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In this note, complementary to our paper on “Incomplete Wage Posting”, we an-
alyze the properties of Peters (1991) model of the labor market when workers are
heterogeneous in productivity and ranking them is possible, but wage posting is in-
complete. Dicerently from our baseline model we assume that ..rms perfectly observe
the productivity of all their applicants during the recruiting process that precedes the
hiring. Speci..cally, as in the referred paper, workers’ productivity is not veri..able
(so ..rms’ wage announcements cannot be contingent on it) but here we assume that
..rms can costlessly observe the productivity of all their applicants’ during the re-
cruiting process. So ..rms may rank their applicants before ocering the job to one of
them. We analyze the equilibrium con..gurations that may arise in this setting. e
show that ..rms may ..nd optimal to announce that wages will be set through ex-post
bilateral bargaining. This provides support to our claim in the referred paper about
the robustness of our results to the possibility of ranking.

The results of our baseline model that remain valid in this alternative set-up can
be summarized as follows:

e When the dispersion in workers’ productivity is su€ciently high a deviation to
bargaining is pro..table and equilibria where all ..rms post their wages cease
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to exist. Similarly, a high dispersion in workers’ productivity allows to sus-
tain an equilibrium where all ..rms bargain their wage, i.e. a Pure Bargaining
equilibrium.

e When workers’ bargaining power [ is close to Hosios benchmark, deviations
to bargaining are more likely to be pro..table. Similarly in those situations a
Pure Bargaining equilibrium is easier to sustain. Thus the distance to Hosios
benchmark remains a reasonable metric for the hold-up problem.

e The possibility of multiple equilibria is due to the same mechanism highlighted
in our baseline model: wage bargaining damages the composition of the pools
of applicants for vacancies with a posted wage. For example, in a Pure Bar-
gaining equilibrium deviations to posting tend to attract a proportion of high
productivity applicants lower than their proportion in the labor force.

e When the proportion of high productivity workers in the labor force, u, is
high (so that the cross-subsidization from high productivity workers to low
productivity ones is small) posting equilibria are more likely to be sustained.
In other words, deviations to bargaining are less pro..table when the adwverse
selection problem is milder.

Of course, the change in the timing of the revelation of information about work-
ers’ productivity introduces new ingredients, making the analysis remarkably more
complex:

e The level of a posted wage now azects not only the total expected length of
the queue of applicants for the vacancy but also the composition of the queue.
Speci..cally, the proportion of high productivity workers enticed into the vacancy
IS how increasing in the ocered wage.

e Aricher set of candidate equilibria with (possibly multiple) posted wages (what
we call posting equilibria) emerge —they are fully characterized below.

e Firms’ ability to alter the composition of their pool of applicants with the posted
wage gives raise to potential welfare losses. Firms attempt to use their posted
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wage to improve the composition of their pool of applicants (to the detriment of
the expected number of applicants) but at the aggregate level the composition
of the pool of applicants is ..xed. So, in the end, the attempt is vain but wages
and the level of entry get distorted.

e If wage posting were complete (that is, workers’ productivity were veri..able),
..rms would like to post a dicerent wage for each of the two types of applicants
and attract them both to the vacancy. This would lead to a ..rst-best level
of vacancy creation (and consequently of aggregate net income). But with
incomplete wage posting, the above-mentioned ine€ciencies arise and the ..rst-
best allocation can not be sustained as an equilibrium. Hence incomplete wage
posting with ranking yields outcomes that can dicer a lot from those of the
standard complete wage posting model with ranking.

The note is organized as follows. Section 1 describes the model. Section 2 de..nes
the equilibrium. Section 3 characterizes all possible posting equilibria of the model.
Section 4 discusses deviations to bargaining and Pure Bargaining equilibria. The
Appendix contains the proofs.

1 The model

We consider a labor market with a unit mass of workers and free entry of ..rms.

1.1 Preferences and technologies

Firms and workers are risk neutral and maximize their expected net income. Each
..rm can create a job vacancy at a cost ¢ > 0. Each vacancy becomes a job when
occupied by a worker. There are two types of workers ¢ = 0,1. Low productivity
workers (i = 0) represent a proportion 1— 4 of the labor force and produce an income
yo > c in the job, while high productivity workers (: = 1) represent the remaining
proportion x and produce y; > yo. For simplicity we assume that workers earn no
income if unemployed and incur no cost in searching for their jobs.



1.2 Information and contracts

Workers know their own productivity type. Such type becomes costlessly observable
to the hiring ..rm by looking at the worker’s job application. Thus, each ..rm can
rank its applicants according to productivity. We assume, however, that productivity
Is not veri..able and, therefore, ..rms cannot pre-commit to hiring or compensation
policies contingent on it.> Yet ..rms may pre-commit to pay a pre-speci..ed wage to
“whoever is hired.”

Consequently, each ..rm can announce a non-contingent wage =z € R, for whoever
it hires or, alternatively, can announce that the wage will be bargained with the hired
worker at the end of the hiring process, when the threat points of both the ..rm and
the worker are zero.2 We denote such announcement by z, and assume that the
bargained wage is determined according to the Generalized Nash Bargaining Solution
where the worker’s and the ..rm’s bargaining powers are 5 and 1 — (3, respectively.

1.3 Search frictions

Firms can costlessly advertise their vacancies among all workers. However, workers
have limited capacities to submit job applications and to coordinate their decisions.
Speci..cally, we assume that each worker can apply for at most one vacancy and ..rms
can only select their workers from the applications received. In addition, workers after
identifying their preferred type of announcement (possibly using a mixed decision)
send their application by uniformly randomizing over the ..rms making it. Thus
workers face uncertainty on the number and types of other workers who will end
applying to the same ..rm as they do, while ..rms face uncertainty on how many
and which type of workers will apply for their vacancies. But, after receiving the
applications, ..rms perfectly observe the types of their applicants and can select among
them accordingly.

To model the ecects of the underlying coordination problem, we adopt the urn-

1This is because the authority in charge of enforcing the contracts (say, courts) cannot discrimi-
nate between productivity types.

2This is like in Blanchard and Diamond (1994), who motivate the assumption by arguing that
bargaining typically occurs over the worker’s tenure in the job, once other applicants are no longer
available.



ball process put forward by Montgomery (1991) and Peters (1991). Let n;(x) denote
the expected number of applicants of type i (or, more briety, the queue of type-i
applicants) for each of the vacancies announcing a wage policy x. Then the probability
that one of the ..rms announcing x receives z =0, 1,2, ... applicants is:
e "™ (ny)°
z!

From this it follows that, the ..rm’s probability of receiving at least one application
from type-1 workers is

Qi(n) =1—em,

while the probability of receiving no application from type-1 workers and at least one
application from type-0 workers is

Qo(no,n1) =e " (1 —e ™).

1.4 Wage determination and ranking

When the ..rm has posted a wage x € R, the ..rm will always select the most
productive applicant and will hire him if and only if the resulting pro..t, y; — x, is
non-negative. For brevity, we will focus on cases where announcing = > yo IS never
pro..table, so that the hiring takes place even if all applicants are of type-0.3

When the ..rm has announced bargaining, the hiring decision is identical but, if the
output of the most productive applicant is y;, his wage will be Gy;, as it corresponds
to the Nash bargaining solution when the threat points of the ..rm and the worker
are zero.

Since ..rms always rank high productivity (or type-1) applicants ..rst, the prob-
ability that a ..rm hires a type-1 worker is Qi(n1). In contrast, the ..rm will hire a
low productivity (or type-0) worker if it receives no application from type-1 workers
and at least one application from type-0 workers, so its probability of hiring a type-0
worker is Qo(ng,n1). Notice that @Q;(nq) is decreasing in n; and independent of ny,

3A succient condition for this is having y; — 3o < ¢, since in this case no ..rm can possibly
..nd convenient to post a wage greater or equal than y,. Of course, if hiring a type-0 worker were
unpro..table ex post, such workers would never apply for the vacancy.



while Qo(no, n1) is decreasing in both ny and n4, since, due to ranking, type-1 workers
do not face any competition from type-0 workers.

By a similar logic, the probability that a type-1 worker gets a job in a vacancy
with queue lengths (ng,n1) is

o0 e~ (nl)z 1 — e ™
P — P = =
1 (ng, 1) 1(11) ; (z+ 1) n
since a type-1 worker is hired with probability 1/(z + 1) whenewver there are other z
type-1 applicants for the same vacancy. On the other hand, the probability that a
type-0 worker is hired is

PO(n07n1 n
0

no —no
—m§ AM mﬁi)
2=0

since a type-0 worker is randomly selected among other type-0 workers only in the
absence of type-1 applicants.

2 Equilibrium

Three dizerent stages can be distinguished in the model. In the ..rst stage, ..rms simul-
taneously decide whether to enter the market, which entails incurring the vacancy-
creation cost ¢ and announcing a wage policy = € X = RyU{zg}. The set of posted
announcements X* C X and the measure v(z) of ..rms posting each announcement
x € X* are then observed by all workers. In the second stage, workers simultane-
ously decide which of the posted announcements = € X* they prefer. Each worker
then selects randomly one of the ..rms posting it and submits an application. For
the vacancies associated with each announcement = € X*, workers’ decisions produce
some queues of applicants of each type with expected lengths (ny(z),ni(z)). In the
third stage, the matching process occurs in accordance with the urn-ball process and
the ..rms’ ranking criterion described above. After a job is created, production takes
place and income is divided as implied by the ..rm’s announced wage policy.

Next we write down the equilibrium conditions of the model, following among
others Shimer (2001) and Shi (2002): workers’ optimization, ..rms’ optimization and
free entry, and some aggregate consistency conditions.
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Each ..rm in the market is too small to acect the expected utility U; that each
worker type i attains in equilibrium. By workers’ optimization, the expected length
of the queue of applicants of type : = 0,1 for a ..rm that posts a wage w € R, must
satisfy

Ui = Pi(no(w), na(w))w (1)

with strict equality if n,(w) > 0. By identical logic, the expected length of the queue
of applicants of type i = 0, 1 for a ..rm that announces bargaining, =, must satisfy

U; > Pi(no(z3),n1(25))BY;, @)

with strict equality if n;(z4) > 0. For given U, and U, (1) and (2) fully characterize
workers’ optimal application decisions for each possible wage-policy announcement.
Under an optimal posting decision, a ..rm’s pro..ts will be

V= max{irézliﬁ V(w),V(zg)}, (3)

where V' (w) is the net value of a vacancy with a given posted wage w and is given by
V(w) = [1 — e_m(w)] (1 — w) + e”™®) [1 — e_no(w)] (y; —w) — ¢, (@)

while V' (z) is the value of a vacancy that announces bargaining:
V(zg) =[1—e™EN(1 = fyy +e ™)1 — e (1= B)yg —c.  (5)

In these two expressions the ..rst and second terms in the RHS collect the part of the
expected pro..ts (relevant probability x pro..ts) that the ..rm obtains as a result of
receiving (i) at least one type-1 applicant and (ii) no type-1 applicant and at least
one type-0 applicant, respectively. The third term subtracts the cost of creating the
vacancy.

Under free entry, ..rms’ optimization conditions can be summarized as

V() =0>V (), forall z € X*and 2’ € X. (6)

In words, ..rms’ net pro..t must be zero under all equilibrium announcements and no
larger than zero under any other possible announcement.
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Finally, aggregate consistency, requires that

>, ni(@)v(z) = pi+ (1—p)(1—1) @)

zeX*
fori=0,1.

So, formally:
De..nition An equilibrium is a tuple {X* ny(x),n; (z),v(x),Uy, U;} that satis..es
conditions (1)-(7).

3 Posting equilibria

We start analyzing the possible equilibria of the model by focusing on those where
all ..rms post (possibly dicerent) wages —what we call posting equilibria. To simplify
matters, we will ..rst assume that announcing bargaining, =, is simply not an option.*
In Section 4 we will consider the additional conditions that should be satis..ed for a
candidate posting equilibrium to survive the possibility of announcing bargaining.

3.1 Preliminary results

Clearly we will have U; > Uy because type-1 workers can always go for the same jobs

as type-0 workers, in which case they are ranked over type-0 applicants (and thereby

earn strictly greater utility). We will also have U; < y; and Uy < yo, since ..rms will

never hire a type-i worker at a wage w; > y,; and workers’ probabilities of being hired

cannot exceed one.

For given U, let the function 7, (w) give the value of n; that solves
LR ©
n

for each w > U;. Then, it follows from (1) that:

Lemma 1 For given U,, the queue of type-1 applicants for vacancies with a posted
wage w € R, is given by the continuous function

n(w)_ 0, iwaUl,
T m(w), if w > Ul

40r is simply irrelevant. For example, for 3 = 0 announcing bargaining would attract no appli-
cants and therefore would necessarily be unpro..table.
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Similarly, let the function no(w) give the value of 7 that solves
1 —e 0
—ni(w) | —% _
e [ o } w = Uy (9)
for each w > Uy. Then, for given Uy and Uy, there always exists a posted wage w* > Uy
such that no(w*) = 0, and no(w) < 0 for w > w*. Thus, from (1):

Lemma 2 For given Uy and U, the queue of type-0 applicants for vacancies with a
posted wage w € R, is given by the continuous function

0, if w S Uo,
no(w) = ¢ no(w), if Up <w < w*,
0, if w> w*

Prior de..nitions and the implicit function theorem allow us to prove that
Lemma 3 The functions ny(w) and n,(w) have the following properties:
1. nq(w) is strictly increasing for w > U,
2. no(w) is strictly increasing over [Uy, U, ) and strictly decreasing over (U;, w*].
3. n(w) = ng(w) +nq(w) is strictly decreasing for w € (U, w*].
4. ny(w) is dicerentiable except at Uy, Uy, and w*.

So posted wages play the role of “edciency wages”. When a wage entices both
worker types, w € (U, w*|, increasing w increases the number of type-1 applicants, n,
but reduces both the number of type-0 ones, n, and the total number of applicants, n,
because type-0 workers anticipate ..ercer competition from type-1 applicants. Thus
the ..rm must take into account that, over the (U, w*| range, increasing the wage

improves the composition of the pool of applicants but reduces the probability of
..Illing the vacancy.

From these properties it follows that
Lemma 4 For given Uy and Uy, the function V' (w):
1. is continuous;
2. reaches a unique maximum within each interval [U,, U1}, [U,,w*| and [w", c0);

4. is not globally maximized at either Uy or w*.



3.2 Candidate posting equilibria
There exist several candidate posting equilibria. Speci..cally:
Proposition 1 Only the following equilibrium con..gurations can emerge:

1. Fully-separating equilibrium (FS): Some ..rms announce w > w* and attract
just type-1 workers, other ..rms announce w = U; and attract just type-0 work-
ers.

2. High-wage semi-separating equilibrium (SH): Some ..rms announce w > w* and
attract just type-1 workers, other ..rms announce w € (U;,w*) and attract the

two types.

3. Wage pooling equilibrium (WP): All ..rms post the same wage and attract the
two types of workers in the same proportions as they prevail in the labor force.

4. Low-wage semi-separating equilibrium (SL): Some ..rms announce w < U; and
attract just type-O workers, other ..rms announce w € (U;,w*) and attract the
two types.

Therefore, in general, the equilibrium set of posted wages, X *, contains at most
two elements, of which at most one attracts the two types of workers. In the rest
of this section we write down the equilibrium conditions that should be satis..ed in
each of these candidate equilibrium con..gurations. In all cases, ..rms’ optimization
implies that equilibrium wages should maximize the value of a vacancy at a level of
zero, by free entry, that is max,cr, V(w) = 0. Hence in the following subsections
we focus on writing down the conditions coming from workers’ optimization and the
aggregate consistency constraints, whenever they do not trivially hold.

3.2.1 Fully separating equilibrium (FS)

In a FS equilibrium, some ..rms announce wys, = U, that attracts only a queue nyg
of type-0 workers. Other vacancies omer wy; € Ry, that attracts only a queue n s of
type-1 applicants. Workers’ optimization implies:

1 —e 0

Up=—""""U
nfo
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and . .
i 6_ f1
U1 =T Wy,
ng1
with

e "twp < Uy

since type-0 workers should not feel attracted to vacancies with w ;.

3.2.2 High-wage semi-separating equilibrium (SH)

In a SH equilibrium some ..rms announce wy, that attracts only a queue n,, of type-1
workers. Other ..rms post w2 Which induces queues of type-0 and type-1 workers of
expected length nyo and ny1, respectively. Workers’ optimization implies:

B 1 — e ™ro
Uy =e " W2,
LN
and
1 —e™n 1 —e
Ul =——wp=——""wn2
Nh Nh1

where w;, must be such that

e "y, < U

since no type-0 worker must bene..t from applying for a vacancy with wy,.
Finally, aggregate consistency requires:

n
Rl <u
npo + Nh1

for consistency with the overall proportion of type-1 workers in the labor force.

3.2.3 Wage pooling equilibrium (WP)
In a WP equilibrium all ..rms announce w, that attracts queues n, and n,; of type-0

and type-1 workers, respectively. A type-0 worker obtains

1 —e ™o

Ml
Uy= e "t Wp,

while a type-1 worker obtains



Aggregate consistency requires:

nel .

Npo + Np1
3.2.4 Low wage semi-separating equilibrium (SL)

In a SL equilibrium some ..rms announce w;, attracting only a queue n; of type-0
workers. Other ..rms post w;, that attracts queues nj; and n;; of type-0 and type-1
workers, respectively. Workers’ optimization implies:

1—e™™ ., L — 7o
Up=——w=¢e™ wiz,
ng nio
and
1—e ™
Uy = wi2,
1
with
w; < Uy

so that type-1 workers do not bene..t from applying for a vacancy with wj.
Aggregate consistency requires:

ni
—— >y
nyo + ni

since part of the type-0 workers in the labor force apply for vacancies with w;.

3.3 When does each equilibrium with wage posting arise?

In order to analyze the existence of the candidate equilibrium regimes that we have
just described, we consider a parameterization of the model with ¢ =1 and yo = 2, and
various scenarios that dicer in the values of y; and p. Table 1 summarizes our results
by reporting the type of posting equilibrium that emerges under each alternative
parameter con..guration. As one can see, in all scenarios at least one equilibrium
exists. Actually, we ..nd no multiplicity of posting equilibria. The results also show
that when the dispersion in workers’ productivity is very low the equilibrium is FS.
Actually, this last point can be proved analytically:

Proposition 2 For y; — 1o, the only possible posting equilibrium is FS.
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Intuitively, when the dispersion in productivity tends to zero, y; — yo, SO it does
the dinerence between the marginal value of a type-0 and a type-1 worker. However,
ranking crudely penalizes type-O workers which are then heavily discouraged from
applying for a vacancy where also high productivity workers are applying. So, FS
emerges as an equilibrium: some ..rms post a wage equal to U; that (just) prevents
type-1 workers from competing for the job with type-0 workers; the remaining ..rms
attract type-1 workers only, obviously with a higher wage.

When the dispersion in productivity is su€ciently large, the equilibrium is such
that at least one class of the vacancies opened in equilibrium attract both types of
workers. As the dispersion in productivity increases, the equilibrium con..guration
turns subsequently to SH (high wage semi-separating equilibrium), WP (wage pooling
equilibrium), and then possibly SL (low wage semi-separating equilibrium).

3.4 \Welfare

We ..rst stress a feature of the best possible allocation of this economy:

Proposition 3 The maximum level of aggregate net income that this economy may
generate, W*, would be achieved by creating just one type of vacancy that attracts both
types of workers.

The result implies that, dicerently from our baseline model, the ..rst best level of
aggregate net income would be obtained by a regime where the two types of workers
are not isolated in two dicerent segments of the labor market. Indeed, if wage posting
was complete, ..rms would like to post a dicerent wage for the two types of workers and
attract them both to the vacancy. It is not too di¢cult to show that the equilibrium of
the economy with complete wage posting would yield a level of aggregate net income
exactly equal to W™,

Denote by W; the level of aggregate net income obtained in equilibrium ¢ =FS,
WP, SL, SH. Then

Proposition 4 The maximum level of aggregate net income W* is generally greater
than the total expected net income generated by any of the possible posting equilibria,
W* > max; W;.
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This result shows the operation of an externality associated with the simultaneous
use of ranking and (incomplete) wage posting. When ogering a wage, ..rms attempt
to infuence the composition of their pool of applicants. However, at the aggregate
level such composition is ..xed since it is determined by the proportions p and 1 —
i of type-1 and type-0 workers in the labor force. Thus any attempt to increase
the proportion of type-1 applicants end in a distorted wage which translates into
an ine¢cient level of vacancy creation and cause welfare losses. Importantly, the
existence of this externality implies that the discrimination introduced by ranking
operates quite dicerently from the discrimination that would arise in a world with
complete wage posting.

4 Bargaining

In this section we start analyzing the queue lengths for a vacancy which announces
bargaining, z. Then we characterize a Pure Bargaining equilibrium. In order to use
the same metric for the hold up problem as in the main paper, we compute the value
of the bargaining power parameter 5 which satis..es Hosios (1991) rule. The section
concludes with the discussion of when pro..table deviations to bargaining lead to the
collapse of candidate posting equilibria and of when Pure Bargaining equilibria can
be sustained.

4.1 Preliminary results

As an immediate implication of (2) particularized for high productivity types, we
obtain:

Lemma 5 For given U, the queue of high productivity applicants for a vacancy which
announces bargaining, n(z), is uniquely determined as

ni(zy) = max(0,7,),

where 7, is the solution to
1—e™
— 0By = U,
ni
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Similarly, by particularizing (2) for low productivity types, we get:

Lemma 6 For given U, and U, the queue of low productivity applicants for a vacancy
which announces bargaining, nq(z), is uniquely determined as

no(zz) = max(0,ng).

where 7 is the solution to
6_”1(%)1_,—6_%590 = Up.
no
Notice that Lemmas 5 and 6 together imply that when U, is su€ciently close to
U, bargaining only attracts high productivity workers, as in our baseline model. Also
notice that, combining (5) with Lemmas 5 and 6 allow us to compute the value of a
vacancy that announces bargaining.

4.2 Pure bargaining equilibrium

In a Pure Bargaining (PB) equilibrium all ..rms announce bargaining, x4, that at-
tracts queues lengths ny and ny; of type-0 and type-1 workers, respectively. The

utility of a type-1 worker is
1 —em

Up = ——fu (10)
Np1
while the utility of a type-0 worker is
1 —e "0
Upp = e " ———— Byo (11)
Tpo

which refects the fact that under bargaining the wage earned by a worker of type i
is GBy;. Firms’ optimization requires

max V(w) <0,
weER

and free entry implies
Finally aggregate consistency imposes

Np1
npo + Mp1
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4.3 Hosios condition

As in our baseline model we measure the severity of the hold-up problem by the
distance between the actual value of workers’ bargaining power parameter 3 and
the value that would make Hosios’ condition to be satis..ed in a PB equilibrium. To
compute the latter, let n, = nyw +ns1 denote the total queue length of applicants for a
vacancy that announces bargaining in a PB equilibrium. Then, the ..rm’s probability
of ..Iling the vacancy when announcing bargaining is Q(n;) = 1 — e ™, while (5), free
entry and aggregate consistency imply

(1 - e7m)(1 = By + e [1 — 0] (1 - B)yo =, (12)

which uniquely determines n, for a given 5. On the other hand, Hosios’s condition is
satis..ed if and only if

Q' (np)ny  mpe”™

b= Qny)  1—em™ 13

Equations (12) and (13) determine a unique value of the bargaining power parameter,

(3%, for which Hosios rule holds. Dizerently from our baseline model, the value of 3
that would maximize aggregate net income in a PB equilibrium is generally higher
than 5*. However, our simulations show that deviations to bargaining are more likely
to be pro..table and PB equilibria more likely to be sustainable for gs close to 5*
than for such alternative value of 5.

4.4 Deviation to bargaining

We now analyze when posting equilibria cease to be sustainable because announcing
bargaining becomes a pro..table deviation. We consider the same parameterizations
as in Table 1 and three dicerent values of the bargaining power parameter: 5 = 0.3,
B = 3" (as de..ned in the previous subsection), and 5 = 0.5. For each combination of
parameters we check whether in the candidate posting equilibrium a ..rm could make
strictly positive pro..ts by announcing x4. For brevity we only report the results for
w = 0.1, 0.3, 0.5 and for some selected values of y,. The ..rst three rows in Table 2
report on the situation for the smallest value of y; such that the deviation is indeed
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pro..table —for greater values of y; the deviation is always pro..table.®> We compute
the expected proportion of high productivity applicants that such a deviation would
attract and the highest expected proportion of high productivity applicants that the
vacancies posting a wage would attract in the challenged posting equilibrium. The
last three rows in the table establish whether bargaining is a pro..table deviation for
y1 = 3.5 and reports analogous statistics for such case. The following results stand
out:

e When workers’ productivity is su€ciently dispersed, deviating to bargaining is
pro..table so that equilibria where all ..rms post their wage cease to exist. Typi-
cally, when deviating to bargaining is pro..table, the ..rm announcing bargaining
would be able to entice a greater expected proportion of high productivity ap-
plicants than any of the ..rms posting a wage.®

e Deviations to bargaining are more likely to be pro..table when the bargaining
power parameter 3 is close to Hosios’ benchmark, 5*.

e Posting equilibria are more likely to be sustainable when the proportion of high
productivity workers in the labor force p is su€ciently high.

4.5 When does PB arise?

For analyzing the existence of PB equilibria, we follow the same strategy as in the
previous subsection. Under the same parameterizations as in Table 2, the ..rst two
rows in Table 3 describe the situation for the smallest value of y; such that a PB
equilibrium is sustainable —for greater values of y; PB is always sustainable. We
compute the expected proportion of high productivity applicants that the best devi-
ation to wage posting would attract in that case, which is to be compared with the
expected proportion p attracted by all ..rms in a PB equilibrium. The last two rows
establish whether PB is an equilibrium for y; = 3.5 and also reports the expected

5We checked for values of y; up to 3.5. Thus NF means that we have not found y; < 3.5 for
which a deviation to bargaining is pro..table.

®There are cases, though, in which a pro..table deviation to bargaining attracts a lower expected
proportion of high productivity applicants than some of the vacancies with a posted wage.
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proportion of high productivity applicants that the best deviation to wage posting
would entice in that case. We reach the following conclusions:

e When the dispersion in workers’ productivity is su€ciently high, a Pure Bar-
gaining equilibrium can be sustained.

e Pure Bargaining equilibria are easier to sustain when the bargaining power
parameter is close to the Hosios’ benchmark, 5*.

e When the hold-up problem (of wage bargaining) is mild relative to the ad-
verse selection problem (of wage posting), multiple equilibria arise. Indeed, by
comparing the threshold values of y; of Tables 2 and 3, one can ..nd several
cases where a PB equilibrium is sustainable and yet deviating to bargaining
from the candidate posting equilibrium is not pro..table. This retects the same
self-reinforcing mechanism highlighted in our baseline model: the negative ex-
ternality that a positive mass of ..rms that bargain their wages imposes on the
composition of the applicants of the ..rms posting a wage. This is con..rmed by
the fact that, when the candidate equilibrium is Pure Bargaining, deviations
to posting tend to attract a proportion of high productivity applicants lower
than their weight in the labor force, while in the corresponding posting equilib-
rium, vacancies with a posted wage attract a proportion of high productivity
applicants at least as high as their weight in the labor force.

18



Appendix

Proof of Lemma 1 The expression for n;(w) follows directly from (1). Using
L’Hopital rule one can see that lim,,_;;+ f1(w) = 0, which proves continuity.||

Proof of Lemma 2 The expression for ng(w) follows directly from (1). The con-
tinuity of n;(w) as well as L’Hopital rule allows to prove that lim,,_;+ 7o(w) = 0,
which implies the continuity of ng(w).||

Proof of Lemma 3
1. By direrentiating in (8), we get:
dnq(w) _ ni(l—e ™) (19)

dw w(l—e™ —ne ™)

which is strictly positive since 1 — e~ is obviously positive, while 1 — e=™ — nje ™
equals zero at n; = 0 and it is strictly increasing and, hence, positive for all n; > 0.
Thus, n;1(w) is strictly increasing.

2. With a similar argument one can show that n(w) is strictly increasing for w €
[Uy, Uy]. As for the interval [U;, w*], notice that dicerentiating in (9) after using (14)
yields

Era el N “

where
no(l —e ™)

f(no) = 1—e ™0 —nge="0

As (14) implies that d—ﬁff > f-u, then it follows that ny(w) is strictly decreasing in
the [U, w*] interval.

> 0.

3. Notice that, for w € [U;, w*], we have
dn(w)  dii(w) N dno(w)

dw dw dw
It follows then, from (14) and (15), that dng(w)/dw < 0 if and only if
 dig(w) _ ny —i—_e_ — 1_ ) > dn,(w) _ nl(l_— e )_ '
dw w(l—e™m —nem) dw w(l —em —njem)

To check that the inequality is satis..ed notice ..rst that lim,, .o f(no) = 2 and
f'(no) > 0s0 f(ng) > 2 for all ng > 0. But then the previous inequality is implied by
the fact that

2 (n1 +e™ — 1) >n(l—e™™)
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holds for any n; > 0. To see this, notice that n; + 2™ — 2+ nje™™ is equal to zero
when n; = 0 and strictly increasing in ny, so it is positive for all n, > 0.

4. Direrentiability within the intervals [Uy, Ui] and [Uy, w*] is trivially implied by
the continuity of the derivatives obtained above. The discontinuity of the derivative
of no(w) at Uy follows from the fact that lim , %% — 2. The discontinuity at

w— Uy dw

w = U, follows directly from Point 2 —i.e. the fact that ny(w) is strictly increasing
to the left of U; and strictly decreasing to its right. To prove that the derivative of

dn,

no(w) is discontinuous at w* notice that lim,, .+ ﬁﬂl =0, while

. dno(w) ny(w*) e Mm@ — 1 2
wowe- dw 1 —em@) — g (w)e—mw) U (16)

by (15).

Proof of Lemma 4
1. The continuity of V (w) follows from the continuity of ny(w) and n; (w) stated in
Lemma 2 and 1, respectively.

2. To prove the quasi-concavity of V(w) in the interval [w*, co) notice that deriving
in (4) after using (14) allows us to write:
ni(l—e™)
w(l—e™—ne ™)
(1—e™)[ne ™y —w (1l —e ™)
w(l—e™ —ne ™)
(I —e™)m(e ™y —Ui)
w(l—em —nem)

Viw) = —(1—e™)+e™ (1 —w)

forall w € [w*, 00). But then, given that n, is increasing in w, the expression in square
brackets is weakly decreasing in w, which implies that, the sign of V' (w) in the interval
[w*, 00) can shift from positive to negative at most once, as quasi concavity requires.
The proof for the quasi-concavity of V' in the range [Uy, U;] is analogous since V' (w)
has exactly the same form as the previous one once the subindex 1 is replaced with
0.

To prove quasi-concavity in the interval [U;, w*] we prove that in this range there
can never exist a local minimum. This together with the fact that V’(w) is continuous
in this range will imply quasi concavity. By deriving in (4), and after using (14) in
the relevant range, we obtain that

V/(w) — efn1 [yl — Y + efno (yo o w)j| dn;i}w)
—e =) [FA (1 ey an
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which, after using the implicit function theorem and some rearranging, leads to

n//
Vi) = e = )] ot | —
1
e (o — ) ] -+ 205) — 2670 (1 + )
)
Yo — w) dw

_e_no —ni (

where nj = 2809 ang ) = %@ In order to evaluate this expression at V'(w) = 0,
we use (17), which, after some algebra, yields:

1/

V'w) = (1- e‘"o_m)n—/1 — [nf + e (2ng + n)]
51
o .J_él]
+67n07n1(y0 - ’UJ) |n6| I_n6 + nll + n/l ‘ | J
1
which can be proved to be negative by checking the following three properties:

i) n{ < 0. By deriving in (14) and after some rearranging we obtain that

y np ne™m[2(1—e™ —nge™) —ny(1—e ™)

w (1 —e™ —njem)?

(18)

which has the same sign as
2 (1 —e_"l) —nie " —ny,

which is negative since the quantity equals zero when n; = 0 and, after deriva-
tion, it can be proved to be decreasing.

i) nf +e ™™ (2ny + nj) > 0. One can check that

2e7Mng (1 —e ™0
1 —em0 —nge—m0

27 f(ng) =
from where it follows, using (15), that

—e ™M (2ng 4+ nf) <e ™ <3n’1 — é) =
w

_ 3nie™ (1—e™) —4(l—e ™ —nie ™)
! ny (1 —e ™)

In writing the last equality we use (14). The result ..nally follows from checking
that the term in square brackets is less than or equal to one.
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/

" M
i) njh +nf+ =+ — == < 0. By deriving in (15) it follow that

! /
W g

d [ng|
dw

— {n/{ +w—121 - f(ng) — [n’l — %1 R f'(no) f (no)

where a _m)2 —
—e —nie ™
f(ng) = .

(1 —em0 —nge—"0)

But then, after using (15) and rearranging, it follows that

” d| n6 " QIL
’ LS — ! (! _ _1 _ _ LL

Using the relevant de..nition, one can check that

o) = f'(0) 2 3

which in turn, after using (14) and (18), allows us to write

" d|ng 2 ,—n1 —n1)2
I ﬂ_ﬂ<i_2/ nje™ —(1—-e™)
I T g = 3w 3™ (i m e —mpe ) (g e — 1)

But then, using (14) and rearranging terms, it follows that the right-hand side
of the above expression has the same sign as

) (1 —e ™M — nle_”l) (nl +e ™M — 1) —2m (1 — e_”l) (nl +e ™M — 1)
+3 [n%e’m — (1 — e’"l)ﬂ ,

which can be checked to be smaller than or equal to zero for any non-negative
ni.|

Proof of Proposition 1 We start showing that no fully separating equilibrium
exists in which the wage intended for a given worker type is ..xed ignoring its impli-
cations for the possible attraction of workers of the other type —i.e. the wages in
a fully separating equilibrium are generally dicerent from those that would be ..xed
if workers were arti..cially segmented in two completely isolated labor markets. To
prove that notice that in such an equilibrium we would have:

U, = e ™My, 1=0,1 (19
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where n; satis...es
C

l—e™ —ne ™ = g, (20)
and the wage orered by a vacancy intended for type i workers would be equal to
o Nigy.
wi = —2 (21)
1—e™

Provided that w; < yo, this is an equilibrium if the following two inequalities are
satis..ed:
Ul — Wy 2 0 (22)

and
Up— e ™w; > 0. (23)

If (22) failed, a type-1 worker would ..nd it optimal to apply for a vacancy that
currently attracts just type-0 workers. If, instead, (23) failed, it would be pro..table
for a type-0 worker to apply for a vacancy that currently attracts just type-1 workers.
By keeping constant all the parameters of the model (y,, ¢ and p) and changing
y1 > Yo, one can think that the left hand side of the two previous conditions de...ne
implicitly two dicerent functions of y;. After dicerentiating in (20), one can use (19)
and (21) to prove that both U; and e~ w; are increasing in y;. Thus the left hand
side of (22 is increasing in y; while (23) is decreasing in ;. One can easily check that
when y, = yo, Uy —wy < 0 and Uy — e ™w; > 0 while when y; goes to in..nity
Ui —wo > 0 and Uy — e ™w; < 0. Hence if y; is close enough to (far away from)
Yo, high (low) productivity workers would ..nd it optimal to enter the segment of the
labor market that is supposed to attract only low (high) productivity workers. Yet, in
principle, (22) and (23) can be simultaneously satis..ed for intermediate values of ;.
We now prove, however, that for the range of values where y; > yo that may satisfy
both (22) and (23) the ..rm would ..nd it optimal to ocer a wage w» that would attract
both types of workers and would yield strictly positive pro..ts. To prove this claim
we proceed in two steps. First we consider the case where g, is such that U; = wy
and then we consider the case where y; is such that U; — wy > 0.

1. The case U; = wp. To prove that in this case a pro..table deviation exists, we
simply check that the right derivative of V (w) at w = wy is strictly positive.
By deriving in (4), and after remembering that at this point n; = 0, it follows

that
B 2 2e7™  pgeT (1)
1- Vl — _ 1_ no —_ _ 0
Jm, (w) == (1-7") + (11-30) w0+(yo wo) wo o (1—e—"o—noe—70)

which, after (21) is evaluated at : = 0, can be rewritten as

2 . 2
— - [y1— o + e "y —wo] =—

wo wo (=) m = (1—e) ]

23



where in writing the ..rst equality we made use of the fact that in this case wo =
U, = e ™y,. By using (20), one can then prove that the previous expression is
strictly positive whenever y, is strictly greater than y,. To see this, use (20) to
calculate

dngy = l1—e™ —me™

dy; nieT"yy
and use the result to prove that (1 — e ™) y; is strictly increasing in y;.
. The case U; —wp > 0. In this case consider w, which belongs to interval (U;, w*)

such that ng(ws) + ni(w,) = ny. Notice that, since in this case w* < w, Wwe
have n(wy) < ny < ny. We next prove that

V(wz) = (1 —e ™)y —niUs + efﬁl(l — eiﬁo)yo —noUg—c>0

where we use the notation 7, = n;(ws2). After using the fact that 7y + 71 = no
and (20) evaluated at i = 0, the previous condition can be re-expressed as

(1—e™)

—— (1 —w0) > (U1 = To) = e "y — e )

But now notice that since n; < n;, we have

(1—e™) (1—e™)
T (11— yo) > T (y1 — ) -
Thus (24) would be implied by
(1—e™ —nie ™)y > (1 —e ™M — nle_"o) Yo.

Now notice that the right hand side is increasing in n; since n; < ng. So the
right-hand side is smaller than

(1 —e M — noe_"o) Yo = C
while the left hand side is equal to ¢ by (20).

After having ruled out the possibility of the above mentioned equilibrium con...gu-

ration, the only con..gurations consistent with Lemmas 3 and 4 are the four described
in the proposition. ||
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Proof of Proposition 2 We ..rst prove that when 3, = yo it is never optimal to
post a wage that attracts both types of workers. This rules out SH, WP and SL as
candidate equilibrium. We then prove that FK is always an equilibrium.

Let n = ngp + ny and suppose that there exists w > U; such that

Vw) = (I-—e™)p-w)+e™(1—-e™)(y —w) —c
(I—e™) (y1 —w) —c=0,

then, by Lemma (3), the ..rm could make strictly positive pro..ts by reducing w and
consequently increasing n. Thus the only possible equilibrium is FS is an equilibrium.
One can easily check that, indeed, FS is an equilibrium. In such an equilibrium ns;
satis...es c

I—e™™t —npe " =—,

Y1
while U; and wy, are given by
U1 = einfl U,
and
_npe My
wfl - 1 _ e_nfl bl

respectively. Finally n s solves
(1 — e*”fﬂ) (y1 — Ur) =c.

Then FS is an equilibrium if and only if e~"1wy < Uy which, given the previous
de..nition of wy and U, can be written as

—2nf1 1 _ —'rLfg
Ay < ———ey (25)
1—en n fo

which is equivalent to
ngpe "1 < 1 —e ™0

1—e 1 — UZ)

Now notice that
1—e™m0 S 1 —emnt

nfo ng

since U; < wy and the fact that V(U;) = V(wg) = 0 implies that ny > ng. But
then the inequality (25) is satis..ed since one can check that for any ny > 0

(np)?e™ — (L—e ™) <0
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Proof of Proposition 3 Denote by

7 T A
W*(M) — max Yy — € (yl ’yo) € Yo —C
n n

(26)

the maximum level of aggregate net income that can be achieved in a regime where
..rms attract the same proportion of high productivity workers as in the labor force,
1. Notice that n is the total queue length of applicants (i.e. the sum of type-0 and
type-1 applicants) for the vacancy. One can easily check that W*(y) is single-peaked,
soitis never optimal to post two dicerent types of vacancies. The ..rst order condition
of the problem reads as

[1e™ (g1 —yo) + e "]~y + e (Y1 —yo) T e Ty +e=0 (27

which after some rearranging becomes:

pe MM yy — yo) + e "yo = W*(p). (28)

To prove that W* = W*(u) is also the maximum level of welfare that can be attained
by the economy one can prove that W*(u) is a strictly concave function of x, which in
turn implies that social welfare would fall if the two types of workers were separated
in two dicerent segments of the labor market. To prove that %@ < 0, we ..rst use
the Envelope theorem in (26) to write

W™ o
d—u(m—e K (41 — yo) > 0,

which after further deriving with respect to p yields

P2W* dn\ _,,
TZ(M) =— (nﬂt@) e "(y1 — o), (29)

Wher_e j—z can be computed by using the implicit function theorem in (27) so as to
obtain
dn pe " (y1 — yo)n

dp ey — o) + e "yo’
But then by substituting this result in (29) we obtain
d2W* (1) pre M (1 — yo)

—d,u2 =-nl|l— /ﬂe**‘"(yl — yo) p— e M (y; — yo) <0

which proves strict concavity. ||
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Proof of Proposition4 LetW;,: =FS, WP, SL, SH, denote the wealth obtained
in equilibrium 7. Then we want to show that

W*() > max W.

We .rst prove that W*(u) > Wwp. To do so consider the problem of a .rm that
maximizes the value of the vacancy in a WP equilibrium which is given by
V(w) = [1 — e_"l(w)} (j —w)+e ™ (w) [1 — e_nO(w)} (1 —w)—c¢

Let ng(w) + ni(w) = n(w). Now consider the inverse function w = w(n) and de..ne
the function p(n) that satis..es

p(n) =

which, given Lemma (3), satis..es
p(n) <0.
Then the problem of the ..rm can be expressed as
maxyy — ¢ " (g1 = yo) — e "yo = n{p(n) Uy + [L = u(n)] Uo} — c.

The ..rst order condition in equilibrium (after imposing the free entry condition and
after using the de..nition of workers’ utilities) reads as

pe M (g — yo) + e "yo — [pUr + (1 — ) Upl = —p'(n)n [6_“"(y1 — o) — (U1 — Uo)] ,

which is incompatible with (28) since W* = puU; + (1 — u) Uy and its right-hand side
is generally diaerent from zero.
To prove that W*(u) > Wes, notice that

Wes = pW*(1) + (1 = m)Uors < pW™(1) + (1 — )W (0) <W*(n),

where Uygs denotes the utility level attained by a type-0 worker in an FS equilibrium.
The ..rst inequality uses the fact that Uprs < W*(0), while the second follows from
the strict concavity of W*(u), proven above.

To prowve that W*(u) > Wsi, denote by a € [0,1] the measure of workers which
enter the pooling segment of the labor market. Then the aggregate consistency con-
dition requires

ay = u, (30)
where ~ denotes the proportion of type-1 applicants for a vacancy that attract both
types of workers. Then we have

Wsi = plisL + (1 — p)W*(0) < aW*(y) + (1 — a)W*(0) < W*(ay) = W*(n),
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where U;s; denotes the utility level attained by a type-1 worker in an SL equilibrium.
The ..rst inequality uses the fact that U;s; < W*(y), while the second follows from
the strict concavity of the function W*(u). The last equality uses (30).

Finally, to prove that W*(u) > Wsn, denote by b the measure of workers which
enter the pooling segment of the labor market. Then aggregate consistency requires

where ~ denote the proportion of type-1 applicants for a vacancy that attract both
types of workers. Then we have

Wsn = pW* (1) +(1=p)Uosh < (1 = b) W (1) +0W*(7) < W*(1=b(1 = 7)) = W (p),

where Ujysy denotes the utility level attained by a type-0 worker in an SH equilibrium.
The ..rst inequality uses the fact that Uysy < W*(v), while the second follows again
from the strict concavity of the function W*(x). The last equality uses (31).||

28



References

[1] Blanchard, O. and Diamond, P. (1994), “Ranking, Unemployment Duration, and
Wages”, Review of Economic Studies, 61, 417-434.

[2] Hosios, A. (1990), “On the Ecciency of Matching and Related Models of Search

and Unemployment”, Review of Economic Studies, 57, 279-298.

[3] Montgomery, J. (1991), “Equilibrium Wage Dispersion and Interindustry Wage

Dizerentials”, Quarterly Journal of Economics, 106, 163-179.

[4] Shi, S. (2002), “A Directed Search Model of Inequality with Heterogenous Skills
and Skill-Biased Technology”, Review of Economic Studies 69, 467-491.

[5] Shimer, R. (2001), “The Assignment of Workers to Jobs in an Economy with
Coordination Frictions”, NBER Working Paper 8501.

29



Equilibrium Equilibrium Equilibrium Equilibrium
u (u=0.1) (1 =0.3) (1= 0.5) (1 =0.8)
2.00 FS FS FS FS
2.05 FS FS FS FS
2.10 FS FS FS FS
2.15 FS FS FS FS
2.20 FS FS FS FS
2.25 FS FS FS FS
2.30 SH SH SH SH
2.35 WP SH SH SH
2.40 WP SH SH SH
2.45 WP WP SH SH
2.50 WP WP SH SH
2.55 SL WP SH SH
2.60 SL WP SH SH
2.65 SL WP WP SH
2.70 SL WP WP SH
2.75 SL WP WP SH
2.80 SL WP WP SH
2.85 SL WP WP SH
2.90 SL WP WP SH
2.95 SL WP WP SH
3.00 SL WP WP SH
3.05 SL WP WP WP
3.10 SL WP WP WP
3.15 SL WP WP WP
3.20 SL WP WP WP
3.25 SL WP WP WP
3.30 SL WP WP WP
3.35 SL WP WP WP
3.40 SL WP WP WP
3.45 SL WP WP WP
3.50 SL WP WP WP

Table 1. Determination of posting equilibria. We set ¢ = 1 and y, = 2 and
characterize the type of candidate posting equilibrium that emerges for the various
combinations of y; and x shown in the table.
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Case un =0.1 Case © =0.3 Case u =0.5
03 p* 05|03 [ 05|03 p[° 05

Lowest 1;

for V(ag) > 0 NF 285 310 NF 325 335 NF NF NF

i h
mony WHEN — 030 061 — 059 068 — — —
announcing g

no-+n1 — 021 025( — 030 030 — — —
challenged eq.

Is V(zg) >0

at y, — 3.5 No Yes Yes| No Yes Yes| No No No
'rL]

oty When 0 029 056| 0 058 065/ 0 1 1

announcing z

'ﬂ]
Max Zm 8t 1027 027 027|030 030 030|050 050 0.50
challenged eq.

Table 2. Deviations to bargaining. We set ¢ = 1 and y, = 2. For various
combinations of i and 3, we report on the issues listed in column 1. The “Lowest v,
for V(zy) > 0” denotes the smallest value of y; such that a deviation to bargaining
is pro..table. The two subsequent rows describe the situation for such value of ;. 5*
refers to the bargaining power that satis..es Hosios rule (which varies with y; and p).
NF means that we have not found 3 < 3.5 for which a deviation to bargaining is
pro..table.
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Case u = 0.1 Case 1 = 0.3 Case u = 0.5
03 p 05103 pB 0503 pg° 0.5
Lowest y; NF 275 3.40| NF 290 3.10( NF 3.05 3.10
for PB
i
no+n1 at_ - 0 0 — 0 0 —_ 0 0
challenging w
Is PB an eq. No Yes Yes| No Yes Yes| No Yes Yes
at y, = 3.5?
_n]_at
notny 044 0 0 |052 O 0 060 O 0
challenging w

Table 3. Pure bargaining equilibrium. We set ¢ = 1 and y, = 2. For various
combinationsof 1 and (3, we report on the issues listed in column 1. The *“Lowest v,
for PB” denotes the smallest value of y; such that a PB equilibrium can be sustained.
(G* refers to the bargaining power that satis..es Hosios rule (which varies with y; and
1). NF means that we have not found y; < 3.5 for which a PB equilibrium can be

sustained.
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