2pθ̂η̂2q

¯

“ OP p1q.
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Step three.
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?
M
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⇝ N p0, 1q,

conditional on D with probability approaching one, by Lindeberg’s CLT, by defi-
nition of σD, and since Gη̂1pθη̄q K Gη̂2pθη̄q,Vη̂2pθ̂η̂2q and Vη̂1pθ̂η̂1q K Gη̂2pθη̄q,Vη̂2pθ̂η̂2q

conditional on D. Note that oP
`
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˘
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˘

“ oP p1q by Lemma B.3. ■

Proof of Theorem 5.2. For ppj, δ̂pβqq “ pp`
j , δ̂

`pβqq,
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ˇ

ˇ
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where the last equality follows from Theorem 5.1.
For ppj, δ̂pβqq “ pp´
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For ppj, δ̂pβqq “ pp˘
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Proof of Theorem 5.3. The first result follows since, from the proof of Theorem 5.1,
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from Theorem 5.1, and
ˆ?

nσ̂D
?
M

˙

Φ´1
pβq

P
ÝÑ ´8

since Φ´1pβq ă 0. Analogous results follow for pp´
j , δ̂

´pβqq and pp˘
j , δ̂

˘pβqq. ■

B.4 Details of Section 6

B.4.1 Covariates Description

The following variables from the Ghana Socioeconomic Panel Survey are used as
predictive covariates for poverty prediction in Section 6:

Household Demographics

• children: Number of children in household

• adults: Number of adults in household

• female head: Indicator for female household head

• married head: Indicator for married household head

• spouse in: Indicator for spouse living in the household

Religion

• christian: Proportion Christian

• muslim: Proportion Muslim

• traditional: Proportion traditional religion

Political and Traditional Leadership

• ever political office: Indicator for ever holding political office

• today political office: Indicator for currently holding political office

• ever traditional office: Indicator for ever holding traditional office

• today traditional office: Indicator for currently holding traditional office

76



Parental Education

• father primary: Indicator for father completed primary education

• father middle: Indicator for father completed middle school

• father secondary: Indicator for father completed secondary education

• father tertiary: Indicator for father completed tertiary education

• mother primary: Indicator for mother completed primary education

• mother middle: Indicator for mother completed middle school

• mother secondary: Indicator for mother completed secondary education

• mother tertiary: Indicator for mother completed tertiary education

Asset Holdings

• plot acreage: Total land holdings in acres

• livestock value: Total value of livestock

• livestock expenses: Annual livestock maintenance expenses

Financial Resources

• health insurance: Proportion of household members covered by health insur-
ance

• savings home: Amount of savings kept at home

• d saving bank: Distance to nearest bank (in km)

• savings bank: Amount of savings in bank account
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B.4.2 Fraction Per Tercile as a Z-Estimator

For a given split s, the vector

¨

˝

˜

ř

iPs YiI
`

t̂j´1,̃s ă η̂s̃pXiq ď t̂j,̃s
˘

ř

iPs I
`

t̂j´1,̃s ă η̂s̃pXiq ď t̂j,̃s
˘

¸3

j“1

, pt̂j,̃sq
2
j“1

˛

‚

T

is a Z-estimator with the moment functions

ψpθ,tq,ηpy, xq “

¨

˚

˚

˚

˚

˝

yI pt0 ă ηpxq ď t1q ´ θ1I pt0 ă ηpxq ď t1q

yI pt1 ă ηpxq ď t2q ´ θ2I pt1 ă ηpxq ď t2q
yI pt2 ă ηpxq ď t3q ´ θ3I pt2 ă ηpxq ď t3q

I pηpxq ď t1q ´ 1
3

I pηpxq ď t2q ´ 2
3

˛

‹

‹

‹

‹

‚

.

Hence, the final estimators θ̂η̂,Fracj are averages over split-specific estimators as in
(3.2).

Note that the conditions in Theorem 3.1 are met whenever η˚
P pxq is not flat in x.

This condition is testable, for example using the one-sided test for the accuracy in
Figure 1.

B.4.3 Monte Carlo Designs

I simulate outcome and covariates by (i) converting each observed column to rank-
based uniforms U “ rankpXq{pn` 1q, (ii) Gaussianizing to Z “ Φ´1pUq and estimat-
ing the latent normal correlation Σ˚, (iii) drawing Z˚ „ N p0,Σ˚q and mapping back
to uniforms U˚ “ ΦpZ˚q, and (iv) inverting each margin with the empirical CDF of
the corresponding variable. For the correlated design, I modify Σ˚ by multiplying by
3 the first row/column, the one corresponding to the correlation between outcome
and covariates, and use as correlation matrix its nearest positive definite matrix in
case the modified Σ˚ is no longer positive definite. For the uncorrelated design, I
sample covariates the same way, and the outcome is sampled independently from a
binomial distribution with probability 0.07.

B.4.4 Comparison of Top-Bottom Estimates

Figure 5 compares the top minus bottom estimates across datasets and methods,
similar to Figure 1.
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Figure 5: Comparison of Top-Bottom Estimates Across Methods and Datasets

Notes: Left panels show distribution across Monte Carlo iterations of p-values for testing
whether the top tercile has a higher fraction below the poverty line than the bottom tercile.
Vertical red and blue lines are respectively 0.05 and 0.10. Right panels show distribution of
point estimates for the difference between top and bottom terciles. Rows show results for
real data (top), simulations from correlated design (middle), and simulations from uncorre-
lated design (bottom). Methods: RCF (repeated cross-fitting), TTM (twice-the-median),
Seq (sequential aggregation), SS (sample-splitting).
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B.5 Details of Section 7

B.5.1 Covariates Description

Donation History Variables:

• hpa: Highest previous contribution

• freq: Number of prior donations

• years: Number of years since initial donation

• mrm2: Number of months since last donation

Individual Demographics:

• female: Female indicator

State-Level Political Variables:

• cases: Count of court cases between 2002 and 2005 in which the organization
was either a party to or filed a brief

• perbush: State vote share for Bush

• nonlit: Count of incidences relevant to this organization from each state re-
ported in 2004-5 (values range from zero to six) in the organization’s monthly
newsletter to donors

Zip Code Demographics and Economics:

• pwhite: Proportion white within zip code

• pblack: Proportion black within zip code

• page18 39: Proportion age 18-39 within zip code

• ave hh sz: Average household size within zip code

• median hhincome: Median household income within zip code

• powner: Proportion house owner within zip code

• psch atlstba: Proportion who finished college within zip code

• pop propurban: Proportion of population urban within zip code
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B.5.2 Monte Carlo Designs

The designs are explicitly calibrated to the observed data so that simulated covariates
and outcomes are distributionally aligned with the original sample.

Treatment assignment. I draw the treatment assignment indicator from a Bernoulli
distribution with mean 0.5.

Covariates and potential outcome under control. Starting from the observed out-
come and covariate matrix for the control sample, I form pseudo-uniforms for each
column by ranking within sample and scaling, U “ rankpXq{pn`1q. I then Gaus-
sianize to Z “ Φ´1pUq and estimate the latent normal correlation Σ˚ on these Z
(taking the nearest positive definite matrix if needed). To generate synthetic Y p0q

and covariates, I draw Z˚ „ N p0,Σ˚q, map to uniforms U˚ “ ΦpZ˚q, and invert each
margin via the empirical CDF of the corresponding original variable.

Treatment effect. From the original data, I estimate two arm-specific components
as functions of treatment and covariates. The first is a logistic regression for whether
Y “ 0 (no donation), using treatment, covariates and their interactions. The second
is a Poisson regression, with amount of donation as outcome and same variables in
the model. For generating simulated observations, the treatment effect is zero with
probability q0px, y0q ´ q1px, y0q (rounded to zero or one if necessary), where

qdpx, y0q “ p1 ´ πdpxqq P̂ pY ě y0`1 | X“x,D“dq,

with x being the covariates, y0 the value of potential outcome under control, πdpxq

the probability that Y “ 0 coming from the logit model with coefficients associated
with treatment “ 1 being multiplied by 4, and P̂ pY ě y0`1 | X“x,D“dq coming
from the Poisson model with mean multiplied by 0.05. Conditional on the treatment
effect being different from zero, I draw Y p1q from a truncated Poisson distribution
starting at Y p0q with the same mean coming from the Poisson regression.

Final outcome. For the design where treatment effect heterogeneity is predictable,
I generate the observed outcome as Y p1q if treatment is 1, and Y p0q otherwise. For
the design where treatment effect heterogeneity is not predictable, I generate the
entire dataset exactly the same way, but shuffle the treatment assignment indicator
at random as the last step.

B.5.3 Additional Figures and Table

Figure 6 displays results with the real dataset with shuffled treatment indicator (at
random, so treatment effect is constant and equal to zero), and Figure 7 displays re-
sults for the synthetic DGP where there is explainable treatment effect heterogeneity.
Table 4 gives the number of Monte Carlo iterations used for each specification.
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Figure 6: Distribution of p-values for Top - Bottom GATES Groups – Real Data with
Shuffled Treatment Assignment

Notes: Distribution of one-sided p-values for testing whether the top tercile has a larger ATE than
the bottom tercile across Monte Carlo iterations using the real dataset. Rows show different sample
sizes (n “ 2000, 6419), columns show different numbers of folds (K “ 2, 3, 5, 10). Ens. 1, Ens. 2, and
Ens. 4 represent the Ensemble method using respectively 1, 2, and 4 algorithms. Each box represents
the distribution across Monte Carlo iterations with 100 repetitions of sample-splitting per iteration.
Boxplots show the median (center line), interquartile range (box), and whiskers extending to 1.5
times the IQR, with points beyond shown as outliers. Sources of randomness are the subsample
when n “ 2000, which ML algorithms are used, how the data are split, and how the treatment
assignment indicator is shuffled. Red dashed line at 0.1, blue dashed line at 0.05. Specifications
with K “ 10, n “ 2000 are excluded.

B.5.4 Theoretical Properties of Ensemble Approach

I establish the theoretical properties of the ensemble estimator using the CLTs proven
in this paper. I show that when there is detectable heterogeneity, i.e., when the en-
semble weights pβ̂aqAa“1 do not converge to zero, the confidence interval based on
the normal approximation is asymptotically exact. If there is no detectable hetero-
geneity, however, my theoretical result gives no coverage guarantee to the normal
approximation CI. Extensive simulation exercises, including but not limited to those
of Section 7, suggest that the normal approximation CI is actually conservative under
the null hypothesis of no heterogeneity for small values of A and K such as A “ 4
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Figure 7: Distribution of p-values for Top - Bottom GATES Groups – Synthetic DGP
with Heterogeneity

Notes: Distribution of one-sided p-values for testing whether the top tercile has a larger ATE than
the bottom tercile across Monte Carlo iterations using the real dataset. Rows show different sample
sizes (n “ 2000, 6419), columns show different numbers of folds (K “ 2, 3, 5, 10). Ens. 1, Ens. 2,
and Ens. 4 represent the Ensemble method using respectively 1, 2, and 4 algorithms. Each box
represents the distribution across Monte Carlo iterations with 100 repetitions of sample-splitting per
iteration. Boxplots show the median (center line), interquartile range (box), and whiskers extending
to 1.5 times the IQR, with points beyond shown as outliers. Data is generated from a synthetic
DGP where there is explainable treatment effect heterogeneity (Appendix B.5). Red dashed line at
0.1, blue dashed line at 0.05. Specifications with K “ 10, n “ 2000 are excluded.

and K “ 3. Hence, my recommendation for empirical practice is to use the normal
approximation CI with no more than 4 algorithms and 5 folds. I also propose an
adaptive approach using ideas developed in Section 4.2 that is valid even when there
is no detectable heterogeneity, at the cost of having smaller power.

First, I introduce additional notation. Denote the set of splits

S “ psm,kqmPrMs,kPrKs
,

and the set of model η̂ “ pη̂s̃qsPS . I use FP pxq to denote the cdf of the random variable
řA

a“1 β
˚
P aη

˚
P apXq and

F´1
P ppq “ inf tx P X : p ď FP pxqu .
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Table 4: Number of Monte Carlo Iterations by Specification
data n500 n1000 n2000 n6419

Method Data Type K2 K3 K2 K3 K2 K3 K5 K2 K3 K5 K10

CDDF Real (Shuffled) 26,175 6,990 27,585 20,976 16,850 17,050 17,125 13,784 14,029 13,393 11,632
CDDF MC: No HTE 26,109 26,320 26,637 26,211 16,433 15,805 18,756 12,384 12,142 12,376 11,676
CDDF Real Data 23,324 4,327 27,026 12,845 17,204 17,131 8,579 13,765 14,005 13,420 9,417
CDDF MC: With HTE 21,283 18,018 27,783 25,352 17,303 17,120 18,073 13,756 13,545 13,900 11,794
Seq Real (Shuffled) 644 192 670 502 1,316 1,164 1,040 1,054 1,092 1,338 446
Seq MC: No HTE 668 700 760 570 1,182 1,246 1,454 1,230 1,150 1,296 1,214
Seq Real Data 1,154 172 1,342 650 1,134 1,380 568 1,018 1,004 1,430 656
Seq MC: With HTE 508 464 696 622 1,366 1,368 1,248 1,302 1,262 1,320 1,226
Ens. 1 Real (Shuffled) 3,177 901 3,390 2,638 1,969 2,084 1,990 1,493 1,543 1,580 1,505
Ens. 1 MC: No HTE 3,399 3,368 3,327 3,335 2,105 2,057 2,346 1,492 1,537 1,560 1,522
Ens. 1 Real Data 2,871 491 3,372 1,572 2,038 2,014 1,032 1,493 1,614 1,530 1,268
Ens. 1 MC: With HTE 2,744 2,229 3,206 3,132 2,004 2,040 2,091 1,549 1,569 1,563 1,549
Ens. 2 Real (Shuffled) 3,183 841 3,433 2,664 2,096 2,078 1,974 1,543 1,552 1,571 1,485
Ens. 2 MC: No HTE 3,370 3,409 3,417 3,340 2,124 2,003 2,374 1,582 1,538 1,544 1,455
Ens. 2 Real Data 2,865 499 3,269 1,584 2,160 1,999 987 1,574 1,556 1,561 1,265
Ens. 2 MC: With HTE 2,625 2,226 3,429 3,170 2,120 2,052 2,075 1,589 1,585 1,588 1,443
Ens. 4 Real (Shuffled) 3,261 868 3,476 2,512 2,048 2,072 2,035 1,581 1,643 1,511 1,389
Ens. 4 MC: No HTE 3,367 3,405 3,421 3,410 2,069 1,996 2,319 1,524 1,438 1,525 1,420
Ens. 4 Real Data 2,876 546 3,375 1,614 2,052 2,089 991 1,567 1,575 1,506 1,114
Ens. 4 MC: With HTE 2,569 2,196 3,451 3,081 2,050 2,073 2,116 1,591 1,547 1,614 1,484

For some results, I focus on a set Phte Ď P such that
`

F´1
P ptq

˘

PPPhte
is equicontinuous

at points t “ j{J for j “ 1, . . . , J . This is a collection of DGPs where the J quantiles
of the limit predicted ITE

řA
a“1 β

˚
P aη

˚
P apXq are well-defined. This is required so that

the groups defined in (7.6) are well-defined in the limit. Note that F´1
P pj{Jq being

continuous implies that the limit predictor
řA

a“1 β
˚
P aη

˚
P apXq is not flat in X, so this

class essentially excludes DGPs where there is no detectable heterogeneity, that is,
where the true CATE ηP pxq is flat in x.

My first result is that the normal approximation CI is asymptotically exact when
there is detectable heterogeneity. It relies on Assumption B.5, defined in Appendix B.5.6.
It is a mild but technical assumption that requires: (i) the weights β̂ℓ,a have finite lim-
its, (ii) a standard moments condition, (iii) propensity scores are bounded away from
0 and 1, (iv) the variance-covariance matrix of the regressors Z is positive definite,
and (v) the models estimated with ML converge to any limit at any rate.

Theorem B.3. Let Assumption B.5 hold, and let Phte Ď P be such that
`

F´1
P ptq

˘

PPPhte

is equicontinuous at points t “ j{J for j “ 1, . . . , J . Then, for any sequence
pPnqně1 Ď Phte,

Pn

´

δη̂ P

”

δ̂η̂ ´ z1´α{2σ̂η̂, δ̂η̂ ` z1´α{2σ̂η̂

ı¯

Ñ 1 ´ α.
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Although Theorem B.3 does not cover cases when there is no detectable het-
erogeneity, extensive simulation exercises, including but not limited to the ones of
Section 7, suggest that the coverage probability is larger than 1 ´ α in those cases
at least when A ď 4, K ď 5, that is, the CI Theorem B.3 is conservative. Next,
I consider a test for detectable heterogeneity that can be used, for example, when
A ą 4 and/or K ą 5. If the test rejects no detectable heterogeneity, the normal
approximation CI may be used.

B.5.5 A Test for Detectable Heterogeneity

I propose using a version of the test proposed in Section 4.2.1 for testing whether
the models η̂ “ pη̂s̃m,k

q have explanatory power for heterogeneous treatment effects.
Specifically, I first calculate the mean squared of residuals from the BLP regression

Yi “ α1 `

A
ÿ

a“1

βapη̂s̃,apXiq ´ τ̄s,aq rTi ´ ppXiqs ` α2Zi ` εi, i P s (B.25)

with weights ωi “ tppXiq r1 ´ ppXiqsu
´1, τ̄s,a “ |s|´1

ř

iPs η̂s̃,apXiq, for s P S, as in
(7.5) but at the fold level. Denote it by

MSRs “
1

|s|

ÿ

iPs

˜

Yi ´ α̂1,s `

A
ÿ

a“1

β̂a,spη̂s̃,apXiq ´ τ̄s,aq rTi ´ ppXiqs ` α̂2,sZi

¸2

I compare pMSRsqsPS with

MSRb “
1

n

n
ÿ

i“1

pYi ´ α̂1,b ` α̂2,bZiq
2 ,

where α̂1,b and α̂2,b are the estimates from the weighted least squares regression

Yi “ α1 ` α2Zi ` εi, i P 1, . . . , n.

Let Σ̂ be an estimate of the asymptotic variance of
?
n pMSRs ´ MSRbqsPS , and σ̂

2
s

are the entries of the main diagonal. I propose calculating the test-statistic

T̂ “
ÿ

sPS

ˆ

min

"

?
n
MSRs ´ MSRb

σ̂s
, 0

*˙2

.

I establish the validity of this test in Theorem B.4, where ĉ1´α is calculated as in
Section 4.2.1. The result follows from Theorem 4.2.
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Theorem B.4. Let Assumption B.5 hold, and let

P0 “ tP P P : Dc P R, ηP pxq “ cu .

Then, for any sequence pPnqně1 Ď P0,

Pn

´

T̂ ą ĉ1´α

¯

Ñ 1 ´ α.

Denote the normal approximation CI

xCIα,N “

”

δ̂η̂ ´ z1´α{2σ̂η̂, δ̂η̂ ` z1´α{2σ̂η̂

ı

,

and the extended CI
xCIα,ext “ Conv

´

xCIα,N Y t0u

¯

,

where Conv denotes the convex hull, that is, xCIα,ext has all the elements in xCIα,N , 0,
and all elements in between. For a given fixed c̄5 ě 0, denote the final CI

xCIα “

#

xCIα,N , if T̂
1 ą ĉ1´α

xCIα,ext, otherwise,

Theorem B.4 implies that this CI is asymptotically valid pointwise in P P P for
c̄5 “ 0, and uniformly in P P P for any c̄5 ą 0.

B.5.6 Proofs and Extra Definitions

Define X Ď Rdx as the space that contains the covariates X P X for some integer
dx ą 0. Let Y T “ pYiq

n
i“1. For any

d “ pdj,kqjPrJs,kPrKs,

β “ pβℓ,aqℓPrLs,aPrAs,

and η P H, let

HT
η,β,d “

¨

˝Zi,

«

tTi ´ ppXiqu I

˜

dj´1,kpiq ď

A
ÿ

a“1

βℓpiq,aηapXiq ă dj,kpiq

¸ffJ

j“1

˛

‚

n

i“1

.

HT
η̂,β,d “

¨

˝Zi,

«

tTi ´ ppXiqu I

˜

dj´1,kpiq ď

A
ÿ

a“1

βℓpiq,aη̂s̃kpiq,apXiq ă dj,kpiq

¸ffJ

j“1

˛

‚

n

i“1

.
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Ω is the n-by-n diagonal matrix of weights:

Ω “ diagpω1, . . . , ωnq.

β˚
P ℓ,a is the coefficient of the linear projection with weights ω of Y on

rtTi ´ ppXiqu pη˚
P apXq ´ EP rη˚

P apXqsqs
J
j“1

when that is well-defined, and zero otherwise. Note β˚
P ℓ,a is the same for all ℓ since the

limit η˚
P a does not depend on the data. Let FP pxq be the cdf of the random variable

řA
a“1 β

˚
P aη

˚
P apXq and

F´1
P ppq “ inf tx P X : p ď FP pxqu .

Define
d˚
P j,k “ F´1

P pj{Jq.

Similarly, d˚
P j,k is the same for all k.

d̂ “ pd̂j,kqjPrJs,kPrKs,

β̂ “ pβ̂ℓ,aqℓPrLs,aPrAs.

Define θη,β,d and column vector εη,β,d such that

Y “ Hη,β,dθη,β,d ` εη,β,d. (B.26)

θ̂
pmq

η̂,β̂,d̂
“ pα̂,

`

γ̂Jj“1

˘

qT are the estimates from (7.7), and θ
pmq

η̂,β̂,d̂
denotes η̂, β̂, d̂ from the

m-th repetition.

Assumption B.5. The following conditions hold:

(i) For some B “ pBβ ˆ Bdq Ă RLA ˆ RJK with compact Bβ,

ď

PPP
pβ˚

P , d
˚
P q Ď B;

(ii) For some c̄6 ą 0,

sup
PPP

sup
ηPH,pβ,dqPB

EP

”

ˇ

ˇHT
η,β,d,iεη,β,d,i

ˇ

ˇ

2`c̄6
ı

ă 8;

(iii) For some c̄7 ą 0, and all x P X ,

c̄7 ă ppxq ă 1 ´ c̄7;
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(iv) infPPP det pVarP rZsq ą 0.

(v) There exists pη˚
P aqAa“1 such that

EP r|η̃apXq ´ η˚
P apXq| |Ds

P
ÝÑ 0

uniformly in P P P, where η̃a “ AapDq and X K D.

Theorem B.5. Let Assumption B.5 hold, and Phte Ď P be such that
`

F´1
P ptq

˘

PPPhte

is equicontinuous at points t “ j{J for j “ 1, . . . , J . Then,

?
n
´

θ̂η̂,β̂,d̂ ´ θη̂,β̂,d̂

¯

´
?
nEP

”

HT
η˚
P ,β˚

P ,d˚
P
ΩHη˚

P ,β˚
P ,d˚

P

ı´1

HT
η˚
P ,β˚

P ,d˚
P
Ωεη˚

P ,β˚
P ,d˚

P

P
ÝÑ 0

uniformly in P P Phte.

Proof of Theorem B.5. First, note that equicontinuity of
`

F´1
P ptq

˘

PPPhte
implies the

J quantiles groups to be well-defined, which together with Assumption B.5 implies

inf
PPPhte

det
´

HT
η˚
P ,β˚

P ,d˚
P
ΩHη˚

P ,β˚
P ,d˚

P

¯

ą 0.

For each m “ 1, . . . ,M , using (B.26) leads to the decomposition

θ̂
pmq

η̂,β̂,d̂
´ θ

pmq

η̂,β̂,d̂
“

´

HT
η̂,β̂,d̂

ΩHη̂,β̂,d̂

¯´1

HT
η̂,β̂,d̂

Ωεη̂,β̂,d̂.

´

n´1HT
η̂,β̂,d̂

ΩHη̂,β̂,d̂

¯´1
P
ÝÑ EP

”

HT
η˚
P ,β˚

P ,d˚
P
ΩHη˚

P ,β˚
P ,d˚

P

ı´1

by a uniform law of large numbers. The terms in n´1{2HT
η̂,β̂,d̂

Ωεη̂,β̂,d̂ are given by

¨

˝

1
?
n

n
ÿ

i“1

ωiεη̂,β̂,d̂,iZi,

#

1
?
n

n
ÿ

i“1

ωiεη̂,β̂,d̂,i rTi ´ ppXiqs I

˜

d̂j´1,kpiq ď

A
ÿ

a“1

βℓpiq,aη̂s̃kpiq,apXiq ă d̂j,kpiq

¸+J

j“1

˛

‚.

These are split-sample empirical processes as in Theorem E.1, with functions

fpβ,dq,η,1py, h, ωq “ ωpy ´ hT θη,β,dqz

and

fpβ,dq,η,1`jpy, h, k, ℓ, ωq “ ωpy´hT θη,β,dqpt´ppxqqI

˜

dj´1,k ď

A
ÿ

a“1

βℓ,aη̂s̃k,apXiq ă d̂j,k

¸

.
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Step one of the proof of Theorem E.1 gives

sup
pβ,dqPB

∥∥∥n´1{2HT
η̂,β,dΩεη̂,β,d ´ n´1{2HT

η˚
P ,β,dΩεη˚

P ,β,d

∥∥∥ P
ÝÑ 0.

Together with consistency of pβ̂, d̂q to pβ˚
P , d

˚
P q, which follows from a uniform law of

large numbers, this gives

n´1{2HT
η̂,β̂,d̂

Ωεη̂,β̂,d̂ “ n´1{2HT
η˚
P ,β̂,d̂

Ωεη˚
P ,β̂,d̂ ` oP p1q.

Finally, asymptotic equicontinuity in pβ, dq gives

n´1{2HT
η˚
P ,β̂,d̂

Ωεη˚
P ,β̂,d̂ “ n´1{2HT

η˚
P ,β˚

P ,d˚
P
Ωεη˚

P ,β˚
P ,d˚

P
` oP p1q.

Summing over m P M concludes the proof. ■

Proof of Theorem B.3. Follows from Theorem B.5, Lyapunov’s CLT and consistency
of σ̂η̂, which follows by a law of large numbers. ■

Proof of Theorem B.4. Follows directly from Theorem 4.2, noting that

EP rMSRs |̃ss ě EP rMSRbs

always holds when η0,P pxq is flat, since in that case the true coefficients pβaq in
regression (B.25) are all zero. ■

C Modeling Power

I formalize the notion that using a larger sample for training is desirable by the
analyst by introducing the concept of modeling power. This appendix uses notation
introduced in Section 2. I say that an estimator has better modeling power than
another if its collection of splits has a smaller expected loss. Although my results rely
on no assumptions on the training algorithm A other than a mild stability condition
on ApDq, in practice, A typically minimizes some loss function. For example, in
Example 2, logistic regression minimizes log-likelihood, and neural networks minimize
classification error over a class of network architectures. Let η̂R “

`

η̂s̃m,k

˘

mPrMs,kPrKs
,

ℓηpW q be a loss function,

ϕpηq “

ż

ℓηpwqdP pwq

be the loss value of function η, and

ϕpη̂Rq “ pMKq
´1

ÿ

rPR

ÿ

sPr

ϕpη̂s̃q.
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Note that ϕpη̂Rq is equal to the expected value of ϕpη̂sq over s P p̃sm,kqmPrMs,kPrKs

uniformly at random, which is equivalent to the loss value of using a function η̂ that
takes value in η̂R uniformly at random. The expected loss is defined as EP rϕpη̂Rqs.

The expected loss, and thus the modeling power of an estimator depends only on
the sample size used to estimate the functions in η̂R. That is because

EP rϕpη̂Rqs “ pMKq
´1

ÿ

rPR

ÿ

sPr

EP rϕpη̂s̃qs “ EP rϕpη̂ξqs ,

where ξ is a random subset of rns of size n´ b, with b “ n{K if K ą 1, and assuming
that n is a multiple of K for simplicity. If η̂ξ is calculated with the goal of minimizing
the loss ϕpηq with respect to η, it is reasonable to assume that the expected loss
EP rϕpη̂ξqs decreases with the sample size used to calculate η̂ξ. If that is the case, the
expected loss increases with b, since fewer data are used to estimate each η̂s̃m,k

. Hence,
to increase modeling power when K “ 1, one can pick a smaller b (and π). However,
if M̄ ă 8, a smaller b leads to smaller statistical power, since fewer data are used as
evaluation sample at each split. When using cross-fitting, modeling power increases
with K, since b “ n{K. In this case, the returns to increasing K are diminishing.
For example, if K “ 2, η̂s̃m,k

is calculated with 50% of the sample, and this fraction
raises to 90% with K “ 10. If K “ 20, however, the fraction only raises by another
5%. Although a large value of K or small value of π (when K “ 1) lead to better
modelling power, my asymptotic framework takes these quantities as fixed. This
means that the quality of the asymptotic approximation may be poor if K is large
(or π small) relative to the sample size. For example, my asymptotic framework does
not accommodate for leave-one-out cross-fitting, that is, K “ n.

D CLT for Split-Sample Averages

I derive a CLT for split-sample estimators based on sample averages. The objective
is to expose my main result in an accessible setting, and discuss the main insights
of the proof. The result is generalized in Appendix E, where I derive a functional
CLT uniformly over a large set of data generating processes, and in Section 3 where
I prove a CLT for Z-estimators.

The notation follows Section 2. Additionally, let fη : W Ñ R be measurable
functions for η P H, and define

Pfη “

ż

w

fηpwqdP pwq, (D.1)

that is, Pfη is a marginal expectation that takes η as fixed. This is typical notation
in the empirical process literature.
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Example 3 (Revisited). In the probabilistic classifiers example, W “ pY,Xq, η is a
function that predicts the probability of Y “ 1 given X, and

fηpwq “ ηpxqI py “ 1q ` p1 ´ ηpxqqI py “ 0q .

Pfη is the correct classification rate of predictor η.

In this section, I consider estimators of the form

θ̂η̂ “
1

M

ÿ

rPR

1

K

ÿ

sPr

1

b

ÿ

iPs

fη̂s̃pWiq, (D.2)

where R is a collection of M random splits or cross-splits of the sample, K is the
number of folds (K “ 1 denotes sample-splitting), b is the size of each subsample s
(either the chosen subsample size when K “ 1 or the approximate fold size n{K when
K ą 1), and η̂ “ η̂R “ ppη̂s̃qsPrqrPR. I show in Theorem D.1 that θ̂η̂ is

?
n-Gaussian

when centered around its marginal expectation

θη̂ “ P θ̂η̂ “
1

MK

ÿ

rPR

ÿ

sPr

Pfη̂s̃ .

In Example 3, θη̂ is the fraction of individuals correctly classified under a rule that
predicts Y “ 1 with probability

1

MK

ÿ

rPR

ÿ

sPr

η̂s̃pxq

for an individual with characteristics X “ x.
Assumption D.1 establishes sufficient conditions for the CLT in Theorem D.1.

Assumption D.1. (i) For some δ ą 0,

sup
ηPH

EP

”

|fηpW q|
2`δ

ı

ă 8.

(ii) For some η˚ P H and η̃ “ ApDq,

fη̃pwq
P
ÝÑ fη˚pwq

pointwise for every w.
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Assumption D.1(i) is a standard moments condition for CLTs, uniformly over
possible values of η. Assumption D.1(ii) is a mild stability condition on η̃. Impor-
tantly, η̃ is allowed to converge at any rate and to any limit η˚. This condition is
more interpretable but stronger than what I use for proving the more general CLTs
in Appendix E and section 3. Assumption D.1(ii) differs from the typical approach
in the double machine learning literature where faster convergence rates (often n´1{4)
are required for nuisance functions, in a context where the target parameter does not
depend on the estimated model η̂ (e.g., Chernozhukov et al., 2018).

Theorem D.1. Let Assumption D.1 hold. Then,

?
n
´

θ̂η̂ ´ θη̂

¯

⇝ N
`

0, VM̄,KP pfη˚ ´ Pfη˚q
2
˘

,

where

VM̄,K “

#

M̄´1
`

π´1 ` M̄ ´ 1
˘

, if K “ 1 and M̄ ă 8

1, otherwise.

Theorem D.1 can be used to construct confidence intervals with the standard error

σ̂η̂ “
a

VM,K
1

MK

ÿ

rPR

ÿ

sPr

σ̂η̂s̃ ,

where

σ̂2
η̂s̃

“
1

b

ÿ

iPs

˜

fη̂s̃pWiq ´
1

b

ÿ

iPs

fη̂s̃pWiq

¸2

and

VM,K “

#

M´1 pn{b ` M ´ 1q , if K “ 1

1, otherwise.

Theorem D.2. Let Assumption D.1 hold and P pfη˚ ´ Pfη˚q
2

ą 0. Then,

P

ˆ

θη̂ P

„

θ̂η̂ ´ z1´α{2
σ̂η̂
?
n
, θ̂η̂ ` z1´α{2

σ̂η̂
?
n

ȷ˙

Ñ 1 ´ α.

The proof of Theorem D.1 relies on four main insights. I show them for the case
of repeated cross-fitting, assuming that n is a multiple of K for simplicity. I provide
a more detailed proof in Appendix D.1, and a formal proof follows from the more
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general Theorems 3.1 and E.1. The first insight and main argument of the proof is
to show that

?
n
´

θ̂η̂ ´ θη̂

¯

“
?
n

˜

1

n

n
ÿ

i“1

fη˚pWiq ´ Pfη˚

¸

` oP p1q. (D.3)

Once this is established, the result follows from Lyapunov’s CLT, since pfη˚pWiqq
n
i“1

are iid. The second insight is that an application of Markov and Hölder inequalities
gives that a sufficient condition for (D.3) is that

VarP

«

1
?
b

ÿ

iPξ

”

fη̂ξ̃pWiq ´ Pfη̂ξ̃

ı

´ rfη˚pWiq ´ Pfη˚s

ff

Ñ 0, (D.4)

where ξ is a random subset of rns of size b “ n{K and ξ̃ is its complement. The third
insight is that an application of the Law of Total Variance gives

VarP

«

1
?
b

ÿ

iPξ

”

fη̂ξ̃pWiq ´ Pfη̂ξ̃

ı

´ rfη˚pWiq ´ Pfη˚s

ff

“ EP

«

VarP

«

1
?
b

ÿ

iPξ

´

fη̂ξ̃pWiq ´ Pfη̂ξ̃

¯

´ pfη˚pWiq ´ Pfη˚q

ˇ

ˇ

ˇ
Dξ̃

ffff

(D.5)

“ EP

”

VarP

”´

fη̂ξ̃pW q ´ Pfη̂ξ̃

¯

´ pfη˚pW q ´ Pfη˚q

ˇ

ˇ

ˇ
Dξ̃

ıı

. (D.6)

Since the summands in (D.5) are iid conditional on Dξ̃, (D.5) equals (D.6), which does

not rely on the term
?
b. This is the crucial step that enables asymptotic normality

without requiring an assumption on the rate at which fη̂ξ̃pW q converges to fη˚pW q.

The final insight is that Assumption D.1 gives a sufficient condition for (D.6) to
converge to zero. For any ε ą 0,

EP

”

VarP

”´

fη̂ξ̃pW q ´ Pfη̂ξ̃

¯

´ pfη˚pW q ´ Pfη˚q

ˇ

ˇ

ˇ
Dξ̃

ıı

ď EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2
ȷ

“ EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2

I
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ď ε

¯

ȷ

` EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2

I
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

¯

ȷ

,

where the first term is bounded by ε2. By Hölder’s inequality, the second term is
bounded by

EP

„

ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ

2`δ
ȷ

2
2`δ

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

¯
δ

2`δ
.
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The first term above is bounded by Assumption D.1(i), and the second term can be
made arbitrarily small since

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

¯

“ EP

”

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

ˇ

ˇ

ˇ
W

¯ı

converges to zero by the dominated convergence theorem, since

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pwq ´ fη˚pwq

ˇ

ˇ

ˇ
ą ε

ˇ

ˇ

ˇ
W “ w

¯

“ P
´
ˇ

ˇ

ˇ
fη̂ξ̃pwq ´ fη˚pwq

ˇ

ˇ

ˇ
ą ε

¯

Ñ 0

from Assumption D.1(ii) and independence of W and η̂ξ̃. The result follows since ε
can be made arbitrarily small.

D.1 Proofs

Proof of Theorem D.1. I provide a detailed proof for the repeated cross-fitting case
discussed in Appendix D, since that contains the main insights of the proof. A
complete and formal proof follows from the more general Theorem E.1.

The argument consists of showing that

?
n
´

θ̂η̂ ´ θη̂

¯

“
?
n

˜

1

n

n
ÿ

i“1

fη˚pWiq ´ Pfη˚

¸

` oP p1q

and applying Lyapunov’s CLT to the first term on the right side of the equality.
Define hpw, ηq “ rfηpwq ´ Pfηs ´ rfη˚pwq ´ Pfη˚s and note that

?
n
´

θ̂η̂ ´ θη̂

¯

´
?
n

˜

1

n

n
ÿ

i“1

fη˚pWiq ´ Pfη˚

¸

“
?
bK

1

MK

ÿ

rPR

ÿ

sPr

1

b

ÿ

iPs

hpWi, η̂s̃q,
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since b “ n{K for cross-fitting. For any ε ą 0, it holds that

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

?
bK

1

MK

ÿ

rPR

ÿ

sPr

1

b

ÿ

iPs

hpWi, η̂s̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε

¸

ď P

˜ ?
K

MK

ÿ

rPR

ÿ

sPr

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
b

ÿ

iPs

hpWi, η̂s̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε

¸

ď ε´1

?
K

MK

ÿ

rPR

ÿ

sPr

EP

«ˇ

ˇ

ˇ

ˇ

ˇ

1
?
b

ÿ

iPs

hpWi, η̂s̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ff

(D.7)

“ ε´1
?
K EP

«
ˇ

ˇ

ˇ

ˇ

ˇ

1
?
b

ÿ

iPξ

hpWi, η̂ξ̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ff

(D.8)

ď ε´1
?
K EP

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
b

ÿ

iPξ

hpWi, η̂ξ̃q

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl

1{2

(D.9)

“ ε´1
?
K VarP

«

1
?
b

ÿ

iPξ

hpWi, η̂ξ̃q

ff1{2

. (D.10)

(D.7) follows from Markov’s inequality. (D.8) defines ξ as a random subset of rns of
size b, and uses the fact that the expected value does not depend on how the sample
is (randomly) split. (D.9) follows from Hölder’s inequality. (D.10) follows since

EP

“

hpW, η̂ξ̃q
‰

“ EP

”´

fη̂ξ̃pW q ´ Pfη̂ξ̃

¯

´ pfη˚pW q ´ Pfη˚q

ı

“ EP

”

EP

”

fη̂ξ̃pW q ´ Pfη̂ξ̃

ˇ

ˇ

ˇ
Dξ̃

ıı

“ 0

by definition.
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Since K is assumed fixed, it is enough to show that

VarP

«

1
?
b

ÿ

iPξ

hpWi, η̂ξ̃q

ff

“ VarP

«

1
?
b

ÿ

iPξ

´

fη̂ξ̃pWiq ´ Pfη̂ξ̃

¯

´ pfη˚pWiq ´ Pfη˚q

ff

“ EP

«

VarP

«

1
?
b

ÿ

iPξ

´

fη̂ξ̃pWiq ´ Pfη̂ξ̃

¯

´ pfη˚pWiq ´ Pfη˚q

ˇ

ˇ

ˇ
Dξ̃

ffff

(D.11)

“ EP

”

VarP

”´

fη̂ξ̃pW q ´ Pfη̂ξ̃

¯

´ pfη˚pW q ´ Pfη˚q

ˇ

ˇ

ˇ
Dξ̃

ıı

(D.12)

“ EP

”

VarP

”

fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
Dξ̃

ıı

(D.13)

converges to zero. (D.11) follows from the Law of Total Variance, since

EP

”´

fη̂ξ̃pWiq ´ Pfη̂ξ̃

¯

´ pfη˚pWiq ´ Pfη˚q

ˇ

ˇ

ˇ
Dξ̃

ı

“ 0.

(D.12) follows since the observations are iid conditional on Dξ̃.
To show convergence to zero of (D.13), consider the inequality

EP

”

VarP

”

fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
Dξ̃

ıı

ď EP

„

EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2 ˇ
ˇ

ˇ
Dξ̃

ȷȷ

“ EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2
ȷ

.

For any fixed ε ą 0,

EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2
ȷ

“ EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2

I
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ď ε

¯

ȷ

` EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2

I
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

¯

ȷ

.

The first term is bounded by ε2. By Hölder’s inequality,

EP

„

´

fη̂ξ̃pW q ´ fη˚pW q

¯2

I
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

¯

ȷ

ď EP

„

ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ

2`δ
ȷ

2
2`δ

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

¯
δ

2`δ
.
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The first term above is bounded by Assumption D.1(i), and the second term can be
made arbitrarily small since

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

¯

“ EP

”

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
ą ε

ˇ

ˇ

ˇ
W

¯ı

converges to zero by the dominated convergence theorem, since

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pwq ´ fη˚pwq

ˇ

ˇ

ˇ
ą ε

ˇ

ˇ

ˇ
W “ w

¯

“ P
´
ˇ

ˇ

ˇ
fη̂ξ̃pwq ´ fη˚pwq

ˇ

ˇ

ˇ
ą ε

¯

Ñ 0

from Assumption D.1(ii) and independence of W and η̂ξ̃. The result follows since ε
can be made arbitrarily small. ■

Proof of Theorem D.2. Note

σ̂2
η̂s̃

“
1

b

ÿ

iPs

`

fη̂s̃pWiq
2
˘

´

˜

1

b

ÿ

iPs

fη̂s̃pWiq

¸2

.

By a law of large numbers conditional on s̃,

1

b

ÿ

iPs

fη̂s̃pWiq
2

´ EP

“

fη̂s̃pW q
2
|Ds̃

‰ P
ÝÑ 0,

and similarly
1

b

ÿ

iPs

fη̂s̃pWiq ´ EP rfη̂s̃pW q|Ds̃s
P
ÝÑ 0.

Hence,

σ̂2
η̂s̃

´
`

EP

“

fη̂s̃pW q
2
|Ds̃

‰

´ EP rfη̂s̃pW q|Ds̃s
2
˘ P

ÝÑ 0.

Fix ε ą 0 and define hη̂s̃pwq “ |fη̂s̃pW q ´ fη˚pW q|.

EP rhη̂s̃pW q|Ds̃s

“ EP rhη̂s̃pW qI phη̂s̃pW q ď εq |Ds̃s ` EP rhη̂s̃pW qI phη̂s̃pW q ą εq |Ds̃s

ď ε ` EP

“

hη̂s̃pW q
1`δ

|Ds̃

‰
1

1`δ P phη̂s̃pW q ą ε|Ds̃q
δ

1`δ

by Hölder’s inequality. The term EP

“

hη̂s̃pW q1`δ|Ds̃

‰
1

1`δ is bounded by Assump-

tion D.1(i), and I show that P phη̂s̃pW q ą ε|Ds̃q
δ

1`δ converges in probability to zero.
In the proof of Theorem D.1, I established that

EP

”

P
´
ˇ

ˇ

ˇ
fη̂ξ̃pwq ´ fη˚pwq

ˇ

ˇ

ˇ
ą ε

ˇ

ˇ

ˇ
Ds̃

¯ı

“ P
´
ˇ

ˇ

ˇ
fη̂ξ̃pwq ´ fη˚pwq

ˇ

ˇ

ˇ
ą ε

¯

Ñ 0.
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This implies that P
´
ˇ

ˇ

ˇ
fη̂ξ̃pwq ´ fη˚pwq

ˇ

ˇ

ˇ
ą ε

ˇ

ˇ

ˇ
Ds̃

¯

P
ÝÑ 0 since L1 convergence implies

convergence in probability. Hence,

EP

“ˇ

ˇfη̂s̃pW q ´ f˚
η pW q

ˇ

ˇ |Ds̃

‰ P
ÝÑ 0,

which implies

EP rfη̂s̃pW q|Ds̃s ´ EP

“

f˚
η pW q

‰ P
ÝÑ 0.

A similar argument gives

EP

“

fη̂s̃pW q
2
|Ds̃

‰

´ EP

“

f˚
η pW q

2
‰ P

ÝÑ 0.

Combining results implies

σ̂2
η̂s̃

P
ÝÑ P pfη˚ ´ Pfη˚q

2 .

The result follows from Theorem D.1, since VM,K{VM̄,K Ñ 1. ■

E CLT for Split-Sample Empirical Processes

I derive a CLT for empirical processes based on a broad class of split-sample proce-
dures, uniformly over a large class of probability distributions. This section general-
izes Appendix D, which gives a more accessible exposition focusing on the particular
case of sample averages. The CLT of this section can be used to prove asymptotic
normality for a large class of estimators. That is the case for Z-estimators, which I
develop in Section 3. Moreover, this CLT can be used to establish asymptotic consis-
tency of the bootstrap in several applications, following, for example, the arguments
in Chapter 3.7 of van der Vaart and Wellner (2023).

The notation follows Section 2. Let P be a set of probability distributions, and
D “ tWiuiPrns, the dataset, be an iid sample of W „ P P P . I denote the expected
value under P P P by EP , and the variance by VarP . Given a set T , let ft,η : W Ñ R
be measurable functions for t P T and η P H, with H defined as in Section 2,

and let Fη “ tft,η : t P T u. η̂ “ η̂R “
`

η̂s̃m,k

˘

mPrMs,kPrKs
, ∥f∥Q,r “

`ş

|f |rdQ
˘1{r

,

LrpQq “ ∥¨∥Q,r, and Q denotes all finitely discrete probability distributions. I use |x|

to denote cardinality when x is a set and absolute value when x is scalar. I denote
by N and Nr s respectively the covering and bracketing numbers, as in Definitions
2.1.5 and 2.1.6 of van der Vaart and Wellner (2023). For s Ď rns, define the empirical
measure

Psft,η “
1

|s|

ÿ

iPs

ft,ηpWiq,
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the marginal expectation

Pft,η “

ż

w

ft,ηpwqdP pwq,

and the empirical process

Gn,η̂ptq “
?
n
1

M

ÿ

rPR

1

K

ÿ

sPr

pPsft,η̂s̃ ´ Pft,η̂s̃q .

I establish below sufficient conditions for the CLT for split-sample empirical pro-
cesses, presented in Theorem E.1.

Assumption E.1. The following conditions hold:

(i) T is totally bounded for some semimetric ρ;

(ii) For every η P H and t P T , ft,η is measurable;

(iii) For all η P H, there exists a measurable envelope function Fη; That is, Fη :
W Ñ R is such that |ft,ηpwq| ď Fηpwq ă 8 for all t P T and w P W;

(iv) limBÑ8 supPPP supηPH EP rFηpW q2I pFηpW q ą Bqs “ 0;

(v) For every δn Ó 0,

sup
PPP

sup
ηPH

sup
ρpt,t1qăδn

EP

“

pft,ηpW q ´ ft1,ηpW qq
2
‰

Ñ 0;

(vi) One of the following conditions holds for all δn Ó 0:

sup
ηPH

sup
QPQ

ż δn

0

b

logN pε,Fη, L2pQqqdε Ñ 0, (E.1)

or

sup
PPP

sup
ηPH

ż δn

0

b

logNr s pε,Fη, L2pP qqdε Ñ 0; (E.2)

Assumption E.2. There exists η˚
P P H such that for η̃ “ ApDq, W K D, and every

t P T ,

VarP

”

ft,η̃pW q ´ ft,η˚
P

pW q

ˇ

ˇ

ˇ
D
ı

P
ÝÑ 0

uniformly in P P P.
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Although technical, Assumption E.1 is a weak condition that is satisfied in many
applications. Assumption E.1(i) through E.1(vi) are standard Donsker conditions in
the literature of weak convergence of empirical processes (e.g., van der Vaart and
Wellner, 2023), generalized for the presence of the functions η P H. In fact, if T “ ttu
and P “ tP u are singletons, these conditions are implied by the “2`δ” moments con-
dition in Assumption D.1(i) (Proposition H.1). These assumptions are standard for
proving functional CLTs by limiting the complexity of the sets T and Fη. In addition
to ensuring that each set Fη is Donsker, Assumption E.1 requires that the inequal-
ities and convergences be uniform in η P H. Importantly, Assumption E.1(vi) does
not restrict the complexity of the class H, and it does not imply the much stronger
condition that

Ť

ηPH Fη is Donsker. In applications, except for the restrictions on
P , Assumption E.1(i) through Assumption E.1(vi) are verifiable since they depend
only on the choices of T and Fη, and typically do not depend on how η is calcu-
lated. The assumptions on P involve the mild uniform square integrability condition
Assumption E.1(iv), and the smoothness condition Assumption E.1(v).

Assumptions Assumption E.1(i) through Assumption E.1(vi) give standard con-
ditions for a CLT when R consists of a single sample split. The proof for the case
of multiple splits relies on the additional Assumption E.2. This is a weak stability
condition that requires η̃ to converge at any rate to any function η˚

P , which is allowed
to depend on P . If T and P are singletons, this is implied by Assumption D.1(ii)
(Proposition H.1). Note that the requirement is pointwise in t P T , and it holds, for

example, if ft,η̃pwq
P
ÝÑ ft,η˚

P
pwq for almost all w P W .

Theorem E.1. (CLT for split-sample empirical processes)
Let Assumptions E.1 and E.2 hold. Then, the sequence Gn,η̂ is asymptotically ρ-
equicontinuous uniformly in P P P and

sup
tPT

ˇ

ˇ

ˇ
Gn,η̂ptq ´ Gn,η˚

P
ptq

ˇ

ˇ

ˇ

P
ÝÑ 0

uniformly in P P P, where

Gn,η˚
P

ptq “
?
n
1

M

ÿ

rPR

1

K

ÿ

sPr

´

Psft,η˚
P

´ Pft,η˚
P

¯

.

For any sequence pPnqně1 Ď P such that, for every t, t1 P T ,

EPn

”´

ft,η˚
Pn

pW q ´ Pnft,η˚
Pn

¯´

ft1,η˚
Pn

pW q ´ Pnft1,η˚
Pn

¯ı

Ñ σt,t1 , (E.3)

for some σt,t1,
Gn,η̂ ⇝ Gη˚
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in ℓ8pT q, where Gη˚ is a tight Gaussian process. Moreover, the covariance function
of Gη˚ is given by VM̄,Kσt,t1, where

VM̄,K “

#

M̄´1
`

π´1 ` M̄ ´ 1
˘

, if K “ 1 and M̄ ă 8

1, otherwise.

To the best of my knowledge, this appears to be the first central limit theorem for
empirical processes that average over multiple splits of the sample. This result enables
asymptotic inference for a large class of split-sample estimators. For example, com-
bined with the functional delta method, it immediately implies asymptotic normality
of Hadamard differentiable functionals of the split-sample empirical measure

?
n
1

M

ÿ

rPR

1

K

ÿ

sPr

Psft,η̂s̃ .

In Section 3, I use Theorem E.1 as a building block to prove asymptotic normality of
split-sample Z-estimators, a broad class that cover many if not most estimators used
in practice, including the ones in Section 6.

E.1 Proofs

Lemma E.1. Let Assumptions Assumption E.1(i) through Assumption E.1(vi) hold,
pηnqně1 Ď H be a deterministic sequence, pPnqně1 Ď P, and s Ď rns be a random
(uniformly) subset of rns such that |s| Ñ 8 as n Ñ 8. Define

Xn,sptq “
1

a

|s|

ÿ

iPs

pft,ηnpWiq ´ Pnft,ηnq

Then, the sequence Xn,s is asymptotically ρ-equicontinuous.

Proof of Lemma E.1.
The result follows from an application of Theorems 2.11.1 and 2.11.9 in van der Vaart
and Wellner (2023), respectively for when conditions (E.1) and (E.2) hold. Their
notation is adapted with mn “ |s|, F “ T , and Zniptq “ |s|´1{2ft,ηnpWiq, where it is
implicit in the notation that Wi „ Pn (alternatively, one could denote Wni instead
of Wi). The presence of the suprema over P P P and η P H guarantee that the
conditions in those theorems hold for any sequences pηnqně1 and pPnqně1. ■
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Lemma E.2. Let Assumptions Assumption E.1(i) through Assumption E.1(vi) hold,
and s Ď rns be a random (uniformly) subset such that |s| Ñ 8 as n Ñ 8. Define

Xn,s,ηptq “
1

a

|s|

ÿ

iPs

pft,ηpWiq ´ Pft,ηq .

Then, the sequence Xn,s,η̂s̃ is asymptotically ρ-equicontinuous uniformly in P P P.

Proof of Lemma E.2. Let Fη,δ “ tf ´ g : f, g P Fη, ρpf, gq ă δu and ε ą 0.

sup
PPP

P
´

∥Xn,s,η̂s̃∥Fη̂̃s,δ
ą ε

¯

“ sup
PPP

ż

Ds,Ds̃

I
´∥∥Xn,s,η̂s̃pDs̃qpDsq

∥∥
Fη̂̃spDs̃q,δ

ą ε
¯

dP pDs, Ds̃q (E.4)

“ sup
PPP

ż

Ds̃

„
ż

Ds

I
´∥∥Xn,s,η̂s̃pDs̃qpDsq

∥∥
Fη̂̃spDs̃q,δ

ą ε
¯

dP pDsq

ȷ

dP pDs̃q (E.5)

ď sup
PPP

ż

Ds̃

sup
ηPH

„
ż

Ds

I
´

∥Xn,s,ηpDsq∥Fη,δ
ą ε

¯

dP pDsq

ȷ

dP pDs̃q

“ sup
PPP

sup
ηPH

„
ż

Ds

I
´

∥Xn,s,ηpDsq∥Fη,δ
ą ε

¯

dP pDsq

ȷ

“ sup
PPP

sup
ηPH

P
´

∥Xn,s,ηpDsq∥Fη,δ
ą ε

¯

,

where (E.4) makes explicit the dependence of Xn,s,η̂s̃ on the subsample Ds and of η̂s̃
on Ds̃, and (E.5) uses the fact that the split is random and Ds, Ds̃ are independent.

Hence, for an arbitrary δn Ó 0, supPPP P
´

∥Xn,s,η̂s̃∥Fη̂̃s,δn
ą ε

¯

Ñ 0 follows from

sup
PPP

P
´

∥Xn,s,ηnpDsq∥Fηn,δn
ą ε

¯

Ñ 0

for any deterministic pηnqně1 Ď H, which is established in Lemma E.1. ■

Proof of Theorem E.1.
The proof is divided into three main steps. First, I show that

sup
tPT

ˇ

ˇ

ˇ
Gn,η̂ptq ´ Gn,η˚

P
ptq

ˇ

ˇ

ˇ

P
ÝÑ 0

uniformly in P P P . Second, I show that Gn,η˚
P
is asymptotically ρ-equicontinuous.

Finally, I prove the Gaussian limit of pGn,η˚
P

ptqqtPT 1 for any finite T 1 Ď T .
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Step one. Let htpw, ηq “ rft,ηpwq ´ Pft,ηs ´

”

ft,η˚
P

pwq ´ Pft,η˚
P

ı

, πn “ b{n, and fix

ε ą 0. It follows that

sup
PPP

P

ˆ

sup
tPT

ˇ

ˇ

ˇ
Gn,η̂ptq ´ Gn,η˚

P
ptq

ˇ

ˇ

ˇ
ą ε

˙

“ sup
PPP

P

˜

sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

?
n

1

MK

ÿ

rPR

ÿ

sPr

1

b

ÿ

iPs

htpWi, η̂s̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε

¸

ď sup
PPP

P

˜

1

MK

ÿ

rPR

ÿ

sPr

sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

?
n

b

ÿ

iPs

htpWi, η̂s̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε

¸

ď ε´1 1

MK

ÿ

rPR

ÿ

sPr

sup
PPP

EP

«

sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

?
n

b

ÿ

iPs

htpWi, η̂s̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ff

(E.6)

“ ε´1 sup
PPP

EP

«

sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

?
n

b

ÿ

iPξ

htpWi, η̂ξ̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ff

(E.7)

“ ε´1π´1{2
n sup

PPP
EP

«

sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
b

ÿ

iPξ

htpWi, η̂ξ̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ff

, (E.8)

where (E.6) follows from Markov’s inequality, and (E.7) defines ξ as a random subset
of rns (uniformly over all subsets).

Since πn Ñ π P p0, 1q, (E.8) converges to zero if the term inside the expecta-
tion convergences in probability to zero uniformly in P P P , since it is uniformly
integrable (by Assumption E.1(iv)). This follows from stochastic equicontinuity of
1?
b

ř

iPξ htpWi, η̂ξ̃q (as a process indexed by t P T ) and pointwise convergence in t, by

applying Theorem 22.9 in Davidson (2021). Stochastic equicontinuity follows since

1
?
b

ÿ

iPξ

htpWi, η̂ξ̃q “
1

?
b

ÿ

iPξ

”

ft,η̂ξ̃pWiq ´ Pft,η̂ξ̃

ı

´
1

?
b

ÿ

iPξ

”

ft,η˚
P

pWiq ´ Pft,η˚
P

ı

is a sum of two stochastically equicontinuous processes, respectively by Lemma E.2
and Lemma E.1. For pointwise convergence, I show that the variance converges to
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zero, and note htpw, ηq is mean zero by construction. For an arbitrary t P T ,

sup
PPP

VarP

«

1
?
b

ÿ

iPξ

htpWi, η̂ξ̃q

ff

“ sup
PPP

VarP

«

1
?
b

ÿ

iPξ

´

ft,η̂ξ̃pWiq ´ Pft,η̂ξ̃

¯

´

´

ft,η˚
P

pWiq ´ Pft,η˚
P

¯

ff

“ sup
PPP

EP

«

VarP

«

1
?
b

ÿ

iPξ

´

ft,η̂ξ̃pWiq ´ Pft,η̂ξ̃

¯

´

´

ft,η˚
P

pWiq ´ Pft,η˚
P

¯

ˇ

ˇ

ˇ

ˇ

ˇ

Dξ̃

ffff

(E.9)

“ sup
PPP

EP

«

VarP

«

´

ft,η̂ξ̃pW q ´ Pft,η̂ξ̃

¯

´

´

ft,η˚
P

pW q ´ Pft,η˚
P

¯

ˇ

ˇ

ˇ

ˇ

ˇ

Dξ̃

ffff

(E.10)

“ sup
PPP

EP

«

VarP

«

ft,η̂ξ̃pW q ´ ft,η˚
P

pW q

ˇ

ˇ

ˇ

ˇ

ˇ

Dξ̃

ffff

,

where (E.9) uses the Law of Total Variance and the fact that EP

“

htpWi, η̂ξ̃q|Dξ̃

‰

“ 0,
and (E.10) follows since the summands are iid conditional on Dξ̃. Finally, the last
term converges to zero from Assumption E.2. Note that since ft,η are uniformly
square integrable by Assumption E.1(iv), convergence in probability of the conditional
variance implies its convergence in L1.

Step two. Let λi “ pπnMKq´1
ˇ

ˇ

ˇ

!

s P tsm,kumPrMs,kPrKs
: i P s

)
ˇ

ˇ

ˇ
and note that

Gn,η˚
P

ptq “
1

?
n

n
ÿ

i“1

λi

´

ft,η˚
P

pWiq ´ Pft,η˚
P

¯

.

Let λ “ pλiqiPrns
, Fη˚

P ,δ “

!

f ´ g : f, g P Fη˚
P
, ρpf, gq ă δ

)

, ε ą 0, and δn Ó 0.

sup
PPP

P

˜∥∥∥Gn,η˚
P

∥∥∥
F

η˚
P

,δn

ą ε

¸

“ sup
PPP

EP

«

P

˜∥∥∥Gn,η˚
P

∥∥∥
F

η˚
P

,δn

ą ε
ˇ

ˇ

ˇ
λ

¸ff

ď sup
λ:λiďπ´1

n

sup
PPP

P

˜∥∥∥Gn,η˚
P

∥∥∥
F

η˚
P

,δn

ą ε
ˇ

ˇ

ˇ
λ

¸

.

The last term converges to zero from asymptotic equicontinuity of 1?
n

řn
i“1 λn,i

´

ft,η˚
Pn

pWiq ´ Pft,η˚
Pn

¯

for arbitrary sequences pPnqně1 Ď P and pλn,iqně1,iPrns satisfying λn,i ď π´1
n for all

n, i. Asymptotic equicontinuity can be verified under Assumption E.1, for example,
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by applying Theorem 2.11.1 (when (E.1) holds) and Theorem 2.11.9 (when (E.2)
holds) of van der Vaart and Wellner (2023). Their notation is adapted with mn “ n,
F “ T , and Zniptq “ n´1{2λn,ift,η˚

Pn
pWiq, where it is implicit in the notation that

Wi „ Pn (alternatively, one could denote Wni instead of Wi). For γ ą 0, note that

EP

„

sup
tPT

´

n´1{2λn,ift,η˚
Pn

pWiq

¯2

I
ˆ

sup
tPT

ˇ

ˇ

ˇ
n´1{2λn,ift,η˚

Pn
pWiq

ˇ

ˇ

ˇ
ą γ

˙ȷ

ď π´2
n EP

„

sup
tPT

´

n´1{2ft,η˚
Pn

pWiq

¯2

I
ˆ

sup
tPT

ˇ

ˇ

ˇ
n´1{2π´1

n ft,η˚
Pn

pWiq

ˇ

ˇ

ˇ
ą γ

˙ȷ

,

and
´

n´1{2λn,ift,η˚
Pn

pWiq ´ n´1{2λn,ift1,η˚
Pn

pWiq

¯2

ď π´2
n

´

n´1{2ft,η˚
Pn

pWiq ´ n´1{2ft1,η˚
Pn

pWiq

¯2

,

for any t, t1 P T , n, and i P rns.

Step three. If K ą 1, λi “ 1 for all i, and the Gaussian limit follows from Linde-
berg’s CLT and the Cramér-Wold device, using Assumption E.1(iv).

For K “ 1 and M̄ ă 8, let

Mi “

ˇ

ˇ

ˇ

!

s P tsm,kumPrMs,kPrKs
: i P s

)ˇ

ˇ

ˇ
,

so λi “ pπnMq´1Mi.

VarPn

”

Gn,η˚
P

ptq | λ
ı

“ EPn

„

´

ft,η˚
Pn

pW q ´ Pnft,η˚
Pn

¯2
ȷ

1

n

n
ÿ

i“1

λ2i .

Without loss of generality, let M “ M̄ .

1

n

n
ÿ

i“1

λ2i “
1

π2
nM̄

2

M̄
ÿ

j“1

j2
1

n

n
ÿ

i“1

I pMi “ jq .

In Lemma H.1, I show that

1

n

n
ÿ

i“1

I pMi “ jq
Pn
ÝÑ

ˆ

M̄

j

˙

πj
p1 ´ πq

M̄´j.

Hence,

M̄
ÿ

j“1

j2
1

n

n
ÿ

i“1

I pMi “ jq
Pn
ÝÑ

M̄
ÿ

j“1

j2
ˆ

M̄

j

˙

πj
p1 ´ πq

M̄´j
“ πp1 ´ πqM̄ ` pπM̄q

2,
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since the sum in the right is the second moment of a binomial distribution with
parameters M̄ and π. Collecting the results,

1

n

n
ÿ

i“1

λ2i
Pn
ÝÑ 1 ` p1 ´ πqπ´1M´1.

The Gaussian limit follows from Lindeberg’s CLT conditional on λ and the dominated
convergence theorem, and the Cramér-Wold device.

Finally, let K “ 1 and M̄ “ 8. I show that

1
?
n

n
ÿ

i“1

λi

´

ft,η˚
Pn

pWiq ´ Pnft,η˚
Pn

¯

´
1

?
n

n
ÿ

i“1

´

ft,η˚
Pn

pWiq ´ Pnft,η˚
Pn

¯

(E.11)

converges to zero in L2. For the mean,

EPn

«

1
?
n

n
ÿ

i“1

pλi ´ 1q

´

ft,η˚
Pn

pWiq ´ Pnft,η˚
Pn

¯

ff

“
?
nEPn

”

pλ1 ´ 1q

´

ft,η˚
Pn

pW1q ´ Pnft,η˚
Pn

¯ı

“
?
nEPn

„

pλ1 ´ 1q EPn

”

ft,η˚
Pn

pW1q ´ Pnft,η˚
Pn

ˇ

ˇ

ˇ
λ1

ı

looooooooooooooooooomooooooooooooooooooon

“0

ȷ

.

For the variance,

VarPn

«

1
?
n

n
ÿ

i“1

pλi ´ 1q

´

ft,η˚
Pn

pWiq ´ Pnft,η˚
Pn

¯

ff

“ EPn

«

VarPn

«

1
?
n

n
ÿ

i“1

pλi ´ 1q

´

ft,η˚
Pn

pWiq ´ Pnft,η˚
Pn

¯

ˇ

ˇ

ˇ

ˇ

ˇ

λ

ffff

“ VarPn

”

ft,η˚
Pn

pWiq ´ Pnft,η˚
Pn

ı

EPn

«

1

n

n
ÿ

i“1

pλi ´ 1q
2

ff

“ VarPn

”

ft,η˚
Pn

pWiq ´ Pnft,η˚
Pn

ı

EPn

“

pλ1 ´ 1q
2
‰

,

where the first equality follows since EPn

”

ft,η˚
Pn

pW q ´ Pnft,η˚
Pn

ˇ

ˇ

ˇ
λ
ı

“ 0 by the Law

of Total Variance, and the second equality since the summands are iid conditional on
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λ. Since λ1 ´ 1 is bounded, EPn

“

pλ1 ´ 1q
2
‰

Ñ 0 if λ1
Pn
ÝÑ 1, which follows from

λ1 “ pπnMq
´1M1

“ pπnq
´1 1

M

M
ÿ

m“1

I p1 P sm,1q
Pn
ÝÑ 1

by a law of large numbers, since EPn rI p1 P sm,1qs “ Pnp1 P sm,1q “ πn and splits
are independent. Finally, the Gaussian limit follows from Lindeberg’s CLT and the
Cramér-Wold device. ■

F Inference with Fast Converging Moments

Consider the setting of Section 4.1. The normal approximation CI (4.3) may not cover
hpθη̂q with nominal probability when the variance of any moment function evaluated
at the limit parameter θη˚

P
is 0, that is,

VarP

”

ψθ
η˚
P
,η˚

P ,jpW q

ı

“ 0 (F.1)

for any j P r1, . . . , ds. If that happens, either σ2
η˚
P

“ 0, 9Ψη˚
P
is not invertible, or both.

If σ2
η˚
P

“ 0, (4.1) implies that the centered estimator multiplied by
?
n converges in

probability to zero, and the normal approximation in (4.3) may not be accurate. Sim-
ilarly, if 9Ψη˚

P
is not invertible, V ˚

η˚
P
is not well-defined, and the normal approximation

may be inaccurate. In this subsection, I provide an approach to inference on θη̂ that
is general in considering the class of Z-estimators in Section 3.

I explore the fact that (F.1) implies that the empirical moment equation evaluated
at θη̂ converges faster than the typical

?
n rate to construct a confidence interval for θη̂

that is uniformly asymptotically valid regardless of whether (F.1) happens or not. The
issue discussed in this section is not important for every application. First, I discuss
examples of when one may or may not comfortably assume that (F.1) does not hold.
Then, I propose a confidence interval, prove its uniform asymptotic validity, and
characterize its power properties. I focus on the estimator θ̂η̂ “ θ̂

p2q

η̂ from Section 3,

and the results can be extended to θ̂
p1q

η̂ and θ̂
p3q

η̂ using similar techniques.

F.1 Examples

In many cases, the researcher can safely assume that (F.1) does not happen, depending
on the setup and definition of ψθ,η. In other cases, as in Section 7, (F.1) can happen
under one of the main hypotheses of interest. I present examples of both cases below.
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Example 2 (Revisited). In Example 2, W “ pY,Xq, Y is binary, and η̂ : X Ñ t0, 1u

is a predictor of Y using covariates X. The parameter of interest is a split-sample
Z-estimand with ψθ,ηpy, xq “ I py “ ηpxqq ´ θ:

θη̂ “
1

MK

ÿ

rPR

ÿ

sPr

ż

I py “ η̂s̃pxqq dP py, xq.

The variance

VarP

”

ψθ
η˚
P
,η˚

P
pY,Xq

ı

“ P pY “ η˚
P pXqq r1 ´ P pY “ η˚

P pXqqs

is positive unless η˚
P pXq always predicts Y correctly or always incorrectly. In practice,

predictive algorithms rarely have a near perfect (or imperfect) performance, and in
many cases the researcher can confidently assume VarP rψθ

η˚
P
,η˚

P
pY,Xqs ą 0.

Example 9. Consider a dataset with covariates X, a mean zero continuous outcome
Y P R, and the goal of assessing whether a predictor η̂pXq has predictive power for
Y . One way of assessing predictive power for Y is by conducting inference on the
covariance

θη̂ “
1

MK

ÿ

rPR

ÿ

sPr

ż

yη̂s̃pxqdP py, xq.

θη̂ is a Z-estimand with moment function ψθ,ηpy, xq “ yηpxq´θ, and its limit variance
is

VarP

”

ψθ
η˚
P
,η˚

P
pY,Xq

ı

“ VarP rY η˚
P pXqs .

Let η˚pxq “ E rY |X “ xs be the limit of η̂pxq. If X has no predictive power for Y ,
for example because Y and X are independent, η˚pxq “ 0, and VarP rY η˚

P pXqs “ 0.
Hence, the CI in (4.3) may fail to achieve nominal coverage asymptotically.

Remark F.1. When VarP rψθ
η˚
P
,η˚

P
pY,Xqs “ 0, the asymptotic distribution of θ̂η̂ may

depend on the specific structure of how η̂ is calculated. Let Y be a mean zero scalar
random variable, K “ 2, M “ 1, and ps, s̃q be a 2-fold cross-split of the data of equal
sizes. Let ψθ,η̂s̃pyq “ yȳds̃ ´ θ for some odd positive d, where ȳs̃ “ 1

|̃s|

ř

iPs̃ Yi. Then,

θ̂η̂ “ 1
2

`

ȳsȳ
d
s̃ ` ȳs̃ȳ

d
s

˘

and n1{2`d{2θ̂η̂ “ 1
2

`

p
?
nȳsqp

?
nȳs̃q

d ` p
?
nȳs̃qp

?
nȳsq

d
˘

, which
follows a non-trivial distribution that depends on d. If, for example, d “ 3, p

?
nȳsq

d

is approximately distributed as the cube of a standard normal distribution, and d “ 5
leads to a different distribution. Moreover, the dependence between p

?
nȳsqp

?
nȳs̃q

d

and p
?
nȳs̃qp

?
nȳsq

d is not trivial.
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F.2 An Adaptive Confidence Interval

I show how to construct a confidence interval Ĉ1´α that satisfies

lim
nÑ8

inf
PPP

P pθη̂ P Ĉ1´αq “ 1 ´ α,

regardless of whether (F.1) may hold or not, by introducing a tuning parameter.
In Section 4.2 and Appendix B.5, I propose a different approach for the particular
cases of inference on comparisons between models and in the Generic ML context
of Chernozhukov et al. (2025b), which explicitly account for the dependence across
splits.

I construct Ĉ1´α by inverting the test

#

H0,η̂ : hpθη̂q “ τ

HA,η̂ : hpθη̂q ‰ τ,
(F.2)

that is, Ĉ1´α contains all values of τ for which the null hypothesis is not rejected at
significance level α. My approach consists of a data-driven procedure to choose one of
two p-values for testing (F.2): pcpτq or pepτq. pcpτq is a conservative p-value, meant
to be valid when (F.1) holds, that is, the p-value a researcher would use if they knew
(F.1) were true. pepτq is an exact p-value, coming from the normal approximation
(4.3), as it achieves exact nominal coverage in large samples when (F.1) does not
hold. Hence, I test (F.2) with the p-value pepτq when the data suggest that the
empirical moment equations are away from zero, and with pcpτq otherwise. The idea
of using different tests based on pre-testing some condition (in this case, whether
the empirical moment equations are away from zero), is similar to Shi (2015), in the
context of moment inequalities. Specifically,

pepτq “ 2Φ

¨

˝´

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

?
n
´

hpθ̂η̂q ´ τ
¯

σ̂η̂

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˛

‚,

Ψ̂minpτq “ min
jPrds

ˇ

ˇ

ˇ

ˇ

ˇ

1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃,jpτq

ˇ

ˇ

ˇ

ˇ

ˇ

,

Ψ̂pτq “

∥∥∥∥∥ 1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pτq

∥∥∥∥∥ ,
anpτq “ I

´

Ψ̂minpτqΨ̂pτq ą γn

¯

,

ppτq “ anpτqpepτq ` r1 ´ anpτqs pcpτq,
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Ĉ1´α “ tτ P R : ppτq ď αu .

The idea behind an is that
?
nΨ̂minpτq

P
ÝÑ 0 when VarP rψθ

η˚
P
,η˚

P
pW qs “ 0. The se-

quence γn is a tuning parameter that should ideally be specified before the data
analysis. The properties of γn and pcpτq are specified in Assumption F.1 below.

Assumption F.1. The following conditions hold:

(i) supPPP P ppcpθη̂q ď αq ď α;

(ii) nγn Ñ γ P p0,8q;

(iii) The set P can be decomposed as P “ P`

Ť

P0, where

(a) For every ε ą 0,

sup
PPP`

sup∥∥∥∥θ´θ
η˚
P

∥∥∥∥ąε

´

∥∥∥Ψη˚
P

pθq

∥∥∥ ă 0 “

∥∥∥Ψη˚
P

pθη˚
P

q

∥∥∥ ,
Ψη is differentiable at θη for η P H, and for some c̄1 ą 0,

inf
PPP`

ˇ

ˇ

ˇ
det

´

9Ψη˚
P

¯
ˇ

ˇ

ˇ
ě c̄1;

(b) supPPP0

∥∥∥Ψη˚
P

pθη˚
P

q

∥∥∥ “ 0, θη̂
P
ÝÑ θη˚

P
for some θη˚

P
P Θ1 uniformly in P P P0,

and supPPP0
minjPrds VarP

”

ψθ
η˚
P
,η˚

P ,jpW q

ı

“ 0.

Assumption F.1(i) requires the p-value pcpτq to be valid, even if conservative,
including when VarP rψθ

η˚
P
,η˚

P
pW qs “ 0. Constructing pcpτq is context-specific, but a

conservative, trivially valid option is pcpτq “ 1. Note that this option does not lead to
an unbounded CI since anpτq “ 1 with probability approaching one for values of τ far
from θη̂. Assumption F.1(ii) requires γn to converge to zero at the n´1 rate. Assump-
tion F.1(iii) substitutes and weakens Assumption B.1(iii) and Assumption B.1(v). It
allows 9Ψη˚

P
to be singular and ∥Ψη˚

P
pθq∥ “ 0 to have multiple solutions for θ when the

variance of ψθ
η˚
P
,η˚

P ,jpW q is zero for some j. Valid inference is achieved in these cases

since an “ 0 with probability approaching one. Note that Assumption B.1(iii) and
Assumption B.1(v) imply Assumption F.1(iii) since P “ P`, and if

inf
PPP

min
jPrds

VarP

”

ψθ
η˚
P
,η˚

P ,jpW q

ı

ą 0,

Assumption F.1(iii) implies both Assumption B.1(iii) and Assumption B.1(v). I es-
tablish the uniform asymptotic validity of Ĉ1´α, and explore its power properties.
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Theorem F.1. (Uniform Asymptotic Validity of Ĉ1´α)
Let Assumptions B.1(i)-B.1(iv) and F.1 hold. Then,

lim inf
nÑ8

inf
PPP

P pθη̂ P Ĉ1´αq ě 1 ´ α.

I show that the hypothesis test (F.2), where H0,η̂ is rejected if ppτq ą α, has
power approaching 1 for fixed alternatives and non-trivial power for some sequences
of local alternative hypotheses. I compare my test with an oracle test that correctly
picks pepτq or pcpτq depending on the asymptotic behavior of θ̂η̂. In order to study
local power, I consider sequences pPnqně1 Ď P under different regimes for the limit
behavior of

?
n ∥θη̂ ´ τ∥ and the variance of ψθ

η˚
Pn

,η˚
Pn

pW q. Let

v2n “ min
jPrds

VarPn

„

ψθ
η˚
Pn

,η˚
Pn

,jpW q

ȷ

.

The oracle test is defined by

p˚
pτq “

#

pcpτq, if vn Ñ 0 and
?
n ∥θη̂ ´ τ∥ “ OPnp1q,

pepτq, otherwise.

This test is infeasible since it depends on the sequence of DGPs pPnqně1. For the
different regimes, I compare the limits

πα “ lim
nÑ8

Pn pppτq ď αq ,

π˚
α “ lim

nÑ8
Pn pp˚

pτq ď αq .

Theorem F.2. Let Assumption B.1(i)-Assumption B.1(iv) and Assumption F.1 hold,
τ P R, α P p0, 1q, and pPnqně1 be a sequence such that the limits v, πα and π˚

α

exist. Assume pcpτq is an independent Bernoulli random variable taking value 0 with
probability α and 1 with probability 1 ´ α (that is, it rejects the null with probability
α). Then, the relationships in Table 5 hold, where each row defines a separate regime
for

?
n ∥θη̂ ´ τ∥.

F.3 Proofs and Extra Definitions

Proof of Theorem F.1. Let pPnqně1 Ď P be such that

v “ lim
nÑ8

min
jPrds

VarPn

„

ψθ
η˚
Pn

,η˚
Pn

,jpW q

ȷ
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Table 5: Power Comparison by Regime

nv2n “ op1q nv2n “ Op1q˚ nv2n Ñ 8˚˚ v2n Ñ v2 ą 0
?
n ∥θη̂ ´ τ∥ Pn

ÝÑ 8 α “ πα ă π˚
α α ă πα ă π˚

α πα “ π˚
α “ 1 πα “ π˚

α “ 1
?
n ∥θη̂ ´ τ∥ “ OPnp1q˚˚˚ α “ πα ă π˚

α α “ πα ă π˚
α α “ πα ă π˚

α α ă πα ă π˚
α

?
n ∥θη̂ ´ τ∥ Pn

ÝÑ 0 α “ πα “ π˚
α α “ πα “ π˚

α α “ πα “ π˚
α α “ πα “ π˚

α

* Assumes nv2n Û 0; ** Assumes v2n Ñ 0; *** Assumes
?
n ∥θη̂ ´ τ∥ ‰ oPn

p1q.

exists.
If v ą 0, ppτq ě pepτq, and

Pnpθη̂ P Ĉ1´αq ě 1 ´ α ` op1q

by Theorem 3.1.
For v “ 0, note that by Theorem E.1,

?
n

1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pθη̂q

“
?
n

1

MK

ÿ

rPR

ÿ

sPr

´

Ψ̂s,η̂s̃pθη̂q ´ Ψη̂s̃pθη̂q

¯

“
?
n

1

MK

ÿ

rPR

ÿ

sPr

´

Ψ̂s,η˚
Pn

pθη̂q ´ Ψη˚
Pn

pθη̂q

¯

` oPnp1q

“
?
n

1

MK

ÿ

rPR

ÿ

sPr

´

Ψ̂s,η˚
Pn

pθη˚
Pn

q ´ Ψη˚
Pn

pθη˚
Pn

q

¯

` oPnp1q

“
?
n

1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η˚
Pn

pθη˚
Pn

q ` oPnp1q,

and, for any j P rds,

VarPn

« ?
n

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃,jpθη̂q

ff

ď VarPn

„

ψθ
η˚
Pn

,η˚
Pn

,jpW q

ȷ

` op1q.

If v “ 0,

VarPn

« ?
n

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃,jnpθη̂q

ff

Ñ 0

112



for some pjnqně1, and hence

VarPn

«

min
jPrds

ˇ

ˇ

ˇ

ˇ

ˇ

?
n

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃,jpθη̂q

ˇ

ˇ

ˇ

ˇ

ˇ

ff

Ñ 0.

As a consequence,

Pn

´?
nΨ̂minpθη̂q

looooomooooon

“oPn p1q

?
nΨ̂pτq

looomooon

“OPn p1q

ą nγn
loomoon

“γ`op1q

¯

Ñ 0,

and anpθη̂q
Pn
ÝÑ 0, which concludes the proof. ■

Proof of Theorem F.2. Define

Ψnpτq “

∥∥∥∥∥Pn
1

MK

ÿ

rPR

ÿ

sPr

Ψ̂s,η̂s̃pτq

∥∥∥∥∥ .
First, let

?
n ∥θη̂ ´ τ∥ Pn

ÝÑ 8˚. If nvn Ñ 8,

Pn

´?
nΨ̂minpθη̂q

looooomooooon

“OPn p1q

”?
nΨ̂pτq ´

?
nΨnpτq

looooooooooomooooooooooon

“OPn p1q

`
?
nΨnpτq

loooomoooon

Pn
ÝÑ8

ı?
nΨ̂pτq

looomooon

“OPn p1q

ą nγn
loomoon

“γ`op1q

¯

Pn
ÝÑ 1,

since
?
n
´

Ψη̂ξ̃
pτq ´ Ψη̂ξ̃

pθη̂q

¯

“

´

9Ψη˚
Pn

` oPnp1q

¯?
n pτ ´ θη̂q .

If nvn “ Op1q,

Pn

´

v´1
n

?
nΨ̂minpθη̂q

loooooooomoooooooon

“OPn p1q

”

vn
?
npΨ̂pτq ´ Ψnpτqq

loooooooooooomoooooooooooon

“oPn p1q

` vn
?
nΨnpτq

looooomooooon

“OPn p1q

ı?
nΨ̂pτq

looomooon

“OPn p1q

ą nγn
loomoon

“γ`op1q

¯

is OPnp1q, and anpτq “ OPnp1q. If nvn “ op1q, vn
?
nΨnpτq “ oPnp1q, and an

Pn
ÝÑ 0.

Second, let
?
n ∥θη̂ ´ τ∥ “ OPnp1q, and hence

?
nΨ̂pτq “ OPnp1q. It follows that

Pn

´

v´1
n

?
nΨ̂minpθη̂q

loooooooomoooooooon

“OPn p1q

?
nΨ̂pτq

looomooon

“OPn p1q

ą v´1
n nγn

loomoon

“γ`op1q

¯

is OPnp1q if v2n Ñ v2 ą 0, and converges to zero if vn Ñ 0.
Finally, the last row follows since pepθη̂q ´ pepτq “ oPnp1q. Note that pepθη̂q ´

pepτq ą oPnp1q for the second row. ■
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G Note on Comparing Two Nonparametric Mod-

els

I discuss an extension of the setting of Section 4.2 for comparing θη̂ to the performance
of another model η̂1, computed with the same split-sample approach as η̂.

Let
S “ psm,kqmPrMs,kPrKs

and denote the split-specific models η̂ “ pη̂s̃qsPS and η̂1 “ pη̂1
s̃qsPS , where η̂s̃ “ ApDs̃q

and η̂1
s̃ “ A1pDs̃q, that is, the two models are trained using the same sample but

different algorithms. For example, η̂ could be estimated with random forests while η̂1

could be estimated with neural networks. Denote

δ̂
p1q

η̂,η̂1 “

´

θ̂η̂s̃ ´ θ̂η̂1

¯

sPS

and
δ̂

p2q

η̂,η̂1 “

´

θ̂η̂1
s̃

´ θ̂η̂

¯

sPS
.

δ̂
p1q

η̂,η̂1 can be used for testing whether θ̂η̂s̃ ě θ̂η̂1 for all s P S versus the alternative

that θ̂η̂s̃ ă θ̂η̂1 for at least one s P S, similarly to Section 4.2.1 and Theorem 4.2.
Note that the Donsker and rate conditions in Assumption 4.1(ii) are not required for
Theorem 4.2. They are used only for the pointwise Theorem 4.3 to cover the case
θη˚

P
“ θbP . Similarly, δ̂

p2q

η̂,η̂1 can be used to test whether θ̂η̂1
s̃

ě θ̂η̂ for all s P S versus the

alternative that θ̂η̂1
s̃

ă θ̂η̂ for at least one s P S.

H Additional Results

Proposition H.1. In the context of Assumption E.1, let T “ ttu and P “ tP u be
singletons, and let Assumption D.1 hold for P and fη,t measurable with fη,tpwq ă 8

for all w. Then, Assumption E.1 holds.

Proof of Proposition H.1. Assumption E.1(i) and Assumption E.1(ii) hold trivially.
Assumption E.1(iii) holds by taking fη,t as its own envelope. The uniform integrability
condition Assumption E.1(iv) is implied by the 2` δ assumption Assumption D.1(i).
Assumption E.1(v) holds trivially. Assumption E.1(vi) holds since both covering and
bracketing numbers are equal to 1 with singleton T . Finally, Assumption E.2 follows
since

EP

”

VarP

”

fη̂ξ̃pW q ´ fη˚pW q

ˇ

ˇ

ˇ
Dξ̃

ıı

Ñ 0,

as established under Assumption D.1(ii) in the proof of Theorem D.1 (D.13), since
convergence in L1 implies convergence in probability. ■
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Lemma H.1. In the context of Theorem E.1,

Zn “ n´1
n
ÿ

i“1

I pMi “ cq
Pn
ÝÑ

ˆ

M

c

˙

πc
p1 ´ πq

M´c.

Proof. I show that EPn rZns “

ˆ

M

c

˙

πn
cp1 ´ πnqM´c and VarPn rZns Ñ 0 as n Ñ

8. By definition, Mi “

ˇ

ˇ

ˇ

!

s P tsm,1umPrMs
: i P s

)ˇ

ˇ

ˇ
. EPn rZns “ EPn rI pM1 “ cqs “

Pn pM1 “ cq since all Mi are equally distributed for any i. The event tMi “ cu is
equivalent to the event that observation i is chosen in exactly c of the M splits of
the sample. Since the splits are independent, Mi follows a binomial distribution with

parameters M and πn. Hence, the probability of this event is

ˆ

M

c

˙

πn
cp1 ´ πnqM´c.

To show that VarPn rZns Ñ 0, I use the fact that

VarPn rZns “ n´2
n
ÿ

i“1

VarPn rI pMi “ cqs ` n´2
ÿ

i‰j

CovPn rI pMi “ cq , I pMj “ cqs

“ n´1VarPn rI pM1 “ cqs ` n´2npn ´ 1qCovPn rI pM1 “ cq , I pM2 “ cqs .

Hence, it’s enough to show that

CovPn rI pM1 “ cq , I pM2 “ cqs “ Pn pM1 “ c,M2 “ cq ´ Pn pM1 “ cq2 Ñ 0.

I show that Pn

´

M1 “ c
ˇ

ˇ

ˇ
M2 “ c

¯

Ñ Pn pM1 “ cq. Note b “ πnn is the number of

draws in each split. Using combinatorial arguments, the conditional probability is
given by

Pn

´

M1 “ c
ˇ

ˇ

ˇ
M2 “ c

¯

“

c
ÿ

t“0

ˆ

c

t

˙ˆ

M ´ c

c ´ t

˙

¨

˚

˚

˝

ˆ

n ´ 2

b ´ 2

˙

ˆ

n ´ 1

b ´ 1

˙

˛

‹

‹

‚

t¨

˚

˚

˝

1 ´

ˆ

n ´ 2

b ´ 2

˙

ˆ

n ´ 1

b ´ 1

˙

˛

‹

‹

‚

c´t

ˆ

¨

˚

˚

˝

ˆ

n ´ 2

b ´ 1

˙

ˆ

n ´ 1

b

˙

˛

‹

‹

‚

c´t¨

˚

˚

˝

1 ´

ˆ

n ´ 2

b ´ 1

˙

ˆ

n ´ 1

b

˙

˛

‹

‹

‚

M´2c`t

.

t represents the number of splits that contain both observations 1 and 2. Since

observation 2 is chosen in c splits, 0 ď t ď c. There are

ˆ

c

t

˙

ways of choosing
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among the c splits that contain observation 2, which t will also contain observation

1. There are

ˆ

M ´ c

c ´ t

˙

ways of choosing the remaining c ´ t splits that contain

observation 1 but not 2.

¨

˚

˚

˝

ˆ

n ´ 2

b ´ 2

˙

ˆ

n ´ 1

b ´ 1

˙

˛

‹

‹

‚

t

is the probability of choosing observation 1

in the t splits that contain both observations.

¨

˚

˚

˝

1 ´

ˆ

n ´ 2

b ´ 2

˙

ˆ

n ´ 1

b ´ 1

˙

˛

‹

‹

‚

c´t

is the probability

of not choosing observation 1 in the remaining c ´ t splits that contain observation

2.

¨

˚

˚

˝

ˆ

n ´ 2

b ´ 1

˙

ˆ

n ´ 1

b

˙

˛

‹

‹

‚

c´t

is the probability of choosing observation 1 in the c´ t splits that

contain observation 1 but not 2. Finally,

¨

˚

˚

˝

1 ´

ˆ

n ´ 2

b ´ 1

˙

ˆ

n ´ 1

b

˙

˛

‹

‹

‚

M´2c`t

is the probability

of not choosing observation 1 in the remaining M ´ 2c` t splits that contain neither
observation.

For large n, we can approximate the combinatorial terms:

ˆ

n ´ 2

b ´ 2

˙

ˆ

n ´ 1

b ´ 1

˙ “
pn ´ 2q!

pb ´ 2q!pn ´ bq!

ˆ

pn ´ 1q!

pb ´ 1q!pn ´ bq!

˙´1

“
b ´ 1

n ´ 1
“ πn ` op1q.

Similarly,

ˆ

n ´ 2

b ´ 1

˙

ˆ

n ´ 1

b

˙ “
pn ´ 2q!

pb ´ 1q!pn ´ b ´ 1q!

ˆ

pn ´ 1q!

b!pn ´ b ´ 1q!

˙´1

“
b

n ´ 1
“ πn ` op1q.
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It follows that

Pn

´

M1 “ c
ˇ

ˇ

ˇ
M2 “ c

¯

“

c
ÿ

t“0

ˆ

c

t

˙ˆ

M ´ c

c ´ t

˙

πn
t
p1 ´ πnq

c´tπn
c´t

p1 ´ πnq
M´2c`t

` op1q

“ πn
c
p1 ´ πnq

M´c
c
ÿ

t“0

ˆ

c

t

˙ˆ

M ´ c

c ´ t

˙

` op1q

“ πn
c
p1 ´ πnq

M´c

ˆ

M

c

˙

` op1q

“ Pn pM1 “ cq ` op1q,

where the third equality uses Vandermonde’s Identity. ■

I Covariate Adjustment in Randomized Trials

Let W “ pY,A,Xq, where Y P R is an observed outcome, A is a binary (randomized)
treatment assignment indicator, andX P X Ď Rd is a set of covariates, for some d ě 1.
Let Y p1q, Y p0q denote potential outcomes respectively under treatment and control,
and Y “ AY p1q`p1´AqY p0q. In the simplest form of an RCT, A K pX, Y p1q, Y p0qq.
In this setting, the ATE θ can be identified from the regression

Y “ α ` θA ` ε. (I.1)

The covariates are not necessary for identification of θ. However, adding regressors
in (I.1) can lead to power improvement by reducing the variance of the error term ε
and thus the asymptotic variance of the least squares estimator of θ. One approach
to incorporating covariates is through a covariate-adjustment term ηpXq:

Y “ αη ` θηD ` βηηpXq ` ε. (I.2)

If A K pX, Y p1q, Y p0qq, θη “ θ does not depend on η. Still, its OLS estimator θ̂η
does depend on η. In practice, one needs to estimate η with a model η̂. Inference
becomes challenging if the same data is used to estimate both η̂ and θ̂η̂ because the

observations in (I.2) become no longer iid. The asymptotic distribution of
?
npθ̂η̂´θη̂q

can be characterized following Section 3, specifically Theorem 3.1.
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