Supplement to “Functional Differencing”:
Supplementary Appendix

BY STEPHANE BONHOMME

This supplementary appendix contains analytical and numerical results on various models. It
also presents a method to numerically compute information bounds and check the non-surjectivity
condition. Lastly, it outlines a specification test of parametric random-effects models.

S1 Examples: analytical results
S1.1 Details about derivations in the text
Example 1A. Note the identity:

(y—a—-Ba)S ' (y—a-Ba) = (y—a—Ba) L 2Q%"
+(y—a) 2

y—a— Ba)

1

WE™z(y—a).

[SIE
= —

We have, for every function g(a), and denoting ¢ = dim «:

[LO,xg} (y) = /]Rq fy|x,o¢ (y|$7 a; 9) g (Oé) da

— (@) (3 {/Rq exp [—; (y—a—Ba) S 2QY 2 (y—a— Ba)} g(a) da}

% {exp [—; (y—a) S BWS " (y — a)] } .
(S1)

This shows (11).

Example 1B. Here we extend the analysis of Example 1B to censored regression models with
random coefficients.

Let us assume for simplicity that B (x, ) has full-column rank ¢, for all , almost surely in x.
Let V be a T' x ¢ matrix such that @ = VV' and V'V = I,,. Let also U be a T' x (T — ¢) matrix
such that W = UU’, and U'U = Iy_,. Lastly, let (1, v) = (V’Z’%y, U’E’%y).

Then, let us consider a region in R” of the form:
{y eR”, (u,v)€ Ry x RQ} - {y eRY, yi>ciyyr > CT};

where R; and R, are subsets of R? and R7~9, respectively. Finally, let us define the following
function supported on that Cartesian product:

e(y) =@ (v)1{p € R} 1{v € Ra}.



Then, (9) will hold if ¢, and Rs are chosen such that:

/R2 vy (V) exp [—; (1/ — U'Z_%a>, (U — U’Z_éa)] dv = 0.

(52)

In particular, if Ro is chosen such that {1/ - U’ E_%a, vE RQ} is symmetric around zero,

then:

E [U’z—% (yi —a) 1 {V’Z_%yi e Rl} 1 {U’E_%yi e RQ} ‘ 1:] —0.

(S3)

Restrictions (S3) are valid under non-normality, if the distribution of U’ E_%vi is symmetric around

the origin.

Example 2. To see why finding a non-zero {¢, } that satisfies (16) is equivalent to all 27 products
of distinct F’s being linearly dependent: Flk1 X o X FjlfT, (k1,...,kr) € {0,1}T, consider the case

T = 2. Then, (16) can be written as:

©00 + (P10 — Po0) F1 + (w01 — ©oo) F2 + (11 — P10 — Po1 + Poo) F1F2 = 0,

and we have:

P00 L0 00 ®00
$10 ~ oo _ -1 0 0 P10
P01 — Poo -1 0 1 0 ®o1
P11~ P10 — Po1 T Poo 1 -1 -1 1 o1

This triangular structure holds for all 7" > 2.
Lastly, we prove (18). We have:

T
17 & > e@O)][A@+a)" (1-A@lo+a) " =0
ye{0,1}T t=1
T I,9+Oé Yt 17yt
et 1
< Z sﬂy(%@)H Al 0‘] |: zh 0 Oé:| =0
ye{0,1}7 o [T et 1+ evi0+
s Y gz, 0)Timne) g
ye{0,1}7
= Z goy(a:,e)@thzl ymgeeazleyt _o.
ye{0,1}T

So, as e5*, s =0,..., T, are linearly independent, (18) follows.

S1.2 Non-linear regression model

Let us consider the model:

yi:m(xiaai700)+vi7 1= 17"'7N7

(54)

where m(+,-,-) is a known 7" x 1 function. The distribution of v; given z; and «; is known given 6,

and is independent of «;. The non-Gaussian random coefficients model is covered as a special case,



with m(z, o, 0) = a(z,0) + B(z,0)a. We take ) = RT, A C R? (where ¢ = dim ), and 7, = 1 and
my = 1. Lastly, we let x € X.
Let g € L' (A) N L? (A). We have:

Los0) W) = [ Fua (v =m (2.0.0):0) g (a) do (55)
Let us define the operator:
FolLpy: L*(A) — L*RY),
where F is the L2-Fourier transform (e.g., Yoshida, 1971, p. 154). Taking Fourier transforms in
(S5) we obtain, for all g € L' (A) N L? (A):

[F [Losgl] (6) = ( /A eﬁf’mm@)g(a)da)wvu(ar:c;e), ¢ eR7, (S6)

where W, = Ff,, is the conditional characteristic function of v; given x;. Here we assume that
Wy, 18 non-vanishing (as in Carrasco and Florens, 2009, among other references).

Note that L (A) N L% (A) is dense in L? (A), and that F is one-to-one. Hence Ly, is surjective
if and only if F o Lg , is surjective. It thus follows from (S6) that Ly, is surjective if and only if:

{g s eV m@a0) ) ¢ A} (S7)

is dense in the Hilbert space L? (|0, (-]z;0) [?).

In particular, if {m (x,a,0), a € A} has non-empty interior in RT, then Ly, is generally sur-
jective. As an example, Ly, is surjective when T' = ¢ and m(z, -, ) is one-to one. When T' > ¢,
surjectivity will hold when m(z, -, 0) is a space-filling mapping (such as a Peano curve) that maps
surjectively A onto RT (or an open ball in RT).

S1.3 The linear dynamic panel data model

In this subsection we derive the efficient functional differencing restrictions for Example 1A. We

will distinguish two cases.

e Case I: B(z,60) does not depend on . As an example, the static linear model falls in that
category:
Yit = T Bo + i + Vit
where v|z;, a; ~ N [0,03], with g = (80, 02)’, and B(z,0) = (1,...,1)’ is independent of 6.
e Case II: B(xz,6) depends on . As an example, the dynamic AR(1) model:
Yit = PoYit—1 + oy +vy, t=1,....T,

where v |yi0, a; ~ N [0, 0(2)], falls in that category. For simplicity we have assumed that the
initial condition y;o is observed (and is thus the only covariate in the model). To see the
correspondence with the general formulation, notice that:

Yit = péyio +(1+py+ ...+ pé_l)ai + Vit + poUi—1 + ... + pg_lvil, t=1,...,T.
So, 8o = (pgy,03)’, and

B(z,0) = (1,1+p,...1+p+ ...+ prl)/'



We have the next result, where for conciseness we omit the reference to x and 6y throughout.

Proposition S1 The efficient moment function for 6y is:

* Oa 0B 1 ! . B
1 -1 =
2 [@—a)’z‘éwzéa;@k SAWETA(y —a) — Tr (;mm?@k )]
—1
~y—afmiw aazek 22Qe 7% (y - a— BE (wil@¥Hy)).

Proof.
We will need the following result.

Lemma S1 fl‘ - R (L) coincides with the set of all zero-mean functions of QE_%y.
ylx

Proof.
It is easy to show that (S1) implies, for all g € G,:
1 1
Lgl(y) = Elg(a)| Q¥ zy,x|.
T MW = Bl |

The result follows.
]

By Lemma S1, the efficient moment function with respect to 6y (k € {1,...,dim6}) is given by:

Si0:300) = - (2] () ~ B (- (6] ()| @5 Huee ). (58)
Now, from (4):
0 1 0 1
aiekln([l’fa] (y)) = _58791451n‘2| + [Lfa] (y) X

/Rqaaek [_;(y_a_Ba),E_l(y—a—Ba)] X

exp H (y—a—Bay s (y—a- Ba>] Juja (0l2) da

10 0 1 -1
= 300, 1n\2|+/Rq a0, [ 5 (y—a—Ba) ¥ (y—a Ba)]
xf<a|QE*%y,x> da,

where fdenotes the distribution function of «; given QEféyi and z;, and where we have used the
factorization (S1).

Moreover, we have:

o [ 1 _ da OB \'__

20, —Q(y—a—Ba)/El(y—a—Ba)] = <89k+89ka)21(y—a—Ba)
1 , 0571
fﬁ(yfafBoz) a0, (y —a— Ba).



So, by (S8):

S, = E[(M—i_ﬁﬁkaz) ' (y—a— Bw)|Q% 24

=A(y)

1 ,0x1 1

1
~E (A(yi) - B(yi)\Q2’§y> :
To simplify this expression, note that:
y—a—Ba = E%QE_% (y—a—Ba)—l—E%WZ_% (y—a).

So:

9 oB \’ . ) ) B 1
a) = E| (5 + gro) = (Bhwnt - o) [n-Hy] + A@uh)

for some function A(-).

Moreover, note that QE_%UZ- and WE_%vi are uncorrelated, hence (by normality) independent
given ;. As v; and «; are conditionally independent, it follows that Wy s (yi—a) = WXT%U@- and
QZ_%yi = QE_%a + E_%Bai + QE_%W are also independent given z;.

In particular, this implies that:

E (WZ_%(yi — a)) QE_%y, x) =E (WE_%(yZ- — a)’ x) =0,
from which it follows that:

Aly) ~E (Aw)|Qx~2y) = (5&@21@ (aAQE—%y))/z—l (Ziws3(y-a)).

Next, we have:

x 850: (E%Qz—z (y—a— Bog) + S3WE~3 (y — a)) \Qz—%y]
So:
Bw) = 5 (stwnb-a) 2 (stwsb )
=B1(y)
(st ) B (s (- oo )
=Ba(y)
—I—E[ - % (E%QE_% (y —a— Bozz-)), 8829: (E%QE 2(y—a— Bai)) }QZ_%y} .
=Bs3(y)



Note that Bs(y) is a function of QE_%y, so:

Ba(y) — E (Ba(w)| QX Hy) =0.

Note also that, by the above argument and the law of iterated expectations:

E[(Eéwz—é(yi—a)>/a§9kl (z%Qz—% (yi—a—BE(ai\QE_%yO))‘QE_%y} = 0.
So:
Bo(y) — B (Bali)| @3 3y) = — (Siwss (y—a))'afe;lz%Qz-z (v—a-BE(a:lQs2y))

Lastly, we have:

k

oy
= E|uS iWE3
[U’L 2 2 80

zéwz—évi]
k

= Tr [zéwzézzéwm g SIS

-1
— T <2§W2§6§0k > :

132_1 1 1:|
k

where we have used that WE_%vi and QE_%yi are independent given z;, and that W2 = W.
Hence:

Bi(y) - E (Bl(yi)\QE‘%y) = —% (E%WE_§ (y— “)> 90

1 1 1991
+§Tr <22WE2 a6, ) .

The expression of S} then follows from combining the results.
|

Several comments are in order. To start with, consider the case where B(z, ) does not depend
on # (Case I). Proposition S1 shows that in this case the bound coincides with the standard bound
for exponential family models (Hahn, 1997).

In the general case (Case II), the efficient functional differencing restrictions comprise five terms.

Mean and covariance restrictions in quasi-differences are:

da\' 1 _1
E|:<69k> Y 2Wx Z(yz—a):| —O,

and:

1 1 -1
E {(yi —a)Y 2 WYz 8;]9

E_l
SIS (g —a) - Tr (23wt 2 o,
a6,

respectively, whereas orthogonality restrictions between quasi-differences and levels are:

k

1 -1
E [(yi —a)STEWRe 850 DY 2 (y — a)] = 0.
k
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In the dynamic model, these restrictions combine those proposed by Arellano and Bond (1991)
and Ahn and Schmidt (1995). Note that, in this model, no stationarity restriction is imposed, so
the extra moments of Arellano and Bover (1995) are invalid here. Imposing these restrictions would
require constraining the distribution of a; given ;.

1
The last two terms involve the conditional mean E (ai\QE_Eyi). It is interesting to compare
the optimal mean restrictions in the normal model:
da 0B 1 ! 1 1
E|( 27+ 2B (ilQT73y) ) ©78ws4 (5 - 0)| =0,
(o S2m (wlaz ) (=]
with the optimal restrictions obtained by Chamberlain (1992), in a model where second and higher-
order moments of errors are left unrestricted:

/
k

The difference between the two sets of moments is that, under normality, QE_%yi = QE_%a +
EféBozi + QEfévi is statistically independent of szé(yi —a) = WE*%UZ- given covariates x;.
This implies the existence of additional instruments (namely, QE_%yi) in the quasi-differenced
equations, in addition to x;.

Note that efficient estimation of 6y in the normal model requires a nonparametric estimate
of E (ai|Q27%yi). This is similar to efficient estimation of common parameters in Chamberlain
(1992). A regularized estimate of the optimal instruments may be based on a (semi)-parametric
random effects specification, as discussed in the text.

S1.4 Uniform Fourier convergence in the random coefficients model

We consider Example 1A, where in addition we assume that Y is known. We also assume that

rank (B) = dim«a = g, i.e. that Lg, is injective.
T
Let us take 7o = 1, and 7, (y) = exp [—%ny’Z_ly], where 7 > 0. Let Q = Y":B [E_%B} ,

and define V' a T x ¢ matrix such that Q = VV’" and V'V = I,. Let also W = Iy — @, and define
U aT x (T — q) matrix such that W = UU’, and U'U = I_,.
Let us define ‘H the Hilbert space of functions ¥ : R? — R such that:

1
¥()* exp {—27711/#] dp < o0,
Ra

endowed with its canonical scalar product. Lastly, let Ly : H — H be the integral operator such
that, for all ¥ € H:

L)) = |

Ra

1

1
exp [—4 (z =) (2 - u)] X exp [—277;/4 ¥ (p) dp,  for all z € R

We note that Ly is Hilbert-Schmidt, so it admits a singular value decomposition, and that Ly is
self-adjoint.
We have the following result.

Proposition S2 The left singular functions of the operator Lg 5 : Go — Gy are given by:

b0 (y) = C (0) Hy (V'=73y) exp [—; (y—a) S2UU'STE (y - a) |, (89)

7



where Hj, j = 1,2, ... are the singular functions of the self-adjoint operator Ly, and where C () is

a positive constant, uniformly bounded on © provided a(-) is continuous in 0 and © is compact.

Proof.
Let Y =RT, and A = R?9. We have:

(LowLi h] () = /y /A fyoe (012, 0:0) fyj.a (G2, 03 0) my (3) B () dady

— /y{/Afykc,a(yL’L',Oé;e)fyx,a (Zj\l‘,aﬁ)da}wy@)h@jdg
k(y,J)

Moreover:

1 /
fylz.a (YlT,050) oc exp [—2 (V’E_% (y —a)— V’E_%Ba) (V’E_% (y —a)— V’E_;Ba)}

1
X exp [—2 (y —a) S UUS (y — a)] ,

where A o« B denotes the fact that A and B are equal up to a multiplicative constant (possibly
dependent on 6, ).

Using the change of variables § = V’Z‘_%Ba, and noting that V/SiB is non-singular, we
obtain:

k(yvg) = /Afv|m(yaBa;e)f’uh:(gaBa;e)da

o /Aexp{— (V’Z‘f% (y—a)—ﬂ)l(V’E*% (y—a)—[i’)
1

X exp [—2 (y — a)'E_%UU'E_% (y—a)— 3 (y — a)'E_%UU'E_% (y — a)} .

So, from the usual decomposition of quadratic forms:
1 1 ! _1
Fwd) x e |-y (Ve e-9) (VEt-n)]

1 1
o [‘2 (y—a) SEUU'S ™2 (y —a) — 5 (T~ ) S20U'S "3 (7 - aﬂ .

As the left singular function ¢, belongs to the range of Ly ., there exists a function h; such
that:

30 ) =1y (V'Eby) exp |5 (- 0 s UUE b - 0]

The function ¢, satisfies:

[LG,xL;,x¢j,9] (y) X ¢j,9 (y) :

This is equivalent to:

(vt o« [ few H (V/E‘%<y—§>)’(V'z—%<y—m)]
1



Then, we note that, as VV' + UU’ = Ir:
_ 1 ~Iy—1~
Ty (y) = exp|=gnyETy
1 PRES DO VAN Y 1 1,1
= exp —in(VE 2y> V¥ 2y| X exp —inyE 20U X" 2y .

We thus obtain, using the change in variables (u,v) = (V’E_%g, U’E_%g):

h; (V’Z‘%) o /Rq exp [—1 (V’Z_%y - u)/ (V’E_%y - M)} exp [—;77//#] hj (1) dp.

So, (S9) follows. Lastly, as qujﬂH = 1 the proportionality constant C' () satisfies:

1 1 1 1 1 2 1
—~ H; (V/S73y) ex [— — ) AUUS —aD ex [— R }d
0% /y( j y)exp | =5 (y—a) (y —a) p|—5nyE Y| dy
1 2 1 ’
= [Z[> | Hj(p) exp |—gnu'p| dpu
Rd 2
om0y Ix— L 1
X exp —(V—UZ 2a) (V—UZ 2(1) exp |—=nv'v| dv
RT—q 2
o \ 7
L m ? n -1 Iy—2
= |22 — by by
|2 <2+77> exp[ 2+na 2:UU 2a],
where we have used that ||H;|| = 1. As a(-) is continuous in 6 and © is compact, and as W = UU’

is a projector, @/S"3UU'Y " 2a is bounded. So, C (0) is uniformly bounded.
The result follows.
]

Using the expression for the left singular functions, we then verify uniform Fourier convergence
for model (2).

Corollary S1 The following condition is satisfied for all h € Gy, a.s. in x:

sup Z<¢jﬂ,h>2 7202, (S10)

0cOe >

Proof.
We start by checking Condition (S10) when h is a polynomial. It is enough to check the result
(k)
for h of the form (27%y) , where y(®) = y’fl X oo X y?T. Let (u,v) = (V’Zféy, U’Zféy). We
have: ®) ®
(z72y) = (vV's iy uUsThy) = (Ve Un)®.

We note that (Vu+U V)(k) is a polynomial in p and v, the coefficients of which are uniformly
bounded as U and V are orthogonal matrices. So it is sufficient to check the result for h of the

form (V’Zf%y) ) (U’27%y> (é)‘



For such an h, we have:
1 (m) 1 ) 1
Digh) = 0(9)/ V¥ "3y Ux2y) H; (V¥ 2y
(10:h) A eh) ™ (ommh) s (Ve
1 el o, 1
xexp | =5 (y—a) E2UUE2 (y —a) 7Ty(y)}dy
[ m L
= C(0)[Z? L Hj () exp | —gnp'n| du
q

1 ! 1
X /]RTq v exp [—2 (1/ — U'Z_%a) (1/ — U’E_éaﬂ exp [—2171/1/] dv,

where we have factored 7, as in the proof of Proposition 52, and where we have used the change
in variables (u,v) = (V’Z_%y, U/E_%y)
Now, as u(™ belongs to H:
1 2
> < / pl™ Hj (1) exp [—217//4 du) 720,
j>J R
In addition:

1 ! 1
/RT_q 0 exp [—2 (1/ - U’Eféa> (1/ — U’Z%aﬂ exp {—Qnyly] dv

1
< / | exp |:—7]I//I/:| dv < 0.
RT—q 2

This shows uniform Fourier convergence for polynomial h.
Lastly let h € Gy, and fix ¢ > 0. We start by noting that polynomials are dense in G,. For
example, when T' = 1 the (generalized) Hermite polynomials form an orthogonal basis of the

~ ~12
weighted L? space Gy. So, there exists a polynomial h such that: Hh — hH < £.
For this ﬁ, and by the previous result, there exists a J; such that, for all J > Ji:

sup Z <¢j79,ﬁ>2 < i

0cO

i>J
Therefore:

9 N\ 2 2
sup Z<¢j,07h> < sup 22<<¢j,67h> +<¢j,97h_h>>
b0 77 b0 77

o\ 2 )
< 2 xsup Z<¢jﬁ,h> +2x Hh . hH
[USC) .
i>J
€ €
2 x 1 +2 X 1

= 5,

and the corollary is proved.
|

S2 Examples: numerical evidence

In this section of the appendix we discuss several numerical issues. We start by describing an
approach to numerically compute semiparametric information bounds.

10



S2.1 Computing information bounds

General approach. Let 7y = 1/f,5, and 7, = 1/ fy|,. Here fy), and fy|, are assumed known.
The efficient moment restrictions are given by (30). Moreover, the information bound, conditional

on z1,...,TN, is given by:

N
1 2 8L90,xifa|z 8L00,:pifa\x
N ; E (W (i) |:W6(),aci 0 (i) | Woq s 0 (vi)

Note that the bound depends on parameter values: 6y and f,|,. Note also that the informa-
tion bound simplifies relative to the general formula for the asymptotic variance of GMM, due to

xi:ac).

We will compute &, by simulation, drawing N, values y_ (s =1,...,Ny) from f,,(-|z). That

x) . (S11)

information equality.
Let:

aLG ,.Z’ifaat aLG ,J:ifa.t
L [ e [

is:
- 1 2 aLeo,l‘fa‘x 8L907xfa|g;
geyx ~ Fy Z 7T?J (ys> |:W90:x89 (ys) WOny 80/ (ys). (812)

Let us write Wy, » = I, —Qg,.», Where Qg, . is the orthogonal projection operator onto R (Lg, )-
Equation (S12) may equivalently be written as:

N,
1 L (0ln [Leo,xfa|x] (y ) 1 |: aL@o mfax:|
& R == — 0 2777
a2 ( 0 Lot @) 120 08| @)
" Oln [LGO,xfa|x] (gs) B 1 |: , aLGQ,xfax:| (y ) ,
06 [LGO,zfoda:} (gs> o 06 - '

Now let us define the N, x 1 and N, x 1 vectors:

aLQ a2 ol No Of |z, g8|$agn;90
iéz?:v = [(fy|;t,a (y|$agn700))n} ) giek| = Z ’ <89k ) y

n=1

and the N, x N, and N, x N, matrices:

Loy = [(fyx,a (y5|x,an;eo))m} . Dy, = diag [(i i (yswvan;eo)> ] -
, 2 s

We shall adopt a discretization strategy closely related to that of Section 6 in the paper, using
Ny draws y_ from fy,;, and N, draws q,, from 7 = f,|,. We start by noting that it follows from

the choice of 7, that 7 - 7, = 1, and that [(u,(y)),] = ﬁée,xiéy;- We will thus approximate

[Q907$%:| (y) in the following family of functions:

aLGg,mfaLt
00,

Na
| 6% X bufyalvie, i)
n=1

=vn(y)

|:Q90,x

11



The projection yields:

()] ~ [( ey r [( [ vty [t <y>wy<y>dy)m] 7

that is, using importance sampling with Ny draws from fy, =1 /Ty

]
Ny Ny
1 1 aLQO :cfoz|z
bn)n] & E 77 oV \Y )Vna Y E 7 7 T aVm\Y [’ Y
[( ) ] po— fy|1}(ys|x)2 1(fs) 2(75) — fy|$(gs|x)2 1(73) 89k (78)
n1,n2 n1
P . OLg, o falx o af T, 7S|17Qn§€ .
Combining, and noting that [%}f‘} (gs) R~ N%Y Egzl vl (gek 0), we obtain:
0Ly, xfa| 1 ( / aLeo,wi |
—ro.rlal® — ) —2 o
|:Q90,x 89k :| (y) N (i 07 ) ( 90 xQ@O :L‘LGO x) L90 $—90, 89]6
1 / aL@O x
— (v) ~1 - Talw
o Na (ie()v ) <Q0071‘L€0’1‘> DGO’ 89k ’

Using this approximation we thus have:4

!/
]_ -1 8L007x—01|x T 1 aL@o,xia‘z
S0 3 (Dma - In, = (D5 Loy ) (D5, Loy o) Dyt~ | (813)

This formula is intuitive: not knowing f,, results in a loss of information, which can be seen
by comparing the fixed-effects information bound &, with the parametric information bound for

!/
SML ~ L D*l aLOO’in‘LT D*l aLGo,a}ialm
6,x Ny ==0o,r 80/ ==00,r 60/ .

Illustrative calculations. Figure S2 shows the results of a computation of the inverse in-

Jale known:

formation bound for three models, using the formula (S13). We use two different approaches
to compute (S13). The first one is based on the J-modified pseudo-inverse of the matrix Ly, ,,
which we mentioned in the text (Section 6). We refer to this approach as singular value de-
composition (SVD)-based. As a second approach, we use a least squares regression to compute

9Ly, of

“a|z

<Q;(){ngoyx)TQ;O{xT, using only the first J columns of the matrix Ly ,. We refer to this
method as QR-based.*”

The left panel shows the results for a simple linear model y;; = a; + 0p(t — 1) + vy, t = 1,2,
where v;7 and v;e are independent standard normals. We take 8y = 1, and «; standard normal.
In this case, the first-differenced estimator reaches the information bound (e.g., Hahn, 1997), the
inverse of which is equal to 2. This provides a convenient benchmark against which to compare our
discretization strategy. We take N, = 10000, and N, = 1000.

We see on the left panel that both methods converge to the theoretical bound. The SVD-based
method gets faster to the solution. However, when J gets large the SVD-based method tends

46Note that this formula differs slightly from the one that appears in the proof of Theorem 1. This is
because in the above derivations we have used N, draws from fy|, (while the proof of the Theorem relies on
draws from a discrete uniform distribution).

47Tn Matlab, linear regression based on the QR decomposition can be done using the backslash operator.
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to deviate from the theoretical value, while the LS-based method remains stable. The difference
accentuates when we increase J beyond 50 (not shown).

The central panel shows the results for Chamberlain’s model, with a similar pattern for the
two methods. This calculation suggests that the inverse information bound is =~ 1.25. That
is, when N = 100 or 500 the corresponding standard deviations are =~ /1.25/100 = .112 and
~ 4/1.25/500 = .050, respectively.

For the tobit model, we see that the numerical problems in the computation of singular vectors
arise earlier. In particular, the SVD-based method starts to diverge from the QR-based method
when J > 20. We verified that, for small singular values, the numerical computation of singular
vectors starts being very imprecise. In contrast, the QR-based method gives more stable results.
This computation exercise shows that precise calculation of information bounds may be difficult,
due to errors caused by finite machine precision. Nevertheless, the evidence obtained suggests that
the inverse bound is ~ 5.0, and that the corresponding standard deviations for oy (obtained using
the delta-method) are ~ /5/100/2 = .112 and ~ +/5/500/2 = .050, respectively.*®

S2.2 Checking the non-surjectivity condition

A similar discretization approach may also be used to provide numerical evidence on (non-) surjec-
tivity in a given model. To proceed, let us return to the setup of Section 6, where m, is integrable,
and integrals with respect to a are approximated using importance sampling based on a density 7.
Fix x € X, and ¢ € ©. For any h € G,, the squared norm of Wjy ,h may be computed as follows:

L

th2z
Wb ~ -

W |In, = LooLj, | b (514)

where h = Kh(gs))s] is an N, x 1 vector, and where the expression of the N, x N, matrix Ly,
is given in Section 6.

To illustrate the practical usefulness of this type of calculation, we computed (S14) in the tobit
model and in the simple random coefficients model, for the special choice h(y) = 1. Note that,
given that m, is integrable, h belongs to G, and its norm is equal to one. We take § =1 (o =1 for
tobit), and we show the results for T'=1, T'= 2, and T' = 3. We also compare the SVD-based and
QR-based approaches to approximate the projection, as we explained above.

The results presented in Figure S1 clearly show that Wyh #% 0 when T' = 2 or T = 3. This
provides numerical evidence on the fact that the operator Ly is not surjective for that value of
common parameters. In contrast, the graphs for 7' = 1 suggest that Wyh = 0, consistently with the
fact that Ly is surjective when only one period of data is used. The figure thus illustrates the fact
that the availability of panel data is essential to the success of the functional differencing approach.

S2.3 Varying the number of singular values

In the two upper panels of Figure S3 we show the mean of ¢ and 5, as well as the mean + two
standard deviations, across 1000 simulations, for a sample size N = 100. In both models we set
hr (y) = ¢ (y — u,.), where ¢ is the standard normal pdf and where p, takes 49 different values in
R2:

{(0,0),(0,1),(0,-1),(0,2),(0,-2),(0,3),(0,-3),...,(—=3,-3) }.

48The fact that the bounds are numerically equal in the two models is due to chance.
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On the z-axis of the figure we report the number of singular values J used in the numerical
computation of the discretized version of the within projection operator (using the SVD-based
approach). We see that the results quickly stabilize around the true value (o9 = 1 and 6y = 1,
respectively). This result is consistent with the absence of ill-posedness in the estimation of common

parameters.49

S2.4 Numerical evidence on uniform Fourier convergence

Here our aim is to provide some numerical evidence on uniform Fourier convergence in the two
models that we used as illustration in Section 6 in the paper. In Section 5 we assumed uniform
Fourier convergence to show root-N consistency and asymptotic normality of common parame-
ter estimates. In Figure S4 we report the sum ) > <<bj,9, fy>2, for various J and for common
parameters (f and o) in a grid of values ranging between .5 and 1.5.59

Figure S4 shows that the Fourier coefficients tend quickly to zero, and there is visual evidence
that the convergence is uniform over the set of parameters that we have considered. This provides

numerical support for uniform Fourier convergence in those two models.

S3 Specification test

In applied work, a common approach is to assume a parametric model for the individual effects.
Here we show how to use the functional differencing restrictions for the purpose of specification
testing.
Let:
fy|x(y’x) = /;4 fy\x,a(ylwv Q; eﬂ)fa\x (Oé‘.%'; 770) do

be a complete parametric specification of the distribution of the data, which includes a parametric
model for the individual effects. A popular choice is to let f,, (a|x;70) be a Gaussian density, with
means and variances that are parsimonious functions of covariates x; (Chamberlain, 1984).

We wish to test the null hypothesis that f,, is correctly specified. For this, we consider the
random-effects maximum likelihood estimator (MLE) of 0y, which solves:

N
§ = argmax [argmalen ( / Fymawili, 050) fae (@l m) da)] .
0 A

N i=1

Then, we define the following statistic:

1Y -
S = N;w(yi,u’vi,9>7

49We also compared the SVD-based approach with the QR-based approach which we mentioned above,
and found little difference on the simulated data.
50TIn our experiments, we observed that estimates of singular vectors associated with very small singular

values were affected by numerical error. In Chamberlain’ s model, the sum Z}le <¢5j,9, fy>2 increased steadily
with J and seemed to reach a plateau after a few singular values, yet the sum jumped after the 19th singular
value (and actually became >> || fyHQ). For this reason, we discarded the singular values A;jg,7 > 19 in
the sum. For the tobit model, this phenomenon occurred after the 14th singular value, and we proceeded
similarly. This is additional evidence of the difficulty of computing singular vectors associated with small
singular values.
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where ¢ = (1, ..., pg) is given by (35). The statistic S is simply an empirical counterpart of the
functional differencing moment restrictions, evaluated at the random-effects MLE.

Proposition S3 Under the null of correct specification, and under reqularity conditions given in
Section 5 and standard reqularity assumptions on the MLE:

VNS % N[0,V
where the expression of Vs is provided in equation (S15) below.

Proof.
24, (0o, .
Let us denote £; (6,n) = In [ 4 fyjz.a(¥ilzi, @;0) fop, (alzin) da], and Leg = E [%}, with
a similar notation for the three other components of the Hessian: Lg,, L9, and L,,. Then, under

standard regularity conditions and under the null of correct specification:
VN (6-00) % N [0,75],

where V5 = [Lgg — Loy Ly, Lyg] -
Let ¢; (0) = ¢ (yi,2i,0). It is easy to show that, under the null, and under the regularity
conditions of Theorem 4 and standard regularity assumptions on the MLE (see Arellano, 1991):

VNS % N0,Vg],

where:

Vs =E {(% (60) — GVgsi) (; (6o) — GVgSi)/} : (S15)

with s; = 26Gem)  p,, [ 126G0m0) and G = E 25879,

A consistent estimator of Vg is then obtained as:

=5 [(a. (6 - 055) (2. () - o5 |

=5 . . . ~ 851 §,~ =~ =~_ 8& 5,~ . - - .
where V5 is a consistent estimator of V5, 50 = [ge ) — LGnerl gn U)L with Lg, anAd Ly, consistent
estimators of Lg, and L, respectively, and G is given by (42) with 6 in place of 0.

]

Let us assume that Vg is non-singular. In particular, this requires that the vector of moment
functions ¢ is not identically zero, thus restricting the model to be non-surjective. As N tends to
infinity we then have, under the null of correct specification:

NSV:'S 4 %, (S16)

where 173 is a consistent estimator of Vg. Thus, (S16) provides a simple way to test the validity
of random-effects specifications in non-surjective models. This provides an analog of the Hausman
test (Hausman, 1978) in a nonlinear context.
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Figure S1: Numerical evidence on non-surjectivity (7' = 1,2, 3)
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Note: The curves show estimates of the squared norm of Wyh, where h(y) =1 and (0,0) = (1,1).
The results are plotted against the number of singular values (or columns of Ly) J used in the

computation. Diamonds (solid line) correspond to the SVD-based approach, triangles (dashed line)
correspond to the QR-based approach.
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Figure S2: Inverse information bounds (7' = 2)
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Note: The curves show the inverse information bound of the model, for a given number of singular
values (or columns of Ly) J used in the computation. Diamonds (solid line) correspond to the

SVD-based approach, triangles (dashed line) correspond to the QR-based approach.
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Figure S3: Parameter estimates (N = 100,7 = 2)
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Note: On the x-axis we report the number of singular values used in estimation, while the y-
azis shows parameter estimates. The functions used to construct moment functions are ¢ (- — u,),
r =1,...,49, where the set of values for u, s indicated in the text. The solid and discontinuous
lines show the mean estimate and the mean + two standard deviations, respectively. The thin solid
line indicates the true parameter value.

19



Figure S4: Uniform Fourier convergence (1" = 2)
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Note: We report the quantity Zj>J <¢j79,fy>2, where (J + 1) is shown on the x-azis. The var-
ious curves correspond to different parameters 6 (o on the left panel), which belong to a grid
{.5,.6,...,1.5}.

20




