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Abstract

I consider the sequential Expectation-Maximization (EM) model of Arcidiacono
and Jones (2003). Using a generalized version of the information matrix equality, I
obtain an alternative estimate of the variance-covariance matrix of the parameters. In
practice, using this formula can result in significant gains in computing time.
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1 The model and the estimator

The model. Consider a dataset of NV individuals and 7' time periods. Observations y; =

(i1, ..., yir) are iid across individuals. The unconditional individual likelihood is given by:

yza T Zﬂ'kfk yz; (1)

In this expression, £ = 1...K indexes K unobserved groups, which are associated to proba-

bilities 7 = (71...mx)". The group-specific likelihoods are denoted by fi.(v;;©), k = 1...K.

Assumption 1 There exists a partition © = (01, O9) and functions fiy, for, k = 1...K such
that, for all sets of parameters ©1,0, and (:)1, and all k = 1...K, the following equalities
hold:

fk(yi;@) = f1k(yi;@1)f2k(yi;@1,@2), (2)

/f1k(y;@1)f2k(y;é1,@2)dy = 1L (3)

Equations (2)-(3) imply that the type-conditional likelihoods f, are partial likelihoods in
the sense of Cox (1975).

The estimator. The maximum likelihood estimator of ©, 7 satisfies:
(@,7’?) = Argmax Zln <Z e [k (yi; © ) :
o,r Zk 1 Te=1 j=1

Then it is well-known that (@, 7?) satisfies:
LN
Bo= ;Pr (k|yi; @,ﬂ) . k=1.K, (4)

6 = ArgmaXZZPr (klyz,@ 7r> In fi.(yi; ©), (5)

i=1 k=1

where the posterior probabilities of the groups are given by the Bayes formula:

; B Tk fr(Yi; ©)
Pr(kly; ©,m) = Zszl kak(yi;@). (6)

The EM algorithm of Dempster, Laird and Rubin (1977) is an iterative method to es-
timate (@ 7?) using equations(4)-(6). Let (@“%7’#”) be the estimate obtained after the

(s)th iteration of the algorithm. Then <@ s+1) (SH)) are estimated in two steps:
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1. Expectation (E) step: compute the posterior probabilities: Pr (k|yi; é(s),?r(s)> by (6).

2. Maximization (M) step: update the parameters

N
1 ~
A = 3P (R O9,FY) k=LK,
=1

N K
Lt = ArgmaXZ Z Pr (k|yz, o), ﬁ(s)) In fi(yi; ©). (7)
© =1 k=1
These two step are iterated until numerical convergence.
In the case where type-conditional likelihoods are partial likelihoods, Arcidiacono and

Jones (2003) propose to replace (7) by the sequential procedure:

N K

@gsﬂ) = Ar%maxzzpr (k|yi;@)(s),7?(s))lnflk(yi;@l), (8)
L=l k=1

~ N K R

eyt = Ar%maxZZPr <k|yi;@(s),7?(8))lnf2k(yi;@§8)a@2)' 9)
2 =1 k=1

They show that the resulting sequential EM algorithm provides consistent estimates of ©

and 7 under suitable regularity conditions.

2 Standard errors

Sandwich formula. Arcidiacono and Jones show that the sequential EM estimator can
be seen as a GMM-type estimator based on the following population moment conditions,

satisfied at true values of the parameters:

E (Pr (k|yi; @0,77'0) — ﬂg) =0, k=1.K, (10)
01n fi,(yi; ©9)
Q0 0 1 _
E (kz:; Pr (k|y; ©°, 7°) 90, 0, (11)
K
.0 0 91n far (y;; ©1, ©9) _
E (; Pr (kly; ©°,7°) 90, = 0. (12)



Hence the standard GMM theory can be applied to obtain the asymptotic variance-covariance

matrix of the estimator ¥. Precisely, let § = (©, ) and:
Pr(k =1ly;©,7) — m

T (y;; 8) = Pr(k = Kly;0,7m) — g

Jln is
K Pr(kly; ©, 7) 2nfie0::01)

K Pr(klys; ©, 7) Lt(:01.02)

Then:
E (¥ (y;;8°)) =0.
It follows from classical arguments (e.g. Newey and McFadden, 1994) that
—1 —1

o (yi; 8°) : o (yi; 8°)
S=F| —=~ ]E( a5 3° i) U)E — . 13
( = o (05 8) ¥ (42 °) = (13)
This is the well-known “sandwich” formula. Note that, unlike in the case of maximum

likelihood, their is no obvious simplification in this expression and estimating standard errors

requires computing the moment conditions and their derivatives.

An alternative expression. We here show that a simplification analogous to the like-
lihood case holds for mixtures of partial likelihoods. We first prove the following lemma,

which comes directly from Assumption 1.

Lemma 2 For all parameter = (0, m):

/‘If (v; 3) 9(y; B)dy = 0, (14)
where g(y;; ©, ) is the likelihood given by (1).

Proof. See Appendix A. m
Equation (14) is clearly satisfied at true values of the parameters. Lemma 2 shows that
it is satisfied at every set of parameters 5. Newey and McFadden (1994) make the point
that such a property has to be satisfied by all consistent GMM estimator.
Differentiating (14) with respect to § and evaluating at 3° yields:
. 30 0
/Lj SJB’,B )g(y; %) dy + /\If (v:8°) L(gﬁ;,ﬁ by =o.
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Hence:

BYE

dg(y; B°
= —/\If(y;ﬁo) 79(5’;,5 ay,
.0
= —/\If(y;ﬁo) %‘y/ﬁ)g(y; 3)dy,

() L e,

op
1n g(y; 5°)
= —E(¥(y;8° ’ : 15
Equation (15) is a generalized information matrix equality. Moreover, it turns out that
%ﬁf’,’) has a simple expression in the case of mixtures of partial likelihoods. We prove the

following lemma in the appendix.

Lemma 3 The following equalities hold:

In g(y; 3° Pr(k = 1|y; ©°, 7°
M _ r(k |%./z;@ , T ), k — 1K, (16)
87I'k T,

. 30 K . Q0 OV Q0
alng(y,ﬁ ) _ ZPI" (k _ 1|yi;@0,ﬂ_0) a(ln flk(yz;(al) +lnf2k(yz:@17@2)) (17)

90, - 20, !
d1n g(y; °) ZK o oy OIn far(y;; 09, ©9)
_— = P = 1 . . 1

Proof. See Appendix B. =
Combining (13), (15) and the results in lemma 2 yield an expression for ¥ which depends

on first derivatives of the likelihood and posterior probabilities only.

3 Comments

The homogeneous case K =1 is illustrative. Then the previous result imply:

ov ;0 0 n 0
+(™57) - (w,m 3

31nf1 yl, , .
_ (In f1(y;;09)+1n £(1:;:09,09))  1n f2(y:;09,09)
- dln f2 Yis @ ,09) EEH FER

T80y

0

dln f1(y:;09) In f2(y:;09,09) 0 )

— 0 0 00, 0]
- (‘1’ yi B°) ¥ (y; 8) ) d1n f>(1i:09,03) d1n f(y:;09,09)
90, 907



4 Conclusion

In problems where the number of parameters is large and the (sequential) likelihood is not
straightforward to compute, this idea provides a fast alternative way to compute standard

errors.
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APPENDIX

A Proof of lemma 2

In this section, we assume that some parameters © and 7 are given.

Let k € {1...K}. Then
/ (Pr (kly: ©,7) — m0) g(y; O, m)dy = / Pr (kly: ©, ) g(y: ©, )dy — .
= /mfm(y;@1)f1k(y;®1,@z)dy,
= 0.

Here, as in the rest of the Apendix, we make use of equation (6) that defines posterior probabilities
by the Bayes formula.

Then
K 1 1
/(Zpr (kly;@m)mgk—e(i’@l)) 9(y; 0, m)dy = Z/ 2 nflk y’el)f k(Y5 ©1) far (y; ©1, O2)dy,
k=1

0 ;01)
= Z /flky B L for(y; ©1, ©2)dy.

Now, for all £ € {1...K'}, differentiating (3) with respect to ©; and evaluating at (©1,02) yields:

/Mf%(y;@h@Q)dy = 0.

00,
Lastly:
K
1 i )
k=1

Likewise, differentiating (3) with respect to ©, and evaluatlng at (©1,02) yields, for all &:

af2k (y;01,07)
) d — 0
/fm y; 0 90, Yy

B Proof of lemma 3

Let k € {1...K'}. Then

Olng(y; 8°) 1 9g(y; )
omk g(y; %) Omy

K
1 0

NG ;O :01,0 ,
gly; B°) Omp |5° (;”kflk(y 1) f2x(y; ©1 2))
fik(y; ©9) far(y; 09, ©9)

9(y; 8%) ’

Pr(k=1 .@0 0
_ Prlb=ty ’W), k=1.K.

0
Ty,




Next:

dlng(y;6°) _ 1 9
00, g(y; %) 901

_ 1 i” 0 (f1k(y; ©1) f2x(y; ©1, O2))
=t 00, ’

1 iwka (In f1x(y; ©1) + In for (y; ©1, O2))

K
5 (Z T S (Y5 ©1) for (vis O1, @2)> ;

k=1

Fur(y; ©9) far (y; 09, ©9),

9(y; B°) = 90,

i 3 (In f1x(y; ©9) + In for,(y; 69, 09))
— 00, ’

Pr (k = 1]y; 0°, 7r0)
1

k

Lastly:

dmg(y;8°) 1 9
Ch g(y; B°) 902

K
5 (Z T f1i(y; ©1) far (vis O1, @2)> ;
k=1

K
1 0 for (y; 09, ©9)
g(y; /30) kz::lﬂ'kflk(ya 1) 90, )
dln for (yi; 09, 09)
00, '

K
= ZPr (k = 1ly;; @U,WO)
k=1



