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Stéphane Bonhomme

CEMFI, Madrid

December 2010

Abstract

In this note, we propose a least squares method with ℓ1 penalty (based on the
“Lasso”) to estimate models with latent variables. Our approach addresses the high
dimensionality of these models, due to the presence of unknown distribution functions.
It builds on a recent proposal by Bunea, Tsybakov, Wegkamp and Barbu (2010, Annals
of Statistics) that uses penalized least squares for density estimation. We apply the
method to a simple measurement error model. The extension to more general latent
variables models raises a number of issues that we briefly discuss.
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1 Introduction

The papers by Susanne Schennach and Victor Chernozhukov that appear in this volume
synthesize some important contributions that these authors have made in different areas of
econometrics: latent variables models for the former, and ℓ1-penalized estimation methods
for the latter. This note shows that these two areas of research are related, and proposes a
penalization approach to estimate models with latent variables.

Latent variables models. Part of the recent work of Susanne Schennach aims at provid-
ing nonparametric identification results in Latent Variables Models (LVM hereafter). As an
important example, Hu and Schennach (2008) provide conditions under which all latent dis-
tributions are nonparametrically identified in nonlinear latent variables models that satisfy
conditional independence restrictions. These results represent significant improvements in a
literature that has so far mostly focused on linear models (Kotlarski, 1967, Székely and Rao,
2000).

Schennach’s paper focuses on measurement error models, where the true regressor is an
unobserved latent variable. However, the techniques she discusses may also be used in models
with a group structure and panel data models (where the group fixed effects are the latent
variables), or to dynamic decision problems (with unobserved states). For example, using
similar techniques, Hu and Shum (2010) provide conditions under which structural dynamic
models are nonparametrically identified under Markovian assumptions on the dynamics of
unobserved state variables.

Although the recent literature has made important progress on nonparametric point-
identification of LVM under economically plausible assumptions, the estimation side is far less
developed. In additive models, nonparametric estimators have been proposed that rely on the
use of characteristic functions (Horowitz and Markatou, 1996, Bonhomme and Robin, 2010).
Recently, Evdokimov (2010) has used a similar idea in a nonlinear panel data regression
model with fixed effects.

When models are nonlinear, however, simple characteristic-function based estimation
is often impossible. A general strategy consists in modelling the unknown distributions
parametrically, while letting the dimension of the parameter space increase with the sample
size. The properties of sieve estimation approaches are now well understood in many contexts
(Chen, 2007). Sieve maximum likelihood has been advocated in the context of measurement
error models (Hu and Schennach, 2008) or nonlinear panel data models (Bester and Hansen,
2007), for example. One difficulty with the method of sieves, however, is the nonlinearity
of the estimation problem which, combined with the high dimensionality of latent variables
models, raises non-trivial computational issues.

ℓ1 penalized least squares (Lasso). The paper by Victor Chernozhukov reviews a seem-
ingly very different area of econometrics. The focus is on linear regression models with many
regressors. In this context, least squares methods behave poorly, and some form of penal-
ization of the estimates is called for.

In a seminal contribution, Tibshirani (1996) proposed to add an ℓ1 penalization term to
the least squares criterion. When the regression of interest is yi =

∑J

j=1 βjxij + εi, the Lasso
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estimate is defined as follows:

β̂ = argmin
β

N∑

i=1

(
yi −

J∑

j=1

βjxij

)2

+ λN

J∑

j=1

|βj|, (1)

where λN ≥ 0 is a penalty parameter, and where β = {β1, ..., βJ}.
The Lasso has become a major area of statistical research. There are two main reasons for

this popularity. First, the Lasso estimate β̂ is the solution of a convex programming problem
that can be computed efficiently.1 Second, the solution typically exhibits sparsity, meaning
that many elements β̂j are exactly zero. This is due to the presence of the absolute value
in (1), and contrasts with other penalization schemes. For example, Ridge regression, which
adds a quadratic penalty to the least squares criterion, typically yields many coefficients close
to zero but not exactly equal to zero. Sparsity of the Lasso solution is attractive, as it delivers
parsimonious, interpretable results. Together with Alexandre Belloni, Chernozhukov has
contributed to the rapidly expanding Lasso literature, by introducing post-Lasso estimation
(Belloni and Chernozhukov, 2010a), and extending the Lasso idea to the quantile regression
framework (Belloni and Chernozhukov, 2010b).

The Lasso is a useful approach in economic applications also. In the paper that appears in
this volume, Chernozhukov uses a macroeconomic regression as main illustration. He takes as
an example economic growth, for which many (potential) determinants have been considered,
and proposes a robust test of the convergence hypothesis. Other areas of application that he
mentions are nonlinear regression (where the unknown regression function is approximated
in a large dictionary of functions), and the many instruments problem (Belloni et al., 2010).

Combining ideas from the these lines of research. This note proposes an ℓ1-penalized
least squares approach to estimate models with latent variables. The need for penalization
arises because of the high dimensionality of LVM, due to the presence of unknown distribution
functions (i.e., infinite-dimensional parameters). Similarly to Lasso in a linear regression
context, the particular estimator we consider is computationally convenient and delivers
parsimonious results.

The proposed approach builds on a recent paper by Bunea et al. (2010), where an
ℓ1-penalized least squares approach was introduced for density estimation. We apply the
method to a simple measurement error model, and provide a small numerical illustration
on simulated data. Extending the idea to more general LVM raises various issues that we
briefly discuss in the conclusion.

2 A simple latent variable model

We start by discussing various strategies to estimate latent variables models. We will focus
the discussion on a simple measurement error model.

Measurement error. Suppose that we are interested in documenting the relationship
between an outcome Y and a covariate X∗. Suppose, however, that we do not observe X∗,
but only an imperfect measure X. We make two assumptions.

1For example, using the Least Angle Regression algorithm of Efron et al. (2004) and Friedman et al.
(2010), which delivers the full path of Lasso estimates for λN taking any non-negative value.
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Assumption 1 Y is independent of X given X∗.

Assumption 1 is quite common in nonlinear measurement error models. It amounts to
assuming that the error-contaminated regressor X does not contain information about Y ,
other than that contained in the true regressor X∗.

Assumption 2 The distribution function of X given X∗ is known.

The rest of the analysis will remain unchanged if instead of Assumption 2 we assume
that a consistent estimate of the distribution function of X given X∗ is available. This could
be because the researcher disposes of an auxiliary dataset with observations on X and X∗

(Chen, Hong and Tamer, 2005). Alternatively, this could be because independent repeated
measures of X∗ are available. We will come back to the repeated measures example in the
conclusion.

Let fZ (fZ|W ) be a generic notation for the distribution function of Z (or Z given W ).
The following identity, which is a direct implication of Assumption 1, will be useful:

fY,X (y, x) =

∫
fY |X,X∗ (y|x, x∗) fX∗ (x∗) fX|X∗ (x|x∗) dx∗

=

∫
fY |X∗ (y|x∗) fX∗ (x∗) fX|X∗ (x|x∗) dx∗

=

∫
fY,X∗ (y, x∗) fX|X∗ (x|x∗) dx∗. (2)

Note that, in this expression, fX|X∗ is known by Assumption 2, while fY,X∗ is unknown.

Penalized likelihood. Let {yi, xi}, i = 1, ..., N , denote an i.i.d. sample from (Y,X). A
popular approach is to postulate a (possibly high-dimensional) parametric model for fY,X∗ ,
depending on some parameter vector γ ∈ Γ. The (penalized) maximum likelihood estimate
of γ is then given by:

γ̂ = argmax
γ∈Γ

N∑

i=1

log

(∫
fY,X∗ (yi, x

∗; γ) fX|X∗ (xi|x
∗) dx∗

)
. (3)

Various choices for the parameter space Γ lead to several commonly used estimation
strategies:

• If Γ is taken to be independent of the sample size, γ̂ is a standard parametric maximum
likelihood (ML) estimate.

• If the number of parameters in ΓN increases with N , γ̂ is a sieve ML estimator (Shen,
1997).

• The choice ΓN =
{
γ ∈ R

J ,
∑J

j=1 γ
2
j ≤ tN

}
, where tN is a function of the sample and

γj denotes the jth element of γ, corresponds to ML with quadratic penalty (Ridge).

• Lastly, if ΓN =
{
γ ∈ R

J ,
∑J

j=1 |γj| ≤ tN

}
, then γ̂ is an ML estimate with ℓ1 penalty.
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An attractive feature of penalized likelihood approaches is their ability to deal with a
large model space, i.e. a flexible specification for fY,X∗ . For example, as in standard Lasso,
the ℓ1 penalty tends to select parsimonious, interpretable specifications out of the large class
of models available. This flexibility is appealing in the context of LVM, where the “true”
model is often unclear ex-ante.

On the negative side, computation of penalized likelihood estimators is often not straight-
forward. To see this, consider the Lagrangian that corresponds to the ℓ1-penalized estimator:

γ̂ = argmin
γ∈Γ

−
N∑

i=1

log

(∫
fY,X∗ (yi, x

∗; γ) fX|X∗ (xi|x
∗) dx∗

)
+ λN

J∑

j=1

|γj|, (4)

where λN is a Lagrange multiplier which depends on the sample size.2 The minimization in
(4) does not take the form of a simple programming problem in general. Efficient algorithms
have been proposed in some special cases. See for example Hastie and Park (2007) for
generalized linear models. However, the computation problem is much harder than for
standard Lasso, especially when the model space is large. The next section proposes a
method for estimating LVM that preserves the computational simplicity of Lasso.

3 Penalized Least Squares density estimation

3.1 The estimator

Let {Ψk (y, x
∗) , k = 1, ..., K} denote a (large) dictionary of functions, possibly non-orthogonal.3

Then, let us specify:

fY,X∗(y, x∗) =
K∑

k=1

akΨk (y, x
∗) ,

where {ak} are scalar parameters to be estimated.
We have, using (2):

fY,X (y, x) =

∫
fY,X∗ (y, x∗) fX|X∗ (x|x∗) dx∗

=
K∑

k=1

ak

∫
Ψk (y, x

∗) fX|X∗ (x|x∗) dx∗

=
K∑

k=1

akϕk (y, x) , (5)

where ϕk (y, x) =
∫
Ψk (y, x

∗) fX|X∗ (x|x∗) dx∗ are known functions.
Equation (5) shows that the problem of recovering the parameters of the latent distribu-

tion fY,X∗ from the distribution function of the data is linear. Here our aim is to devise an
estimation method that exploits the model’s linearity.

2Note that (4) penalizes all elements γj in the same way, irrespective of the behavior of
∂fY,X∗ (yi, x

∗; γ) /∂γj . Our estimator in the next section will allow the penalization to depend on j.
3For example, {Ψk} might contain bivariate normal densities with different means and covariance matri-

ces, as well as orthogonal polynomials (Chebyshev, Hermite...) up to a very high order.
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In what follows, we will work with square-integrable functions, and denote as ‖g‖22 =∫∫
g (y, x)2 dydx the squared ℓ2 norm. Note that {ak} minimizes the ℓ2 distance between the

distribution function of the data fY,X and its parametric approximation:4

{ak} = argmin
{ak}

∥∥∥∥∥fY,X −
K∑

k=1

akϕk

∥∥∥∥∥

2

2

. (6)

As the ℓ2 norm of fY,X does not depend on {ak}, (6) is equivalent to:
5

{ak} = argmin
{ak}

− 2E

(
K∑

k=1

akϕk (Y,X)

)
+

∥∥∥∥∥

K∑

k=1

akϕk

∥∥∥∥∥

2

2

= argmin
{ak}

− 2E

(
K∑

k=1

akϕk (Y,X)

)
+

K∑

k=1

K∑

ℓ=1

akaℓ

∫∫
ϕk (y, x)ϕℓ (y, x) dydx.

(7)

Given a random sample and taking empirical counterparts in (7) (as in Birgé and Massart,
1997), a least squares estimate of {ak} is thus:

{âk} = argmin
{ak}

−
2

N

N∑

i=1

K∑

k=1

akϕk (yi, xi) +
K∑

k=1

K∑

ℓ=1

akaℓ

∫∫
ϕk (y, x)ϕℓ (y, x) dydx. (8)

ℓ1-penalization. When {Ψk} is a high-dimensional, non-orthogonal, dictionary, the solu-
tion of (8) may be very imprecise. In this context, penalizing the solution may, by driving
the coefficient estimates toward zero, improve finite-sample performance dramatically.

Here we follow Bunea et al. (2010) and add an ℓ1 penalty to (8). The penalized estimates
{âk} are given by:

{âk} = argmin
{ak}

−
2

N

N∑

i=1

K∑

k=1

akϕk (yi, xi) +
K∑

k=1

K∑

ℓ=1

akaℓ

∫∫
ϕk (y, x)ϕℓ (y, x) dydx

+λN

K∑

k=1

‖ϕk‖∞ |ak|, (9)

where the presence of the weights:

‖ϕk‖∞ = sup
(y,x)

ϕk (y, x)

ensures that the estimator is invariant to the scale of Ψk, and where λN ≥ 0 depends on the
sample size.

4With some abuse of notation, {ak} on the left-hand side of (6) denotes the true value of the parameter.
5To see this, note that the ℓ2 scalar product of

∑K

k=1
akϕk and fY,X is:

∫∫ K∑

k=1

akϕk(y, x)fY,X(y, x)dydx = E

(
K∑

k=1

akϕk (Y,X)

)
.
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Bunea et al. (2010) refer to:

f̂Y,X =
K∑

k=1

âkϕk

as the SPArse Density EStimator (SPADES) of fY,X . The present discussion shows that the
same idea can be used to estimate the joint density of the outcome and the true regressor in
our measurement error model, as:

f̂Y,X∗ =
K∑

k=1

âkΨk.

Bunea et al. (2010) provide conditions under which SPADES f̂Y,X yields minimax adap-

tive density estimates. We conjecture that f̂Y,X∗ should satisfy similar optimality properties,
although proving this conjecture exceeds the scope of this note.

Remark 1. The optimality results on ℓ1-penalized density estimation do not require that
the true model (i.e., {ak}) be sparse, but rather that there exist a sparse model that is
close enough (in ℓ2 norm) to the true model. This suggests that the proposed method
should perform well when the distribution function fY,X∗ can be well approximated by a few
elements of the dictionary {Ψk}.

Remark 2. When the family {ϕk} is orthogonal, SPADES has an analytical solution
(it coincides with “soft thresholding”). For density estimation, which is the setting that
Bunea and coauthors considered, the researcher may be willing to use an orthogonal basis
of functions. However, in the simple measurement error model that we consider in this note,
finding a dictionary {Ψk} such that {ϕk} be orthogonal is not a simple problem.6 The ability
of SPADES to deal with non-orthogonal families of functions is thus an essential feature of
the approach for the types of applications we have in mind.

Remark 3. A nice feature of (9) is that SPADES can be computed using a standard Lasso
routine. For this, one needs to compute a matrix C of integrals with elements:

Ckℓ =

∫∫
ϕk (y, x)ϕℓ (y, x) dydx, (k, ℓ) ∈ {1, ..., K}2. (10)

Moreover, stacking all ak’s into one vector a, and denoting as ϕ the K × 1 vector with
elements 1

N

∑N

i=1 ϕk (yi, xi), (9) can be written as:

â = argmin
a

− 2ϕ′a+ a′Ca+ λN

K∑

k=1

‖ϕk‖∞ |ak|, (11)

or, equivalently:

â = argmin
a

(
P ′a− P †ϕ

)′ (
P ′a− P †ϕ

)
+ λN

K∑

k=1

‖ϕk‖∞ |ak|, (12)

6This is because ϕk (y, x) =
∫
Ψk (y, x

∗) fX|X∗ (x|x∗) dx∗ is a (non-additive) convolution of Ψk and fX|X∗ .
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where P is any full-column rank matrix such that C = PP ′, and P † denotes a generalized
inverse of C.7 Algorithms that efficiently compute Lasso estimates in (12) are now publicly
available.8

Remark 4. One limitation of SPADES is that the solution is not necessarily a valid density.
In practice, when {Ψk} is a set of densities, it may be useful to enforce the constraints: ak ≥ 0
and

∑K

k=1 ak = 1. Constructing a modified Lasso algorithm that takes into account these
constraints in the quadratic programming problem seems of interest.

Parameters of interest. Once an estimate f̂Y,X∗ is available, one can recover interesting
features of the relationship between Y and X∗. In the illustration below, we will focus on
the conditional expectation E (Y |X∗), which can be estimated at any point x∗ as:

Ê (Y |X∗ = x∗) =

∫
yf̂Y,X∗ (y, x∗) dy
∫
f̂Y,X∗ (y, x∗) dy

=

∑K

k=1 âk
∫
yΨk (y, x

∗) dy
∑K

k=1 âk
∫
Ψk (y, x∗) dy

, (13)

where {âk} is given by (9).
Relatedly, suppose we have a model for the conditional expectation:

E (Y |X∗ = x∗) = m (x∗; θ) ,

where θ is a finite-dimensional parameter. A natural estimate of θ is given by:

θ̂ = argmin
θ

∫∫
(y −m (x∗; θ))2 f̂Y,X∗ (y, x∗) dydx∗

= argmin
θ

K∑

k=1

âk

∫∫
(y −m (x∗; θ))2 Ψk (y, x

∗) dydx∗. (14)

We will compute the estimates (13) and (14) in the illustration below.

3.2 Numerical illustration

As an illustration, we consider the following simple measurement error model:

{
Y = 1

θ
log (1 + exp (θX∗)) + V

X = X∗ + U,

where V and U are independent given X∗ (Assumption 1), and U follows a standard normal
distribution (known to the researcher by Assumption 2). In the data generating process, we
take θ = 1/2, V and X∗ standard normal, and we take U , V and X∗ independent.

7The equivalence between (11) and (12) follows from the fact that
(
IK − PP †

)
ϕ = 0 (where IK denotes

the K ×K identity matrix), because ϕ belongs to the range of P .
8See http://www-stat.stanford.edu/∼tibs/lasso.html for a fast Matlab implementation of the algorithm

of Friedman et al. (2010), which we use in the illustration.
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Let φ denote the standard normal density. We use the following dictionary of functions:

Ψk,ℓ (y, x
∗) =

1

σk

φ

(
y − µk

σk

)
×

1

σℓ

φ

(
x∗ − µℓ

σℓ

)
, (k, ℓ) ∈ {1, ..., 25}2 ,

where µk ∼ N (0, 1), and σk ∼
1
10
+χ2

1. We approximate the integrals in (10) by importance
sampling (1000 draws).

Figure 1 shows the estimation results obtained for 100 simulations of samples of size
N = 5000. To compute θ̂ we use equation (14), where {âk} are given by (9). The left panel
on the figure shows that large values of 1/λN are associated with large median biases. This
emphasizes the need to penalize the estimation. On the other hand, very small values of
1/λN penalize too much, and there is also some bias. Intermediate values of 1/λN seem to be

best. We computed the mean squared error of θ̂ across simulations, and chose the minimum
value 1/λN = 3.3 ∗ 103 to estimate the regression function.

The right panel on the figure shows the estimate of the regression function, computed
using (13). Note that this estimator does not assume knowledge of the parametric form of
E (Y |X∗ = x∗). The estimate is quite close (in median) to the true regression function. We
note some bias for large values of |x∗|. There are several possible reasons for the bias. Maybe
the dictionary of functions that we use is not large enough (we use 252 = 625 functions).
This problem seems to be inherent to latent variables models, which are high dimensional
and thus require to use a very large dictionary of functions.

A second possible reason for the bias is that SPADES is based on Lasso, and it has been
shown that post-Lasso may improve over Lasso in finite samples (Belloni and Chernozhukov,
2010a). Nevertheless, the results we obtain are encouraging, and suggest that SPADES may
be successfully applied to simple LVM.

4 Conclusion and directions for future research

Latent variables models are high-dimensional, due to the presence of unknown distribution
functions. Penalization methods provide interesting candidate estimators in these models. In
particular, ℓ1 penalization tends to select parsimonious, easily interpretable models. Another
attractive feature of this general approach is that it can accommodate a very rich model
space, using a large dictionary of functions. To make this procedure operational, we have
used the penalized least squares minimization approach of Bunea et al. (2010), which we
have applied to a simple measurement error model.

Recent developments on ℓ1 penalization make Lasso-based approaches attractive from
several points of view. From a computational perspective, fast algorithms are now available
to compute the full path of Lasso solutions. From a statistical point of view, it has been
shown that Lasso satisfies sparsity oracle inequalities (Bickel et al., 2008) and, in the context
of density estimation, that SPADES satisfies optimality properties (Bunea et al., 2010).
Progress has also been made to characterize the asymptotic behavior of Lasso estimators
(Knight and Fu, 2000, Huang et al., 2008).

Extending the approach to more general latent variables models raises a number of is-
sues. In applications, unknown structural parameters may be present along with latent
distributions. This situation will arise in the measurement error model of section 3.2 if fY |X∗

depends on a parameter vector θ. In this case, one may want to use SPADES to jointly
estimate θ and the density of X∗. Another issue that arises frequently in applications of
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Figure 1: Measurement error model (N = 5000, true θ = 1/2)

0 0.5 1 1.5 2 2.5 3 3.5

x 10
4

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

inverse penalization 1/λ

m
e

d
ia

n
 θ

 e
s
ti
m

a
te

 (
1

0
0

 s
im

u
la

ti
o

n
s
)

Median θ as a function of 1/λ

−1.5 −1 −0.5 0 0.5 1
0.5

1

1.5

2

2.5

3

error−free regressor

re
g

re
s
s
io

n
 f

u
n

c
ti
o

n

Estimate of the regression function

 

 
median
10% percentile
90% percentile
True regression function

Note: The left panel reports the median θ̂ obtained from (14), across 100 simulations, as a function

of the inverse penalization parameter 1/λN . The right panel shows the median, 10% and 90%

pointwise percentiles of θ̂ computed by (13), for the value 1/λN = 3.3 ∗ 103.

10



LVM is the presence of conditioning covariates. When conditioned on continuous covariates,
the approach that we have proposed faces a challenging curse of dimensionality.

Repeated measurements. We end this note by mentioning another example, which we
borrow from Susanne Schennach’s paper that appears in this volume. The example is the
simple measurement error model of Section 2, where now we wish to relax the assumption
that fX|X∗ is known. Instead, we suppose that we have two independent repeated measures
of X∗:

{
X = X∗ + U

X̃ = X∗ +W.
, where U,W,X∗ are mutually independent.

Kotlarski (1967) shows that, under weak conditions, the distributions of X∗, U and W are
nonparametrically identified in this model. Here we wish to estimate those distributions.

We start by noting the following identity:

fX,X̃ (x, x̃) =

∫
fU (x− x∗) fW (x̃− x∗) fX∗ (x∗) dx∗. (15)

Following a similar approach as before, let {Ψk}, {ζℓ}, and {νm} be three dictionaries of
functions, with K, L, and M elements, respectively. Let us specify:

fX∗ =
K∑

k=1

akΨk, fU =
L∑

ℓ=1

bℓζℓ, and fW =
M∑

m=1

cmνm.

Then, (15) yields:

fX,X̃ (x, x̃) =
K∑

k=1

L∑

ℓ=1

M∑

m=1

akbℓcm

∫
ζℓ (x− x∗) νm (x̃− x∗)Ψk (x

∗) dx∗

=
K∑

k=1

L∑

ℓ=1

M∑

m=1

akbℓcmϕk,ℓ,m (x, x̃) ,

where ϕk,ℓ,m (x, x̃) =

∫
ζℓ (x− x∗) νm (x̃− x∗)Ψk (x

∗) dx∗ are known functions.

An ℓ1 penalized estimator of {ak}, {bℓ}, and {cm} is:

{
âk, b̂ℓ, ĉm

}
= argmin

{ak,bℓ,cm}

−
2

N

N∑

i=1

K∑

k=1

L∑

ℓ=1

M∑

m=1

akbℓcmϕk,ℓ,m (xi, x̃i)

+

∥∥∥∥∥

K∑

k=1

L∑

ℓ=1

M∑

m=1

akbℓcmϕk,ℓ,m

∥∥∥∥∥

2

2

+λN

(
K∑

k=1

‖Ψk‖∞ |ak|+
L∑

ℓ=1

‖ζℓ‖∞ |bℓ|+
M∑

m=1

‖νm‖∞ |cm|

)
.

This estimation problem differs from SPADES as the unpenalized objective function is
not quadratic (it may actually be non-convex). We are not aware of algorithms that solve
this type of polynomial programming problems efficiently. It seems of interest to generalize
the approach that we have proposed to deal with this type of situations.
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