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Abstract

We study the identi cation of panel models with linear indiv idual-speci ¢ coe -
cients, whenT is xed. We show identi cation of the variance of the e ects u nder
conditional uncorrelatedness. ldenti cation requires restricted dependence of errors,
re ecting a trade-o between heterogeneity and error dynamics. We show identi ca-
tion of the density of individual e ects when errors follow an ARMA process under
conditional independence. We discuss GMM estimation of momnts of e ects and er-
rors, and introduce a simple density estimator of a slope e et in a special case. As an
application we estimate the e ect that a mother smokes during pregnancy on child's
birth weight.
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1 Introduction

Fixed e ects methods are a standard way of controlling for erayeneity and/or unobserved
heterogeneity in the estimation of common parameters from pal data models. However,
sometimes one is willing to treat a model parameter as a hetgeneous quantity (as a \ xed
e ect") and therefore characteristics of its distribution or the density itself become central
objects of interest in estimation.

In a static panel model that is nonlinear in common parameterbut linear in random
coe cients, the expected value of the random coe cients is xed-T identied under the
assumptions of unrestricted intertemporal distribution of theerrors and unrestricted distri-
bution of the e ects conditioned on the regressors (Chambeita 1992). However, variances
and covariances of random coe cients as well as other distrittional characteristics are not
identi ed. The reason is that by permitting arbitrary forms of dependence among the errors
at all lags, it becomes impossible to separate out what part of theverall time variation is
due to unobserved heterogeneity, no matter how long the paniel

The point of departure of this paper is to consider the identfing content of limited time
dependence of time-varying errors. The idea is that we may exgt a stronger association
between errors that are close to each other than errors thateifar apart in time. Moving
average and autoregressive processes are convenient impleateris of this notion. Sub-
ject to limited time series error dependence, alternative ahti cation arrangements become
available. In particular variances, higher order moments ahdensities of random coe cients
may be identi able. We explore such identi cation trade-o s and provide conditions under
which di erent distributional characteristics are identi ed. Throughout we adopt a \ xed
e ects approach” in the sense that the conditional distributimn of the random coe cients
given explanatory variables is left unrestricted.

A linear random coe cient model is a useful framework of analsis in many microe-
conometric applications. These include earning dynamics meld with individual-specic
age pro les and persistent shocks,as well as production function models with rm-speci c

technological parameterg. The estimation of heterogeneous treatment e ects is another

1For examples of earnings models with individual-speci ¢ slopes or pro les, see Liird and Weiss (1979),
Baker (1997), Haider (2001), and Guvenen (2007, 2009).

2See for example Mairesse and Grilliches (1990) and Dobbelaere and Maires©0@8). Other examples
can be found in the literature on the education production function and teacher quality (e.g., Aaronsonet
al., 2007).



area of application. In contrast with the cross-sectional caseapel data on repeated treat-
ments o er the opportunity to estimate a time-invariant distribution of treatment e ects

across units® For example, in our empirical application, we look at the exnt of hetero-
geneity in the e ect of smoking during pregnancy on childrenuwdcomes at birth, building on

Abrevaya (2006)'s results for mothers with multiple births. Tlere is interest in document-
ing the determinants of inequality at birth, particularly in relation to policy interventions

(e.g. Rosenzweig and Wolpin, 1991) and accounting for hetgemeity in the e ects of those
determinants is certainly important.

Most statistical approaches to random coe cient models have agpted a random e ects
perspective, which rules out or restricts the correlation beteen individual-speci c e ects
and regressoré. In economic applications, though, unit-speci ¢ e ects ofterrepresent het-
erogeneity in preferences or technology, on which econorttieory has typically little to say.
For this reason, it is often thought (as we do here) that a xed ects approach, which does
not restrict the form of the heterogeneity is preferablé. Thus, we regard individual speci c
parameters as random draws from an unrestricted conditiondistribution given regressors.

In an important paper, Chamberlain (1992) derived e ciency bounds for conditional
moment restrictions with a nonparametric component, and agd the results to a random
coe cient model for panel data. In that model the role of the ronparametric component
was played by the conditional expectation of the random coecients given the regressors.
Chamberlain suggested an instrumental-variable estimator ohé common parameters and
average e ects, which attained the bound.

Chamberlain (1992) assumed that time-varying errors were meadependent of individ-
ual e ects and regressors at all lags and leads (a strict exogégessumption). Extending the
approach, we consider a similar model with the additional assurtipn that the autocovari-
ance matrix of the errors conditioned on regressors satisfy mogiaverage (MA) exclusion
restrictions. Non-zero autocovariances are treated as nonpatetric functions of regressors.

Therefore, they are consistent with an underlying moving avage model with unobserved

3In a cross-sectional setting only the marginal distributions of potential outcomes may be identi ed under
standard assumptions, to the exclusion of the distribution of gains from treament (Heckman et al., 1997).

4See Demidenko (2004) for a survey on random-e ects (or \mixed") models in statisics. Recent work
using semi- and nonparametric approaches can be found in Lesare and Verbeke (1996&Kleinman and
Ibrahim (1998), and Davidian and Zhang (2001).

SFor example, Cameron and Trivedi (2005, p.777) claim that random coe cient models, although they
\are especially popular in the statistics literature (...) are less used n the econometrics literature, because
of the reluctance to impose structure on the time-invariant individual-speci ¢ xed e ect".



heterogeneity in second-order moments. In this setting, coriginal and unconditional vari-

ances of e ects and errors are point identi ed, as long as suiently many autocovariance
restrictions are imposed. For example, identi cation will rguire that the order of an MA
process be small enough. We also discuss how the results can be géirned to ARMA-type

restrictions.

Moreover, we show how Chamberlain's analysis can be extendeddbtain a semipara-
metric e ciency bound for all common parameters and rst and seond moments of the
random coe cients. The result holds for a parametric speci caon of the error second mo-
ments conditioned on regressors and e ects, which is either d&ar in or independent of the
e ects. We also show how xedT consistent and asymptotically normal estimates of these
coe cients can be obtained using a system GMM procedure that cabmes errors in lev-
els with errors in (generalized) deviations. The bound proges guidance on the choice of
optimal instruments.

Next, strengthening the mean independence assumption to one aihditional statisti-
cal independence between e ects and errors given regressors,study the identi cation of
higher-order moments and distributions. When time-varying reors follow suitably restricted
ARMA processes with independent underlying innovations, we ohin xed-T point identi-
cation results for the densities of individual e ects and erors. To obtain these results, we
rst use that (cumulant) independence assumptions lead to higlherder moment restrictions
that mimic covariance restrictions. Then we exploit the fact hat (statistical) independence
assumptions lead to functional restrictions on the second deaitves of log characteristic
functions, which are formally analogous to the covariance sgictions. We show that these
restrictions nicely extend those for second and higher-orderoments, and may be used to
establish the identi cation of distributions.

Our identi cation proofs are constructive. Thus, they suggest @nsistent estimators for
the distributional quantities of interest. We construct consisént method-of-moment estima-
tors of variances and higher-order moments. We also discuss wafgstimating the densities
of individual e ects and errors, emphasizing the connection ith the literature on nonpara-
metric deconvolution (see Carroll and Hall, 1988, among manyther references). As an
interesting special case, we consider a model with an heterogau intercept and a binary
heterogeneous regressor. This corresponds to our empiricaplagation where the smoking

e ect is heterogeneous across mothers. In this setting, we prge a simple nonparametric



estimator of the density of the mother-speci c smoking e ect.

In the last section of the paper we apply this methodology to a niehed panel dataset
of mothers and births constructed in Abrevaya (2006). We nd tlat the mean smoking
e ect on birthweight is signi cantly negative ( 160 grams). Moreover, the e ect shows
substantial heterogeneity across mothers, the e ect being venegative ( 400 g) below the
20th percentile. In addition, we discuss the validity of the sict exogeneity assumption
in the context of this application. Although the mean e ect isnot point identi ed in this
setting,® we show that several interesting average e ects can be identdeand estimated
when there are no time-varying regressors. The results suggesttthiae smoking e ect is
strongly correlated with smoking choices, justifying the xede ects perspective. Moreover,
we do not nd strong evidence against strict exogeneity on theseath.

This paper is related to the literature on the estimation of lnear and nonlinear panel
data models with xed e ects. A general solution has recently ben proposed that relies
on reduction of the smallT bias of the maximum likelihood estimator rst documented in
Neyman and Scott (1948), see Arellano and Hahn (2006) for a survéyere we show that all
marginal e ects, including the density of individual-speci ce ects, are identi ed for xed T
in a model that is linear in random coe cients. Hence, our apprach leads to full elimination
of the bias on the quantities of interest.

Related identi cation strategies for densities have been useual the literature on nonpara-
metric identi cation and estimation of linear factor modelswith independent factors. See
for example Horowitz and Markatou (1996), Szkely and Rao (®0), and Bonhomme and
Robin (2009b). We contribute to that literature by allowing for correlation patterns that
may be natural in applications, individual e ects being corelated in an unrestricted way,
and errors being possibly serially correlated. We also allow foonditioning covariates.

The rest of the paper is as follows. In Section 2 we present the fmawork of analysis.
Section 3 derives the identifying restrictions on the variazes of individual e ects and errors.
In Section 4, we extend the analysis to the full distributions foe ects and errors. We discuss
estimation in Section 5, and apply our methodology in Sectiob to study the e ect of

smoking during pregnancy on birth outcomes. Lastly, Section bnocludes.

6Chamberlain (1993) and Arellano and Honoe (2001) discuss the lack of idethcation when regressors are
predetermined. Recently, Murtazashvili and Wooldridge (2008) derive conditions under hich identi cation
holds in the endogenous case, imposing individual e ects to be mean independent of detrended regress
(see also Wooldridge, 2005, for the exogenous case).



2 Preliminaries
2.1 Model and assumptions

We consider a model that relates a vector 6f endogenous variableg; = (yi1;:::;yir)°to a

set of regressor¥V; =[Z;; X;] and a vector of zero-mean error termsg; = (vil:::viT)O:
yi=Zi +X; ;+v; (i=1::N): (1)

We distinguish two types of regressorsZ; = (z%;:::;z% )0 iIsaT K matrix associated to a
vector of K common parameters , while X; = (x%; :::;x?T)0 iIsaT g matrix associated to

a vector ofqg unit speci ¢ parameters ;. We start by stating the assumptions.

Assumption 1 (mean independence)
E(vijW;;, ;)= 0: (2)

Assumption 1 requiresZ; and X; to be strictly exogenous' It is possible to treat the
case of predetermined or endogenois's within the framework of this paper, and we discuss
this extension below. However, strict exogeneity of; is essential. If one of the components
of x; is predetermined or endogenous, then the moments of are not point identi ed in
general.

Note that we do not specify the conditional distribution of indvidual e ects. In our
\ xed-e ect" approach, ; are random draws from a population, along witly;;, z; and X,
but their conditional distribution given regressors is left uspeci ed. Thus, regressors are
strictly exogenous with respect to to time-varying errors butendogenous with respect to
xed e ects. We will discuss the validity of this assumption in the context of our empirical
application in Section 6.

Mean independence will be used to identify the vector of commg@arameters and the
means, variances and covariances of individual-speci c panaters ;. When studying the
identi cation of higher-order moments of the e ects and thé distributions, we will need a

stronger assumption.

Assumption 2 (conditional statistical independence)

; and v; are statistically independent giverw ;: (3)

"Throughout the paper, all (in)equalities conditional on W ; are understood to hold with probability one.
In addition, moments are assumed well-de ned (i.e., nite).

5



Conditional independence restrictions are commonly made the literature on nonpara-
metric identi cation and estimation (e.g., Hu and Schennach2008, and references therein).
Moreover, restriction (3) is in the nature of a xed-e ects agproach, where ; represent
individual-speci ¢ parameters such as preferences or techogy. However, note that As-
sumption 2 is more restrictive than Assumption 1 as, for example, fules out the presence
of individual e ects in the conditional variance ofv;.

Lastly, we will also assume that regressorX; are not perfectly collinearwithin each

individual sequence of observations.

Assumption 3 (absence of multicollinearity)
rank(X;) = Q: 4)

In particular, Assumption 3 requires that T  g. This condition is necessary in our
approach, as one needs to identifg parameters from aT-dimensional vector of data, for
each individual unit. In e ect, because of the presence of conum parameters, we will need
strictly more time periods than individual-speci ¢ parameters. This requement shows that
the panel dimension is essential in our setting.

Assumption 3 is restrictive as it implies that, whenX; takes discrete values, the moments
of individual e ects will be identi ed on a subpopulation of individuals only. For example, in
our empirical application, we will focus on mothers who chayed smoking status at least once
between births. A related model with continuousX's has been recently studied by Graham
and Powell (2008). Their analysis suggests that average e edisr the total population of
individuals, including individuals for whom (4) is not satis ed, may be consistently estimated

using nonparametric methods with trimming.

2.2 Within and between transformations

To motivate our identi cation analysis, we start by providing an intuition for our approach.

Given a vector of common parameters, one can estimate each; by least squares, yielding:

b= (XX:) "X%yi Zi):

8This is very di erent from situations where restrictions on ; are imposed, such as independence between
i and regressorsX ;. There, cross-sectional data may be enough for identi cation (see, e.g., Beran anda,
1992, and Hoderleinet al., 2007).



Let us introduce the two following matrices:

It X (XX;) *X2
(X%;) *x©

Qi
H;

Qi (T T)is the projection matrix on the orthogonal of the span of the @umns of X;. Q;
is a familar object in least squares algebra, and is symmetriceichpotent with rank T @
Hi (g T) is simply the least squares operator associated wit;.

Left-multiplying (1) by Q; and H;, respectively, we obtain the following equations:

Qi(yi Zi) = Qi (within-group), )
b, |, = Hv (between-group). (6)

While equation (6) expresses the di erence between the leastusges estimate of ; (for
known ) and its true value, equation (5) shows the link between the s&duals in the
individual-speci ¢ least-squares regressions and the populati errors. We will start from
these equations to study the identi cation of common paramets, the error structure, and
the distribution of individual e ects.

Two preliminary remarks are in order. First, sinceQ; has rankT g, it is not possible
to invert (5) unless some additional restrictions on the time-sis process of errors;; are
imposed. Second, equation (6) shows thdt; is a noisy estimate of ;. Likewise, any
distributional characteristic of b; (mean, variance, quantile) will be a noisy estimate of the
same feature of ;, the identi cation of which we are after. Importantly, this noise does not
vanish whenN tends to in nity for xed T, so unit-by-unit estimates of ; are not directly
informative about the distribution of the underlying e ects.

We end this subsection by presenting two simple examples.

Example 1. The rst example is a random trend model:
Yi = i+ t+ v, 1=100N t=100T, (7)

wherev;; are serially correlated, for example through aAR (1) process.
Model (7), or a restricted version of it (e.g., with ; = 0), is often used to model the

dynamics of earnings (see Guvenen, 2009, for a recent refeedn In this model the between-



group equations (6) are:

AN (Vi W)
- Vi  Vi)_
bi = i+V Sp— St (8)
= Ut
P t ot (vie W)
b, =+ o LY ©)
= Ut
whereas the within-group equations (5) are:
IDTst(v v)I T.os t (v V)I
ye b Bt = v Vi =p T |_s2 1 “p T I_Sz S
s=1 s s=1 s
(10)
Example 2. The second example is a model with a binary regressgr 2 f 0; 1g:
yr = i+ s+ v i=1;u0N; =1L (11)

This is the model we use in our empirical application, wherg- denotes the smoking status

of motheri during the pregnancy of child", andy; is the birthweight of child .

Denoting asn; = le Sy, we obtain:
1 X
by = i+ Lo 1 s)v (12)
1% 1 X
b = += e 1 s )ve- 13
i 1 ni . SI VI L ni . ( SI )VI ’ ( )
and:
hS 1 X
Vi b; b|S| =V Sp — Sik Vik (1 Sl‘)ﬁ (1 Sik) Vik -
'k=1 'k=1
(14)
2.3 Extensions
Nonlinearity in variables and common parameters. Although we discuss identi ca-

tion of the linear model (1), the approach of this paper can bgeneralized to other settings.

A more general formulation is:
yi=aWi; )+ B(Wi; ) ;+vj (15)

where is a vector of common parameters that enter nonlinearly futions a (whichisT 1)
andB (T Q0).



Following Chamberlain (1992), one can consider the generad within- and between-

group equations:

Qi()(yi aWi; ) = Qi()vi  (within-group), (16)
b, . = Hi()v (between-group), (17)

where
Qi() = It BW; )[B(W;; )BW;; )] ‘BW;; )° (18)
Hi() = (BW;; )BW;; ) "BWs; )° (19)

Qi( ) and H; ( ) are well-de ned provided that: rank[B(W; )] = g. Because of the
within- and between-group equations (16) and (17), the idéircation analysis of model (15)
follows very closely that of the linear model (1). We will indiate the di erences in the course
of the exposition.

It is instructive to consider examples of model (15). A simple spml case is the one-factor
model:

Vi = Zg ot it Vi (20)

where ;;::; ¢ are time-varying parameters and ; is scalar (e.g., Holtz-Eakiret al., 1988).

In a wage regression, ; could be workers' unobserved skills on the labor market, and

their time-varying price. Multiple-equation versions of (®), wherey;; is multi-dimensional,

could also be considered. Moreover, the model can be geneelizo allow for time-varying

unobservable individual e ects which follow a factor structwe (Bai, 2009, Ahnet al., 2007).
Other interesting special cases of (15) are models where theresgors include lags (or

leads) of the dependent variable. For example, a rst-order @aregressive model:
Vi = Yig 1t Xg itV ji< L (21)
That (21) is a special case of (15) is seen by writing the reducéatm:

t 1 0

— t t 1 .
Yiie = Xjgt+ Xjp 1+ 0+ Xiz i+t Viot Vit Vi 1+ 00+ Vi1,

which is of the form (15) with the (@q+1) 1 vector of individual e ects: e, = ( % Yio)®

General predetermined variables. Assumption 1 posits the strict exogeneity oZ; and

Xi given ;. The critical role of this assumption is to ensure that within ad between

9



errors, Q;v; and H;v;, have zero conditional mean given all lags and leads of thegressors.
However, our approach can be generalized to situations wheZe includes predetermined

or endogenous variables (although the remainder of the papessumes strict exogeneity for

simplicity). The idea is to replace Assumption 1 for the errory = y; 29 x? ; with
the following generalization:
E (Vi jrisnrigXi; =0 (t=1;25T); (22)

whererj; is a predetermined instrumental variable, which may be extaal to the model or
not. For example, ifry = z; the explanatory variablez; itself is predetermined; ifry = zj; 1
then z; is contemporaneously endogenous but its lags are predetemed, whereas ifrj; is
an external instrumentz;; is treated as endogenous at all lags.

Contrary to Assumption 1, the orthogonality between original gors and conditioning
variables in the new assumption is not transmitted to ordinary \thin errors. The reason
is that (22) implies a pattern of sequential orthogonality ad each within error depends on
the full time series of original errors. However, there is an @tnative within transformation
that preserves sequential orthogonality, which is providedyba generalization of forward
orthogonal deviations (Arellano and Bover, 1995). LeA; bea (T ) T upper triangular
decomposition ofQ; suoch that APA;= Q, and A|A% I+ q- The orthogonal within errors

Aivi Vi, oV satisfy assumption (22):
E(vijrinanrgXi; )=0 (t=1;25T 0):

Strict exogeneity of X is an essential ingredient of the previous argument, but as Ign
as this is preserved, nonlinear extensions are also possible. Bgample, it is possible to

consider assumption (22) in conjunction with a model of the form
a(Yi;Xi; )=B(Xi; ) i+vi

where the columns ofY ; contain endogenous and predetermined variables.

3 lIdenti cation of rst and second moments

In this section we study the identi cation of common parametes, and means and variances

of individual e ects and errors.

10



3.1 Common parameters and averages of individual e ects

We start with a proposition which shows the identi cation of and E ( ;). All proofs are

in Appendix A.

Proposition 1  (common parameters and mean e ects)

Let Assumptions 1 and 3 hold. Then:

EQi(yi Zi)jwWi)=20 (23)
and
E(bjjWi)= E( jW)): (24)

So E ( ;) is identi ed. Moreover, is identied if E (Z%Q;Z;) has rankK, the number of

common parameters.

Proposition 1 shows that can be interpreted as a generalized within-group estimand.
Similarly, E ( ;) can be understood as anean-group estimand. For example, consider a

model with a heterogeneous intercept:
Vi = Zy * it Vil (25)
Then, andE ( ;) satisfy:
Eve Vi (z z)°jz =0;
EC)=EW 2Z):

Applied researchers often nd it useful to regress individual eects estimates; on strictly
exogenous regressofs, see MaCurdy (1981) for an early application. An interesting col-
lary of Proposition 1 is that the population projection coe cients in the regression ob; on

Fi are equal to the projection coe cients in the regression of; on F;.

Corollary 1  (projection coe cients)
Let Assumptions 1 and 3 hold. Let als&; be a random vector such thaE (vi jW; Fi) =
0. Then:

[Var (Fi)] *Cov (Fi; ;) = [Var (Fi)] *Cov (Fi;b)): (26)

11



Similar results can be obtained for the more general formuian (15). The next corollary

derives moment conditions sati ed by common parameters.

Corollary 2 (Chamberlain's model)
Consider model (15), and suppose th& (vijW ) = 0 and that matrix B(W; ) has rank
g- Then:

EQi( )(yi aWi; )jWi]=0; (27)

and
EMHi ()i aWi; )iWil=E( ;jWi); (28)

whereQ; ( ) andH; ( ) are given by (18) and (19), respectively.

Corollary 2 provides conditional moment restrictions that nay or may not be su cient
to identify . For example, consider an AR(1) model with xed e ects without strictly
€X0genous regressors:

Yie = Yir 1t it Ve, ji< L (29)
In the absence of restrictions on the; process, is not identi ed in model (29). Identi ca-
tion may be achieved by restricting the variance-covariancmatrix of v; and by exploiting
covariance restrictions (Holtz-Eakinet al., 1988, Arellano and Bond, 1991). We will study
the identi cation content of covariance restrictions in thenext subsection.

Remark that, once is identi ed, there is no essential di erence between model Y&and
model (15). Indeed, one can dene; = y; a(W;; ) as the new dependent variable and
X = B(W;; ) as the new set of regressors, and use the identi cation results alied for
model (1).

Information bound on common parameters and average e ects. Chamberlain
(1992) obtained the optimal moment conditions of common pameters and average e ects
for model (15). The moments are optimal in the sense that an estator based on them
attains the semiparametric information bound.

Following the argument developed in Appendix C, the joint ogmal moments for and

= E( ;) can be expressed as
!
Sla+BE(jW) ANAVIAY) TA (Y a)

: BV, 'Bi BN, '(yi a B;)

= 0; (30)

12



wherea;= a(W;; ), Bi= B (W;; ), Vi= Var (yijW;),andAjisa (T q T orthogonal

decomposition ofQ; ( ).

3.2 Variances

Variances of individual e ects. To recover the variance of individual e ects, we impose
restrictions on the variance-covariance matrix of errorg;. For exposition, we start with the
case where ; = Var (vijW;) is known. The following theorem shows that the variance of

individual e ects is identi ed under those conditions. The pioof is immediate using (6).

Theorem 1 (variances of e ects)

Let Assumptions 1 and 3 hold. Then:
Var (;jW;) = Var (b;jw;) H; H} (31)

and, unconditionally:
Var ()= Var (b)) E(H; H): (32)

Theorem 1 shows that the variance-covariance matrix of indidual e ects is identi ed

given that of errors. In the special case where; = ?I+, (32) yields:
h [
Var ()= Var (b) 2E (XX;) ' : (33)

A familiar expression is obtained in model (25), with a single erogeneous intercept and
classical errors, in which case: Var(;) =Var(y, 2Z°) 2=T.

It is instructive to write (32) as
Var (b)) = Var ( )+ E(Hi iH); (34)

which expresses the variance of individual e ects estimates #% sum of a between-group
and a within-group variance. The between-group term is equ#o the variance of individual
e ects in the population.® The within-group variance generally tends to zero whef tends
to in nity, 1° but is non zero for xed T. This clearly decomposes the total variance df;
into two sources: the true cross-sectional variation of individal e ects, and the noise due
to T being xed. It is important to note that the linearity of the m odel in the individual

e ects is essential for this result to hold.

9This is becauseE (b;j ;)= ;, so:Var (E(b;j ;)= Var ( ;).

OThis will be the case if, for any k > 0, XX;=TK and X? ;X;=Tk tend in probability to non zero
constants asT tends to in nity. In regular cases like Example 2, we can takek = 1. In Example 1, b; is
superconsistent for ; asT tends to in nity, and we can take k = 3.

13



Variances of errors: MA restrictions. We now turn to the identi cation of ;. We will
contrast the identifying content of two types of restrictions.Covariance restrictions inlevels

are obtained when using the full variance-covariance matrisf y;, that is, using Assumption
1

E (i Z)yi Z )W, XiE(; JW) X%+

+XGE (VW) + E(vi JW;i) X?

XGE(; W)X+ (35)
The within restrictions are obtained from the within-group equation ( hence:
QE (vi Zi )i Z )%W; Q°=Q; Q¥ (36)

The within equations (36) are e ectively a subset of the level quations (35). However,
unlike (35), the within covariance restrictions (36) do not épend on errorsy; being mean
independent of individual e ects ;.

We start by studying the identifying content of restrictions inlevels. In vector form, (35)

yields:
EMlyi Zi) (i Z)Wil=(Xi X)E(; W)+ vec( i): (37)

Note that the variance of individual e ects is left unrestricted. Let us de ne the projection
matrix on the orthogonal of X;  Xj:
h i h [
2 Xi (X)) 'XO X (x%;) txO (38)
v [I+ Q] [I+ Qi

M;

Left-multiplying (37) by M; we obtain:
MiE[lyi Zi) (yi Zi )jWil=Mjvec( i): (39)

As M; has rank T? %' we cannot invert (39) and recover ; unless we impose
restrictions. We start by imposing uncorrelatedness restrictianon errorsvy . A particular
example is a moving average (MA) process of orderin which case the conditional covariance
betweenv; and vi..,;+1 given W; is zero for allt.

Formally, we make the following assumption.

Note that rank (M) =Tr( M;)= T2 [T (T 9]~
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Assumption 4 There exists a vector ofn parameters! ;, possibly dependent oWV ;, and

a known (selection) matrixS, such that:
vec( )= S,!: (40)

Note that since Var (vij W;) = E[Var (vi ] W;; ;)] W], Assumption 4 is consistent

with an underlying moving average model with unobserved hetegeneity of the form
Var (vijWi; )=S, (Wi )

for an unspeci ed function suchthat! ; = E[ (W;; ;)] W;], possibly including a larger
vector of xed e ects than those present in the conditional mea.

Assumption 4 contains the case where all errors are conditionalincorrelated, in which
casem = T and S; is a selection matrix that has zeros everywhere except at pasits (1, 1),
(T +2;2),..., (T?T). More generally, Assumption 4 contains moving-average prases of
the form

Vii = Ui + 1Uix 1+ 0+ qUip o, t=1;05T, (41)
where 11;:::; 7 are unrestricted parameters? and u;.; ;:::; U are mutually uncorrelated
given regressors. Inthe MA(r) casepn =T+ T 1+::+T r=(r+1)(T r=2).

Now, combining (39) and (40) we obtain:
MiE[lyi Zi) (Vi Zi)jWi]l=M;S;! i (42)
We thus have the following identi cation theorem.

Theorem 2 (variances of errors, information in levels)

Let Assumptions 1, 3 and 4 hold. Suppose that
rank[M;S,] = m: (43)

Then matrix ; is identi ed from covariance restrictions in levels (35).

In the particular case where errors are i.i.d. homoskedasticrd som = 0) we also have

the following corollary.

11; 55 7 May depend on regressordV i, although we omit the i subindex for clarity. They could also
depend on individual e ects ;, as long askE (ui jW;; ;; ;)=0.
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Corollary 3 (variances of errors, i.i.d.)

If errors are i.i.d. independent of W ; with variance 2 we have

— 1 . -\, . . .
2 = T—qE (i Zi)Qilyi Zi):

It is interesting to study the order condition associated with tle rank condition (43).
One can check that
T(T+1) oa+l),

2 2
with equality when S, selects allT (T +1) =2 non-redundant elements o¥ec ( i), see Lemma

rank [M; S;]

Al i) in Appendix A. So, the order condition associated with (43) is:
T(T+1) qg(g+1l)

> > m: (44)
In particular, in the MA(r) case we need that
T(T+1) g(g+1) r
+ -
> > (r+1) T 5 (45)

The left-hand-side in (45) is decreasing ig, while the right-hand side is increasing im. So,
equation (45) emphasizes a trade-o between the number of imidual-speci c e ects and
the order of the moving-average process.

Working with the within-group equation (5) alone requires stonger conditions for iden-

ti cation, as shown in the following theorem.

Theorem 3 (variance of errors, within information)

Let Assumptions 1, 3 and 4 hold. Suppose that

rank [(Q; Qi) So] = m: (46)

Then matrix ; is identi ed from the within-group covariance restrictions @86) alone.

The order condition associated with the rank condition (46) igsee Lemma Alii) in
Appendix A):
(T o(T 9g+1)
2
Hence, the order condition is more restrictive than the one wtih was obtained using covari-

ance restrictions in levels, see equation (44).

For example, consider the AR(1) model (29) with a single heteregeous intercept, and
T = 3. The autoregressive parameter is not identi ed from within-group equations alone.
However, is identi ed from covariance restrictions in levels, as the IVestimand in the

regression ofYj3  Viz) on (Yi> Vi1) usingyi; as instrument.
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Variances of errors: AR restrictions. Autoregressive errors are very popular in applied
work, and arenot covered by assumption (40) because autoregressive processes arelated
at all lags. Nevertheless, a similar approach can be adopted to syuidlenti cation. ** To see

how, consider the following model:
Vi = pVig 1+ 0 pVie pt Ups U= p+1innT (47)

where Lp+1s i pr are unrestricted parameters andp4q ;35 Uir satisfy Assumption 4. In
the case wheray; is MA(r), vi given by (47) follows an ARMA(p,r) process.
Let uj = (Upp+r; i ur)® and letR bethe T p) T matrix:

0
pp+1 b Lpal Lp+l 1 0 0O O
0 ppr2 2:p42 1pe2 L1 0 0
R = ::: o o o o o
0 0 ::: 0 0 0 : pT 1 p1t 1 - 1 0
0 0 e 0 0 0 0 oT e 7 1
Left-multiplying (1) by R we obtain, asRv; = u;:
Ryi:RZi +RXi i t Uj: (48)

Let! ; be anm 1 vector of parameters such that:
vec (Var (ujjWj)) = S,! :

Let also:

h

h i i
Mi=1q 2 RXGXRRX) TXRE RX(XRRX;) 'XRO:

Variance restrictions in model (48) imply that
MEI(Ry; RZi) (Ry: RZ;)jwi] = M;Sy;: (49)

Note that, by multiplying by R we have lost degrees of freedom, as the rank fdf; is
[(T p)? o] while M; has rank [T?2 ¢?]. These additional restrictions on the variance-
covariance matrix of errors are intuitive, as there ar@ extra individual-speci ¢ parameters
to di erence out, the initial shocksvi.1 ,; :::; Vio. Multiplying by R permits to eliminate these

p individual e ect. Then, multiplication by M allows to eliminate theq remaining ones.

3However, contrary to the moving average case, an autoregressive model witmobserved heterogeneity
does not generally imply an autoregressive structure fovar (vij W ).
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It follows from (49) that, for the variances ofui,.1 ;::;; Uiy and parameters Lp+ls 5 pT

to be identi ed from equation (42) the following rank condifion needs to be satis ed:
rank M;S, = m: (50)

In particular, we need that:

(T p(T p+1l) o+l
2 2

m:

So the maximalq that can be allowed for is inversely related t@. In the case whereu;; is
MA(r), qis inversely related to bothp andr.

Before ending this discussion, three remarks are in order. Firstontrary to the moving
average case, (50) is not strictly su cient for identi cation to hold. Indeed, we also need
parameters ;.,.;;:; pr to be identi ed from (49).

Next, one could similarly analyze the case of AR-type restrictianusing within informa-
tion only, as opposed to using restrictions in levels as we havere in this paragraph. The
order condition for identi cation then becomes more restritive, as it requires that:

(T p o(T p g+
2

Lastly, the analysis in this section focuses on non-stationary ARM models. Under
stationarity, additional identifying restrictions could be obtained, although non-linear in the

autoregressive parameters.

lllustrations. We rst illustrate the results in Example 2 with L = 3, which corresponds
to our empirical application. We focus on the subpopulationfdndividuals who haves; =1
only in one period, i.e. such thatn; = 1, the analysis being similar for other values of;.
We assume without loss of generality thatj; = 1, and sj, = sj3 = 0.

In this case, levels restrictions (39) are:
Var (yi1) = Var( j)+2Cov( i; j)+Var( ;)+Var(vi1);
Var (yi2) Var( i)+ Var(viz);
Var (yis) Var( i)+ Var(vis);
Cov (yir;¥iz) = Var( i)+Cov( i; ;)+Cov(Vis;Via);

Cov (yi1;¥iz) = Var( )+Cov( i; )+ Cov(Vii;Viz);
Cov (Yi2; Yia) Var( i)+ Cov (Viz;Vis):

VWA AR OO

We see that, when errors are uncorrelated with unrestricted xiances, Var( ;) and

Var (vi;) are not separately identi ed. Although the order condition br identi cation is
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satis ed,** the rank condition is not. Remark also that, if we impose the stabnarity restric-
tion that all three variances ofv;y, vi, and vj3 are equal, then they are identi ed along with
the covariance matrix of individual e ects.

It is easy to see that Var ;3 Vi) is identi ed from the within-group restrictions (36)
alone. So, if we assume that;, and v;3 are uncorrelated and have equal variance, then
Var (vip) = Var(vis Vj2) =2 is also identi ed from those restrictions.

As a second illustration, consider Example 1 with AR(1) errors:
Vit = Vit 11 Ui:

We start by assuming that is known. Applying the R transformation to equation (7) we

obtain:

Y“_{XL} =@ )i+ it (t 1)+ uy

Yie ()

ﬁl ){i+ }'+I(1{Z)'+uit:

R4
(

) ti()

When T = 4, we obtain:1®

Var (yio( )

Var (Yis(1)  Via( )
Var(yis( ) 2yis( )+ via( )
Cov (Yio( );yis( ) Via( )

Cov(yio( ):Via( ) 2yi3( )+ yia( )
Cov(yiz( ) Vial )iVia()  2yi5( )+ via( )

It is easy to check that, if uj;, ujz and uj; are assumed uncorrelated, then they are

Var( ( ))+4Cov( ;(); ()
+4Var( () +Var(ui);

Var( ;())+Var(uis Ui);

Var(Uia  2Ui3+ U2);

Cov( () i(N+2Var( ()
+Cov (Uiz; Uiz Ui2);

Cov (Uiz;Uia  2Uiz+ Ui2);

Cov(Uiz Ui2;Uia 2Uiz+ U2):

VAN ARKRRRARY ©0

identi ed from this set of restrictions, together with the covaiance matrix of individual
e ects. This is consistent with the order condition (44) being dis ed in this case.
Note that is not identi ed from levels equations whenT = 4. When T =5 we obtain

additional identifying restrictions which may su ce for to be identi ed. For example:

Var( (1)) = Covlyis( ) Y2l )ivis( ) Via( )l
= Var(ya() Vel D * 5C0Va) M )ivial ) 2l )+ Yol

YAs: 3(3+1)=2 2(2+1)=2 =3, see equation (45).
15T = 4 means that we have 3 observations ory; ( ) for given (t =2;3;4).
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Note that, when T = 5, the order condition (44) is satis ed even whenu; follows an
unrestricted MA(1) process. This suggests that the conditions fadenti cation become

rapidly less demanding a§ increases.

3.3 E ciency bounds

Here we show how Chamberlain's analysis can be extended to obhtai joint information
bound for common parameters, means and variances of randone @ents, and a parame-

terization of the variances of errors. Let us write down mod€l) as:

E(ilWi; )=2Zi +Xi | (51)
together with a speci cation of the conditional variance ofv; givenW; and ;:

E(vi vijWir )="1i(); (52)

where! ; isaT? 1 vector of functions of a parameter , which may also depend oW ;.
However, we assume that the variance of does not depend on ;.16
Using (52) together with Assumption 1 we obtain the following exm@ssion for the condi-

tional second-order moments of;:

EQyi yiWi; ) = (Zi Zi)+ i)+ (X0 Zi +Zi X))
+H(Xi X0 ) (53)

Stacking (51) and (53) together yields

E(y;iWi; )=dWi; )+ RWi; ) (54)
where =( ; ), and
RS TN
and
RWi )= Xi  Z >'<"izi Xi) (Xioxi)
8In cases whereE (v; VvijWi; 5 ) = (Wi; ) ', we could extend the model and apply a

i
similar approach treating ; as additional random coe cients.
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Equation (54), which combines mean and covariance restriotis in levels, is a special case
of model (15)!" Therefore, the optimal moments (and associated semiparametrbound)
for , ,and =E( ;)= E ‘ ! ~are of the form given in expression (30).

In particular, using (54) insteacll of trlle conditional mean modg51) we obtain in general
a tighter bound for the common parameters . This is because we have restricted the
covariance structure of errors via equation (52). Moreoveif those covariance restrictions
do not su ce for E( ; i) to be identi ed, then the information bound for the variance

of individual e ects will be zero.

4 |denti cation of distributions

In this section, we discuss the identi cation of distributions. W start with third and fourth-
order moments of errors and individual e ects, and then studyhe identi cation of their

densities.

4.1 Higher-order moments

In applications, it may be of interest to document the skewness drkurtosis of individual
e ects in addition to mean and variance. It turns out that the model's linearity makes it

easy to generalize the previous analysis to higher-order mante

De nitions. Let U be ann-dimensional random vector with zero mean and well-de ned
moments to the fourth-order. We denote by 3(U) the n3-dimensional cumulant vector
of order 3 whose elements* (U), for (i;j;k ) 2 f 1;:::;ng?, are arranged in lexicographic
order. Likewise, we denote by 4(U) the vector of n* cumulants of order 4 Z";k;\ (U). There
is a mapping between moments and cumulants but in our context is more convenient to
work with the latter because of their properties (see Appendix Dor further details). In
particular, cumulants satisfy a useful multilinearity propety. Namely, for any conformable

matrix A we have:

3(AU)
aAU) = (A A A A) 4(U):

(A A A) 3(U);

"The only dierence is that E ( ;jW) is not fully unrestricted, as its components are rst and second
moments of the same underlying ;. However, these extra restrictions imply momentinequalities that do
not a ect the bound.
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Cumulants of e ects. To recover the higher-order cumulants of individual e ectswe
assume that individual e ects are independent of errors contithnally on regressors (As-
sumption 2). Full independence will not be needed to derive ¢hidenti cation results in this
subsection. For this purpose, the assumption that; and v; have zero cross-cumulants of
order 3 and 4 will be su cient. However, full independence wilbe needed to recover the
distribution of individual e ects in the next subsection.

Using the between-group equation (6) together with Assumption 2ye obtain that:

s(idWi) = 3(bijWi)  g(HivijWy);
= 3(bjjwi) (Hi Hi Hi) 3(VijWi); (55)
and, similarly:
(W5 = 4(bijWi)  (Hi  Hi  Hi  Hy) a(vijW;): (56)

It follows that the conditional cumulants of individual e ects are identi ed given error cumu-
lants. Remark that, as conditional moments can be recoveretbin conditional cumulants,
it follows from these results that conditional and thus unconiiional moments of individual
e ects are also identi ed.

Consider for example model (25), with a single heterogeneoutercept and i.i.d. errors.
We obtain:

s(WZ)) = (v 20 iz) 3_IE\2/it);
(wiz) = a0 iz

Interestingly, (55) and (56) show that the bias on the cumulanof individual e ects estimates

b, is of a smaller order of magnitude than the bias on the variancé

Error cumulants. We now turn to the identi cation of the cumulants of time-varying
errors. Taking third- and fourth-order cumulants in model (), we obtain the following

restrictions (in levels):

s(YijWi) = (Xi Xi Xi) 3(ijWi)+ 3(vijW)); (57)
a(YiWi) = (Xi Xi Xi X)) a( Wi+ 4 (vijWi): (58)

B\When % I’ constant > 0 asT tends to in nity, the biases on third- and fourth-order cumulants of
individual e ects are O(1=T?) and O(1=T?3), respectively, while the bias on the variance isO(1=T).
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As in the case of variances, these systems of equations are singulaless we impose
restrictions on the dependence of errors over time. We adoptsamilar approach as in (40)

and assume that:

3(VijW)) Ss! ai; (59)

4 (VijWy) Syl 4 (60)

whereS; and S, are selection matrices andl 5; and! 4 are vectors ofmz; and m4 parameters,
respectively, possibly dependent oiV;. Under these assumptions, identi cation of error
cumulants can be shown if rank conditions analog to (43) are saed.

To motivate restrictions (59) and (60), let us consider a movip average model of the
form (41), where innovationsu;.; ;::; Ut are now assumed mutuallyindependent given
regressors. Errors are thus modelled as linear combinationsimdependent (and not simply
uncorrelated) underlying shocks? Because of linearity and independence, it follows that for
any time periodst and t®such that v; and vi;o are independent, the cumulants gtO?S(vijW )
and °°(v;jw ) are zero for alls; s° (see Lemma 1 in Bonhomme and Robin, 2009a). So,
these error structures satisfy (59) and (60) for particular seléon matrices.

Speci cally, in an independent moving average model of orde, v is conditionally
independent ofvi..,+; for all t. Simple combinatorics then shows that third and fourth-

order cumulants depend om3(r) and my(r) free parameters, respectively, where:

ms(r) T+2(T 1D+ :+(r+1)(T r);
3 r+2

my(r) = T+ 5 (T L+::+ 5 (T )

It can be shown that the order conditions for identi cation are, in this case:

T+2 q+2 . T+3 g+3 .
3 3 ms(r) ; and 4 4 mMy(r): (61)

Hence, again, a trade-o between the number of individual-sgec e ects and the order
of the MA process. Interestingly, the order conditions for higér-order cumulants are less
stringent than for the variance, compare (61) with (45).

It is also possible to show identi cation of higher-order momestin autoregressive models
of the form (47), if the underlying shocks;; follow an independent moving average model.

For that, it su ces to compute cumulants in the equation in quasi-di erences (49).

19See Rao (1969) and more recently the literature on Independent Component Analysi$CA) (e.g., Hyvari-
nen et al., 2001), for references on linear independent factor models in the statistical liteture.
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Lastly, one can similarly study the identi cation of higher-oder cumulants using within
information alone, see equation (5). The conditions for idércation then become more

restrictive.20

Remark on e ciency bounds. The arguments of Subsection 3.3 can be extended to
higher-order moments. To do so, consider further extending theodel to specify the third-

order moments of errors as:
Evi vi VijWi; )= 3( 3): (62)
We can write third-order moment restrictions as:

EQyi yi YilWi ) = (Zi  Zi  Zi )+ P<(li Zi )+ 4

+Pr[(Zi  Zi +15) Xi] i+ Ptz Xi Xil(o )
(X Xy X)Cqio 0 i)
where! ;=1 ( ,), 5= 3 ( 3),andPt denotes theT® T2 \triplicating" permutation

matrix that satis es, for all (a;b;c) 2 R®T:
Pr(a b ¢)=a b c¢c+b ¢ a+c a b:
We can then stack rst, second, and third-order moment restricons to obtain:

E yisti; 3 = d3(Wi; 3)+ R3(Wi; 3)

3, (63)

where 3=( ; ,; 3), and: 1

0
s=-@ , , A
i i i
Equation (63) still falls into the framework considered in Chmberlain (1992). Note that

this approach can be extended to then-th order, yielding:

E(y|m jWi; im):dm(Wi; m)+Rm(Wi; m) im; (64)

201t can be shown that, in an independent MA(r) model, the order conditions for identi cat ion when
working with within information are:

T qgq+2
3

ms(r) ; and T 2+3 my(r):
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where o =( ; 2 g5 ), wWith 5 a parameterization of error moments up to

the m-th order, and where:

}

| {7
m times

This framework can be used to compute semiparametric e ciencypounds under the
independence assumption between individual e ects and erefAssumption 2). We focus
on computing bounds for , although any moment of individual e ects or errors could be
analyzed in a similar way.

Consider the increasing sequence of moment conditions (64); fo = 2;3;::: Let V(™
be the e ciency bound on the asymptotic variance for obtained from the rst m of those
moment conditions. V(M can be computed using Chamberlain's (1992) results. Following
the discussion in Appendix CV (™ is the e ciency bound corresponding to the conditional
moment restriction:

EAM (y"  dn (Wi m)iWi1=0;

whereA ,; is a generalized orthogonal deviation operator such that:

1

ALAm =1 RnWi; m) Rn(Wi; m)’Rn(Wi; m) Ra(Wi; m)%

The sequence/ (M being nonincreasing in the semi-de nite sense (as a larger means
that a larger number of moment conditions is used), we can deethe limit; 2

va) = |im vm:

m! +1

Let Vo be the semiparametric bound for under independence. Clearly, a¥, V(™ for
all m, it follows that Vo, V@),

Newey (2004) studies under which conditions, in a given modehd asymptotic variance
of the optimal GMM estimator based on an increasing sequence ofnddional moment
conditions tends to the semiparametric bound, that is, wheW , = V). He nds that for

this to hold, a spanning condition is su cient. This condition requires that the restrictions

21See Lemma B.1 in Newey (2004).
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imposed by the moment conditions are equivalent to those impabkdy the semiparametric
model.

Intuitively, we expect a spanning condition to hold in our case, as the increasing se-
guence of moment conditions (64) exhausts all the restrictisnmplied by independence. We

therefore conjecture thatV,= V&),

4.2 Densities

We now turn to the identi cation of the densities of e ects and errors. We work under
Assumption 2, which requires conditional independence betwee; and ;.

To derive the identi cation results, it is very convenient to work with characteristic
functions. Let (Y ;X) be a pair of random vectors)Y 2 R%, and letj be a square root of

1.22 The conditional characteristic function ofY given X = X, is de ned as:
vix (tjx) = E (exp(t%)jx); t2R":

Some useful properties of characteristic functions are discudse Appendix D.

Densities of individual e ects. The following theorem shows that, if the distribution
of the error terms is known, then the characteristic functionand hence the distribution, of

individual e ects is identi ed.

Theorem 4 (characteristic functions of e ects)
Let Assumptions 2 and 3 hold. Suppose that the charactergstunction of v; given W

is nonvanishing onR . Then we have, for all 2 R9:
bjw,; ( JWi)

ijWi( JWI) = vijWi(HiO JWI) (65)
and, unconditionally: .
_ exp( °b)
i( )_ = VijWi(HiO jW,) (66)

The assumption that the characteristic function of errors hasamreal zeros is very com-
mon in the literature on nonparametric deconvolution; see Sennach (2004) and references
therein. For example, the characteristic function of the nanal distribution has no (real or

complex) zeros.

22\We work with the notation j2 = 1 instead ofi? = 1 to avoid confusion with the index of individual
units.
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We immediately obtain the following corollary, which showshat the logarithm of the

characteristic function of ; given regressors is identi ed under similar conditions.

Corollary 4 (cumulants of e ects)
Suppose in addition to the assumptions of Theorem 4 that thkatacteristic function of

i given W is almost everywhere nonvanishing oR9. Then we have, for all 2 R4

N w, (W) =In piw, ( JW;) In vijwi(Hi()jWi)3 (67)

Using Corollary 4, we can see that the identi cation result for tke distribution of indi-
vidual e ects is a generalization of the results that we haveltained for the rst moments.
Indeed, taking second-order derivatives in (67) evaluated a = 0 we obtain the covariance
restrictions (31). Taking third and fourth-order derivatives yields the restrictions for third-
and fourth-order cumulants (55) and (56), respectively.

Applying the inverse Fourier transform we obtain the followingcorollary.

Corollary 5 (density of e ects)

Under the assumptions of Theorem 4 we have, for aldimensional vector :

Z :
w (W
and, unconditionally:
Z
B 1 . exp( %;)
F.O) = gy o0l DE — W) (©9)

Corollary 5 shows the identi cation of the conditional and urconditional densities of
individual e ects. To interpret this result, we use a largeT approximation, which relies on
the fact that the distribution of H;v; is approximately normal for largeT. We obtain (see

Appendix A for a derivation):%3

f ijWi( jwi) = fbijWi( JW5)
1
ST Hi HY

@fbijWi( JWI) 1
@@°

(70)

where Tr() is the trace operator.

Oy . . .
23|n order to derive the asymptotic expansion, we assume thalxiTi I’ constant > 0 asT tends to in nity.
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In model (25) with a single heterogeneous intercept, no exagris regressors, and i.i.d.

errors with variance 2, this yields:

(), o 1

f ()= fp() T g2 Tz (71)

Equation (71) is intuitive: in regions of high curvature (sub as the mode of the distribution),

the density of xed e ects estimates understates the density of gpulation e ects.

Densities of time-varying errors. We now consider the identi cation of the distribution

of the error terms. It is convenient to de ne the following obgct:

@In vx (tjx)
@@’

vijx Is well-de ned if the variance of Y given X exists (e.g., Szkely and Rao, 2000).

vix (tjx) = vec

Moreover:
vix (0jx) = vec (Var (Y jX)):

The function v x will be useful to extend covariance equalities to equalitigavolving the
full distribution of the random variables.

Assumption 2 implies that, provided that the corresponding chacteristic functions do
not vanish then, for anyt 2 R:

Iny z jw, (tJW5) In - x, jw, (AW +In yjw, (1]W5) (72)

In - w (XYW +Inyjw, (HW):
Taking (minus) second derivatives we obtain, in vector form:
yoozow (W) = (X5 X)) jw (XW) +yjw, (EW):
So, left-multiplying by M; (which projects on the orthogonal ofX; X;), this yields:
Mi y oz jw; GW) = My yw, (W) t2RT; (73)

whereM is given by (38).

Equation (73) nicely extends covariance restrictions to resttions on the entire distri-
bution of the error terms. Indeed, evaluating (73) at = 0 yields the covariance restrictions
in levels (39). Now, as in the case of variancels]; having rank T2  ¢f it is not possible to

invert (73) unless the dependence structure of errors is restied.
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We study identi cation under the assumption that errors followan independent moving
average process of order of the form (41), whereu;.; .;:::; ur are mutually independent
given regressors. Extensions to autoregressive and ARMA processdb widependent un-
derlying innovations can be done along the lines of Section 3

Lemma A2 in Appendix A shows that, in an independent MA model, theartial deriva-
tives of the log characteristic function of errors are zero rfall indices t and t° such that v;
and v;;o are independent. It follows that there exists arm-dimensional vector of functions

I i(t) (t 2 RT), possibly dependent on regressors, such that:
VijW (tJW|) = S,! i(t); t2RT: (74)

The selection matrixS; is the same that appeared in the covariance restrictions (40ndeed,
(74) evaluated att = 0 yields (40). In particular, m=(r +1)(T r=2).

Combining (73) with (74), we obtain the folowing identi cation theorem.

Theorem 5 (characteristic function of errors)
Let Assumptions 1, 2 and 3 hold. Suppose that (74) holds, arftht the rank condition
(43) is satis ed. Lastly, suppose that the conditional chaaeristic function of errors  ;jw

is non-vanishing onRT. Then  w, is identi ed from the restrictions in levels (72).

The identi cation of In , ;w, comes from the fact that its second derivatives are identi-
ed, and that both the log-characteristic function and its r st derivatives are zero at = 0.
This last part comes from the rst derivative of the log-charateristic function at the origin
being the mean of the random variable, which is zero becauseAssumption 1.

Note that the rank condition for identi cation, equation (43), is the one that was needed
for the identi cation of error variances in Section 3. Remdt also that Theorem 5 implies
the identi cation of the density of errors, using the inverse Foder transformation, as in
Corollary 5 above.

To summarize the results so far, we have obtained the nonparamietidenti cation of the
distributions of individual e ects and time-varying errors under two main conditions: the
independence of e ects and errors, and conditional indepegkce restrictions on errors that
are su ciently spaced. These results extend Kotlarski (1967) an&zkely and Rao (2000) to
cases where conditioning regressors are present, and the maltiate conditional distribution

of some components (including the individual e ects) is left mrestricted.
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To end the discussion of identi cation, we remark that the identcation of time-varying
errors could be similarly studied in the context of the indepedent MA models (74), if the
within-group information alone is used. Doing so, and as in thease of variances, we would
require more restrictive order and rank conditions for idemcation to hold. The formal

analysis is somewhat more involved and is not presented here.

lllustration. Let us consider again Example 2 witl = 3, with s; = (1;0;0)°. We assume
that errors vi1, Vi, and v;3 are independent of each other. It can be shown that the levels
restrictions on error distributions imply that ., and ,,, are identi ed. Indeed, using (73)

we have, for example:

3%“’] viz(tZ) @g;n Vi3(t3) = 3@g;|n yi(tl;tZ;tS) 2&2@5“’] yi(tl;tz;tS)
@%m yi (L1 123 ts);

3%”‘ vis(t3) @g;h'] Viz(tZ) = @g;m Yi(tl;tz;t3) Z%In yi(tl;tz;tg)
+3g%|n yi (15 to; t3);

from which it follows that @@g In ,(t2) and @@‘g In ,(t3) are identi ed. Hence, using that
@—@;In vi,(0) =0 (as E(vi) = 0) and In ,(0) = 0, and similarly for v;3, it follows that
In ,(tz) and In . (t3) are identi ed.

This discussion shows the identi cation of the distributions ofvi, and v;3.2* Remark
that the distribution of v;; is not identi ed. This is not surprising as the rank condition br
identi cation (43) is not satis ed in this case. However, the eror distribution is identi ed
when errors are assumed stationary.

It is interesting to contrast the identi cation result using the equations in levels, with
the one using only the within-group information (5). In that ase, only the distribution of
Viz Vi is identied. So, even in the stationary case, the distributiorof v;, (which is equal
to that of vj3) is not identi ed in general. For example, the third-order emulant 3(v,) is
not identi ed, as:

3(Vis Vi) = 3(vis)  3(viz) =0:

241n this case, the identi cation of the distributions of vi, and vis is also a direct application of a theorem
due to Kotlarski (1967).
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It can be shown that, if in addition to stationarity error distri butions are assumed symmetric

around zero, then error distributions are identi ed?®

5 Estimation

In this section we rst briey discuss estimation of parameters ad moments of interest,

using a i.i.d. samplefy;;Z;; X;g, i =1;::;N. Then, we discuss how to estimate densities.

5.1 Common parameters and average e ects

We start by discussing the estimation of common parameters and nrea ects. Using (30),
the optimal moments for and = E( ;) corresponding to model (1) can be written as:

ZAYAVIAY YAy Zi)

SoxvoX XV My Ze X )

:O,

whereA;isa (T ¢ T orthogonal decomposition of); = I+ X; (XX;) 1Xio, and where

Vi= Var (yijW ;). Thus, given any conformable matrix ;, can be estimated as:
|
b X Op O 1 | lX\I N 1
= ZAD(Ai AD) TAZ ZAD(AT AD) TAGY (75)
i=1 i=1
When = I, b is the OLS estimator of in the within-group equations (5). When

. is such that (A; (A9 *=(A;V;AY * b coincides with the infeasible GLS estimator
of . To construct a feasible version of that is semiparametric e cient, the quantity
AViA? = E(AivivPAJW,) needs to be replaced by a consistent estimator. Note that
Aivi = Aiyi AiZ; . Therefore, this is a standard application of semiparametriGLS as
in Robinson (1987)2°

Likewise, a consistent method-of-moments estimator of is the weighted mean-group

estimator: "
1
b= XP X Xty oz (76)
i=1
When ; = |1, b is simply the mean-group estimator of (e.g., Hsiao and Pesaran, 2006).

In view of the discussion in Appendix C, when ; is such that X°  1X; *X©° ' =

5This is because, in this case ,,(t) = [ v, v,,(1)]'™, see Horowitz and Markatou (1996). ., (t) is
real and strictly positive because, by assumption,i, is symmetric and ,, does not vanish.
26)f ; = (conditional homoskedasticity of v; with respectto W ;), a feasible GLS estimator that replaces
0

P
AiViAQwith A; & O where€= 1"y, zb vy zb  would be asymptotically e cient.
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X0/ IX; X0 !the variance matrix of b attains the e ciency bound.?’

It is instructive to compare the mean-group estimator of given by (76) with the pooled

OLS estimator Iy

X X

e= XX X2y zb

i=1 i=1
Consistency ofe requires lack of correlation betweeiX; and (X;( ; )+ V). Thisis true
if the individual e ects ; are independent ofX;, but not with correlated e ects in general.
In contrast, the mean-group estimatorb is still consistent when e ects and regressors are
correlated.

A similar approach may be adopted to deal with Chamberlain's odel given by equation
(15). A method-of-moment estimator of based on (27) will be consistent. A particular
choice for the matrixQ; ( ) or its orthogonal decomposition yields semiparametric e ancy
(see Appendix C).

Chamberlain (1992) emphasizes an important di erence betwa the linear model (1) and
the more general formulation (15). Indeed, in the linear maa (1) the estimator P coincides
with the joint xed e ects estimator of and ;;::; ,, see Cornwell and Schmidt (1987).
In contrast, in the nonlinear model (15), the xed e ects estinmator of is inconsistent in
general, but a method-of-moments estimator based on (27) ydsl a consistent estimate for

_28
Turning to projection coe cients, Corollary 1 shows that the e cients estimates ob-

tained when regressing xed e ects estimates:
by =(XX) X2y zb;

on a set of strictly exogenous regressofs, yields consistent estimates for the coe cients of
the projection of the population individual e ects ; on the regressor§;. However, because
common parameter@ have been estimated beforehand, the standard errors of the esdites
of the projection coe cients need to be corrected. In partialar, this point applies to the
mean-group estimator of the unconditional mean = E( ;), given by (76). We provide

corrected formulas in Appendix B.

21Thus, feasible semiparametric e cient estimation of mean e ects requires to esimate the conditional
variance Var (yijW ).

28The key di erence is the dependence oB (W ;; ) on the common parameters. In such a situation we
can see from (30) that optimal estimation requires not only estimates ofV, but also of E ( ;jW ).
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Interestingly, the regression-provided Rin the regression ofo, on F; is inconsistent for
the population R? in the regression of ; on F;, with a downward bias. The reason is that
the denominator of the R is the variance of individual e ects, which is overestimated ypthe
variance ofb;, see (32). In order to compute a correct R we need to consistently estimate

the variance of ;, which we discuss next.

5.2 Variances and higher-order moments

Variances. We now turn to estimation of variances under the conditions of heorem 4,
that is under MA-type restrictions on the variance matrix of erors. The extension to au-
toregressive or ARMA structures presents no di culty and will not be detailed here. In
the following, A denotes any generalized inverse of a full-column rank matri&, e.g.
A =(A%A) 'A°

The following estimator of the unconditional variance matrt of errors, based on (42),

uses covariance restrictions in levels:

LN
W S, (M iSZ) M (b, b,) ; (77)

i=1

vec Var (vi) =

whereM; is given by (38), and where we have denoteds; = vy; z:b.
Alternatively, the following estimation uses only the within nformation:

ha\
S[(Qi Qi)S2] (Qii Qi) (78)

vec V¥ar (v;) = Ni
i=1

Yar (vi) given by (77) will be consistent as long as (40) is satis ed. In # particular

case where errors are i.i.d. with variance?, Corollary 3 motivates estimating 2 as:

1 X 0
b* = S yi ZP Qi vy zb
N,
— 1 w .
NG 9 . 0%Q 1;: (79)

The rst-order asymptotic distributions of (77), (78), and (79) can be easily derived.
Standard arguments show that they coincide with the distribubn treating common param-
eters as known. Interestingly, whileb? is non-negative by construction¥ar (v;) in (77)

and (78) are not necessarily non-negative de nite.
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Turning to estimation of the variance of individual e ects, a onsistent estimator based
on (32) and (42) is:

X

vec Var () = (b, b) (b, b)

1
N
i=1

1 X

N (Hi Hi)S:(M;S;) My 1]: (80)
i=1

Note that, as in the case of the variance of errors, the variancstimator ar ( {)in(80)is
not necessarily non-negative de nite.

In the case where errors are i.i.d. but not necessarily homoskstea, an alternative

estimator is:
1 X 1 X
Ver () = 3 (b b)(b b’ NT g i (X)) too(81)
i=1 i=1
Lastly, if in addition errors are assumed homoskedastic then wercastimate the variance
of ; by:
1 X 1 X
Ver () = 3 (b b)(b b’ BT (XPXi) (82)
i=1 i=1

where b? is given by (79). The estimator given by (82) was introduced bgwamy (1970).
Note that it is inconsistent in general ifvy; is conditionally heteroskedastic. In addition, both
estimators given by (81) and (82) will be inconsistent if errorare not mutually uncorrelated

given regressors.

Remark 1 (testing the covariance structure of errors). In practice, it may be im-

portant to empirically determine the order of the MA process fothe error terms. This is of
special importance in order to estimate the variance of indidual e ects, as misspecifying
the form of the variance matrix of errors would result in incosistent estimates. This can be
done easily using the above results, as we now explain.

Let S, be a selection matrix withm columns, and suppose that one wants to test
Ho:vec( )= S,!
against an unrestricted alternative. Using (39) we have, unde :

MiE[lyi Zi ) (i Zi)jWil=MS2(M;S) MiE[lyi Zi ) (i Zi )JWil:
(83)
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This suggests to consider a test of signi cance of the following gntity:

== GiM; Iz S(MiS) M; (b 1);

whereG, isa T 4D T2 matrix such that M;Dt = GXCj, with Dt the dupli-
cation matrix (Magnus and Neudecker, 1988, p.49), an@; a full row matrix. 2°

The minimum chi-square statistic then satis es:
b bz

whered = T A& m and where the matrix ¥ depends on fourth-order moments

of the data.

This strategy may be interpreted as an extension of the test of wariance structures
proposed in Abowd and Card (1989) to random coe cient models. Imparticular, it is
immediate to extend the approach to sequentially test variouBA structures, starting with
the less restrictive one (e.g., testing MA(q), then MA(g-1), etc.). However, a distinctive
feature of our test relative to Abowd and Card is that it also incgporates information in

levels (see the discussion in Arellano, 2003, p.67).

Remark 2 (e cient estimation of variances). We have seen in Subsection 3.3 that
model (1) with parametric covariance restrictions on errorsan be put into the framework
of Chamberlain (1992), where the parameters of interest aremmon parameters, mean and
variances of individual e ects, and variances of errors.

Guided by the form of the optimal moments, we can consider estintas b= b:b that

solve the following estimating equations (using the notationfdsubsection 3.3):

1% @ . . ° o 1 N
NG . @o[d (Wi; )+ RWi; )yhl AYA A) "Aily; d(W;; )1=0
for some choice of ; and h;. The matrix A; depends on and is an orthogonal decompo-
sition of | R; (R°R;) 'R whereR; is a shorthand forR (W;; ).

When ;is suchthatA; ;A%= A;Var (y;jW;)A%andh; = E( ; j W;), the estimator
b attains the asymptotic variance bound. A feasible version wilteplace population by

estimated quantities. In particular, note that the conditional meanE( ; j W;) can be

29Note that transformation by G; eliminates redundancies.
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expressed in terms of observable quantities since:

h i
E(,iW)=E (RRy) 'Ry, dW )jw,

Likewise, the optimal moments result suggests estimators of = E ( ;) of the form
1 X

"N .
i=1

b RO 'Ry 'R 'y, d(Wi )

The estimator b attains the e ciency bound when ; satis es:

. 1 .
P t= RMar (y;jwi) 'Ry TRMNar (y;jw;)
Remark 3 (higher-order moments). The identi cation analysis in section 4.1 directly
suggests an estimation approach for conditional higher ordeumulants of error terms and
xed e ects. Using moment restrictions in levels (57) and (58), dgether with the independent
moving-average restrictions (59) and (60), we see that the \ecs of third- and fourth-order

conditional cumulants of time-varying errors can be estimat as:

bs(vijW;)

h i
83 M i(3) Sg. M i(3) b3 (y,]W,) ;

h |
ba(vijWi) = Sy MPS; M b, (yijwi);

whereM i(3) and M i(4) are analogs oM for third- and fourth-order restrictions, respectively.
For example: M® has rankT® ¢ and satisesM® (X; X; X;) = 0. In addition,
bs (yijW ) and b, (yijW ) denote nonparametric estimates of the conditional cumulas of
the data.

Third- and fourth-order conditional cumulants of individual e ects can be estimated by:

h i
bs( jWi) = bs(bjWi) (Hi Hi H)Ss MPS; M bs(yijW,);

h i
ba( jWi) = ba(bjW) (Hi Hi Hi H)S: M@Ws, M@b,(yijw));

whereb; (b;jW ;) and b, (b;jW ;) are nonparametric estimates of the conditional cumulants
of the xed-e ects estimates.
The unconditional third-order cumulants of error terms carbe directly obtained without

involving nonparametric conditional expectation terms agollows:

1N h i
bs (vi) = & Ss MOs, MO b B):

i=1
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However, this is not the case of fourth-order cumulants and otimulants of random coe -
cients, due to the nonlinearity of their mapping with moments.

Finally, recall that in Subsection 4.1 we obtained the optimiainstruments for common
parameters and unconditional moments of xed e ects for a mael with a parametric spec-
i cation of the conditional higher order moments of transitay errors. This suggests that
at least in this case it is possible to obtain asymptotically e ciet estimates of uncondi-
tional moments of xed e ects (and therefore also cumulants)which do not depend on

nonparametric quantities.

lllustration. Consider again Example 2 withL = 3, for a sequence of covariates; = 1,
Si> = 0, siz = 0. Assume in addition that v; are i.i.d. Using the within information, only
the moments ofvis  Vi» = yiz Vi, are identi ed. So the third-order cumulant of v is not
identi ed, unless we assume that;: is symmetric (in which case it is zero). The fourth-order

cumulant of v; can be estimated by

i () = JDs(s ¥i2) (84

where the right-hand side in (84) is simply an empirical fourtrorder cumulant. Using (84)
and the symmetry assumption, one can estimate the cumulants of and ;.
In this example, it is possible to compute simple estimates of thmumulants of ; that

do not require the symmetry assumption. Indeed, taking rst di eences we get:

Yin Yi2 = 1t Vin Vig
Yiz Yiz = Vi \Visi
This motivates computing the estimators:
bs( i) = ba(yir Vi) bs(Yiz VYis); (85)
ba( i) = ba(yiz Vi2) ba(yiz Vis): (86)

5.3 Densities

General solutions.  Although the main focus of this paper is on identi cation, in tis
subsection we discuss ways to estimate the densities of individuakcts and errors. A
possibility is to estimate the densities of errors and individdae ects jointly, for example
using sieve maximum likelihood (Ai and Chen, 2003, Hu and Scheraia 2008). A di culty

37



with this approach is that one should account for the conditioing on possibly continuous
regressord/V ;. For this reason, a sequential approach might be preferable.

Starting with error terms, a possibility is to assume a exible paametric family for
errors, for example using normal mixture€® Ghosal and Van der Vaart (2001, 2007) provide
results on the ability of normal mixtures to approximate unkmown densities. Imposing a
exible parametric structure should not be seen as a severe limiion if the conditions
of the identi cation theorems are satis ed. Note that it is easy b implement maximum
likelihood estimation when working with the within-group eaations (5). Following this
approach, however, it does not seem straightforward to use thefermation contained in the
restrictions in levels (73).

Instead of postulating a parametric model for errors, it may begssible to estimate their
densities nonparametrically using characteristic-functiobased methods that have been pro-
posed in the literature. For example, Horowitz and Markatou (296) estimate the distri-
bution of errors from within-group equations in a simple modewith an individual-speci c
intercept and symmetric errors, see also Li and Vuong (1998), Halhd Yao (2003), Delaigle
et al. (2008), and Bonhomme and Robin (2009b) for related approaeh in similar or more
general models. We are not aware of extensions of these methoalsléal with the presence
of conditioning covariates.

Once the density of errors (or their characteristic functionhas been estimated, there re-
mains to estimate the density of individual e ects. The identifing equation (69) of Corollary
5 suggests that one could use kernel deconvolution techniquesplacing the expectation by a

sample mean and trimming the integral to ensure convergenceorfally, we could consider

exp( %))
bVijWi(Hio JWI)

X

P()= < 55 ep(j”) Kn()d (87)
where bvijwi is an estimate of the characteristic function of errors, ank y ( ) is a truncation
factor, depending on the sample sizd, whose values go to zero whgn j tends to in nity.
Kn () is supported on a cube [ Ty; Ty ]9, whereTy diverges to in nity with N (see Delaigle
and Gijbels, 2004, for examples of functions y ).

There has been considerable work on nonparametric deconuan in the statistics liter-
ature. In standard settings, many estimators are now availablestandard Fourier inversion

with trimming (Carroll and Hall, 1988, among many other refeences), wavelets (Fan and

30possibly allowing for conditional heteroskedasticity of a restricted form with respect to the regressors.
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Koo, 2002) and recently the Tikhonov-regularization techique of Carrasco and Florens
(2007). These estimators have typically low convergence rateespecially if the errors in the
regression havesmoother distributions than the one of the variable to be estimated (Fan
1991). The smoothness of a distribution refers to the thinness thfe tails of its characteris-
tic function: the thinner the tails, the smoother the charactestic function. In cases where
errors follow a \supersmooth" distribution such as the normal, symptotic convergence rates
may be as slow as logarithmic. Despite these slow theoretical eat existing simulation evi-
dence is rather encouraging, especially if the bandwidth oritnming parameters that these
estimators require are well chosen (Delaigle and Gijbels, 2004

However, a potential problem with the deconvolution estimato(87) is that, even if we
expecti*oi to converge to the density of individual e ects wherN gets large, its convergence
rate will be governed by thesmoothestof all the distributions of H;v; givenW;, i =1;::;N.
So the estimator could behave badly in the presence of strong Beiskedasticity (see Delaigle
and Meister, 2008, for a related argument). Modifying and studng nonparametric decon-
volution estimators to estimate the distribution of individual e ects in model (1) is outside
of the scope of this paper. However, in simple cases under more niete assumptions,

existing estimators can be used for estimation, as we now explain

A special case. We now discuss estimation of the distributions in the special casé o

Example 2, which is the setting of our empirical applicationn the next section:
yr = i+ S tve; =10k (88)

Including strictly exogenous regressors poses no di culty, asommon parameters can be
estimated beforehand.

Consider a sequence= (sq;::1;s.)% and consider all individuals having sequencg = s.
If s consists ofL zeros, or ofL ones, then ; and ; are unidenti ed. We thus focus on the

cases where's change over time. De ne, fom 2f 1;0;1g
Lm(s) = f(i;7)2fL:;Ng f 2:5Lg;ss=s;, s = mg;

where s =s¢ S+ .
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We have:

yi = vy forall (i;°) 2Lo(s); (89)
yo = i+ v forall (i;°)2L1(s); (90)
yo = . v forall (i;7)2L 1(9): (91)
We assume that errors are i.i.d. gives; = s. This implies thatall vy, =2;::;L, have

the same distribution. So one can interpret (90) and (91) as sirtgpdeconvolution equations,
where the left-hand side is the sum of the unobserved, and the independent error v,
and where, because of equation (89), we also observe a random darfrom v; .

Having reformulated the problem of estimating the distribution of ; in model (88) as a
simple deconvolution problem, it is now possible to use any exisyj deconvolution technique
to estimate its density nonparametrically. For example, the ltaracteristic function of v;
givens; = s could be estimated as:

1 X

b P T = = - I )"
vijsi=s ( JSi=9) L0 . exp( i),
i; o(8)

where L, (s) is the number of observations in_, (s). Thus, the characteristic function of
i givens; = s could be estimated as!

. P

P
1 .
Ci(s)  (i)2L1(s) exp( Dyi‘)"' L 15 ()2l 1(s) exp( | Yi‘)_
T - :
o ()2Lots PO Vi)

, 1
b je=s(isi = 9= 3

Then the density of ; givens; = s could be recovered by inverse Fourier transformation
(with trimming).

In the application below, we will use another approach to estiate the density of ;. We
use a method due to Mallows (2007), which has a number of atttae features. It relies
on (simulated) samples rather than on characteristic functias or densities, and thus does
not require to select a bandwidth or truncation parameter. Inaddition, the method is very
simple to implement, and it shows a very good behavior in simulian experiments, compared
to standard kernel deconvolution. We present the algorithm, lang with some illustrative
simulations, in Appendix E.

Lastly, note that the approach taken in the case of Example 2 alvs us to estimate the

density of ;, but not the density of ;. Itis certainly of interest, in many cases, to estimate

3lWe have used that, because of the i.i.d. assumption, v and vi have the same distribution given
Sj = S.
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the distribution of the e ect of a binary treatment, as for exanple in our application. How-
ever, knowing the joint density of (j; ;) is also useful, if only to estimate the distributions
of potential outcomes in the modef? For this reason, it is of interest to develop extensions
of the deconvolution approach that allow to estimate the distbution of individual e ects
and errors in general linear panel data models like model (1We are currently extending
the approach in Mallows (2007) to accomodate three types oftensions: how to deal with
multivariate e ects, to treat the error distributions nonparametrically, and how to allow
for continuous conditioning covariates. This is done in a cgpanion paper (Arellano and

Bonhomme, in progress).

6 Application
6.1 Model and data

We study the e ect of smoking during pregnancy on birth outcomg building on Abrevaya

(2006). We estimate the following model:
Yo = i+ s+ v i=1;unN; T =150k (92)

wherei and * index mothers and children, respectively.

In this equation, the dependent variabley; is the weight at birth of child ~ of motheri,
si Is the smoking status of motheli when she was pregnant of child (s; = 1 indicating
that the mother was smoking), andz; gathers other determinants of birthweight.

Weight at birth strongly correlates with outcomes later in Ife. For this reason, the
determinants of birthweight have been extensively studietf. Abrevaya (2006), using a panel
data approach, nds strong negative e ects of smoking on birtiveights. He assumes that;
is homogeneous across mothers in (92). Here we take advantafjéhe panel dimension to
account for heterogeneity in the smoking e ect.

The parameters ; and ,; in model (92) are mother-specic e ects. They stand for

persistent health characteristics of the mother, which couldépartly genetic. It is possible

32In Example 2, potential outcomes take the form:

yr 0) = i+t Vi
Vi) = i+ + v

33See Rosensweig and Wolpin (1991) for a study of various determinants. Studies dfé e ect of smoking
during pregnancy on birthweight are Permutt and Hebel (1989), and Evans and Ringel {999).
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to interpret model (92) as describing a production functionthe output of which being the
child and the producer being the mother. The production teatology is then represented
by the mother-speci c characteristics ; and ;. These characteristics are supposed to stay
constant between births. In addition, they may be correlated ith smoking status. In
particular, a mother could decide not to smoke if she knows théter children will su er from

it (i.e., if she has a very negative ;).

However, strict exogeneity (Assumption 1) requires that motherswiill not change their
smoking behavior because one of their children had a low birtevght, as the shocks;: are
assumed uncorrelated with the sequence of smoking statuses. This agstion will fail to
hold if for example mothers do not know their ; and ; before they have had a child, and
learning takes place over time. This is a common concern whestimating any type of
production function, where there can be feedback e ects orhé¢ choice of inputs. We will

try to relax the strict exogeneity assumption at the end of this sgion.

Data. We use a sample of mothers from Abrevaya (2006). Abrevaya uses thetaligy
Data Sets for the US for the years 1990 and 1998. As there are nogue identi ers in these
data, he develops a method to match mothers to children, in picular focusing on pairs of
states of birth (for mother and child) that have a small number 6observation. Abrevaya
carefully documents the possible errors caused by this matchirstrategy. We will use the
\matched panel #3", which is likely to be less contaminated bymatching error.

This results in a panel dataset where children are matched to rieers. The determinants
z; gathers determinants of birthweights that present betweenhildren variation: the gender
of the child, the age of the mother at the time of birth, dummy wariables indicating the
existence of prenatal visits, and the value of the \Kessner" indeaf the quality of prenatal
care (see Abrevaya, 2006, p.496).

To allow for heterogeneity, we focus on mothers who had at a3 children during the
period (1989-1998). In the dataset, the number of children isxactly 3 for every mother.
In addition, we need the smoking indicators; to vary (at least once) for every mother. So
we only consider mothers who changed smoking status between these births. The nal

sample contains 1445 mother¥.

34Descriptive statistics show that this subsample is somewhere in-between the subsae of women who
always smoked, and the one of women who never smoked. For example, women who smdkeing a larger
number of pregnancies are younger on average, and their children have lower weight atrti.
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6.2 Results

Testing for heterogeneity. As a preliminary exercise, and to motivate the subsequent
results, we start by testing that ; is heterogeneous in (92). Bonhomme (2008) shows that,

although a standardF -test that of the null hypothesis:
Ho: ;= foralli=1;:;N;

is not valid under non-normality whenN tends to in nity, a simple rescaling of theF statistic
is asymptotically distributed as a standard normal under the nilt In our case, theF -statistic
has a value of 132 (for (1444 1437) degrees of freedom), and the rescalEdstatistic has a

value of 447. This indicates the presence of heterogeneous in the sample we study.

Common parameters. Next, we estimate common parameters in (92). For this, we
use the generalized within-group estimator (75), with the iddity as weighting matrix. The
results are shown in Table 1. Although they have the expected sigrthe variables indicating
the number of prenatal visits and the quality of prenatal car@are never signi cant. The only
signi cant covariate is the gender of the child, boys havingiggher birthweight.

Table 1: Estimates of common parameters

Variable Estimate Standard error

Male 130 22.8
Age 39.0 32.0
Age-sq -.638 577
Kessner=2 -82.0 52.7
Kessner=3 -159 81.9
No visit -18.0 124
Visit=2 83.2 53.9
Visit=3 136 99.2
Note: Estimates of wusing (75) with ; = |I1. The dataset is the \Matched panel data #3" in

Abrevaya (2006). The sample only includes mothers who had tree children and changed smoking
status between births (1445 mothers). Standard errors are lastered at the mother level.

Average e ects. We now turn to mother-specic e ects. Table 2 shows the estimates

of the moments of ; and ;. The mean smoking e ect, computed using the mean-group
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formula (76) with the identity as weighting matrix, is 161 grams. This represents a negative
and signi cant e ect of smoking on birthweight. Note that this value is close to the xed-
e ects estimate obtained by Abrevaya: 144 g, when imposing homogeneity of the's in

model (92). In comparison, the mean of; is 2782 g, signi cant.

Table 2: Moments of ; and

Moment Estimate Standard error
Means

Mean 2782 435

Mean ; -161 17.0

Variances (i.i.d. errors)

Variance 127647 15161
Variance 98239 21674
Covariance (j; ;) -52661 14375
Variances (non stationary errors)
Variance 120423 24155
Variance 85673 34550
Covariance (j; ;) -45437 24165
Higher-order moments (within)
Skewness | -1.67 428
Skewness ; -1.29 .909
Kurtosis 7.12 2.28
Kurtosis -.34 7.84

Higher-order moments ( rst di erences)
Skewness ; -1.06 1.25
Kurtosis 7.50 7.10

Note: Estimates of moments of ; and ;. The dataset is the \Matched panel data #3" in Abrevaya
(2006). The sample only includes mothers who had three chileen and changed smoking status
between births (1445 mothers). See the text for an explanatin of the various estimators reported.
Standard errors are clustered at the mother level.

To interpret the mother-speci c e ects, we estimate the projetion coe cients in a re-
gression of ; and ; on a set of mother-speci c characteristics: the education of thaother,
her marital status, and the mean of the smoking indicators ovemhe three births. Results

are given in Table 3. The coe cient estimates are simply calcaked by regressing the xed-
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e ects estimatesb; and bi on the mother-speci ¢ covariates. Standard errors are corred
as explained in Subsection 5.1.

Table 3 shows that black mothers have children with lower binweight, however, they
seem to be less sensitive to smoking. Also, the children of mothersosmoke more have
on average lower birthweights. The Rin the regressions arel13 and:021 for ; and |,
respectively. This shows that observed covariates explaintlé of the variation in ;.3 One

can interpret this nding as a motivation for treating ; as unobserved mother heterogeneity.

Table 3: Regression of ; and ; on mother-speci c characteristics

Variable Estimate Standard error
i
High-school 15.1 42.7
Some college 38.5 55.3
College graduate 58.7 72.1
Married 3.51 34.6
Black -364 54.0
Mean smoking -161 83.9
Constant 2879 419
R?=.113
i
High-school -15.9 42.8
Some college -15.9 42.8
College graduate 64.5 63.8
Married 31.9 41.8
Black 132 60.6
Mean smoking -49.8 101
Constant -172 67.1
R?=.021

Note: Estimates of projection coe cients of of ; and ; on mother-specic characteristics. The
dataset is the \Matched panel data #3" in Abrevaya (2006). Th e sample only includes mothers
who had three children and changed smoking status between tths (1445 mothers). Standard
errors are clustered at the mother level.

35Remark that the R? needs to be corrected, as explained in Subsection 5.1. For comparison, the uncor-
rected R? are :055 and:005 for ; and i, respectively.
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Variances. We now turn to variances of mother-specic e ects. Rows 3 to 5 iable 2
show the estimates of the coe cients of the variance matrix of (j; ;) obtained from the
levels restrictions, see (80), assuming that errors are i.i.d.vgh covariates®® Given the i.i.d.
assumption, the estimates are numerically equal to those usingettswamy formula (82).
Both ; and ; show substantial dispersion. In particular, the standard deviatin of
is 313 g3’ This can be compared to the standard deviation of 628 g of theast squares
estimates b, So in this example, removing the sample noise due to the very dimaumber of
observations per mother (3 children) leads to a drastic decrgain the variance. In addition,
the estimate of the correlation between; and ;is :47. Given those estimates, the standard
deviation of ;+ ; is estimated to be 347 g, compared to 357 g fof. This means that the
two potential outcomes, for smokers and non smokers, have rouglthe same variance.
Having three observations per mother, we need to impose strongstmrctions on the
variance matrix of errors in order to preserve identi cation Using restrictions in levels (39),
one can slighty relax the i.i.d. assumption. Rows 6 to 8 in Table €&how variance estimates
under a weaker assumption, which permits the variances of ersofor the rst, second and
third children to be dierent. As we saw in Subsection 3.2, one ceot leave those three
variances unrestricted, however. In rows 6 to 8 we impose thdtd variance of errors for the
jth child is a+ bj, wherea and b are scalars®® The results show that the variances of ;
and ; are not much a ected. For example, the standard deviation of ; is now 292 g. This

suggests that the i.i.d. assumption is not rejected on these datd.

Higher-order moments. Results for higher-order moments are reported in rows 9 to 14
of Table 2. Rows numbered 9 to 12 in the table show the result oferestimation of skewness
and kurtosis under the i.i.d. assumption, using the within-grop equations (5). The skewness
of errors is not identi ed from these equations, and we assume tharrors are symmetrically
distributed. The results show that ; is negatively skewed and kurtotic, while the skewness
and kurtosis of ; are not signi cantly di erent from the ones of the normal distribution (0

and 3, respectively)°

36Hence, the selection matrix in (80) isS, = vec (13).

37Interestingly, when including the number of cigarettes smoked during pregnancy as an additnal control,
the average smoking e ect drops to 135 g, but the standard deviation remains almost unchanged.

38Technically, this translates into a di erent selection matrix S, in (80).

39We also tried to allow for limited correlation between errors, using (39, and found similar results.

40In order to estimate the asymptotic standard errors of higher-order moments v have used the nonpara-
metric bootstrap clustered at the mother level (500 replications).
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As we saw in Subsection 5.2, it is possible to compute a simple estiorabf the moments
of ; that does not depend on the symmetry assumption, see equation®)&nd (86). These
estimates (aggregated over smoking sequences) are shown in rogvarid 14 of Table 2. In
that case also, the skewness and kurtosis are not signi cantly dirent from those of the

normal.

Density and quantiles. Lastly, we present the estimates of the density and quantile
function of the smoking e ect ;, estimated using Mallows' (2007) deconvolution algorithm
as explained in Subsection 5.3. The results are shown on the lelumn of Figure 1. For
comparison, density and quantile estimates of the least squaredimatesb, are reported on
the right column of the gure.

We see that correcting for sample noise in the estimation has st ects on density
and quantile estimates. The density of ; is much less dispersed than that d?i, and its mode
is much higher. This last nding is consistent with equation (79 above, which suggested
that the density of xed e ects estimates typically underestimates the truth at the mode.

In addition, our approach allows to estimate the smoking e ectt various quantiles.
When corrected for the presence of sample noise, the e ect is nilgstegative (up to percentile
75), and reaches very negative values for some mothers (ard#0 g at percentile 20). This
points to strong heterogeneity in the e ect, suggesting that tk cost of smoking (in terms of

children outcomes) is very high for some mothers.

6.3 Predeterminedness of smoking behavior

The previous results have been derived under the assumption théae smoking status is
strictly exogenous. We now relax the strict exogeneity assumpticand assume that smoking

is predetermined in model (92), that is:
E(vij i; 5SS 15:) =0: (93)

Condition (93) is less restrictive than the strict exogeneity @ndition (Assumption 1). In
particular, (93) could hold in contexts where mothers readio an unexpected birth outcome
by changing their smoking behavior.

We consider a simple version of the model without exogenous tiraarying regressors.

Including time-varying regressors reduces the possibilitie$ point identi cation of e ects
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Figure 1. Density and quantile estimates of the smoking e ect
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Note: The left column shows the density and quantile functiorestimates of the smoking e ect
i, obtained using Mallows' (2007) deconvolution algorithm.The right column shows density and
guantiles of the xed e ects estimates bi. Densities were estimated using a Gaussian kernel with
Silverman's rule of thumb for the bandwidth. Thick solid lires represent point estimates, dashed lines
show 95% bootstrapped pointwise con dence bands (clustérat the mother level, 300 replications).
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of interest, requiring to restrict the correlation between idividual e ects and regressors.

Taking di erences between child® and child m <~ we have:
Yoo ¥Ym = ilst Sml* Vi Vim: (94)

It turns out that interesting average e ects are point identied in this framework under

the predeterminedness condition (93). To see why, remark thabr k = 0; 1:

E(  YimiSm = K) ECilsi  SmliSm =K+ E(VM VimjSim = K)

E([ss Smlism = Kk);

where we have used that, because of (93), both and v;,, are mean independent o$, .

Moreover, using thats; can take only two values:
ECilss smlism=k) = (1 2K)Pr(ss =1 Kkjsm = K)E( ijsm = kisr =1 Kk):

Hence, the following average e ects are identi ed:

: E(i VYmism =K
E(jsm=ks =1 K= 2 Pr(g . 1y kas_ _ )k): (95)

Table 4: Average smoking e ects under predeterminedness

Predetermined Strictly exogenous

Smoking Estimate Standard error Estimate Standard errof Number

sequence obs.
0;1;2) -85.0 43.0 -117 28.9 482
(1;0;) 221 36.4 -189 28.8 460
(:;0;1) -168 38.0 -150 28.0 452
(:;1;,0) -139 45.9 -151 33.9 386
0;:;1) -123 33.9 -146 25.8 599
(1;:;0) -218 37.7 -213 29.3 511

Note: Estimates of the mean of ; in model (92) without exogenous regressors, for various snking

sequences. For example, (Q,; :) refers to mothers who did not smoke during the pregnancy of heir

rst child, and smoked while pregnant of their second child. Estimates in column 1 are computed
under predeterminedness of the smoking status, while estiates in column 3 are computed under
strict exogenity. Standard errors are clustered at the motter level.

We report empirical estimates of (95) in Table 4, for variousalues ofm, ~ and k. In the

same table (column 3), we report the estimates calculated undstrict exogeneity** Table

“1That is, computing the mean of bi on the various sequences of smoking statuses.
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4 shows a wide dispersion of average e ects estimates betweenetymf smoking sequences.
For example, the mean smoking e ect is 221 g for mothers who quitted smoking between
the rst and second child, while it is 850 g for mothers who started to smoke during
the second pregnancy, the di erence between the two estimatbging signi cant at 1%. A
similarly striking di erence can be observed for women who chged their smoking status
between the rst and third pregnancies (e ects of 218 g and 123 g, respectively). The
e ects for the second to third pregnancies are not statisticalldi erent (see rows 3 and 4).

These ndings are consistent with mothers taking into accountiteir own e ect of smoking
on children outcomes (their ;) when deciding whether to smoke or not. Moreover, they
reinforce the evidence that the smoking e ect is heterogene® across mothers, in a setting
where smoking choices are predetermined.

Another interesting result from Table 4 is that, though quantitatively distinct, the results
obtained under predeterminedness and strict exogeneity of skirag behavior are qualitatively
similar. For example, under strict exogeneity the mean e ectsi 189 g for mothers who
guitted smoking between the rst and second child, while itis 117 g for mothers who started
to smoke during the second pregnancy, the di erence being sigrant at 5%. Indeed, none
of the e ects obtained under strict exogeneity is statisticall di erent from the one obtained
under predeterminedness (for a given smoking sequence) at tHé fevel#?> This suggests

that the strict exogeneity assumption is not unreasonable on tke data.

7 Conclusion

Documenting heterogeneity in behavior and response to intemtions is one of the main
goals of modern econometrics. For this purpose, panel data kaan important value-added
compared to (single or repeated) cross-sectional data. The reade that by observing the
same units (individuals, households, rms...) over time, itis pssible to allow for the presence
of unobserved heterogeneity with a clear empirical contenf'he main goal of this paper has
been to derive conditions under which the distribution of hetrogeneous components can be
consistently estimated in a class of panel data models with mydlie sources of heterogeneity.
In many microeconomic applications, it is of interest to estima the distributions of
individual-speci ¢ e ects. We have provided xed-T identi cation results for variances and

more generally densities of random coe cients and time-vaigg errors, in linear panel data

42The only signi cant di erence at the 10% level is the one for the sequence (10;:).
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models with strictly exogenous regressors. Distributional chacteristics of individual e ects
(other than the mean) are not identi ed under the assumptions founrestricted intertemporal
distribution of the errors and unrestricted distribution of the e ects conditioned on the
regressors. In our results we have exploited the identifying demt of limited time dependence
of time varying errors.

In addition, we have proposed xedI consistent estimators of variances, as well as a
nonparametric estimator of the density of the individual e et of a binary regressor in a
model with i.i.d. errors. Constructing consistent density estimars in more general settings
is important. We plan to pursue this task in another paper (Arethno and Bonhomme, in
progress).

It is also of interest to relax some of the model's assumptions, ingpigular strict exogene-
ity is a concern in many applications. Our analysis of the e ecof smoking on birthweight
suggests that, in cases where regressors are predetermined irktefstrictly exogenous,
some average e ects may still be point identi ed. Chernozhukoet al. (2009) obtain similar
results in some nonlinear panel data models. This seems an intgneg route for further

research.
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APPENDIX

A Proofs

A.1 Proofs of Section 3
Proposition 1.  Assumption 3 implies that H; and Q; exist. We have, using (2):
E(Qilyi Zi)iWi) = E(QivijW))
Likewise, again using assumption (2):
EMHilyi Zi )iWi) = E( i+ HivijWi)= E(;jWi):
Corollary 1.  Using that E(v;jW;F;) = 0 it is immediate to see that:
E(bijWisFi) = E( i+ HivijWi;Fi)= E(jWi;Fi):

By the law of iterated expectations we obtain:

E Fib} EF 2

|
Lastly, (24) implies that E (b;) = E( ;), so:
Cov(Fi; )=E F 2 E(F)E ?=E Fib? E(F)E b? = Cov (Fi;b;):

The conclusion follows.
Corollary 2.  Similar to the proof of Proposition 1.

Theorem 1.

Var (b;jW ) Var (;+ Hijvijw))
Var (jWi)+ Var (HivijW)

Var (jWi)+ Hi HP

where we have used Assumption 1 in the second equality. Heng¢81). Unconditionally we have:
var () E(Var (jWi))+ Var (E( jWi))

E Var (bjjWi) H; HY + Var (E( jW)))

Var (b)) E H; ;H?:

Corollary 3.  Taking the trace in (39) we obtain:
TE (vi Zi)(yi zi)° (r Q)i Zi)yi zi )t Q)iw;
=Tr( i) Tr((Ir Qi) i(lr Qi):
In the particular case where errors are i.i.d. independent bW ; with variance 2, this yields:
E (i z)%i zi) (i zi)(r Q)i Zi) =(T a3
where we have use that TrQi)= T g. Hence:

2_ 1

. .0 (v. )Y -
T qE((y. Zi )Qilyi Zi)):
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Lemma Al Let P be a symmetric idempotentn  n matrix with rank p. Let D,, be then® n(n+
1)=2 duplication matrix that transforms vech (A) into vec(A), for any n n matrix A (Magnus
and Neudecker, 1988, p.49). Then:

i) rank[(l,. P P)Dp]= ") perd).
) rankf[(ln P) (In P)]Dng= @20 0.

Proof. Part i). The proof uses results from Magnus and Neudecker (1988, MNiereafter).
From MN's Theorem 13 p.49-50 we have:

(Ine P P)Djy DnD,(ln2 P P)Djy

= Dn lneay Dn(P P)Dn ;
2

whereD,, = (D2D,) D2 denotes the Moore-Penrose generalized inverse bf,.
Hence, becauséD , has full column rank, the rank of: (I, P P)D, is equal to that of:
Bn=1lwwy D, (P P)Dyn. But, using equations (14) and (15) in MN (Theorem 13 p.50) it

is easy tozshow thatB, is idempotent. So, using MN's Theorem 21 (p.20): rankB) = Tr( Bp).
Now:

T D,(P P)Dp

T DnD, (P P)

= %Tr(P P)+%Tr(Kn(P P))
p2

E+ %Tr(Kn(P P);

whereK y, is the commutation matrix (MN, p.47). Let Ej be an n matrix with zeros everywhere,
except a one at position (;j ). Let also P = [ pj ](i;j )-

Xooxn 0
Tr(Ky(P P)) = vec (Ej )'"Kn (P P)vec (Ej)

i=1 j=1

= vec (Ej)°vec PEJ P
i=1 j=1

= Pij Bji
i=1 j=1
xn

= Pi = P;

i=1
where the next to last equality comes from idempotence oP. So:

_ n(n+1) p* p
Tr(Bn) = —% 3 3
This ends the proof.

Part ii). Because of idempotence: rankl, P) = n p. Let vy;:i;vp be a basis of the
vector space spanned by the columns of, P. Clearly, fvi v;;(i;j) 2 f1, ;1 pg?g forms a
linearly independent family. So doesfv; vj;(i;j) 2 f1,::pg%;i jg. As this family has
(n p)n p+1)=2 elements, the conclusion follows.

[ ]

59



A.2 Proofs of Section 4

Theorem 4. Let 2 RY. Using (6) and Assumption 2 we obtain:
bijWi( JWl) = ijWi( JWl) HiVijWi( JWl)

ijWi( JWI) VijWi(HiO JWI)

If y, is almost everywhere nonvanishing we obtain (65). Moreover(66) follows from taking
expectations:

() = B x (W)
- E bjw ( JWi)
vijw, (H? jw3)
- g E(exp( %b)jW )
vijw, (HP jw))
. g _ep( °b)
vijw; (HY jW3)

Theorem 5. Clearly, because of (43), (73) and Assumption 4:! ; (t), t 2 R, is identi ed.
Hence  jw, (tjW;)isidentied forall t 2 RT.
By successive integration and using that, because of Assuntipn 1:

A e O~ e i = o

and that, because of the de nition of a characteristic function:

In VijW (OJWI):O’

it follows that the characteristic function of errors is identi ed.

Corollary 5. Inverse Fourier transformation yields:
Z
. 1 . .
fow, (JWi) = 2 exp( j %) jw,(jw;)d
Z .
— exp( j 0 ) bijWi( JW') d :
(2 )q VijWi(Hio JWI) .
The unconditional result is similarly obtained.
Proof of equation (70). Under regularity conditions, and provided that % I’ constant > 0
asT tends to in nity, we have, for all 2 R¢Y:
VijWi(HiO JWI) = HiVijWi( JWI)
1 . 1
= ep 5 OVar (HivijW) + Op =2
1 1
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So:

Z .
. 1 ) biw; (W)
Faw (WD = oy ee(] ) R0
1 Z Vi]Wi i . )
= W exp( ] °) bjw; ( IWi)exp 5 N iHiO + 0y = d
Z
1 ) _ 1 L
= @ exp( § ) pyw,(Wi) 1+ 3 OHi'iHio d +0p
. 1 @fb_. i( jW) 1

where the last equality comes from taking second derivative in (68).

Alemma. Here we extend Lemma 1 in Bonhomme and Robin (2009a). Considan independent
factor model: Y = X , whereY = (Yl;:::;YL)O, X = (Xl;:::;XL)O, isamatrix of L S
parameters (possibly dependent on conditioning covariatg), and the S components of the vector
X are independent (also possibly conditionally). Note thatL can be less thanS. We assume that
the variances ofX 5 (and thus also of Y -) are nite.

Lemma A2 Let (i;j) 2f 1;::;Lg? such thatY; and Y; are independent. Then:

@n v®) _o. ;R
Qtait
Proof. We denote the elements of as s, i =1;::;L,s=1;::;S. It follows from independence
that:
0 P 1
L ot
@In vy ) _ x> - @In Xs jo—p iostio A
aitai o ! @?

By the Darmois theorem (Comon, 1994, p.306), ast; and Y; are independent it follows that, for
all s, either s js =0, or Xsis GeHJssian.

When X is Gaussian: @n XS@(Z 1910 = @'”@és(o) is constant, independent oft. So we have:

én vy _ *  @h x(0
@it@jt ) is js @2
= Cov(Yi;Y))
= 0O:

This end the proof.
]

B Consistent standard errors for the linear projection
coe cients

The regression coe cients in:
=F2 o+ ; " =1;u5q (B1)



where F; is such that E(vijW ;F;) = 0, are given by

= E /{FY CTEF 9); (B2)
and a root-N -consistent estimator of - is
I
TR
b‘ = N FiFi ﬁ Fie‘i; (B3)
i=1 i=1

where, if hiQ denotes the th row of matrix H;:

ey h y; zb :
We have:
e = h Z; +X; ;+v; zPb
= FO .+, nlz b + hQv;:

P
Hence, leting n = N * 1L FiFOwe have

1 X 1 X 1 X '
N (b )= W Fi W FihiQZi b + ﬁ FihiQVi
i=1 i=1 i=1
Also I
1 X 1 X
b = N z2%Qiz; N z%Qivi: (B4)
i=1 i=1

It is gasily shown (g.g., Wooldridge, 2002, p.321 for a speali case) that a consistent estimator
of Avar ~ N (b ) is given by:

1
1 .
NN a; 8, N

where
0 10 1
X X
a = F; hiQ Yi Zib Fiob‘ @ thJQZjA@ ZjOQijA ZioQi Yi Zib :

i=1 i=1

C Computing Chamberlain's semiparametric bound

Model and notation. Consider the general panel model that is linear in xed e ects but
nonlinear in variables and common parameters:

yi=a(Wi; )+ BWi; ) +B(Wi; )"i+vi

E(vijWi; )= 0; E(") = 0;
where = E( ;)and"; = . For shortness, write B; = B (W;; )and a = a(W;; ).
Moreover, let Var (yi jWi)= Vi, Var (v; W)= j,andVar ("ijW;)= ;. Thus,
Vi=Bi B+ |

The interest is in the optimal estimation of and following Chamberlain (1992).
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Optimal estimation of common parameters. De ne the idempotent matrix

Qi=Ir B; B%; 1Bi0

= APAiand AjAl= 11 4

andlet Ajbea (T g T semi-triangular matrix such that Q;
is contained in the (T ) conditional moments

All information about

EAi(yi a)jW;)=0:

The conditional variance matrix of the transformed residuds is

E Ay a)lyi a)Aljw; =A; jAl= AjViAL
The corresponding optimal instruments are

h

i
E D2 AViA? M(Aiy;

Aia)) = 0;
where
Di=E QoAi(yi ai)j Wi
@
0

@ X @ ,
D= Ai@—+ JE -ijWiA;
@ _ @° |

j
whereB; = (byj; 5 bg);and = g5 gi 0 Therefore, the optimal moment for s

We show below that 1

(C5)

E @@[ai+BiE( WA AVAY YAy Aja) =0 (C6)
Proof of (C5). We need@ =@. First note that the partial derivatives of Q; are given by

@i_ ~®B Lo 1p0 g pon 1@
Q- Q.@k BB; "B? B;i BB, @kQ.. (C7)

To see the connection betweerdQ; and dA ; note that

dQ; = A%dA )+ dA? A;

(dAN)AP+ A; dA? = 0;
so that

AidQ; = (dAj)+ A; dA? A;=(dA;) (dA))APA;=(dA)B; B%B; 'BZ

Post-multiplying by Bj, the partial derivatives satisfy

@i @\
Ai—B;= —Bj:
‘@ | @« |
Finally, inserting (C7) and noting that A;B; = O it turns out that
@\ @B
Bi= A : C8
@ @ (C8)
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Now, to see that (C5) holds note that
@ . h .
Di=E @70Ai(}/i a)jWi =E ZAi(yi a) Ay a); jW;

and using (C8) we obtain the k-th column of D; as follows

e Caiy a)jw Qi By oajwy) A &

@« @« @«
@\ . @
= @k' EBi i+VvijWi) A @7:(
@\ , @
= @k' BiE( i JWi) A @7:(
= A gt EC W)
0« K 1
@ X @ .
= A @= 4 J E .iw A:
'@« o1 @« i I
Optimal estimation of expected xed e ects. Using matrix inversion formulas, we obtain

1 which will be used below:

BN, 'B; lBio\/i !

the following expressions linkingV 1 and i

1= V.

1 1
i +V;"Bi

BV, 1B, '= ;+ B?,'B; U
Suppose for the sake of the argument that is known so thatw; = y; a; and B; are observable.
The model implies the following moments:
h i
E Cc%B; 'c’w B;) =0;

for someC;. So we consider the asymptotic distribution of estimators @ the form

1 X
b= CB tcl;:
i=1
The scaled estimation error satis es
p_ 1 X 1 N
NG )=ps itpe  CB fevi N (0 );
i=1 i=1
where h i
= E "i"io + E CioBi lCio iCi BiOCi L.
An optimal choice of C; satis es
cte 'cP= B? B 'BP L
which leads to h 1i
=g ""9+€E B? . B ; (C9)
or h 1i
= Var [E("ijW)]+ E B¥, !B : (C10)
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One optimal choice isC%= B? . . To characterize the range of optimal choices, let us de ne
i forsomeg gmatrix K; 0 such that:
l=vitev Bk 1 BN, !B K BNV, !
Note that setting K; = ; we have ; = ;. However, while ;| depends onK; the quantity
B . 'B; 'BY . !does not®
'Bi 1Bi0 = BV, 'B lBio\/i t= B} '

BY | i B BY t

The conclusion is that an optimal moment usesC?= B? .1, and all optimal instruments of

the form B? i 1B; ! BP i 1 are the same regardless of the value &€ ;. Thus, we can setk; = 0
without lack of generality and use C?= B%, 1.
Therefore, the form of an estimator that attains the bound is

which is numerically identical for all permissible values ¢ K.
The optimal moment conditions for can be written as

h i
E BV, B, "BV, w; B;) =0 (C11)

Joint optimal moments: system GMM. It is easy to see that the optimal moments for
and , (C6) and (C11) respectively, are uncorrelated:

E BNV, 'Bi BN, 1(Bi"i+vi) VAL AVAS lAi@@)o[ai"'BiE( iJWi)l =0

Therefore, the optimal moments for estimation of and are:
!
Qla+ BIE( i W)IPAYAIVIAD “(Aiyi  Aja)

BV, 'Bi "BV, '(yi a B;) e

E

D Multivariate cumulants and characteristic functions

Here we collect some standard de nitions and properties of gmulants and characteristic functions
that are used in the paper, with a view to make the discussion a self-contained as possible.

Cumulants. Let U = (Uq; 2 Uy)2be ann-dimensional random vector with zero mean and well-
de ned moments to the fourth-order. We de ne its cumulant vector of order 3 as then3-dimensional
vector 3(U) whose elements 5 (U), for (i;j;k ) 2 f 1;:::;ng?, are arranged in lexicographic order
and are such that N

Jkwy= E(UYUY; (k) 2f 1 ng:

43Note that
0 1_ 1 1 1
B .= 1 B?Vi Bi K; BOiVi

B ,1Bi= | BY, !B K; 'BY,!B:
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Likewise, we de ne 4(U) whosen?* elements are
FU) = E(UUUU)  E(UU)E (W)
E(UUJE(YU) EUU)EU); (hiik)2f1m;ngh

For a nonzero mean random vectoV, we dene 3(V)= 3(V E(V)), and we similarly de ne

a(V).
h The skewnessof U (i 2 f1;::;ng) and its kurtosis are given by: 5 (U)=Var(U;)%* and

BT (U)=Var(Uj)? +3, respectively. We may similarly de ne conditional cumul ants by replacing
the expectations in these formulas by conditional expectabns.

Cumulants satisfy a multilinearity property, and can be int erpreted as tensors (Ko dis and
Regalia, 2000). Namely, for anys n matrix A we have:

s(AU) = (A A A) 3(U);
(AU ) (A A A A) 4

Moreover, cumulants of the sums ofindependentrandom variables satisfy: 3(U + V)= 3(U)+
3(V), and: 4U + V) = 4<U)+ 4(V). Because of these properties, it is sometimes more
convenient to work with cumulants than with moments, althou gh there exists a mapping between
the two.
Here we have only de ned cumulants of order 3 and 4. We could esdly generalize these results
to cumulants of order 5 or higher. The rst-order cumulant is simply the mean, and the cumulants
of order 2 are the variances and covariances.

Characteristic functions. Let (Y ;X) be a pair of random vectors,Y 2 R, and letj be a
square root of 1. The conditional characteristic function of Y given X = X, is de ned as:

vix (tix)= E exp(t%)jx ; t2R".:

We make use of the following properties of characteristic factions in the paper (e.g., Lindgren,
1993, p.128-131). First, there exists a mapping between thecpnditional) characteristic function

and the (conditional) density, the so-calledinverse Fourier transform:
z

(Zl)L exp jtY yx(tix)dt: (D12)

This means that all the information about a random variable is contained in its characteristic
function. Second, ifY 1 and Y » are independent givenX then:

fvix (Yix) =

vairyoix (UX) = vojx (EX)  v,jx (tjX): (D13)

Lastly, cumulants (when they exist) can be obtained from thesuccessive derivatives of the logarithm
of the characteristic function (also called cumulant geneating function) evaluated at t = O.

E Mallows' algorithm (2007)

The algorithm. The model is:
Ai = Bi + Cj;
where B; and C; are independent of each other. Two unrelated random samplesdm A; and C;
are available, that we denote asA and C, respectively. We assume thatA and C are sorted in
ascending order. The objective of the algorithm is to draw aproximate random samples fromB;.
The algorithm is as follows.
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1. Start with Bg =sortfA Cg.

2. Start step one. PermuteB o randomly, this yields By.

3. Let & be the permutation of A sorted according toBy+ C.
4. SetB, =sortf Ay Cg. Go to step two.

In our experiments, the algorithm always converged to a staipbnary chain after a short \burn-in"
period. In practice, we removed the rst 500 initial iterati ons out of total of 2000.

Lastly, note that, for this algorithm to work, A and C must have the same size. If this is not
the case, one may replace them byn bootstrap draws with replication from A and C, respectively,
where m is the desired common size. In the applicatiorA is twice the size ofC. We simply used
the stacked vector [C¢ C9%instead of C.

lllustration. We here brie y present some simulation results, which suggst that Mallows' al-
gorithm works well in practice. The Monte-Carlo design is therandom trend model of Example 1,
with stationary AR(1) errors. The parameter values are cho®n to roughly replicate the results by
Guvenen (2009) on PSID data: T is 20,N is 1000, is :80, the variances of ; and ; are:04 and
:0004, respectively, their covariance is :001, anduj; has variance:02. Lastly, we use two di erent
designs for the marginal distributions of ; and ;: the normal, and a symmetric bimodal normal
mixture with two components.

We apply Mallows' algorithm to equations (8) and (9). We use arandom sample from the errors
vi. The densities of ; and ; are then estimated using a Gaussian kernel with a rule-of-thurb
bandwidth. Figure E1 shows the results of 100 simulations. W& observe that the estimator is
unbiased in the case where ; and ; are normal. Interestingly, the con dence bands are very thin
in the tails of the density. In the bimodal case, the estimation is somewhat worse. However, the
estimator succeeds at replicating the bimodality of the laent variables.
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Figure E1: Density estimates on simulated data using Mallows' agithm

i and ; normal

20 -

1.0 -0.10

i and ; bimodal

20|

Note: ; and ; are obtained using Mallows' (2007) deconvolution algoritm. The DGP is that of
Example 1 with parameters roughly chosen to match Guvenen @9). Thick line is the pointwise
median across simulations, dashed lines are the 10%-90% pdivise con dence bands.

68



