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1 Introduction

Since 2020, many economies have been confronted with large supply disruptions, resulting
from the COVID-19 pandemic, the war in Ukraine, and other shocks. A significant surge in
inflation followed, particularly in sectors like food and energy. Households have experienced
varying impacts, depending on the composition of their consumption baskets. Low-income
households have often been disproportionately affected, as they tend to allocate a larger pro-
portion of their expenditure towards essential goods, which were subject to some of the largest
price increases.1 Indeed, the strong squeeze in real incomes, in particular among the poorest
households, has led many commentators to declare the situation a “cost-of-living crisis”.

To central banks, these events raised important yet unresolved questions: How to conduct
monetary policy in a world with diverse consumption baskets, and thus heterogeneity in infla-
tion rates across households? Do supply shocks to specific sectors, producing either necessity
or luxury goods, call for a specific policy response? How to address the distributional impli-
cations of such shocks? Is the Consumer Price Index (CPI) still a suitable target for monetary
policy?

To answer these questions in a comprehensive way, the standard New Keynesian model
–a standard tool for monetary analysis– is arguably not well suited, even when extended with
sectoral heterogeneity and inequality in household income and wealth. A key limitation is
that preferences are typically assumed to be of a homothetic CES (Constant Elasticity of Sub-
stitution) form, which implies that the composition of consumption baskets is equal across
households. As a result, all households share the same price index and are equally affected by
sector-specific price increases, unlike in reality.

This paper presents a novel New Keynesian model which incorporates (i) multiple sectors,
(ii) income and wealth heterogeneity, and (iii) generalized, non-homothetic preferences, rep-
resented through "sufficient statistics" rather than a specific functional form. In this setting,
each household has an individual consumption basket, creating heterogeneity in individual
inflation rates, real wages and real interest rates. Our generalized setup also allows for hetero-
geneity in price elasticities of demand across consumers. For example, wealthier households
may allocate a greater proportion of their income to luxury goods, while at the same time react-
ing less strongly to changes in prices of individual goods. Using the model, we examine both
the positive and normative implications of aggregate and sector-level shocks.

Towards this end, we derive an analytical characterization of the model and show that two
novel wedges emerge in the New Keynesian Phillips Curve (NKPC). Importantly, these wedges
can shift the NKPC in a direction that depends on the sectoral source of the shock. Specifically,

1According to the Office for National Statistics, in October 2022, UK households in the lowest income decile
faced on average a nearly 3 percentage points higher rate of inflation than those in the highest income decile, see
ONS (2022).
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a negative productivity shocks to necessity sectors initially leads to an upward shift of the
NKPC, increasing inflation and/or reducing the output gap. By contrast, shocks to aggregate
productivity, or productivity in luxury sectors, tend to move the output gap and inflation in the
same direction, as is usually the case in the New Keynesian model. A cost-of-living crisis thus
poses a specific challenge to monetary policy, even setting aside any distributional concerns
pertaining to such a situation.

In order to draw normative lessons, we study the optimal policy response to productivity
shocks, and compare it to the prescription of a standard interest rate rule targeting CPI inflation.
Importantly, we do so not only for aggregate productivity shocks, but also for sectoral shocks.
In a simplified version of the model, we show analytically that the optimal policy response to
a negative necessity shock is initially relatively loose, because of the upward shift in the NKPC
mentioned above. A swift and strong increase in interest rate could bring down inflation, but
only at the expense of a strongly negative output gap, which is not optimal. However, later
on the optimal policy tightens, which is qualitatively in line with the delayed tightening by
several central banks in response to the recent shocks.

An important implication of non-homothetic preferences is that households devote a rel-
atively large fraction of marginal spending to luxuries. Indeed, a household which spends
most of its budget on necessities may still devote a large fraction of any additional spending
to luxuries. Accordingly, the real wage which guides marginal saving and labor supply deci-
sions is one which deflates the nominal wage with a Marginal CPI (MCPI), weighing sectors
by marginal rather than regular budget shares and thus down-weighting necessities compared
to the regular CPI. We show that output gap dynamics are associated with the MCPI rather
than the regular CPI. Therefore, the MCPI complements the CPI as a natural metric to guide
monetary policy.

To better understand the policy trade-offs, we study the two novel NKPC wedges in de-
tail. The first is a non-homotheticity wedge. This wedge captures a labor market distortion which
arises due to the gap in marginal and regular budget shares, in the presence of price rigidi-
ties. To understand this wedge intuitively, consider a shock which simultaneously decreases
productivity in necessity sectors but increases productivity in luxury sectors. Following this
shock, luxury goods become cheaper relative to necessity goods. This increases the real wage
in units of households’ marginal consumption bundles, since at they margin they spend rela-
tively more on luxuries. In turn, the increase in the marginal real wage induces households to
optimally increase labor supply. However, when prices are sticky this increase is diminished,
because relative prices then move by less. As a result, labor supply is distorted downwards
and the output gap becomes negative for a given inflation rate or –equivalently– inflation in-
creases for a given output gap. A decrease in the relative productivity of necessity sectors thus
shifts up NKPC, while a decrease in the relative productivity of luxury sectors would have the
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opposite effect.2

The second wedge in the NKPC is an endogenous markup wedge, which arises from the fact
that price elasticities of demand for goods vary across households and over time, once we move
beyond CES preferences. Realistically, poorer households are likely to be more price sensitive
and demand elasticities may increase during recessions, as consumption falls. For firms, de-
mand elasticities are in turn a key consideration when setting markups. Fluctuations in the
level and distribution of consumption thus create fluctuations in demand elasticities and hence
distortions in markups. Specifically, the wedge tends to shift the NKPC downward after neg-
ative productivity shocks. Compared to the non-homotheticity wedge, the movements in the
endogenous markup wedge tend to be smaller but more persistent. Therefore, the combined
effect of the two wedges is that, following a negative shock to necessity sectors, the NKPC is
initially shifted upward, but downward later on.

In addition to the analytical results derived in the simplified model, we conduct a quanti-
tative exploration in a full-blown version of the model calibrated to the United Kingdom. The
model features realistic heterogeneity in income, wealth, expenditure baskets, and marginal
propensities to consume, disciplined by data from the Living Costs and Food (LCF) survey. We
also allow for heterogeneity in price rigidities across sectors and input-output linkages. De-
spite its richness, the model is computationally tractable, up to a first-order approximation, as
we can characterize the dynamic equilibrium with as a system of sector-level NKPCs and Eu-
ler equations, alongside two sector-level equations tracking the relevant aspects of the wealth
distribution.

Model simulations reveal that the channels highlighted analytically are also important quan-
titatively. We observe that, under a standard interest rate rule, negative shocks to necessity
sectors, like Food or Electricity and Gas, lead to an increase in CPI inflation and but an ini-
tial decline in the output gap, followed by a subsequent upswing. By contrast, after a negative
shock to productivity in all sectors, or only in luxury sectors, CPI inflation and the output
gap both increase persistently. Regarding the distributional impact of aggregate and sectoral
shocks, we also find strong heterogeneity in the consumption responses of individual house-
holds, depending not only on their income and wealth but also on their expenditure baskets.3

We characterize the optimal policy analytically in the simplified model, and complement
this with quantitative analysis in the full-blown model. Compared to a standard interest rate
rule, the optimal policy response to a negative necessity shock is significantly more accom-

2While this channel also arises in a representative-agent version of the model (with non-homothetic prefer-
ences), its strength depends on the degree of long-run inequality. And importantly, empirical discipline on the
channel is critically obtained from cross-sectional evidence on the relation between income and expenditures on
different goods, which is at odds with a representative-agent assumption.

3In addition to non-homothetic preferences, the model includes idiosyncratic preference shifters for goods
from different sectors, allowing us to match exactly the heterogeneous consumption baskets observed in micro
data.
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modative, pushing up the output gap and inflation, while the opposite is true for luxury shocks.
Moreover, we find that potential distributional considerations further loosen the monetary pol-
icy response, as this redistributes wealth towards poorer households who tend to be are more
heavily affected by the shock.4

Relation to the literature. A main contribution of this paper is to embed a generalized, non-
homothetic preference structure in a multi-sector New Keynesian model with heterogeneous
agents. Empirical evidence supporting the relevance of such preferences has a long history in
the literature. A particularly famous and robust finding is that expenditure shares on food are
negatively related to income (Engel, 1857; Houthakker, 1957). It is also understood that these
patterns have important implications for the aggregate price indices and the measurement of
inequality, see e.g. Hamilton (2001); Kaplan and Schulhofer-Wohl (2017); Jaravel (2019); Ar-
gente and Lee (2021). While in this paper we focus on monetary policy and business cycles,
others have studied the implications for non-homothetic preferences for growth an structural
transformation Herrendorf et al. (2014); Boppart (2014); Comin et al. (2021). Non-homothetic
preferences are also recognized to have important policy implications. For instance, Jaravel
and Olivi (2021). We also connect to literature which deviates from CES preferences, e.g. Kim-
ball (1995); Amiti et al. (2019); Xhani (2021) and which studies how demand elasticities and
markups vary across the income distribution, see e.g. Mongey and Waugh (2023); Nord (2023);
Sangani (2023).

The New-Keynesian literature typically sticks to the simplifying assumption of (homoth-
etic) CES preferences.5 Thereby, it rules out heterogeneity in consumption baskets even when
it features household heterogeneity.6 Indeed, the mechanisms that we highlight complement
(but interact with) the channels highlighted in the literature on monetary policy transmission
in Heterogeneous Agents New-Keynesian (HANK) models, see e.g. McKay et al. (2016); Ka-
plan et al. (2017); Auclert (2019) and many others. This literature often emphasizes the role of
heterogeneity in Marginal Propensities to Consume MPCs), a micro-level non-linearity which
makes the distribution matter. In our setting, a key micro-level heterogeneity comes directly
from preferences, as we move beyond the standard homothetic CES assumption. Moreover, a
key difference vis-à-vis most of the HANK literature is that in our model household hetero-
geneity matters not only for the demand block of the model (characterised by Euler equations

4This is the case even though our assumed social welfare function is such that monetary policy has no motive
to affect steady-state inequality.

5Some authors in this literature have deviated from CES utility by assuming a Kimball demand function, see
e.g. Smets and Wouters (2007). However, such preference preserve homotheticity and do not create endogenous
markup fluctuations. Cavallari and Etro (2020) consider a representative-agent model with extended CES prefer-
ences which delivers a time-varying price elasticities of demand.

6One exception is Blanco and Diz (2021) who study a representative-agent household NK model with two
consumption goods, one of which is subject to a subsistence point. Another one is Melcangi and Sterk (2019), who
develop a heterogeneous-agents New Keynesian model with an infrequently consumed luxury good.
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and household constraints) but also for the supply block of the model, as characterised by the
NKPC. Indeed, we show that household heterogeneity affects both the slope of the NKPC and
the time-varying wedges that emerge under generalized preferences.

The normative analysis in this paper connects to the literature on how inequality and re-
distribution affect optimal monetary policy trade-offs in HANK models, which includes redis-
tributive effects, see Challe (2020); Bhandari et al. (2021); Nuno and Thomas (2022); Dávilla
and Schaab (2022); Acharya et al. (2023); McKay and Wolf (2023). As explained above, non-
homothetic preferences creates policy trade-offs which are not present in their models. Finally,
the multi-sector structure of our model connects our contribution to several recent papers on
intersectoral transmission of shocks in (HA)NK models, including Pasten et al. (2020); Rubbo
(2019); LaO and Tahbaz-Salehi (2019); Baqaee et al. (2021); Guerrieri et al. (2022); Schaab and
Tan (2023); Auclert et al. (2023).

The remainder of this paper is organized as follows. Section 2 lays out the primitive model
environment. We then linearize the model around a deterministic steady state and show that it
can be solved using standard methods, despite the time-varying wealth distribution. In Section
3 we inspect the mechanisms in a relatively simple version of the model, focusing on the role
of the two new wedges in the NKPC. Results for the full quantitative model (including input-
output linkages) are then presented in Section 4. Optimal policy is discussed in Section 5.
Section 6 concludes.

2 The model

2.1 Environment

Households. There is a continuum of heterogeneous households, of unit mass and indexed
by i. In every period t, a household dies with a probability δ ∈ (0, 1). Households consume
goods from different sectors, indexed by k = 1, 2.., K. Within each sector, there is a unit mass
continuum of differentiated varieties, indexed by j. The expected utility of household i at time
t is given by:

Et

∞

∑
s=0

(β(1 − δ))t+s
(

ui(ct+s(i))− χ

(
nt+s(i)

ϑ(i)

))
, (1)

where nt+s(i) is effective labor supply, ϑ(i) is labor productivity, β ∈ (0, 1) is the subjective
discount factor, and Et is the conditional expectations operator. Moreover, the utility from
consumption depends on a vector ct(i) = {c1,t(i), .., cK,t(i)} , where ck,t(i) is a vector consisting
of consumption of each variety j in sector k. Specifically, the flow utility from consumption is
given by:

ui(ct(i)) = Ui(U (c1,t(i)), ...,U (cK,t(i))),
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where Ui(·) is an outer utility function, defined over sectoral bundles, which may be house-
hold specific. We assume that Ui(·) is differentiable and weakly separable across sectors. The
sectoral bundles are in turn given by U (ck,t(i)). We further assume that the inner utility func-
tion U (·) is a concave, C3-function which is symmetric over varieties. Moreover, χ(·) is an
increasing, twice differentiable function capturing disutility from labor supply.

Households can save in one-period nominal bonds, denoted by bt(i) and they are born
with different initial levels of nominal wealth. Households also differ in terms of their labor
productivity, ϑ(i), which is constant over time. We thus abstract from idiosyncratic risk, aside
from mortality risk. We do allow for the possibility that some households are Hand-to-Mouth
(HtM) consumers, which we treat as a permanent characteristic.7 HtM households cannot
adjust their bond holdings, and thus consume their current incomes. Households who are
not HtM can choose bond holdings freely, facing only a natural borrowing limit. Households
further differ in their ownership of firms. The budget constraint of household i in period t is
given by:

et(i) +
bt+1(i)

Rt
= bt(i) + nt(i)Wt + ∑

k
ςk(i)Divk,t. (2)

Here, et(i) = ∑K
k=1 ek,t(i) = ∑K

k=1
∫ 1

0 pk,t(j)ck,t(i, j)dj denotes the household’s total consumption
expenditures, Rt is the gross nominal interest rate on bonds, which is set by a central bank,
Wt is the nominal wage per effective unit of labor, Divk,t are total dividends from sector k and
ςk(i) is the equity share of household i in firms in sector k. We assume that equity portfolios
are perfectly diversified.

In any period t, household i chooses consumption of each goods variety, ck,t(i, j), bond
holdings, bt(i), and effective labor supply, nt(i), to maximize utility objective (1), subject to the
budget constraint (2) and the laws of motion of equilibrium objects exogenous to households.
HtM households in addition face the constraint bt(i) = bt−1(i).

Some key statistics. In the absence of a parametric form for preferences, let us introduce some
key concepts regarding household behavior. As discussed in Appendix A, we can express the
demand of household i for a certain goods variety as a function of its price, pk,t(j), a vector
of all other prices in the sector, denoted pk,t, and the total expenditures of the household on
sector-k goods, ek,t(i). We denote this demand function by ck,t(i, j) = dk (pk,t(j), pk,t, ek,t(i)).

We can now define a number of household-level statistics, evaluated at the deterministic
steady state of the model, which we indicate by omitting the time subscript. We consider a
steady state with zero inflation and therefore equal prices within sectors, i.e. pk(j) = Pk for
any variety j in sector k where Pk is the sectoral price level. Note that in such a steady state it

7Even without HtM households, distributional dynamics will generally matter for aggregates, due to the non-
linearities embedded in the generalized, non-homothetic and non-CES preferences.

6



Table 1. Steady-state statistics

Individual Aggregate

Marginal Propensity to Consume: MPC(i) = ∂et(i)
∂bt(i)

Budget share: sk(i) =
ek(i)
e(i) s̄k =

Ek
E

Marginal budget share: ∂eek(i) =
∂ek(i)
∂e(i) ∂eek =

∫ e(i)
E ∂eek(i)di

Cross-price elasticity: ρk,l(i) =
∂ck(i)

∂Pl

Pl
ck(i)

ρ̄k,l =
∂Ck
∂Pl

Pl
Ck

Demand elasticity: ϵk(i) = − ∂ck(i,j)
∂pk(j)

pk(j)
ck(i,j)

ϵ̄k =
∫ ek(i)

Ek
ϵk(i)di

Super-elasticity: ϵs
k(i) =

∂ϵk(i)
∂pk(j)

pk(j)
ϵk(i)

ϵ̄s
k =

∂ϵ̄k
∂pk(j)

pk(j)
ϵ̄k

Markup sensitivity w.r.t. expenditures: γe,k(i) =
∂µk

∂ek(i)
Ek
µk

Markup sensitivity w.r.t. wealth: γb,k(i) =
∂µk,t
∂bt(i)

E
µk

Note: all statistics are evaluated in the deterministic steady state with zero inflation. Ek =
∫

ek(i) are aggregate ex-
penditures on sector k and E = ∑k Ek are total expenditures across all sectors. Moreover, Ck = Ek/Pk is aggregate
sectoral consumption. Finally, ρk,l(i) is a compensated elasticity.

holds that ck(i, j) = ck(i). Table 1 defines the statistics, which may all vary across households.
The table also presents a number of aggregate counterparts that will play a role in the dynamic
model.

The first statistic is the Marginal Propensity to Consume, often emphasized in the heterogeneous-
agents literature. In our setting, we can derive MPC(i) = R−1

R /
(

1 + Wn(i)ψ
e(i)σ

)
for non-HtM

households and MPC(i) = 1/
(

1 + Wn(i)ψ
e(i)σ

)
for HtM households. Within both groups of house-

holds, there is MPC heterogeneity resulting from differences in the wealth effect on labor sup-
ply, which in turn is due to differences in the composition of financial versus human wealth.

The next three statistics in the table derive from the outer utility function Ui(·) and thus per-
tain to the allocation of household expenditures across sectors. First, sk(i), is the regular budget
share, i.e. the fraction of expenditures that household i devotes to sector k. Its aggregate coun-
terpart, s̄k, is used to construct the Consumer Price Index, which is defined as Pcpi = ∑k s̄kPk.
Second, ∂eek(i), is the household’s marginal budget share on sector k. It measures the fraction of
each marginal unit of expenditures that the household devotes to goods in sector k. This statis-
tic is not much emphasized in the heterogeneous-agents literature. Indeed, under homothetic
preference we obtain ∂eek(i) = sk(i). However, in our model preference are non-homothetic
the gap between the two statistics will play an important role. The aggregate (expenditure-
weighted) counterpart of the marginal budget share is ∂eek. At the margin, households tend
to spend less on necessity goods than they do on average, whereas the opposite is true for
luxuries. Accordingly, we label k a necessity sector if ∂eek < s̄k , and a luxury sector if ∂eek > s̄k.

For later use, we define the Marginal CPI (MCPI) as Pmcpi = ∑k ∂eekPk. This price index
weighs sectors by their marginal rather than their regular budget shares. Relative to the CPI,
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the MCPI thus overweights luxury sectors and underweights necessity sectors.8 Note that
under homothetic preferences over sectors, marginal and regular budget shares coincide, so
that the CPI and MCPI become equal. The final statistic relating to the outer utility function is
ρk,l(i), the compensated elasticity of consumption by household i of sector-k goods with respect
to a change in Pl, the price of sector-l goods. Moreover, ρ̄k,l is the aggregate counterpart.

The remaining statistics pertain to the inner utility U , which defines utility over varieties
within a sector. These statistics will be key determinants of markups in the model. The first,
ϵk(i), is the elasticity of demand for a variety with respect to its price pk(j). Note that this
elasticity varies not only across sectors, but also across households. When setting the markup,
firms consider the aggregate demand elasticity for their good, ϵ̄k, which weighs individual
markups by expenditure shares. The steady-state markup is given by µk = ϵ̄k

ϵ̄k−1 . While ϵk(i)
denotes the demand elasticity at the steady state, the distribution of demand elasticities moves
around over time: as households change their levels of expenditures, their demand elasticities
change. The response of the individual demand elasticity to a change in the price is given by
the price super-elasticity of demand, denoted by ϵs

k(i), as defined in the table.9 Under CES
preferences, demand elasticities are constant and hence ϵs

k(i) = 0, but once moving beyond
CES this is no longer the case. The super-elasticity of aggregate demand for sector-k varieties
can be expressed as ϵ̄s

k = (
∫

ϵs
k(i)ϵk(i)

ek(i)
Ek

di −
∫
(ϵk(i)− ϵ̄k)

2 ek(i)
Ek

di)/ϵ̄k. This object takes into
account that a change in prices not only affects ϵ̄k via changes in individual demand (the first
term) elasticities, but also through changes in the composition of demand (the second term).

When moving beyond CES preferences, different households thus contribute differently to
markups, depending on their price elasticities of demand, their super-elasticities, and their
share in aggregate expenditures. We define two additional statistics which capture the com-
bined effects of this. First, γe,k(i) measures the sensitivity of the markup with respect to indi-
vidual i’s expenditures on sector-k goods: γe,k(i) =

(
1 − ϵk(i)

ϵ̄k

(
1 + ∂ϵk(i)

∂ek(i)
ek(i)
ϵk(i)

))
1

ϵ̄k−1 . Intuitively,
if there is a relative increase in expenditures among households who have relatively low de-
mand elasticities, the aggregate demand elasticity decreases, pushing up markups. A similar
effect takes place if there is a shift in expenditures towards households whose price elasticity
of demand is relatively insensitive to the level of expenditures. The second, γb,k(i), captures
the markup sensitivity with respect to individual wealth, which we can express as γb,k(i) =

MPC(i)γe,k(i)∂eel(i)/s̄k. Note that under CES preferences we obtain γe,k(i) = γb,k(i) = 0.
Finally, we assume that the Elasticity of Intertemporal Substitution (EIS) and the Frisch

elasticity of labor supply are homogeneous across households, and denote them by σ and ψ

respectively. It is possible to allow for heterogeneity in these objects as well, at the expense of

8One may think of “Core CPI” –a popular index in practice– as an extreme sibling of the MCPI, in the sense
that it completely disregards prices in two of the most important necessity sectors: Food and Energy.

9Note that, due to symmetry and anticipating that in the steady state firms are identical within sectors, ϵk(i)
and ϵs

k(i) do not depend on j, i.e. at the steady state these elasticities are the same for all varieties within a sector.
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somewhat more complicated algebraic expressions.10

Firms. Firms are monopolistically competitive, each producing a single goods variety j in
a certain sector k. Within each sector, firms are ex-ante identical but subject to a Calvo-style
pricing rigidity: they are able to adjust their price only with a probability 1− θk in every period.
This probability may vary across sectors. Firms in sector k operate the following technology:

yk,t(j) = Ak,tFk(nk,t(j), Ỹ1,k,t(j), Ỹ2,k,t(j), ..., ỸK,k,t(j)), (3)

where yk,t(j) is output, Fk(·) is a sector-specific production function with constant returns to
scale and Ak,t is an exogenous, sector-specific productivity variable. In the production function,
nk,t(j) are effective units of labor hired by the firm, while Ỹl,k,t(j) is the quantity of intermediate
inputs from sector l = 1, 2, ..., K used in production by firm j in sector k. Intermediate goods
are produced by competitive firms who bundle varieties and sell on the these bundles. The
technology of these firms is given by Ỹk,t = F̃k(ỹk,t) where ỹk,t is a vector of varieties used in
production and where we assume that F̃k is twice differentiable, symmetric across varieties and
has constant return to scale. We can express the demand of the intermediate goods producers
for an individual variety j as ỹk,t(j) = d̃k (pk,t(j), pk,t) Ỹk,t.

Firms take as given the aggregate of household demand functions, as well as demand by
intermediate goods producers. The total demand for a variety is given by:

yk,t(j) =
∫ 1

0
dk (pk,t(j), pk,t, ek,t(i)) di + d̃k (pk,t(j), pk,t, ) Ỹk,t. (4)

where the first term corresponds to household demand and the second to demand from in-
termediate goods producers. Under CES preferences, household demand for a variety can
be expressed as a simple function of its relative price and total demand. In our more gen-
eral setting, however, the composition of demand matters as well, as demand elasticities and
super-elasticities vary across households.

Firms which are allowed to adjust their price do so to maximize the expected present value
of profits. The decision problem of those firms is given by:

max
p∗k,t(j),{nk,t+s(j),

yk,t+s(j),Ỹl,k,t+s(j)}∞
s=0

Et

∞

∑
s=0

Λt,t+sθ
s
k

(
p∗k,t(j)yk,t+s(j)− (1 − τk)(Wt+snk,t+s(j) + ∑

l
Pl,t+sỸl,k,t+s(j))− Tk,t+s

)
,

(5)

10It is always possible to renormalize the utility function to obtain a common and arbitrary EIS and Frisch
elasticity. Straub (2017) presents a model with EIS heterogeneity.
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subject to Equations (3) and (4), where Λt,t+s is the firm’s stochastic discount factor.11 In
the above equation, τk is a time-invariant, sector-specific subsidy which may be used by the
government to correct markup distortions in the steady state, and Tk,t a lump-sum tax to finance
the subsidy , which can be arbitrarily differentiated across sectors, as long as the government
budget constraints is satisfied.

Government Policy. We assume that the fiscal authority runs a balanced budget, which im-
plies:

∑
k

τk

∫ 1

0
(Wtnk,t(j)) + ∑

l
Pl,tỸl,k,t(j))dj − ∑

k
Tk,t = 0. (6)

The nominal interest rate Rt is set by the monetary authority, taking fiscal policy as given. We
will consider two versions of the model. In the first, the central bank follows a simple interest
rate rule. In the second version, the interest rate is set optimally.

Demographics and Market Clearing. In any period, a fraction δ of all households dies. We
assume that each deceased household is replaced by a new household of the same type. A
household’s type is pinned down by its labor productivity, ϑ(i), firm ownership, ςk(i), initial
bond holdings, b0(i), preferences, Ui, and HtM status. Bond market clearing implies that the
average wealth of households is zero, and hence the same is true for deceased and newborn
households, due to i.i.d. death probabilities. Therefore, the wealth given to new households
can always be financed and the net inheritance from all deceased households is zero. From
now on, we will assume that firm ownership is proportional to labor productivity. Clearing in
the labor market and the bond market requires, respectively:

∫ 1

0
nt(i)di = ∑

k

∫ 1

0
nk,t(j)dj,

∫ 1

0
bt(i)di = 0.

(7)

Goods market clearing requires, for any goods variety:

∫ 1

0
ck,t(i, j)di + ỹk,t(j) = yk,t(j). (8)

and in every sector:

Ỹk,t = ∑
l

∫
Ỹl,k,t(j)dj. (9)

11We assume that in the steady state Λt,t+s = (1− δ)sβs. We do not need to make further assumptions on Λt,t+s
since we will linearize the model around a steady state with zero inflation.
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An equilibrium is a law of motion for prices and allocations such that households, firms and
the government behave as specified above, and markets clear.

It is worth noting that in the deterministic steady state of the model, households keep their
bond holdings constant over time.12 The model is thus consistent with any arbitrary steady-
state distribution of wealth, which in the calibration we will take from the data.

2.2 Dynamic Equilibrium

In order to study dynamics, we linearize the model around a deterministic steady state. We
assume that the central bank targets long-run price stability, so steady-state prices are iden-
tical within sectors. We further assume that the government eliminates steady-state markup
distortions using the subsidy τk.

We now present the system of equations that jointly characterize the dynamic equilibrium
of the model, to a first-order approximation. Appendix A provides the underlying derivations,
and Appendix B summarizes the equations. To ease the exposition, we present in the main
text a simplified model version without HtM households and without Input-Output linkages.
In the quantitative applications, we do include these features. Moreover, in Section 3 we will
consider a version of the model that is further simplified and derive a number of analytical
results which help to sharpen intuition.

New Keynesian Phillips Curve. The central equation in our analysis is the New Keynesian
Phillips Curve (NKPC). Let P̂k,t =

∫
p̂k,t(j)dj be the price of the sector-k goods, where hatted

variables denote log deviations from the steady state and where we used that in the steady
state prices are identical within sectors. We will denote steady-state variables by omitting the
time subscript t. The steady-state interest rate equals R = 1

β(1−δ)
. The net rate of inflation in

sector k is given by:
πk,t = P̂k,t − P̂k,t−1. (10)

Moreover, individual consumption of sector-k goods is given by ĉk,t(i) = êk,t(i) − P̂k,t. The
NKPC for sector k can be now expressed as:

πk,t = κkỸt + λk (NHt +Mk,t −Pk,t) + β(1 − δ)Etπk,t+1, (11)

12It can be shown that, in the absence of idiosyncratic income risk and aggregate shocks, the target level of
wealth equals current wealth.
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with the following wedges:

Ỹt = Ŷt − Ŷ∗
t , (Output gap)

NHt = ∑
l
(∂eel − s̄l)(P̂l,t − P̂∗

l,t), (Non-homotheticity wedge)

Mk,t =
∫

γe,k(i)
ck(i)
Ck

ĉk,t(i)di − ΓkỸt, (Endogenous markup wedge)

Pk,t = (P̂k,t − P̂cpi,t)− (P̂∗
k,t − P̂∗

cpi,t), (Relative price wedge)

and the following slope coefficients:

κk = λk

(
1
σ
+

1
ψ

)(
1 +

σψ

σ + ψ
Γk

)
,

λk =
(1 − θk) (1 − θk/R)

θk

ϵ̄k − 1
ϵ̄k − 1 + ϵ̄s

k
,

Γk =
R

R − 1
σ + ψ

σ

∫
γb,k(i)

Wn(i)
WN

di.

Before explaining our generalized NKPC in detail, let us note that it is a generalization of the
“standard” NKPC. As usual, the equation relates current sectoral rate of inflation, πk,t, to the
discounted expected rate of inflation, βEtπk,t+1, and an “output gap”, Ỹt.

In addition, a number of wedges emerge in the NKPC, which affect the joint dynamics of
the output gap and inflation. The first of these, NHt, arises due to non-homothetic preferences
over sectors, which makes the composition of consumption baskets vary across households
and over time. The second, Mk,t, arises due to changes in markups due to fluctuations in the
price elasticities of demand faced by firms, which are no longer constant once one deviates
from CES preferences. We label this wedge the endogenous markup wedge. The two new wedges
will affect the trade-offs between output and inflation faced by the central bank. Finally, there
is a relative price wedge Pk,t which generally arises in New Keynesian models with sectoral
asymmetries.

Slope of the NKPC. Let us now discuss the equation in more detail, starting with κk, the slope
coefficient with respect to the output gap. The first term within this coefficient, λk, captures the
micro-level pass-through of marginal costs to prices and in turn consists of two components.
The first component within λk, i.e. (1−θk)(1−θk/R)

θk
, is due to sticky prices and is standard in the

NK model. The second component, ϵ̄k−1
ϵ̄k−1+ϵ̄s

k
, is due to the endogeneity of demand elasticities.

Intuitively, a firm realises that if it raises its price, demand will fall and, as a result, consumers
may become more price sensitive. This component does not appear under CES preferences
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(ϵ̄s
k = 0), but it does appear under for instance Kimball (1995) preferences. In a typical calibra-

tion it holds that ϵ̄s
k > 0, which implies that the pass-through from marginal costs to prices is

less than one-for-one, even when prices are fully flexible.
The second term in the definition of κk, i.e.

(
1
σ + 1

ψ

)
, is standard in the NK literature. The

third term,
(

1 + σψ
σ+ψ Γk

)
, is again due to non-CES preferences. However, this time it captures

a macro effect: when aggregate spending changes, demand elasticities react, which induces
firms to change markups. When markups tend to be increasing in wealth (γb,k(i) > 0) then
an increase in aggregate income makes consumers less price sensitive, therefore pushing up
markups. Again, the term vanishes under CES preferences.13

Note further that in the general setting, κk depends on the entire steady-state distribution
of expenditures, through Γk and ϵ̄s

k. Thus, long-run changes in inequality affect the slope of
the NKPC. As such, our environment differs from standard HANK settings, in the sense that
inequality affects not only the demand block of the model, as formed by consumption Euler
equations and budget constraints, but also the supply block, as formed by the NKPCs.

Output gap. The first term on the right hand side of the NKPC is the well-known “output
gap”. Here, Ŷt is an aggregate demand index, and Ŷ∗

t is “natural” counterpart, indicated by a
star and defined as its level in a parallel economy without markup distortions. As in the stan-
dard NK model, the output gap captures distortions in the labor market due to time-varying
markups. To see this concretely, one can express the output gap alternatively as a (household)
wage gap: Ỹt =

ψ

1+ ψ
σ

(
ŵh,t − ŵ∗

h,t

)
, where ŵh,t = Ŵt − ∑K

l=1 ∂eel P̂l,t is the real wage, computed

using the Marginal CPI (MCPI) as the deflator, which is the relevant wage for marginal labor
supply decisions. Moreover, ŵ∗

h,t = ∑K
l=1 ∂eel Âl,t is the natural counterpart of the real wage.

This expression for the output gap also obtains in the standard NK model, in which the CPI
and MCPI coincide. It can also be shown that the output gap as defined here appears distinctly
in the function measuring the social welfare loss due to aggregate fluctuations.

Dynamically, the output gap index evolves according to the following Euler equation:

Ỹt = EtỸt+1 − σEt
(

R̂t − πmcpi,t+1 − r̂∗t
)

. (12)

This Euler equation has the standard form, except that the real interest rate is computed using
πmcpi,t = ∑K

l=1 ∂eelπl,t, i.e. MCPI rate of inflation, rather than the regular CPI. Intuitively, when
households decide on consumption today versus consumption tomorrow, they consider on
which sectors they spend at the margin. In the Euler equation, r̂∗t is the natural real interest rate
associated with the demand index, i.e. the real interest rate that satisfies the Euler Equation for

13It also vanishes under Kimball (1995) preferences, since such preferences are homothetic, in the sense that
they are scaled to be invariant to total demand.
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the natural level of aggregate demand. We can express this rate as:

r̂∗t =
1

σ + ψ

K

∑
l=1

(
ψ∂eel + s̄l

)
(Âl,t+1 − Âl,t), (13)

Moreover, we can express as the natural level of demand and the natural sectoral price as
Ŷ∗

t = ∑K
l=1

ψ∂eel+s̄l
1+ψ/σ Âl,t and P̂∗

k,t = −Âk,t, respectively.
Note that in the equation for the natural rate, both regular budget shares (s̄l) and the marginal

budget shares (∂eel) enter. Indeed, in this economy, both the regular CPI and the MCPI matter
for aggregate demand. To clarify this point further, let us express the natural level of demand
as Ŷ∗

t = − 1
1+ψ/σ P̂∗

cpi,t −
ψ

1+ψ/σ P̂∗
mcpi,t, i.e. as a weighted sum of the natural CPI and MCPI.

Intuitively, sectoral productivity shocks directly affect aggregate income by shifting the pro-
ductive capacity of the economy. For this effect, the regular budget shares (i.e. CPI shares)
are the relevant sectoral weights. Secondly, sectoral shocks have an indirect equilibrium effect
on households’ marginal saving and labor supply decisions. For these decisions, the marginal
budget shares are the relevant sectoral weights.

Non-homotheticity wedge. We now discuss the two novel NKPC wedges. The first of these,
NHt = ∑K

l=1(∂eel − s̄l)(P̂l,t − P̂∗
l,t), is a wedge which arises due to non-homothetic preferences.

This wedge increases when prices are distorted downward (P̂l,t < P̂∗
l,t) in necessity sectors

(∂eel < s̄l), but falls when prices are distorted downward in luxury sectors. Indeed, the move-
ments in this wedge will depend critically on the sectoral nature of shocks. Note that this
wedge it is not indexed by k, since it derives from a distortion in the aggregate labor market.
Note further that under homothetic preferences, marginal and regular budget shares coincide
and hence NHt = 0. Under non-homothetic preferences, the wedge moves over time. The
direction and magnitude of its movement depends on the gap ∂eel − s̄l, which in turn depends
on the extent of steady-state inequality.14

To understand the wedge, it is important to realise that in an economy with non-homothetic
preferences, labor supply optimally responds to changes in relative sectoral productivities,
even if aggregate productivity (i.e. weighted sectoral productivity) does not change. Intu-
itively, when the relative productivity of luxury sectors increases, and relative prices in these
sectors fall, households optimally increase labor supply since at the margin they spend rela-
tively more on luxuries. To see this concretely, note that when CPI weighted aggregate pro-
ductivity does not move, then Ŷ∗

t = − ψ
1+ψ/σ P̂∗

mcpi,t. Given this, any increase in the relative
productivity of luxury sectors means that the natural MCPI declines, which leads to an in-
crease in labor supply, increasing the natural level of output. However, when prices are sticky,

14Under non-homothetic preferences, budget shares are non-linear functions total expenditures, hence a long-
run change in inequality will generally change the gap between marginal and regular budget shares.
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the relative price movements are muted, and as a result Yt increases by less than its natural
counterpart, i.e. the output gap becomes negative.

For an alternative (but related) interpretation of the wedge, it is useful to consider an alter-
native formulation, given by NHt = (ŵ f ,t − ŵ∗

f ,t)− (ŵh,t − ŵ∗
h,t). Here, ŵ f ,t = Ŵt − P̂cpi,t is

the real wage according to the CPI, which is relevant to the marginal cost of the firm (weighted
by sales), and ŵ∗

f ,t = ∑K
l=1 s̄l Âl,t is its natural counterpart. Recall that ŵh,t = Ŵt − ∑K

l=1 ∂eel P̂l,t

is the real wage according according to the MCPI deflator, which is relevant to households’
marginal labor supply decisions, and ŵ∗

h,t = ∑K
l=1 ∂eel Âl,t is its natural counterpart. We now

observe that NHt can be interpreted as a term capturing the extent to which real wage distor-
tions differ between households and firms. As such, NHt can be interpreted as a labor wedge,
akin to a labor income tax distortion.

Endogenous markup wedge. The second novel wedge, Mk,t, captures the evolution of the
distribution of price elasticities of demand for individual goods varieties, which affects the
markups set by firms. The distribution of demand elasticities in turn fluctuates with the dis-
tribution of expenditures. The distributional origins of the wedge become clear by observing
first term in its definition,

∫
γe,k(i)

ck(i)
Ck

ĉk,t(i)di, which integrates over individual households.

Here ĉk,t(i) is the consumption change of household i, ck(i)
Ck

is the household’s share in total
sectoral consumption, and γe,k(i) captures the change in demand elasticity when individual
expenditure change, and how this affects the markup. The second term, −ΓkỸt, subtracts the
endogenous markup response due to fluctuations in the output gap, as this effect has been
subsumed in κk.

The endogenous markup wedge arises due to deviation from CES utility.15 To see this,
note that under CES preference we obtain γb,k(i) = Γk = 0, as demand elasticities are constant,
which in turn implies that Mk,t = 0. Moving beyond CES, the wedge takes the same form as
exogenous markup shocks often considered in New Keynesian models. However, in our set-
ting it is a rich endogenous object, which is shaped by the distribution of expenditures across
households, and therefore moves along with the distribution of income and wealth. Nonethe-
less, it turns out that the evolution of the endogenous markup wedge can be represented in a
tractable way. Specifically, it can be decomposed as:

Mk,t = ΓkŶ∗
t +MP

k,t +MD
k,t. (14)

The first component, ΓkŶ∗
t , is due to changes in demand elasticities in response to changes in

the natural level of aggregate demand. Intuitively, during an economic downturn households
cut expenditures and become more price-sensitive, which induces firms to reduce markups.

The second component captures how substitutions in response to changes in prices in other

15Note that preferences may be homothetic but non-CES and vice versa.
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sectors affect demand elasticities:

MP
k,t =

K

∑
l=1

Sk,l ·
(

P̂l,t − P̂k,t
)

, (15)

where Sk,l =
∫

i
ek(i)
Ek

γe,k(i)ρk,l(i)di captures the effect of cross-price substitution on demand
elasticities, and hence markups.

The third component, MD
k,t, summarizes the effects of changes in the distribution of household-

level real expenditures on markups. For instance, a redistribution from poor to rich agents may
give rise to an increase in markups, if rich people are more price sensitive. The evolution of
MD

k,t can be characterized by the following equation:

MD
k,t = EtMD

k,t+1 −
K

∑
l=1

σM
k,l (R̂t − Etπl,t+1)−

δ

1 − δ
EtM0

k,t+1, (16)

for any sector k, where σM
k,l = σ

∫
γe,k(i)

e(i)
Ek

∂eek(i)∂eel(i)di − σ∂eelΓk. In Equation (16), M0
k,t+1

captures the dynamics of the wealth distribution, insofar relevant for the markup wedge. It is
pinned down by the following equation:

M0
k,t =

1
(1 − δ) R

EtM0
k,t+1 +

∫
γb,k(i)

b(i)
RE

di
(

R̂t − Etπcpi,t+1
)

−
K

∑
l=1

∫
γb,k(i)

(
e(i)
E

(sl(i)− s̄l) +
ψWn(i)

WN

(
∂eel(i)− ∂eel

))
diP̂l,t −

R − 1
R

MD
k,t.

(17)

Here, the second and the third term on the right-hand side capture, respectively, redistributions
due to changes in real interest rates, and due to changes in sectoral prices, both of which have
implications for markups when preferences are non-CES.

Relative price wedge. The final wedge in the NKPC, Pk,t = (P̂k,t − P̂cpi,t) − (P̂∗
k,t − P̂∗

cpi,t)

arises due to distortions in relative sectoral prices. Specifically, P̂k,t − P̂cpi,t is the sectoral price,
relative to the CPI and P̂∗

k,t − P̂∗
cpi,t is its natural equivalent. The wedge Pk,t is generally present

in multi-sector extensions of the standard NK model, if sectors are asymmetric in some way,
e.g. if they differ in the degree of price rigidity or if there are sectoral shocks.

Monetary policy. In the positive part of our analysis, we will consider a simple interest rate
rule of the following form:

R̂t = ∑
k

ϕkπk,t, (18)

where setting ϕk = ϕs̄k delivers a rule which responds to the CPI inflation rate. In Section 5,
we will move beyond the simple rule and instead consider the fully optimal Ramsey policy.
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Dynamic Equilibrium. Equations (10)-(18) constitute a system of 5K + 3 equations in 5K + 3
endogenous variables, given by {P̂t, πk,t,MD

k,t,MP
k,t,M0

k,t}
K
k=1, Ỹt, R̂t, r∗t . We can thus character-

ize the model with a core block of equations, despite the fact that fluctuations in the distribution
of income and wealth matter for the aggregate equilibrium outcomes. The equations for MD

k,t
and M0

k,t keep track of the relevant distributional moments in a tractable way.

Distributional dynamics. While we do not need to keep track of the full distributional dy-
namics in order to solve for the aggregate equilibrium, it is straightforward to solve for such
dynamics. Here, we focus on the distribution of consumption. Let us define the response of
real consumption expenditures of household i as ĉt(i) = êt(i)− ∑K

l=1 sl(i)P̂l,t. Moreover, let ω

be a vector defining a weight ω(i) on each household i, with
∫

χ(i)di = 1. We can thus use ω

to select and weight any arbitrary subset of households.
Now consider some moment of the consumption distribution, Ĉt(ω) =

∫
ω(i)ĉt(i)di. For

instance, if we set ω(i) = e(i)/E, then this moment corresponds to the aggregate response
of real expenditures. We could also set ω(i) = 1 for only one specific household i and zero
for all others. In that case, Ĉt(ω) corresponds to the individual consumption response of a
particular household. Alternatively, one can choose ω to compute the average response among
households with certain characteristics. We can characterize Ĉt(ω) with the following Euler
equation:

EtĈt+1(ω)− Ĉt(ω) = σ
(
∫ ω(i)diR̂t − ∑k ∫ ω(i)∂eek(i)di Etπk,t+1

)
+

δ

1 − δ
Ĉ0

t (ω), (19)

where wealth dynamics are captured by:

Ĉ0
t (ω)− 1

(1 − δ) R
EtĈ0

t+1(ω) = ∫ ω0(i)
b(i)
RE

di
(

R̂t − Et∑k s̄kπk,t+1
)
+

(
1 +

ψ

σ

)
∫ ω0(i)

Wn(i)
WN

diŶt

− ∑k ∫ ω0(i)
(

e(i)
E

(sk(i)− s̄k) +
Wn(i)
WN

ψ
(

∂eek(i)− ∂eek

))
diP̂k,t −

R − 1
R

Ĉt(ω),

(20)

where we defined ω0(i) = R−1
R

ω(i)
e(i)/E+Wn(i)/WN ψ

σ

.

3 Understanding the NKPC Wedges

Before studying the model quantitatively and deriving the optimal policy, we present a num-
ber of analytical results which help understand how the wedges respond to aggregate and
sectoral shocks, how they affect aggregate dynamics, and to what extent it is possible for pol-
icy to neutralize the distortions they create. In order to derive these results, we consider two
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simplifying assumptions which we impose throughout this section, and which we dispose of
in the quantitative analysis:

Assumptions:
(A.1) The slope of the NKPC with respect to the output gap is homogeneous across sectors, i.e.
κk = κ > 0 for any sector k.
(A.2) There no steady-state wealth heterogeneity, i.e. b(i) = 0 for any household i.16

We can now derive a number of results. The proofs of these are provided in Appendix C.

Result 1 (policy invariance of the sectoral wedges): Under (A.1)-(A.2), NHt, Mk,t and Pk,t

evolve independently of monetary policy.

The key insight behind our first analytical result is that all three wedges can be expressed as
functions of relative sectoral prices and relative nominal wealth positions only. When the slope
of the NKPC with respect to the output gap is homogeneous across sectors and there is no initial
nominal wealth heterogeneity, the central bank has no levers to move these relative outcomes,
and hence the wedges become invariant to monetary policy. The wedges then become simi-
lar to exogenous markup shocks often introduced to NK models, but with potentially richer
dynamics depending on movements in the wealth distribution.

In the full model, assumptions (A.1)-(A.2) do not apply. It then becomes possible for policy
to affect the wedges, but only via two specific channels: relative sectoral prices and nominal
redistributions. Thus, even if a central bank’s mandate refers only to aggregate inflation and
the output gap, wealth heterogeneity and movements in sectoral prices become intermediate
targets for policy. This contrasts standard HANK models, which abstract from sectoral hetero-
geneity and in which household heterogeneity does not affect the NKPC.

3.1 The role of the NH wedge

Let us now explore the wedges in more detail, starting with the non-homotheticity wedge,
NH. In order to focus exclusively on this wedge, let us assume, in addition to (A.1)-(A.2),
that preferences are non-homothetic CES, so that the endogenous markup wedge drops out,
i.e. Mt = 0. We do preserve the other wedges, i.e. NHt ̸= 0 and Pk,t ̸= 0. We can now derive
our second analytical result, highlighting the relevance of the MCPI index:

Result 2 (Divine coincidence under (non-homothetic) CES preferences): If (A.1)-(A.2) hold

16As above, we also abstract from Input-Output linkages and Hand-to-Mouth agents. Note that we do al-
low for income heterogeneity and for endogenous wealth heterogeneity in response to shocks. Moreover, there
is still wealth inequality out of steady state. Finally, all the results go trough under a generalized assumption∫

γb,k(i)b(i)di = 0, i.e. what matters is that wealth positions are orthogonal to markup contributions.
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and Mt = 0, then fluctuations in the output gap can be eliminated by stabilising the Marginal CPI
index, defined as πmcpi,t ≡ ∑k ∂eekπk,t.17

We thus recover a version of the “Divine Coincidence” often emphasized in the NK literature.
But rather than stabilising the CPI index, policy should stabilise the Marginal CPI index in order
to eliminate fluctuations in the output gap. This result follows from the NKPC for Marginal
CPI inflation, which under the assumptions reduces to:

πmcpi,t = κỸt + β(1 − δ)Etπmcpi,t+1. (21)

Note that all remaining wedges drop out of this equation. It follows immediately that when
πmcpi,t = 0 at all times, then Ỹt = 0.

The MCPI index thus emerges as a natural candidate to be a target for policy. In fact, in
this simplified setting the model becomes isomorphic to the standard 3-equation NK model if
policy targets the MCPI rather than CPI inflation. To see this, suppose that policy follows a
simple interest rate rule targeting the MCPI:

R̂t = ϕπmcpi,t.

Together with Equation (12), the above two equations form a 3-equation system which take the
exact same form as the standard NK model, but with specifically the MCPI index for inflation.

Yet, even when the output gap and MCPI inflation are fully stabilized, there are still fluctu-
ations in the CPI. To see this clearly, consider the NKPC for CPI inflation:

πcpi,t = κỸt + λNHt + β(1 − δ)Etπcpi,t+1. (22)

Thus, due to fluctuations in the NH wedge, there is a policy trade-off between the output gap
and the regular CPI inflation index. Put differently, if monetary policy wishes to neutralise
labor market distortions, it must accept fluctuations in CPI inflation. The trade-off between
CPI inflation and the output gap depends critically on the sectoral nature of the shock, since
the wedge moves in different directions in response to different sectoral shocks:

Result 3 (response of NH to a sectoral shocks): If (A.1)-(A.2) hold and Mt = 0 then, following a
negative productivity shock to a necessity (luxury) sector, NHt rises (falls) on impact.

To understand Result 3, consider a negative productivity shock to a necessity sector l. In re-
sponse, prices rise in that sector due to an increase in marginal costs. However, price sticki-
ness prevents prices from rising as much as in the undistorted case, and therefore P̂l,t < P̂∗

l,t.
That is, prices in the necessity sector are distorted downward. Since households consume less

17When we relax assumption (A.1) and (A.2), the divine coincidence index is πd,t ≡ ∑k
∂eek/λk

∑l ∂eel /λl
πk,t
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Illustration: responses to negative sectoral productivity shocks.

0 5 10 15 20 25 30

quarter

In
fla

tio
n

&
 o

ut
pu

t g
ap

0 5 10 15 20 25 30

quarter

(CPI)
(MCPI)

Ygap

0 5 10 15 20 25 30

N
K

P
C

 w
ed

ge
s

shock to necessity sector

0 5 10 15 20 25 30

shock to luxury sector

NH wedge
M wedge

Notes: responses to a negative productivity shock to a necessity sector (left panels) and to a luxury sector (right
panels). Simplified version satisfying assumptions (A.1)-(A.2).

necessities at the margin than on average, i.e. ∂eel < s̄l, this creates an increase in NHt =

∑l(∂eel − s̄l)(P̂l,t − P̂∗
l,t). Intuitively, following a negative productivity shocks to necessities,

the relative price of luxuries falls. As explained above, this induces households to optimally
increase labor supply, since households spend relatively more on luxuries at the margin. How-
ever, price rigidities dampen the increase in the relative price of luxuries. Therefore, labor sup-
ply is pushed up by less than is optimal, i.e. the output gap falls. Thus, following a negative
shock to a necessity (luxury) sector, the non-homotheticity wedge shifts the NKPC upwards
(downwards).

To understand the specific policy trade-offs created by sectoral shocks, it is instructive to
first consider an extreme policy which strictly targets the CPI, i.e. πcpi,t = πcpi,t+1 = 0. It
then follows immediately from Result 3 and Equation (22) that a negative productivity shock
to a necessity sector results in a negative output gap. Intuitively, the downward distortion
in the MCPI-deflated wage depresses workers’ labor supply inefficiently. Policy could neu-
tralize this effect by stabilising instead MCPI inflation and the output gap, i.e. by targeting
πmcpi,t = πmcpi,t+1 = Ỹt = 0 , but this would would come at the cost an increase in CPI in-
flation. Similarly, a negative shock to a luxury sector would reduce CPI inflation under this
policy.

The response of the output gap thus depends critically (i) the sectoral nature of the shock
(luxury vs necessity), and (ii) the inflation index targeted by the central bank. This remains the
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case once we consider less extreme policies. To show this, let us first consider an MCPI-based
rule R̂t = ϕπmcpi,t. In this case, the output gap responds to a change in the natural real interest
rate exactly as in the standard 3-equation NK model, as the model is isomorphic. Indeed,
following a negative productivity shock, the output gap will increase since the natural rate r∗t
increases, regardless of the sectoral nature of the shock.

However, under a CPI-based rule of the form R̂t = ϕπcpi,t, the output gap may actu-
ally decline following a negative necessity shock. To see this, let us rewrite this rule as R̂t =

ϕπmcpi,t + uR
t , where uR

t = ϕ(πcpi,t − πmcpi,t). Together with Equations (12) and (21), we ob-
tain a system that is isomorphic to the standard 3-equation NK model but with an additional,
endogenous monetary policy shock, uR

t . Following a negative shock to a necessity sector, CPI
inflation increases by more than MCPI inflation, i.e. uR

t increases, creating an effect akin to a a
monetary contraction, pushing down the output gap. If this additional effect is strong enough,
the output gap becomes negative. Intuitively, the CPI overweights necessity sectors relative to
the MCPI. Therefore, if the central bank targets the CPI, it increases the interest rate by “too
much” when a negative shock to necessities increases prices in that sector. Following a nega-
tive shock to a luxury sector, the opposite effect occurs, i.e. there is an additional expansionary
effect.18

The figure above illustrates the insights so far, by showing impulse response functions for a
simplified version of the model in which (A.1)-(A.2) apply and the central bank follows a CPI-
based rule. Following a negative necessity shock, the NH wedge rises and the output gap falls,
whereas CPI inflation rises. With tighter monetary policy, CPI inflation could be reduced, but
this would be at the expense of a more negative output gap, i.e. a trade-off arises. By contrast,
following a negative shock to luxuries, both the output gap and CPI inflation increase. In this
case, a tightening of policy could bring down both. The figure also shows that MPCI inflation
can move rather differently from CPI inflation, and that the former tends to co-move more
closely with the output gap. In Appendix C, we provide analytical solutions of the model
under simple interest rate rules and the simplifying assumptions.

3.2 The role of the M wedge

Let us now consider movements in the endogenous markup wedge, M. We can show that the
Divine Coincidence breaks down once this wedge is active:

Result 4 (Breakdown divine coincidence): When Mt ̸= 0, there generally does not exist an infla-
tion index which can be fully stabilised along with the output gap regardless of the shocks.

Intuitively, movements the endogenous markup wedge derive from real sources (fluctuations

18The endogenous monetary policy shock is closely related to the non-homotheticity wedge. When λk is also
homogeneous across sectors, we can express it as uR

t = λ ∑s≥0
1

Rs NHt+s .
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in demand elasticities), which cannot be neutralized with a nominal instrument.
How does the endogenous markup wedge move in response shocks? Let us start with an

aggregate shock:

Result 5 (dynamics of the endogenous markup wedge): If (A.1)-(A.2) hold and λk = λ ∀k then
Mt declines following a negative aggregate productivity shock.

To understand this, it is useful to recall Equation (14) which decomposes the wedge as Mk,t =

ΓkŶ∗
t + MP

k,t + MD
k,t. Under the simplifying assumptions, only the first component, ΓkŶ∗

t

moves in response to aggregate productivity shock, and thus the decline in Mt is entirely
driven by a fall in efficient output. Intuitively, a fall in income creates a decline in aggregate de-
mand, which makes households become more price sensitive, and therefore reduces markups.

Following sectoral shocks, the sign of Mt is ambiguous, since such shocks bring about rela-
tive price changes and redistributions, so that MP

k,t and MD
k,t move as well. In other words, the

movements in the endogenous markup wedge generally depend on the sectoral source of the
shock. To illustrate this point, let us make a further simplifying assumption:

Assumption:
(A.3) Outer preferences are of the Stone-Geary form, the superelasticity of the sectoral markup
γe,k(i)∂eek(i)/Ek is equal across sectors, and γe,k is positive and increasing in ek(i).

We can now derive our final result about the CPI aggregates MP
cpi,t = ∑l s̄kMP

k,t and MD
cpi,t =

∑l s̄kMD
k,t:

Result 6 (dynamics of the endogenous markup wedge): If (A.1)-(A.3) hold, then MP
cpi,t decreases

(increases) and MD
cpi,t increases (decreases) following a negative productivity shock to a necessity (lux-

ury) sector.

Under Stone-Geary preferences, the cross price elasticity of demand is given by ρk,l(i) = ∂eel (1 − ck/ck(i)).19

Thus, expenditure switching in response to necessity price changes is relatively low, since the
marginal budget share ∂eel is low for necessities. Following a negative necessity shock, the
substitution towards luxury goods is therefore relatively weak. As a result, expenditures and
markups decline in the necessity sector, but this is not fully compensated by an increase in
markups in the luxury sector. Therefore, MP

cpi,t decreases. Moreover, a negative necessity
shock disproportionately reduces the spending power of the poor, i.e. there is a relative re-
distribution towards the rich. Because the rich are are less price sensitive than the poor, the
redistribution puts upward pressure on markups, i.e. MD

cpi,t increases.20

19Here, ck is the subsistence of sector-k consumption. Under (A.3), we have MP
cpi,t =

∑k
∫ ek(i)−pkck

E γe,k(i)di ∑l

(
∂eel − s̄l

)
P̂l,t

20Note that we assumed that γe,k is increasing in expenditures. It may be decreasing when demand elasticities
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The dynamics of the endogenous markup wedge are illustrated in the figure above. Note
that the M wedge declines following both shocks, as the aggregate demand component ΓkŶ∗

t

dominates in this illustration. Note further that the decline is relatively modest but very persis-
tent, which drives of the upswing in the output gap several quarters after the necessity shock
hits, as well as the persistent increase in the output gap following a negative shock to the luxury
sector.

4 Quantitative Analysis

The analytical results presented in the previous section show how shifts in the NKPC, and
hence policy trade-offs, can depend critically on the sectoral source of the shock. Our next goal
is to study quantitatively the effects of productivity shocks to different sectors. To this end, we
revert back to the full model, in which the slope of the NKPC may vary across sectors, there is
steady-state heterogeneity in nominal wealth, some households are Hand-to-Mouth and there
are Input-Output linkages across sectors. We consider the model with an interest rate rule,
targeting CPI inflation. In the next section, we consider optimal monetary policy.

4.1 Parameterization

We calibrate the model to the United Kingdom. The model period is set to one quarter. Pa-
rameter values are displayed in Tables 3 and 4, and are discussed below in detail. We include
eight COICOP sectors in the model: Food, Clothing, Electricity and Gas, Furniture, Transport,
Recreation, Restaurants and Hotels, and Miscellaneous.

Income and wealth distribution. An advantage of the model is that its steady state can be
disciplined directly by feeding in observed distributions. To this end, we rely on the Living
Costs and Food (LCF) survey, which collects detailed survey data for more than 5600 house-
holds in the UK.21 We think of each household in the survey as a type and we use population
weights from the LCF for aggregation.22

We construct nominal wealth, b(i), as nominal savings minus mortgage and credit card
debt.23 Total expenditures, e(i), and budget shares by sector, s̄k, are directly observed in the

of rich households are relatively insensitive to changes in expenditures, compared to the poor. In that case, a redis-
tribution towards the rich may increase the aggregate demand elasticity, as the compositional effect is overturned.

21The UK consumer price index produced by the ONS is based on expenditure baskets observed in the LCF
survey.

22We use 2019 data to calibrate the model have 5695 household observations. We think of each of these house-
holds as a representative for a particular type. In this sense, our model has about 5695 types of households, with
demographic turnover within each type, as households are replaced by steady-state versions of their type at a rate
δ.

23In the LCF we observe interest income. We convert this into the stock of saving by assuming an interest rate
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LCF survey. To ensure consistency with the model, we back out labor income Wn(i) as a resid-
ual from the budget constraint.24 Note that we do not explicitly recover individual labour
productivities ϑ(i), however they are not needed since the sufficient statistics are provided by
the labour income share Wn(i)

WN and the Frisch elasticity ψ.

Preferences. We further set δ = 0.0083, targeting an adult life expectancy of 60 years. We set
β = 0.995 which implies R = 1

(1−δ)β
= 1.0134 on a quarterly basis. We further set ψ = σ = 1,

in line with conventions in the macroeconomics literature.

Outer utility. In the LCF survey, we directly observe households expenditures on different
goods from which we construct the household budget shares for each sector denoted by sk(i).
To recover the marginal budget shares ∂eek(i) and the substitution matrix ρk,l(i), which are
not directly observed, we impose a functional form on the outer utility function and estimate
it from the LCF data. Specifically, we parametrize Ui(·) following Comin et al. (2021), who
propose a class of non-homothetic CES preferences defined implicitly by:

K

∑
k=1

Vk(i)
(

ck(i)
g(U(i))ζk

) η−1
η

= 1,

where η is the elasticity of substitution across sectors, ζk captures non-homotheticities in con-
sumption and Vk(i) are household-specific preference shifters.

As shown by Comin et al. (2021), the non-homothetic CES form implies the following ex-
pression for household i’s budget share in sector k (relative to some baseline sector k̄ whose
non-homotheticity parameter ζ k̄ has been normalized to 1):

ln (sk(i)) = (1 − η) ln
(

pk
pk̄

)
+ (1 − η) (ζk − 1) ln

(
e(i)
pk̄

)
+ ζk ln (s0(i)) + η ln

(
Vk(i)
Vk̄(i)ζk

)
.

This class of preferences thus allows the sectoral composition of the consumption basket to
vary with total expenditures. In particular, sectors that are more of a luxury than the base
sector k̄ will have a non-homotheticity parameter ζk that is larger than one (as long as η < 1)
and the opposite is true for necessity sectors. In the limit, where the ζ’s are all equal across
sectors we are back to the homothetic CES case.

We model the household-level preference shifters as lnVk(i) = βkx(i) + vk(i), where x(i)
is a vector of demographic characteristics, such as age or couple status, and vk(i) captures

of 1 percent annually. Moreover, to be consistent zero bond holdings on average, we subtract average wealth for
each household.

24Note that in the model’s steady state, household savings, b(i), are constant at the household level and divi-
dends are zero, so total expenditure equals labor income plus interest income for each household j. In a few cases,
implied labor income is negative. We then set labor income to zero and expenditures to asset income.
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remaining idiosyncratic preference variation. The latter allows to match the model in steady
state precisely to the actual distribution of budget shares observed in the LCF data.

We set the elasticity of substitution between sectors as η = 0.1 and estimate the ζk parame-
ters using a GMM procedure, following Comin et al. (2021) but using household-level data. In
Appendix D we show that this specification gives a good fit of the empirical relation between
expenditures and budget shares, a key object in our model.25 Nonetheless, even for the same
demographic group and expenditure level, there is still considerable variation in budget shares
that is driven by the permanent idiosyncratic shifters vk(i). In Appendix D, we provide details
on the estimation. With the estimated equations at hand, we can compute for each household
the implied marginal budget shares ∂eek(i), for each sector k, see Appendix B for the formula.

Figure 2 plots histograms of the distribution of the budget shares and marginal budget
shares. In necessity sectors such as Food and Electricity & Gas, budget shares are decreasing in
total expenditures and exceed marginal budget shares. In luxury sectors, such as Recreation and
Restaurants & Hotels, the opposite is true. Table 4 shows the marginal budget shares, averaged
across households, ∂eek along with the average budget share s̄k, as well as the difference ∂eek −
s̄k, which matters directly for the NH wedge.

Inner utility. The distributions of demand elasticities within sectors are not directly observed
in the data. However, they do have implications, which we can exploit to impose empirical
discipline. Specifically, we assume a HARA form for the inner utility function, Uk(·), which
implies that the elasticity of substitution between goods in sector k, for household i, is then
given by:

ϵk(i) = ak +
bk

ek(i)
,

where ak > 0 and bk are sector-level constants. When bk > 0, households become less price sen-
sitive as they spend more and it then holds that γe,k(i) > 0. It can be shown that the sector-level
demand elasticity and super-elasticity are given by, respectively, ϵ̄k = ak +

bk
Ck

and ϵ̄s
k =

bk
Ck

. We
further assume that intermediate input demand is governed by the same elasticity and supere-
lasticity. Given these objects we can compute the steady-markup at the sector level ϵ̄k

ϵ̄k−1 and

the long-run pass-through of marginal costs to prices as ϵ̄k−1
ϵ̄k−1+ϵ̄s

k
. We calibrate ak and bk by tar-

geting sector-level markup estimates produced by the Office for National Statistics, following
the method of De Loecker and Warzynski (2012). Moreover, we target 70 percent pass-through
(in all sectors), based on empirical evidence by Amiti et al. (2019). Table 4 presents the implied
sector-level coefficients. Given ak and bk and the empirical distribution of expenditures at the
sector level, ek(i), we can compute the distributions of individual demand elasticities, ϵk(i),

25The value of η is based on the 10-sector estimation in Comin et al. (2021), Table XII. Our has a relatively short
time dimension and, related to this, η does not to appear to be very sharply identified. That said, specifications
with low values for η tend to fit the data relatively well.
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and super-elasticities, ϵs
k(i), which also gives us γe,k(i) and γb,k(i). Expressions for all relevant

objects are provided in Appendix B.

Hand-to-Mouth households. The model is flexible regarding φ(i), the fraction of hand-to-
mouth households within each household of type i. Our calibration strategy targets empirical
evidence for the UK on MPCs for different demographic groups, from Albuquerque and Green
(2022). Specifically, we assume that φ(i) = 1

1+exp(−Υ′X(i)) , where X(i) is a vector consisting of a
constant and a number of household characteristics observed in the LCF: age (<40 years, 41-58
years, >58 years), and home ownership status (mortgagor, outright owner, renter). We then use
a non-linear least squares procedure to find Υ, targeting the estimated difference in MPC of the
young and middle age, relative to the old, and of mortgagors and outright owners relative to
outright owners. Here, we limit ourselves to characteristics that are found to have significant
effects, according to Albuquerque and Green (2022), see Table 4 column 6. We also target their
estimated average quarterly MPC which is 0.11.26 Since Υ contains four coefficients and we
have four targets, the fit is nearly perfect. Figure 1 plots the implied distribution of quarterly
MPCs across household types, showing substantial heterogeneity.

Price rigidity. To calibrate the price rigidity parameter in each sector, θk, we follow empirical
evidence on price adjustment frequencies in the United Kingdom, as documented by Dixon
and Tian (2017). We convert these into quarterly Calvo probabilities, see Table 4 for the implied
values. For Electricity and Gas, no direct statistics on price rigidity are available. For this sector,
we assume price adjustment probability of 1/6=0.167, corresponding to an energy contract
duration of 1.5 years, which is typical in the UK.

Technology. Regarding Input-Output (I-O) linkages, we calibrate the model to the UK data
using the matrix of industries’ intermediate consumption provided by the ONS. One compli-
cation is that the categories on which the I-O tables are supplied are based on the CPA (classi-
fication of products by activity) method while our sectors are defined from the COICOP clas-
sification. We bridge these differences by constructing a mapping between the two, starting
from the 10-digit goods classification and using the correspondence tables provided by the
UN’s Statistics Division. We also check that adjusting for the intermediate flows to the four
COICOP sectors excluded from the model does not significantly change the I-O matrix used in
the calibration.

We further assume an AR(1) process in logs for the shock in the model. For both sectoral
and aggregate productivity shocks, we assume an autoregressive coefficient ρA = 0.95. For

26This is somewhat lower than in other HANK models, often calibrated to US evidence. Note however that our
notion of MPC includes labour supply responses, dampening the consumption effect. Taking out those effects,
the average MPC in the model is 0.31.
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the monetary policy shock we assume a coefficient ρR = 0.25. The monetary policy shock is
scaled to correspond to an increase in the annualized nominal interest rate of 100 basis points.
The aggregate productivity shock correspond to a decline in productivity of one percent. The
sectoral productivity shocks are also negative, and for comparability we scale the magnitude
of these shocks such that they all have the same impact on the natural demand index Y∗

t as the

aggregate shock. This is achieved by weighting sectoral shock k by a factor ∑K
k=1 Ω̃k,l(ψ∂eek+s̄l)

Ω̃k,l(ψ∂eek+s̄k)
,

where Ω̃ is an adjustment for I-O linkages, see Appendix B.

4.2 The full model: results

With the full model at hand, we study to what extent the analytical results of the previous
section hold up quantitatively. We also explore the distributional implications of shocks.

Aggregate Responses. Figure 4 plots the responses of the aggregate output gap, the CPI in-
flation rate, and the MCPI inflation rate, to various shocks. The responses to monetary policy
shocks aggregate productivity shocks, shown in the two top left panels, are typical of the New
Keynesian model. Following a monetary contraction, both CPI inflation and the output gap fall,
whereas following a negative productivity shock both variables increase.27 We also observe
that, for these two aggregate shocks, the CPI and MCPI inflation indices are closely aligned,
although not perfectly, which is due to heterogeneity in the slopes of sectoral NKPCs.

The responses to sectoral productivity shocks are shown in the remaining panels of Figure
4. The right axes display an index which is negative for necessity sectors and positive for
luxury sectors. Let us first consider negative productivity shocks in the two necessity sectors:
Food and Electricity & Gas. In line with the analytical results –and in contrast to the aggregate
productivity shock– we observe that the aggregate output gap initially declines following such
shocks. As explained in the previous section, the non-homothetic wedge in the NKPC, NH
rises, which captures a downward distortion in labor supply, and which pushes down the
output gap. Note further that, on impact, the CPI increases by substantially more than the
MCPI, underscoring the quantitatively important effects of non-homotheticities.

After about a year the output gap turns positive, which is largely driven by decline in the
endogenous markup wedge M. As households reduce consumption, they become more price
sensitive, which induces firms to reduce markups. This in turn increases aggregate demand
and hence the output gap. This effect propagates with the distribution of wealth and is rela-
tively persistent. Indeed, it tends to dominate in the medium run.

To the central bank, the shifts of the NKPC create specific trade-offs. Initially, a marginally
stronger tightening of policy would help contain inflation, but at the expense of a more negative

27Following a negative aggregate productivity shock, Y∗
t and Yt both decline. But due to price rigidities, the

latter falls by less than the former, and hence the output gap, Ỹ∗
t = Yt −Y∗

t increases.
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output gap. Later on, however, this would bring down both the output gap and inflation
simultaneously. This suggests that in response to negative supply shocks in necessity sectors,
a delayed tightening of policy may be optimal. We will explore this more in the next section.

Let us now turn to productivity shocks in three clear luxury sectors: Furniture, Recreation,
Restaurants & Hotels.28 As expected, the output gap initially increases strongly, although quan-
titatively less so for a Furniture shock. Much of the initial spike in the output gap diminishes
quickly, as the effect of the NH wedge is relatively transitory. Nonetheless, the output gap
remains persistently elevated due to the M wedge. Note further that the MCPI increases more
on impact than the CPI, again illustrating the importance of non-homotheticities. From a pol-
icy perspective, a stronger monetary contraction would both close the output gap and reduce
inflation, initially as well as later on.

Finally, we consider shocks to sectors which are neither clear luxuries nor necessities (Cloth-
ing, Transport, Miscellaneous) the response of the output gap is mixed. This clarifies that quan-
titative features of the model other than non-homotheticities play a role. In particular, het-
erogeneity in price rigidity across sectors and I-O linkages matter. In Appendix D.1 we show
responses for a version of the model in which we shut down those two features. In that case,
the output gap still declines in response to negative productivity shocks in the two necessity
sectors (Food and Electricity & Gas), but not in response to such shocks in any of the other sec-
tors.

Distributional responses. Let us now consider the response of the full distribution of con-
sumption expenditures to different shocks, see Figure 5. Each dot represents a household in
the model (and thus in the LCF survey). The horizontal axis denotes the total steady-state total
income (expenditure) of the household, wheres the vertical axes denotes the real consumption
expenditure response of the household to various shocks, averaged over the first four quarters
following the shock. The red line represents linear regression line fitted through these model-
generated data.

Following a monetary contraction, consumption falls, and on average more so for low-
income households. Strikingly, for any given income level there is a substantial degree of
heterogeneity in the consumption response. For instance, some lower-income households ex-
perience consumption gains. This heterogeneity is due to heterogeneity in the composition
of labour versus asset income, as well as heterogeneity in steady-state consumption basket,
due to taste heterogeneity (we feed the observed consumption shares into the model). Con-
sidering the responses to an aggregate productivity shock, we observe a similar pattern, with
low-income households being hit slightly more on average, which is for an important part

28To gauge the extent to which a sector is a necessity or a luxury, we show to the right of each panel a luxury
index defined as 100(∂eel − s̄k. This index lies between -1 and 1 and is negative (positive) for necessity (luxury
sectors).
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driven by a larger response of wage income. But again, even conditional on total income there
is a large amount of heterogeneity, with some households increasing their consumption, for
instance because they benefit from the increase in interest rates following the shock.

When we consider productivity shocks to specific sectors, we again observe that on average
consumption of the poor responds most negatively, and that there is a large amount of hetero-
geneity, even conditional on income. Moreover, note that the extent to which poorer house-
holds are hit varies strongly across shocks, as indicated by the slope of the red line. Indeed,
the slope tends to be relatively flat for luxury sectors (Recreation and Restaurants & Hotels), but
relatively steep for necessity sectors (Food and Electricity & Gas). This is a natural consequence
of the fact that price increases in luxury sectors affect the rich relatively more, whereas the poor
are more affected by price increases in necessity sectors.

Overall, these results suggest that, if the central bank considers distributional effects, a cost-
of-living crisis may present a particularly challenging situation: in addition to the aggregate
trade-off described above, an additional tightening of monetary policy may weigh most heavily
on the poor, who are strongly affected by the shock to begin with.

5 Optimal Policy

Having explored the dynamics of the model under an interest rate rule, let us now analyze
the normative implications for monetary policy. Specifically we study the optimal interest rate
policy under commitment.

5.1 The optimal policy problem

We consider social planner who maximizes, at some initial date 0, a welfare function of the
form:

W = (1 − δ)
∫

G(V0(i), i)di + δE0

∞

∑
t0=0

βt0

∫
G(Vt0(i), i)di, (23)

where the first term on the right-hand side stems from pre-existing households, and the second
term from current and future newborns, where the superscript t0 denotes the period of birth.
Moreover, G is a function which captures the social planner’s aggregation of welfare levels of
different households. The lifetime welfare of household i born at t0 is given by:

Vt0(i) = Et0

∞

∑
s=0

(β(1 − δ))s
(

Ui(ct+s(i))− χ

(
nt+s(i)

ϑ(i)

))
,

where setting t0 = 0 gives the value of the pre-existing households. To solve the optimal policy
problem, the planner sets the nominal interest rate Rt to maximize the Welfare criterion (23),
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subject to Equations (10)-(17) holding currently and at any future date.
Our setup allows the planner to have an arbitrary social preference function G. But in order

to derive concrete policy prescriptions, we need to make further assumptions on this function.
We proceed following the literature on inverse optimal taxation. First, we rule out any motive
for the central bank to redistribute wealth in the absence of aggregate shocks. That is, the
steady-state distribution is treated as efficient. The underlying idea is that long-run wealth
redistribution is considered the domain of fiscal rather than monetary policy. We implement
this assumption by imposing that:

G′ (Vt0(i), i
)

∂ev (e(i)) = 1.

where v (e(i)) = maxc(i) Ui(c(i)) s.t. ∑k
∫ 1

0 pk(j)ck(i, j)dj ≤ e(i) is the indirect utility function.
Second, we set G′′ (Vt0(i), i

)
= 0, which implies that households’ fluctuations in utility are

weighed equally by the planner. Given these assumptions, we can express the Pareto weight
for household i as: g(i) = E

ψWn(i)+σe(i) . Note that poor households are assigned a higher weight,
as those agents are at a point in the utility function with more curvature, i.e. fluctuations in
consumption are more costly for them. The equations characterising the optimal policy are
derived and presented in Appendix E.

5.2 Analytical results under optimal policy

Before studying the optimal policy quantitatively, we present a number of analytical results
in a simplified setting (again without I-O linkages and HtM agents). Proofs are provided in
Appendix E.2.

Our first optimal policy result clarifies how heterogeneity and generalized preferences affect
the optimal policy problem, relative to a basic NK model. To simplify the problem as much as
possible we assume, in addition to (A.1)-(A.2), that there is no sectoral heterogeneity in price
stickiness and demand elasticities and super-elasticities (we relax this in the Appendix).29 We
obtain:

Result 7: If (A.1)-(A.2) hold and θk , ϵ̄k and ϵ̄s
k are equal across sectors, then the optimal policy problem

can be expressed as:

min
{Ỹt,πcpi,t}∞

t=0

E0

∞

∑
t=0

βt(σ+ψ
σψ Ỹ2

t + ϑ̃π2
cpi,t)

s.t. πcpi,t = κỸt + β(1 − δ)Etπcpi,t+1 + λ(Mt +NHt),

29When θk , ϵ̄k and ϵ̄s
k vary across sectors, the inflation index becomes ∑k s̄k ϵ̄k

θk/ϑ̃
(1−θk)(1−βθk)

πk,t , with ϑ̃ =

∑k s̄k ϵ̄k
θk

(1−θk)(1−βθk)
, and the NKPC slope becomes ∑k s̄k ϵ̄k

θk/ϑ̃
(1−θk)(1−βθk)

λk .
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where ϑ̃ = ϵ̄θ
(1−θ)(1−βθ)

, and where the wedges Mt ≡ ∑K
k=1 s̄kMk,t and NHt evolve independently of

monetary policy (Result 1).

Thus, the optimal policy problem closely resembles the one in the basic NK model, see Galí
(2015), Chapter 5. The central bank minimizes a weighted present value of the output gap and
CPI inflation subject to an aggregate NKPC. However, in our case the NKPC is shifted by the M
and NH wedges which, as explained previously, are the result of non-CES and non-homothetic
preferences, respectively.

Note that even in this simplified setting, household heterogeneity matters for optimal pol-
icy, since it shapes the two wedges. This point highlights the interaction between heterogeneity
and generalized preferences. Under homothetic CES preferences, the two wedges would van-
ish and heterogeneity would become irrelevant for optimal policy, as in McKay and Wolf (2023).
But once we move beyond such preferences, heterogeneity affects the NKPC and it affects op-
timal policy even when monetary policy cannot affect distributions (assumption A.2)) and/or
does not consider inequality part of its policy objective.

Let us now study how the optimal policy is shaped by non-homotheticities. In particular,
we are interested in the extent to which optimal policy reacts differently to productivity shocks
arising in necessity and luxury sectors. We assume that shocks follow AR(1) processes. In
Appendix E.2 we derive analytically the responses under optimal policy to sectoral shocks and
show that the sign of the responses switch at some date t∗ (which may vary across variables).
Result 8 summarizes these findings:

Result 8: If (A.1)-(A.2) hold and Mt = 0, then the responses of the output gap and inflation to necessity
and luxury shocks have the opposite sign under optimal policy, in the short, in the medium run, and in
present-value terms. The signs of the responses are presented in Table 2.

Result 8 implies that the sectoral nature of the shock is highly important for the optimal
policy response. Table 2 shows that, in response to a negative productivity shock to a necessity
sector, the NH wedge rises, as shown previously. Upon impact, the output gap and MCPI in-
flation fall, whereas the CPI index increases. Thus, optimal policy does not fully stamp out CPI
inflation. Rather, it steers the economy to a point where the corridor between MCPI and CPI
inflation includes zero (the former lies below the latter as it down-weights necessity sectors).
At the same, optimal policy lets the output gap turn negative. Intuitively, optimal policy strikes
a balance between the cost of CPI inflation versus the cost of a negative output gap. After some
time, the signs of the responses all switch.30 However, in present-value terms the short-term
effects dominates.

30Intuitively, the prices of goods in the necessity sector which experiences the fall in productivity are initially
distorted downward, due to price stickiness. At some point in time, however, the shock has mostly died out while
the price level is still elevated, creating an upward distortion in the sectoral price level.
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Table 2. Sign or responses under optimal policy (Result 8)

Y gap CPI MCPI NH
negative necessity shock

short run - + - +
medium run + - + -
present value - + - +

negative luxury shock
short run + - + -
medium run - + - +
present value + - + -

Note: sign of the responses results assuming M = 0 and (A.1)-(A.2). All negative productivity shocks. Short run
refers to t < t∗ and medium run to t ≥ t∗. Present value discounts the responses with a factor R−t. See Appendix
E.2 for the derivations.

Following a negative productivity shock to luxuries, the precise opposite optimal responses
obtain, as shown in the lower half of Table 2. Thus, the optimal policy response critically hinges
on the sectoral nature of the shock. To derive Result 8, we have shut down the M wedge,
focusing on the NH wedge. In Appendix E.2 we derive analytical results on the role of the M
wedge instead.

How does the optimal policy compare to a policy of strict targeting the CPI, i.e. πcpi,t = 0
at all times? Would it be looser or tighter? Let us define a loose policy as one which targets a
higher output gap and higher inflation. We can show the following:

Result 9: Compared to a strict CPI targeting policy, the optimal policy is initially relatively loose (tight)
following a negative necessity (luxury) shock, and relatively tight (loose) later on.

Intuitively, under a strict CPI targeting policy, the output gap declines initially following a
negative necessity shock. By loosening policy, this decline is dampened at the expense of
some positive CPI inflation. This improves welfare, since welfare losses are –to a second-order
approximation– quadratic in the output gap and CPI inflation. Fully stabilising either the out-
put gap or CPI inflation is therefore never optimal.

5.3 Quantitative dynamics under optimal policy.

Result 9 suggests that the optimal policy response to cost-of-living crisis (i.e. a negative shock
to necessities) can indeed be rather specific. Following the initial shocks around 2021, central
banks were seen to be relatively slow in tightening policy. Interestingly, this appears in line
with the optimal policy in the model, at least qualitatively.

We now explore quantitatively the optimal policy responses to various sectoral shocks, and
study to what extent the optimal policy response to shocks in sectors like Food or Electricity
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and Gas is indeed relatively loose, compared to a typical policy rule R̂t = ϕπcpi,t (with ϕ = 1.5)
and compared to the optimal response to other shocks. In order to make this comparison
quantitatively, we exploit that one can implement the optimal interest rate path {R̂t}∞

t=0 as a
rule R̂t = ϕπcpi,t + uR

t where {uR
t }∞

t=0 is a specific time path for the deviation from the rule
(“optimal guidance”), announced when the productivity shock initially hits. We simulate the
model both under such an interest rate rule and under optimal policy, and then numerically
solve for the guidance path that implements the optimal policy. This path then quantifies how
tight or loose the optimal policy is relative to the simple CPI-based rule. In Appendix D.2 we
provide the details of this procedure.

The left panel in Figure 6 plots the optimal guidance for the aggregate and sectoral pro-
ductivity shocks in the full model. In line with the analytical results, optimal policy is initially
significantly looser than the rule following a negative necessity shock. For negative shocks to
luxuries, the policy is tighter. We thus find that the sectoral source of the shock indeed has
significant quantitative consequences for optimal policy, in line with the analytical results.31

How important are redistributive motives in driving the optimal policy? In the right panel
of Figure 6 we shut down the redistributive motives of monetary policy.32 Qualitatively,
the results are unchanged, in the sense that the optimal policy response to negative necessity
shocks is significantly looser than the response to necessity shocks. Quantitatively however, the
redistributive motives push towards more accommodative (i.e. looser) policy for all shocks, as
this helps to redistribute towards poorer people who tend to be more heavily affected in utility
terms.

Figure 7 shows the response of the output gap and CPI inflation under Optimal Policy,
for an aggregate productivity shocks and productivity shocks to Food (lowest luxury index)
and Recreation (highest luxury index). The quantitative responses are again consistent with the
analytical findings. Without redistribution motive, following a Food the output gap initially is
negative, which CPI inflation increases. For a Recreation shock, we observe the precise opposite.
Once we include a redistribution motive, the responses of the output gap and inflation are both
pushed upwards, at least initially.

6 Conclusion

In this paper we addressed the question how monetary policy should respond to sector-specific
supply shocks. To this end, we developed a multi-sector New-Keynesian model with house-
hold inequality and generalized non-homothetic preferences. An advantage of the framework

31Consistent with the quantitative results in the previous section, we again find that negative shocks to Trans-
port (neither a necessity nor a luxury) call for a relatively loose optimal policy, due to the low degree of price
rigidity in this sector and the position of this sector in the I-O matrix.

32In Appendix E.3 we derive conditions shutting down such motives based on the welfare loss function.
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is that it is relatively tractable, simplifying computations and allowing for analytical results
to be derived. Moreover, it can be disciplined directly with data on heterogeneity in income,
wealth, MPCs and expenditure baskets.

We showed how, due to non-homothetic and non-CES preferences, two new wedges emerge
in the New Keynesian Phillips Curve (NKPC), which directly affect policy trade-offs and which
are quantitatively important. In particular, after a negative supply shock to necessity sectors,
the NKPC tends to shift upward, creating a policy trade-off between bringing down inflation
and avoiding a negative output gap. After studying the optimal policy, we found that –because
of this shift in the NKPC– the optimal policy to a negative necessity shock is relatively loose,
while later on it tightens.

This paper has remained relatively silent on positive and normative implications of fiscal
interventions, which have been widely used in recent years. We explore these implications in
ongoing research.
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Figures

Figure 1. Steady-state distributions.
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Figure 2. Household budget shares by total expenditure decile.
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Figure 3. Distribution of demand elasticities by sector.
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Figure 4. Responses in the baseline model: all shocks.
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Figure 5. Heterogeneous consumption responses to aggregate and sectoral shocks.
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Figure 6. Optimal policy relative to Taylor rule.
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Figure 7. Optimal policy relative to Taylor rule.
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Tables

Table 3. Aggregate parameter values.

Parameter description value

β subjective discount factor 0.99
ψ Frisch elasticity 1
σ elasticity of intertemporal substitution 1
δ death probability 0.0083
ϕ Taylor rule coefficient 1.5
η cross-sector elasticity of substitution 1.774
ρR persistence monetary policy shock 0.25
ρA persistence productivity shocks 0.95

Table 4. Sector-level parameter values.

Sector ϵ̄k ϵ̄s
k s̄k ∂eel θk κk λk Γk

Food 6.5775 2.3903 0.1574 0.0988 0.4100 0.7608 0.5998 0.0386
Clothing 4.8259 1.6397 0.0580 0.0631 0.3900 1.1810 0.6735 0.0929
Electricity & Gas 3.2525 0.9654 0.0630 0.0412 0.1667 2.6410 2.9244 0.0807
Furniture 4.9651 1.6993 0.0910 0.1133 0.4600 0.5731 0.4488 0.1018
Transport 5.0243 1.7247 0.2015 0.2018 0.2600 1.5120 1.4812 0.0806
Recreation 3.8950 1.2407 0.1858 0.2318 0.5100 0.3667 0.3341 0.1248
Restaurants & Hotels 4.7313 1.5991 0.1338 0.1440 0.7200 0.1317 0.0788 0.0883
Miscellaneous 3.1534 0.9229 0.1096 0.1061 0.6700 0.1313 0.1168 0.1210

Notes: ϵ̄k: demand elasticity (household aggregate), ϵ̄s
k: superelasticity (household aggregate), s̄k: budget share

(household aggregate), ∂eel : marginal budget share (household aggregate), θk: Calvo probability, κk: slope NKPC
w.r.t. output gap, λk slope NKPC w.r.t wedges, Γk: slope endogenous markup wedge w.r.t efficient demand index.
See the main text and Appendix B for the definitions.
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Appendix
A Model derivations
Households
In this section, we derive the optimal response of households’ consumption and labor supply decisions to changes in prices
(subvariety prices, wage and interest rate) near a steady state where subvariety prices are equal within sectors and the real
interest rate satisfies Rt = (1 − δ) β. Preferences are weakly separable for subvarieties across sectors, additively separable in
consumption and leisure and additively separable across time. This allows us to characterize households’ decisions in three steps.
We first study the inner intratemporal consumption problem which determines individual demand for subvarieties conditional
on subvarity prices and sectoral expenditure. Second, we determine individual expenditure across sectors and labor supply
conditional on subvariety prices, wage and total (intratemporal) consumption expenditure (outer intratemporal problem). These
first two problems are the same for both unconstrained and Hand-to-Mouth households. Finally, we determine individual
expenditure across time by solving the intertemporal problem of unconstrained households and the decision rule of Hand-to-
Mouth households.

Inner intratemporal consumption problem (valid for unconstrained and HtM households)
We start with the allocation of a household’s expenditures on varieties within a sector. Note that this is an intratemporal problem.
For any such problem, we omit time subscripts in this appendix, unless stated otherwise.

For any sector k, let νk(pk, ek) be the indirect subutility function for a given vector of prices pk and total expenditure ek,
defined as:

νk(pk, ek) = max
{ck}

Uk (ck) s.t.
∫

pk(j)ck(j)dj ≤ ek.

Let dk(pk(j∗), pk, ek) be the household’s demand for variety j∗ and note that this function is C2 and symmetric in pk.33 As noted
in the main text, we consider a steady state with identical prices within sectors, i.e. pk(j) = Pk for all j. Let ∂pdk denote the
own-price derivative and ∂jdk be the Gateaux derivative of dk with respect to the price of variety j. By symmetry of the subutility
function Uk, and the fact that prices are the same in equilibrium, it holds in the steady state thatdk(pk(j∗), pk, ek) = ek/Pk for any
ek and ∂jdk = ∂j′dk for any two subvarieties. Using the fact that the demand function is homogeneous of degree zero we can
apply Euler’s theorem to obtain: (

∂pdk
)

pk (j∗) +
∫ (

∂jdk
)

pk(j)dj +
(
∂ek dk

)
ek = 0.

Applying the symmetry property noted above then gives:(
∂pdk

)
Pk + Pk

(
∂jdk

)
+
(
∂ek dk

)
ek = 0.

After rearranging, we obtain the following expression for the derivative of dk with respect to the price of variety j:

∂jdk = −∂pdk −
1

P2
k

ek.

Note that this equation is simply a decomposition of demand for j∗ to a change in the price of j into substitution and income
effects. This result allows us to derive the first-order change in consumption as:34

dck(j∗) =
(
∂pdk

)
dpk(j∗) +

∫ (
∂jdk

)
dpk(j)dj + ∂ek dkdek,

=
(
∂pdk

)
dpk(j∗)−

((
∂pdk

)
+

1
Pk

∂edkek

) ∫
dpk(j)dj + ∂ek dkdek,

=
(
∂pdk

)
(dpk(j∗)− dPk) +

1
Pk

(
dek −

ek
Pk

dPk

)
.

This equation relates changes in subvariety consumption with respect to its own relative price (dpk(j∗) − dPk) to the inner
elasticity of substitution ϵk = −Pk∂pdk/dkwhich is the standard statistic of the firm pricing problem in steady state. Furthermore,
exploiting the fact that ∂pdkis homogeneous of degree −1, symmetric in pk one can again apply Euler’s theorem to obtain:(

∂ppdk
)

p (j∗) +
∫ (

∂pjdk
)

pk(j)dj +
(
∂pek dk

)
ek = −∂pdk,

⇔
Pk
(
∂ppdk + ∂pjdk

)
+
(
∂pek dk

)
ek = −∂pdk,

⇔
∂pjdk = −

∂pdk

Pk
− ck

(
∂pek dk

)
− ∂ppdk.

33Note that ck lives in L1, since U is (strictly) concave the problem has a unique solution which satisfies the set of first order
conditions. Applying the implicit function theorem – for Banach spaces – shows that ck is a C2 function of {pk, ek}.

34Recall that, by definition, ck(j∗) = dk(pk(j∗), pk, ek).
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Using this result: we can derive the following expression for the first-order change in the own-price derivative of sector-k de-
mand:

d∂pdk =
(
∂ppdk

)
dpk (j∗) +

∫ (
∂pjdk

)
dpk(j)dj +

(
∂pek dk

)
dek,

=
(
∂ppdk

)
dpk (j∗) +

∫ (
−

∂pdk

Pk
− ck∂pedk − ∂ppdk

)
dpk(j)dj +

(
∂pek dk

)
dek,

=
(
∂ppdk

)
(dpk (j∗)− dPk)− ∂pdk

dPk
Pk

+
(
∂pek dk

)
(dek − ckdPk) .

This expression will allow us to characterize the changes in elasticities of substitution away from steady state and their impact
on firms’ pricing decisions – through changes in endogenous markups.

Outer intratemporal consumption problem (valid for unconstrained and HtM households)

We now turn to the allocation of expenditures over different sectors. Let P = (p1, p2, . . . pK) be the full vector of prices and let
vi(P, e) the indirect utility function of the outer problem which can be household-specific, hence we momentarily re-introduce
the subscript i. The problem is to choose expenditure levels across different sectors, conditional on optimally choosing the bundle
of varieties ck, which we solved for in the previous section. Recall that we assume that Ui is increasing, strictly concave and C3.
The problem can be expressed as:

vi (P, e) = max
{e1,e2,...eK}

Ui (ν1(p1, e1), ν2(p2, e2), . . . , νK(pK, eK)) , s.t.
K

∑
k=1

ek = e.

The associated first-order optimality condition is given by U
′
i,k∂ek νk = ι, where ι = ∂evi is the Lagrange multiplier. The problem

defines a spending function ek,i (e, P) which is C2. Note that, by symmetry and since subvariety prices are equal within sectors,
it holds in steady state that ∂pk(j)νk = ∂pk(j′)νk for any j, j′ and ek, so we have ∂pk(j)ek (e, P) = ∂pk(j′)ek (e, P) ≡ ∂Pk ek (e, P). The
derivative of the indirect utility function with respect to the price of a variety j in sector k is given by:

∂pk(j)vi = −∂evick(j),

which follows by Roy’s identity, where ck(j) is a shorthand for dk(pk(j), pk, ek,i (e, P)).The expression for the mixed derivative
(which we will employ later on) is given by:

Pk∂epk(j)vi = −Pk
(
∂eevick(j) + ∂evi∂eek,i∂ek ck(j)

)
,

= − (∂eeviek,i + ∂evi∂eek,i) .

Given ∂pk(j)ek,i (e, P) = ∂Pk ek,i (e, P) we can now write the change in sector-k expenditures in terms of the change in the sectoral

prices, dPk
pk

= P̂k =
∫

p̂k(j)dj:

dek,i − ek,i P̂k =
K

∑
l=1

Pl∂Pl ek,i P̂l − ek,i P̂k + ∂eek,ide,

=
(

Pk∂Pk ek,i + ∂eek,iek,i − ek,i
)

P̂k + ∑
l ̸=k

(
Pl∂Pl ek,i + ∂eek,iel

)
P̂l − dPl + ∂eek,i

(
de − ∑

l
el,i P̂l

)
,

≡ ∂eek,i

(
de − ∑

l
el,i P̂l

)
+ ek,i ∑

l
ρk,l (i) P̂l .

Note that we have ∑l ρk,l = 0, as ek (e, P) is homogeneous of degree one. In addition, consider the spending responses to a
compensated change in the price of sector k:P̂k = 1, de = ek. Inspecting the budget constraint gives ∑K

l=0
(

Pk∂Pk el + ∂eelek
)
= ek

so we have ∑l elρl,k = 0.

Labor Supply (valid for unconstrained and HtM households) We start by solving for the labor supply response
for an agent of type i in period t, which we derive from the first-order optimality condition for labor supply, which is given by
χ′
(

n(i)
ϑ(i)

)
1

ϑ(i) = ∂eviW. Taking a first order approximation of this condition, we obtain:

χ′′
(

n(i)
ϑ(i)

)
1

ϑ(i)
dn(i)
ϑ(i)

=

(
∂eevide(i) + ∑

k

∫ (
∂epk(j)v

)
dpk(j)dj

)
W + ∂evidW,

⇔
χ′′ (n(i)/ϑ(i))
χ′ (n(i)/ϑ(i))

dn(i)
ϑ(i)

=

(
∂eevi
∂evi

de(i)− ∑
k

(
∂eevi
∂evi

ek(i) + ∂eek(i)
)

P̂k

)
+

dW
W

,

⇔

n̂(i) = ψ

{
Ŵ − ∑

k
∂eek(i)P̂k

}
− ψ

σ

(
ê (i)− ∑

l
sl (i) P̂l

)
.
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Intertemporal Decision (valid for non-HtM households only)

A household of type i born in t0 has initial bond holdings bt0(i) = b(i)
(

1 + ∑l s̄l
Pl,t0

−P∗
l

P∗
l

)
with P∗

l the steady state price of l and

Pl,t0 =
∫

pl,t0 (j) dj. Using the definition of the indirect utility function vi(P, e), one can write the Lagrangian of the non-HtM
households intertemporal problem as:

V(i) = max
{et+s ,nt+s ,bt+s+1}∞

s=0

Et

∞

∑
s=0

(β(1 − δ))t+s
(

vi (Pt+s, et+s(i))− χ

(
nt+s(i)

ϑ(i)

))

+ θt+s(i)

{
bt+s(i) + nt+s(i)Wt+s + ∑

k
ςk(i)Divk,t+s − et+s(i)−

bt+s+1(i)
Rt+s

}
,

with the first-order conditions given by

∂V(i)
∂et+s(i)

= Et
[
(β(1 − δ))t+s∂evi (Pt+s, et+s(i))− θt+s(i)

]
= 0,

∂V(i)
∂nt+s(i)

= Et

[
−χ′

(
nt+s(i)

ϑ(i)

)
1

ϑ(i)
+ θt+s(i)Wt+s

]
= 0,

∂V(i)
∂bt+s+1(i)

= Et

[
− θt+s(i)

Rt+s
+ θt+s+1(i)

]
= 0.

We now linearize the consumption Euler Equation, ∂evt,i = β(1 − δ)RtEt [∂evt+1,i] , around a stationary steady state with no
uncertainty:

∂eevidet(i) + ∑
k

∫ (
∂epk(j)vi

)
dpk,t(j)dj = β(1 − δ)dRt∂evi

+ β (1 − δ) R

(
∂eevidet+1(i) + ∑

k

∫ (
∂epk(j)vi

)
dpk,t+1(j)dj

)
,

⇔
∂eevi
∂evi

det(i) + ∑
k

∫ (∂epk(j)vi

∂evi

)
dpk,t(j)dj =

dRt

R
+

∂eevi
∂evi

det+1(i) + ∑
k

∫ (∂epk(j)vi

∂evi

)
dpk,t+1(j)dj,

⇔
∂eevi
∂evi

(
det(i)− ∑

k
ek P̂k,t

)
− ∑

k
∂eek(i)P̂k,t = R̂t +

∂eevi
∂evi

(
det+1(i)− ∑

k
ek P̂k,t+1

)
− ∑

k
∂eek(i)P̂k,t+1,

⇔
e∂eevi
∂evi

(
êt − ∑

k
sk P̂k,t

)
− ∑

k
∂eek(i)P̂k,t = R̂t +

e∂eevi
∂evi

(
êt+1 − ∑

k
sk P̂k,t+1

)
− ∑

k
∂eek(i)P̂k,t+1,

⇔(
êt − ∑

k
sk P̂k,t

)
=

(
êt+1 − ∑

k
sk P̂k,t+1

)
− σ

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
,

where sl = el(i)/e(i) and the third line uses the fact that Pk
∂epk(j)vi

∂evi
= − (∂eeviek + ∂evi∂eek). We define σ ≡ −∂evi/e∂eevi as the

elasticity of intertemporal substitution.
Note: In the formula above and in the labor supply decision problem, we assumed that the EIS σ = −∂evi/e∂eevi is equal
across households. It is always possible to renormalize the intratemporal indirect utility of consumption vi to obtain an arbi-
trary EIS without affecting the allocation of expenditure (at given et (i)) across markets and subvarieties. Indeed, if the util-
ity of the households is renormalized to Υi (Ui (U1 (c1) , . . . ,UK (cK))), demand for subvarieties dk(pk(j∗), pk, ek) and the sec-
toral expenditure functions ek,i (e, P)remains the same while indirect utility of consumption becomes Υi (vi(e, P)). Defining

Υi (·) =
(

v−1
i (·, P)

)1− 1
σ /
(

1 − 1
σ

)
with P fixed at its steady state value allows us to parametrize the EIS to any value σ.

Expenditure of Hand-to-Mouth households.
HtM households consume all their current income, i.e. they never adjust their bond holdings. This allows one to directly solve
for the real consumption change in period t from the budget constraint in period t only. In addition, a HtM household of type i

born in t0 has initial bond holdings bt0(i) = b(i)
(

1 + ∑l s̄l
Pl,t0

−P∗
l

P∗
l

)
. Differentiating

bt+1(i) = Rt

(
bt(i) + nt(i)Wt + ∑

k
ςk(i)Divk,t − et(i)

)

47



gives:

dRt (b(i) + n(i)W − e(i)) + R

(
dnt(i)W + n(i)dWt + ∑

k
ςk(i)dDivk,t(i)− det(i) + b(i)∑

l
s̄l P̂l,t0

)
= b(i)∑

l
s̄l P̂l,t0 ,

⇔

R

(
Wn(i)

(
(1 + ψ) Ŵt −

ψ

σ

(
êt (i)− ∑

l
sl (i) P̂l,t

)
− ∑

k
ψ∂eek(i)P̂k,t

)
+ ∑

k
ςk(i)dDivk,t(i)− e (i)

(
êt (i)− ∑

l
sl (i) P̂l,t + ∑

l
sl(i)P̂l,t

))
= (1 − R) b(i)∑

l
s̄l P̂l,t0 − R̂tb (i) ,

⇔

R̂tb (i) + R

(
ψWn(i)Ŵt + Wn(i)∑

k
(s̄k − ψ∂eek(i)) P̂k,t − ∑

k
ek(i)P̂k,t + Wn(i)∑ s̄k Ãk,t

)
+ (R − 1) b(i)∑

l
s̄l P̂l,t0

= R
(

e (i) +
ψ

σ
Wn(i)

)(
êt (i)− ∑

l
sl (i) P̂l,t

)
,

⇔(
e(i) +

ψ

σ
Wn(i)

)−1
(

R̂t
b
R
+ Wn(i)

(
ψŴt − ψ ∑

k
∂eek P̂k,t + ∑ s̄k Ãk,t

)
− ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

)

+

(
e(i) +

ψ

σ
Wn(i)

)−1 (
1 − 1

R

)
b(i)∑

l
s̄l
(

P̂l,t0 − P̂l,t
)
= êt (i)− ∑

l
sl (i) P̂l,t.

Using the definition of Ŷt ≡ σ
σ+ψ

(
ψŴt − ψ ∑k ∂eek P̂k,t + ∑k s̄k Ãk,t

)
, we obtain:

êt (i)−∑
l

sl (i) P̂l,t =

(
e(i) +

ψ

σ
Wn(i)

)−1
(

R̂t
b(i)
R

+

(
1 +

ψ

σ

)
Wn(i)Ŷt − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

)

+

(
e(i) +

ψ

σ
Wn(i)

)−1
((

1 − 1
R

)
b(i)∑

l
s̄l
(

P̂l,t0 − P̂l,t
))

where we have used the fact that the equity share of agent i in sector k is the same as the income share and the change in
aggregate profits is dΠt = ∑k PkYk

(
P̂k,t + Âk,t − ΩN,kŴt − ∑l Ωk,l P̂l,t

)
= ∑k Ek

(
P̂k,t + Ãk,t − Ŵt

)
, with Ãt = (Id − Ω)−1Ât so

that dDivt(i) =
Wn(i)
WN ∑k Ek

(
P̂k,t + Ãk,t − Ŵt

)
(See subsection on Firm’s Input choice for a definition of Ω).35

Firms
In this section, we derive the sectoral New Keynesian Phillips Curves. In each sector, identical firms with constant return to
scale technology produce subvarieties of good k using labor and a bundle of sector l goods, aggregated by a representative
intermediary as inputs. We first derive the firm’s pricing equation away from steady state as a function of the change in unit
marginal cost. We then study the firm’s intratemporal problem to derive changes in demand for intermediate inputs and labor.
Finally, using market clearing conditions for goods and labor, we derive the sectoral NKPCs in terms of sectoral prices, the
output gap and changes in endogenous markups.

Intermediate inputs producers

We start with competitive intermediaries producing intermediate inputs. They aggregate differentiated varieties into Ỹk using a
symmetric and CRS technology, and sell them to firms at a price Pk:

Pk = inf
yk [j]

∫
pk(j)yk(j)di

s.t.1 = FI
k(yk)

where FI
k is symmetric, increasing, strictly concave, C3 and with FI

k(yk) = 1 if yk (j) = 1 for all j.36 The intermediary
problem defines a unit demand function for subvarieties (indexed by j):

DI
k (pk[j], pk).

35Note that the real consumption change for HtM agents is given by their MPC times the real income change in a given period
that comes from three channels: interest rate changes, output gap and relative prices.

36The assumption FI
k(yk) = 1i f yk (j) = 1 is simply a normalization ensuring that when all prices are equal with pk(j) =

pk ∀j, Pk = pk.

48



Goods varieties firms: price setting
We now turn to the firms producing individual goods varieties. We can re-write the present value of firm profits given in
Equation \ref in terms of the reset price and using the fact that production of firms in k has constant returns to scale:37

max
pk,t(j∗)

Et

∞

∑
s=0

Λt,t+sθs
k

(
pk,t(j∗)Dk

(
pk,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)
− (1 − τk)MCk,t+s(j∗)Dk

(
pk,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)
− Tk,t

)
with Dk

(
pk,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)
=
∫

dk(pk(j∗), pk, ek(i))di + DI
k (pk[j∗], {pk})Ỹk,t+s and where MCk is the marginal cost, to

be specified below. The first-order optimality condition is given by:

Et

∞

∑
s=0

Λt,t+sθs
k
(

Dk,t+s(j∗) + (pk,t(j∗)− (1 − τk)MCk,t+s(j∗)) ∂pDk,t+s(j∗)
)
= 0.

Using the derivations in section \ref and aggregating over the distribution of agents, we can express the change in demand, to
a first-order approximation, as:

dDk,t+s (j∗) =
∫

∂pdk (i, j∗) (dpk,t(j∗)− dPk,t+s) + ∂ek dk (i, j∗)
(
dek,t+s (i)− ek(i)P̂k,t+s

)
di

+ ∂pDI
k (dpk,t(j∗)− dPk,t+s) Ỹk,t+s + DI

k (pk[j∗], {pk})dỸk,t+s,

=

(
Pk∂pDC

k
DC

k
Ck +

Pk∂pDI
k

DI
k

Ỹk,t+s

) (
p̂k,t(j∗)− P̂k,t+s

)
+

1
Pk

∫
(dek,t+s (i)− ck(i)dPk,t+s) di + DI

k (pk[j∗], {pk})dỸk,t+s,

where ∂pDC
k =

∫
∂pdk (i, j∗) di, DC

k =
∫

dk (i, j∗) di and we have used that DI
k (pk[j∗], pk}) = 1 in the steady state. Similarly, for

the second term:

d
(
∂pDk,t+s

)
=
∫ (

∂ppdk (i, j∗)
)
(dpk,t (j∗)− dPk,t+s)− ∂pdk(i, j∗)P̂k,t+s

+ ∂pedk (i, j∗)
(
dek,t+s (i)− ek(i)P̂k,t+s

)
di + d

(
∂pDI

k Ỹk,t+s

)
=
(

Pk∂ppDC
k + Pk∂ppDI

k Ỹk,t+s

) (
p̂k,t(j∗)− P̂k,t+s

)
−
(

Pk∂pDC
k

DC
k

Ck +
Pk∂pDI

k
DI

k
Ỹk,t+s

)
P̂k,t+s

+
∫

∂pek dk (i, j∗) (dek,t+s(i)− ck(i)dPk,t+s) di + ∂pDI
k dỸk,t+s

Taking a first-order approximation of the first-order optimality condition and using the expressions above, we obtain:

0 = Et

∞

∑
s=0

Λt,t+sθs
k

{(
p̂k,t(j∗)− P̂k,t+s

)
Pk∂pDk,t+s +

1
Pk

∫ (
dek,t+s (i)− ek(i)P̂k,t+s

)
di + DI

k (pk[j∗], {pk})dỸk,t+s

}
+ Et

∞

∑
s=0

Λt,t+sθs
k (pk(j∗)− (1 − τk)MCk,t+s(j∗))

{(
Pk∂ppDC

k + Pk∂ppDI
k Ỹk,t+s

) (
p̂k,t(j∗)− P̂k,t+s

)
− Pk∂pDk,t+s P̂k,t+s

}
+ Et

∞

∑
s=0

Λt,t+sθs
k (pk(j∗)− (1 − τk)MCk,t+s(j∗))

{∫
∂pek dk (i, j∗)

(
dek,t+s (i)− ek(i)P̂k,t+s

)
di + ∂pDI

k dỸk,t+s

}
+ Et

∞

∑
s=0

Λt,t+sθs
k (dpk,t(j∗)− (1 − τk)dMCk,t+s(j∗)) ∂pDk,t+s

Grouping the terms together and using the fact that in steady state pk(j∗)− (1− τk)MC(j∗) = Pk
ϵ̄k

, Dk +(Pk − (1 + τk)MCk) ∂pDk =

0 , Pk∂pDC
k

DC
k

=
Pk∂pDI

k
DI

k
= −ϵ̄k and, in the steady state, Λt,t+s = β̃s, where we assume that β̃ = (1 − δ)β = 1/R, we obtain:

0 =
(
1 − β̃θk

)−1
(

2Pk∂pDk,t+s +
Pk
ϵ̄k

(
Pk∂ppDC

k + Pk∂ppDI
k Ỹk,t+s

))
p̂k,t(j∗)

− Et

∞

∑
s=0

(
β̃θk
)s
(

2Pk∂pDk,t+s +
Pk
ϵ̄k

(
Pk∂ppDC

k + Pk∂ppDI
k Ỹk,t+s

))
P̂k,t+s

+ Et

∞

∑
s=0

(
β̃θk
)s
∫ ( 1

Pk
+

Pk
ϵ̄k

∂pek dk (i, j∗)
) (

dek,t+s (i)− ek(i)P̂k,t+s
)

di + Et

∞

∑
s=0

(
β̃θk
)s
(ϵ̄k − 1) Dkm̂ck,t+s

37This implies that total costs TC can be written as TCk,t(j) = MC
(
Wt, PI

t
)

Dk,t(j).
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where m̂ck,t+s ≡ M̂Ck,t+s − P̂k,t+s is common across firms. Rewriting this expression recursively gives:

p̂k,t(j∗) =
(
1 − β̃θk

)
P̂k,t

−
(
1 − β̃θk

)
(ϵ̄k − 1)

2Pk∂pDk,t+s +
Pk
ϵ̄k

(
Pk∂ppDC

k + Pk∂ppDI
k Ỹk,t+s

) {∫ ( 1
Pk (ϵ̄k − 1)

+
Pk

ϵ̄k (ϵ̄k − 1)
∂pek dk (i, j∗)

) (
dek,t (i)− ek(i)P̂k,t

)
di + Dkm̂ck,t

}
+ β̃θkEt p̂k,t+1(j∗)

Next recall the following definitions:

ϵ̄s
k ≡ Pk∂p ln(ϵ̄s

k) =

(
−
∫

(ϵk(j)− ϵ̄k)
2 ek(j)

Ek
dj +

∫
Pk∂pϵk(j)

ek(j)
Ek

dj
)

/ϵ̄k,

ϵ̄s,I
k ≡ Pk∂p ln(ϵIk ),

γe,k(i) ≡
(

1 − ϵk(i)
ϵ̄k

(
1 +

∂ln(ϵk(i))
∂ln(ek(i))

))
/ (ϵ̄k − 1) .

Plugging these definition into the optimal price equation, we obtain:

p̂k,t(j∗) =
(
1 − β̃θk

)
P̂k,t +

(
1 − β̃θk

)
(ϵ̄k − 1)

ϵk − 1 + sC
k ϵs

k +
(
1 − sC

k
)

ϵs,I
k

{
sC

k

∫
γe,k(i)

dek,t (i)− ek(i)P̂k,t

Ek
di + m̂ck,t

}
+ β̃θkEt p̂k,t+1(j∗).

Note that all firms that can reset their prices choose the same p̂∗k,t and P̂k,t = (1 − θk) P̂∗
k,t + θk P̂k,t−1. It follows that:

πk,t =

(
1 − β̃θk

)
(1 − θk)

θk

(ϵ̄k − 1)

ϵk − 1 + sC
k ϵs

k +
(
1 − sC

k
)

ϵs,I
k

{
sC

k

∫
γe,k(i)

dek,t (i)− ek(i)P̂k,t

Ek
di + m̂ck,t

}
+ β̃Etπk,t+1.

Defining

λk ≡
(
1 − β̃θk

)
(1 − θk)

θk

(ϵ̄k − 1)

ϵk − 1 + sC
k ϵs

k +
(
1 − sC

k
)

ϵs,I
k

,

we can write the sectoral NKPC as:

πk,t = λk

{
sC

k

∫
γe,k(i)

dek,t (i)− ek(i)P̂k,t

Ek
di + m̂ck,t

}
+ β̃Etπk,t+1.

Goods varieties firms: intermediate input choice

The cost-minimization problem of the firm is given by: minWLk(j)+∑l PlỸl,k(j) s.t. AkFk(nk(j), Ỹ1,k(j), Ỹ2,k(j), . . . , ỸK,k(j)) ≥
yk(j). Since Fk has constant return to scale we can express the change in the marginal cost as:

dMCk =
Wnk
Yk

Ŵ + ∑
l

PlỸl,k

Yk
P̂l − MCk Âk,

⇔

M̂Ck = (1 + µk) (1 − τk)

(
ΩN,kŴ + ∑

l
Ωk,l P̂l

)
− Âk,

=

(
ΩN,kŴ + ∑

l
Ωk,l P̂l

)
− Âk.

The subsidy is chosen to eliminate markup distortions in the steady state, i.e. (1 + µk) (1 − τk) = 1. Ω is the matrix of interme-

diate input shares (Ωk,l =
PlỸl,k
PkYk

), ΩN a column vector of length K of labor shares (ΩN,k = 1 − ∑K
l=1 Ωk,l). Since Fk has CRS, we

can write demand for input l has Ỹl,k(j) = Yl,k(P, W) yk(j)
Ak

(where Yl,k(P, W) the unit demand for input l by firms in k is common
to all firms in k) and derive change in aggregate demand for input bundle l as:

dỸl

Ỹl
= ∑

k
Ql,k

(
Ŷk − Âk

)
+ T̃l,WŴ + ∑

k
T̃l,k P̂k.

Let T̃ be the matrix of aggregate input price elasticities such that T̃l,k = ∑m
Ỹl,m
Ỹl

∂Yl,m
∂Pk

Pk
Yl,m

, T̃l,W = ∑m
Ỹl,m
Ỹl

∂Yl,m
∂W

W
Yl,m

be the column
vector of wage elasticities and Ql,k = Yl,k be the matrix of intermediate shares. Since intermediary input producers have a
CRS technology we can write the (aggregated) market clearing equation for subvariety k as Ŷk = sC

k Ĉk + (1 − sC
k )Ỹk.We have,

denoting D [sc] and D [PY] as the diagonal matrices with share of consumption demand and sectoral revenue on the diagonal
(sC

k = Ek
PkYk

and PkYk), Ŷ ,Ĉ, Â, P̂ the column vectors of sectoral output, consumption, TFP shocks and prices:

50



Ŷ = D [sc] Ĉ + (Id −D [sc])
(
Q
(
Ŷ − Â

)
+ T̃WŴ + T̃ P̂

)
,

⇔(
Id −D [PY]−1 ΩTD [PY]

)
Ŷ = D [sc] Ĉ −D [PY]−1 ΩTD [PY] Â + TWŴ + T P̂.

where we use the fact that [(Id −D [sc])Q]k,l = PkỸk
PkYk

Ỹk,l
Ỹk

= PkYk
PlYl

Ωl,k. Note that TW = (Id −D [sc]) T̃W and similarly T =

(Id −D [sc]) T̃ .

Labour Demand Response

We can similarly write demand for labor for a firm j in sector k as nk(j) = Nk(P, W) yk(j)
Ak

. Differentiating and aggregating this
function, we can express the percentage change in aggregate labor demand as:

N̂ = sN
((

Ŷ − Â
)
+ T̃ N

W Ŵ + T̃ N P̂
)

,

where sN =
[

W
∫

n1(j)dj
WN , ..., W

∫
nK(j)dj
WN

]
, T̃ N

W =
[
∂ln(W) ln (N1) , ..., ∂ln(W) ln (NK)

]
, T̃ N

k,l = ∂ln(Pl)
ln (Nk). One can show that the

change in labor demand will only depend on the change in consumption and productivities as follows:

N̂ = sN
((

Id −D [PY]−1 ΩTD [PY]
)−1 (

D [sc] Ĉ −D [PY]−1 ΩTD [PY] Â + TWŴ + T P̂
)
− Â + T̃ N

W Ŵ + T̃ N P̂
)

,

= sN
((

Id −D [PY]−1 ΩTD [PY]
)−1 (

D [sc]− Â
))

+ sN
(
T N

W Ŵ + T N P̂ +
(

Id −D [PY]−1 ΩTD [PY]
)−1 (

TWŴ + T P̂
))

.

Note that, as (1 + µk) (1 − τk) = 1, we have

[WN1, ..., WNK]
(

Id −D [PY]−1 ΩTD [PY]
)−1

= [PY1, ..., PYK] ,

∂ln(W)NkŴ + ∑
l

∂ln(Pl)
Yl,kŴ = 0,

∂ln(Pl)
Nk P̂l + ∑

m
∂ln(Pl)

Ym,k P̂l = 0,

where Id denotes the diagonal matrix. We thus obtain:

N̂ = sN
(

Id −D [PY]−1 ΩTD [PY]
)−1 (

D [sc] Ĉ − Â
)

= ∑
k

s̄k
(
Êk − P̂k

)
− ∑

k

PkYk
E

Âk.

Aggregate Consumption Response
We can derive aggregate spending in sector k by simply aggregating individual decisions:

Êk − P̂k =
1
Ek

∫
dek(i)− ek(i)P̂kdi,

=
∫ e(i)

Ek
∂eek(i)

(
ê − ∑

l
sl P̂l

)
di + ∑

l
Sk,l P̂l ,

where Sk,l =
∫

ρk,l(i)
ek(i)
Ek

di is the aggregate compensated price elasticity of sector k with respect to Pl .

Labour Market Clearing
Let us re-introduce time subscripts. Recall that:

n̂t(i) = ψ

{
Ŵt − ∑

k
∂eek(i)P̂k,t

}
− ψ

σ

(
êt (i)− ∑

l
sl (i) P̂l,t

)
.

Aggregating over all households we obtain:

N̂t = ψ

(
Ŵt − ∑

k

∫ Wn(i)
WN

∂eek(i)diP̂k,t

)
− ψ

σ

∫ Wn(i)
WN

(
êt (i)− ∑

l
sl (i) P̂l,t

)
di.
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So labor market clearing becomes:

ψ

(
Ŵt − ∑

k

∫ Wn(i)
WN

∂eek(i)diP̂k,t

)
− ψ

σ

∫ Wn(i)
WN

(
êt (i)− ∑

l
sl (i) P̂l,t

)
di = ∑

k

(
s̄k
(
Êk,t − P̂k,t

)
− PkYk

E
Âk,t

)

= ∑
k

s̄k

(∫ e(i)
Ek

∂eek(i)

(
êt(i)− ∑

l
sl(i)P̂l,t

)
di + ∑

l
Sk,l P̂l,t

)
− ∑

k

PkYk
E

Âk,t,

⇔

ψŴt − ψ ∑
k

∫ Wn(i)
WN

∂eek(i)diP̂k,t + ∑
k

PkYk
E

Âk,t =

(∫ e(i)
E

(
∑
k

∂eek(i) +
ψWn(i)

σe(i)

)(
êt(i)− ∑

l
sl(i)P̂l,t

)
di + ∑

l

(
∑
k

s̄kSk,l

)
P̂l,t

)
,

=
∫ e(i)

E

(
1 +

ψWn(i)
e(i)σ

)(
êt(i)− ∑

l
sl(i)P̂l,t

)
di,

where we have used the fact that ∑k ekρk,l(i) = 0 for all l,i so ∑k s̄kSk,l = 0. Finally, recall the definitions:

Ãt ≡ (Id − Ω)−1Ât,

Ŷt ≡
σ

σ + ψ

(
ψŴt − ψ ∑

k
∂eek P̂k,t + ∑

k
s̄k Ãk,t

)
,

where the last line uses the fact that [E1, ..., Ek] (Id − Ω)−1 = [P1Y1, ..., PkYk].So we have:

Ŷt =
σ

σ + ψ

∫ e(i)
E

(
1 +

ψWn(i)
e(i)σ

)(
êt(i)− ∑

l
sl(i)P̂l,t

)
di +

σψ

σ + ψ ∑
k

∫ wn(i)− e(i)
E

∂eek(i)diP̂k,t.

Defining the natural level of aggregate demand as the level that prevails in the absence of markups distortions we obtain our
formula for the output gap:

Ŷ∗t ≡
σ

σ + ψ

((
∑
k

ψ∂eek + s̄k

)
Ãk,t

)
,

Ỹt =
σψ

σ + ψ

(
Ŵt − ∑

k
∂eek

(
P̂k,t + Ãk,t

))
.

see the optimal policy section for a justification of the efficiency of Ŷ∗t. Note that in the absence of markup distortions it holds
that P̂k,t = Ŵt − Ãk,t. We will show later, that the output gap shows up in the social welfare function.

Production Efficiency (Detour)

In this section we briefly show that our set of steady state subsidies ((1 + µk) (1 − τk) = 1) renders production efficient in the
steady state. Production is efficient if the steady state consumption bundle {C1, ..., CK}is produced at minimum labor cost.

L̂ = ∑
k

sN
k

(
Ŷk + ∂ln(W)ln (Nk) Ŵ + ∑

l
∂ln(Pl)

ln (Nk) P̂l

)
,

(
Id −D [PY]−1 ΩTD [PY]

)
Ŷ =

{
∑
k

W∂Yh
j,k

Yj∂W

}
j

Ŵ +

{
∑
k

Pl∂Yh
j,k

Yj∂Pl

}
j,l

P̂l .

Therefore:

∑
k

sN
k ∂ln(W)ln (Nk) + sN(Id −D [PY]−1 ΩTD [PY])−1

{
∑
k

W∂Yh
j,k

Yj∂W

}
j

= 0,

∑
k

sN
k ∂ln(Pl)

ln (Nk) + sN(Id −D [PY]−1 ΩTD [PY])−1

{
∑
k

Pl∂Yh
j,k

Yj∂Pl

}
j

= 0,

So sN(Id −D [PY]−1 ΩTD [PY])−1 = [PjYj/WN], which gives WNk = PkYk − ∑ PlỸl,k, or (1 + µk) (1 − τk) = 1 for all k.
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Sectoral NKPC
Recall that

πk,t = λk

{
sC

k

∫
γe,k(i)

dek,t (i)− ek(i)P̂k,t

Ek
di + m̂ck,t

}
+ β̃Etπk,t+1,

m̂ck,t =

(
ΩN,kŴt + ∑

l
Ωk,l P̂l,t

)
− Âk,t − P̂k,t,

Ỹt =
σψ

σ + ψ

(
Ŵt − ∑

k
∂eek

(
P̂k,t + Ãk,t

))
,

dek,t (i)− ek (i) P̂k,t = ∂eek (i)

(
det (i)− ∑

l
el (i) P̂l,t

)
+ ek (i)∑

l
ρk,l(i)P̂l,t.

Combining these equations, we obtain:

πk,t = λk

{
sC

k M̃k,t + ΩN,k

(
1
σ
+

1
ψ

)
Ỹt + ΩN,k ∑

l
∂eel

(
P̂l,t + Ãl,t

)
+ ∑

l
Ωk,l P̂l,t − Âk,t − P̂k,t

}
+ β̃Etπk,t+1,

= λk

{
sC

k M̃k,t + ΩN,k

(
1
σ
+

1
ψ

)
Ỹt + ΩN,k ∑

l
∂eel

(
P̂l,t + Ãl,t −

(
P̂k,t + Ãk,t

))
+ ∑

l
Ωk,l

(
P̂l,t + Ãl,t −

(
P̂k,t + Ãk,t

))}
+ β̃Etπk,t+1,

with
M̃k,t = MP

k,t +ME
k,t,

MP
k,t = ∑

l

∫
γe,k(i)

ek(i)
Ek

ρk,l(i)diP̂l,t,

ME
k,t =

∫
γe,k(i)∂eek

e (i)
Ek

(
ê(i)− ∑

l
sl(i)P̂l,t

)
di

Finally, defining

κk ≡ λk

(
1
σ
+

1
ψ

)(
1 +

σψ

σ + ψ
Γk

)
,

Γk ≡
R

R − 1
σ + ψ

σ

∫
γb,k(i)

Wn(i)
WN

di,

MD
k,t ≡ ME

k,t −
1 + ψ̄

σ̄

1 − 1
R

∫
γb,k(i)

Wn (i)
WN

diŶt,

Mk,t ≡ MP
k,t +MD

k,t +
1 + ψ̄

σ̄

1 − 1
R

∫
γb,k(i)

Wn (i)
WN

diŶ∗
t ,

NHt ≡
K

∑
l=1

(∂eel − s̄l)(P̂l,t + Ãl,t),

Pk,t ≡ (P̂k,t −
K

∑
l=1

s̄l P̂l,t) + (Ãk,t −
K

∑
l=1

Ãl,t),

Ik,t ≡
K

∑
l=1

Ωk,l (Pl,t −Pk,t) ,

and noting that ΩN,k ∑K
l=1 ∂eel + ∑K

l=1 Ωk,l = 1, gives the formula in the model equation appendix. To obtain the equations of the
main text without the Input-Output structure, we simply set ΩN,k = 1, sC

k = 1 and Ik,t = 0, and obtain:

πk,t = κkỸt + λk (NHt +Mk,t −Pk,t) + βEtπk,t+1.

Evolution of arbitrary demand indices
In this section, we derive the dynamic equations characterizing the evolution of averages of individual households expenditures
for arbitrary weights, taking into account the death/birth process. These equations can be used to compute the full distribution
of consumption expenditures. In the next two subsection, we also use these equations to derive the dynamic equation for the
output gap and for the endogenous markup wedge.

Denote by Ct (ω) =
∫

ω(i)
(
êt (i)− ∑l sl (i) P̂l,t

)
di an arbitrary demand index with weight ω. Moreover, denote by Cu

t+1 (ω) =∫
(1 − φ (i))ω(i)

(
êt (i)− ∑l sl (i) P̂l,t

)
di the contribution of unconstrained (=non-HtM) households to the demand index. We

have:
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EtCu
t+1 (ω) = (1 − δ)Cu

t (ω) + (1 − δ) σ
∫

(1 − φ (i))ω(i)

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
di + δC̃u,0

t+1 (ω)

Here, we use the individual Euler equation, as derived above:(
êt − ∑

l
sl P̂l,t

)
= Et

(
êt+1 − ∑

l
sl P̂l,t+1

)
− σEt

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
for households “born” before t + 1. C̃u,0

t+1 (ω) is the consumption of the households born at t + 1. Note that the lifetime budget
constraint of the households born at t with wealth b(i)

(
1 + ∑l s̄l P̂l,t

)
is

−b(i)∑
l

s̄l P̂l,t = Et

∞

∑
s=0

1
Rs

(
b(i)
R

R̂t+s + Wn(i)
(
Ŵt+s − n̂t+s

)
+ dDivt+s(i)− e(i)∑

k
sk(i)P̂k,t+s

)
− e(i)

∞

∑
s=0

1
Rs

(
êt+s − ∑

k
sk(i)P̂k,t+s

)
Using labor supply decisions and dDivt(i) =

Wn(i)
WN ∑k Ek

(
P̂k + Ãk,t − Ŵ

)
we obtain:

− b(i)∑
l

s̄l P̂l,t +

(
e(i) +

ψ

σ
Wn(i)

) ∞

∑
s=0

1
Rs

(
êt+s − ∑

k
sk(i)P̂k,t+s

)
=

Et

∞

∑
s=0

1
Rs

(
b(i)
R

R̂t+s +

(
1 +

ψ

σ

)
Wn(i)Ŷt+s − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t+s −

(
1 − 1

R

)
b(i)∑

l
s̄l P̂l,t+s

)

⇔(
e(i) +

ψ

σ
Wn(i)

)
∑

1
Rs

(
êt+s − ∑

k
sk(i)P̂k,t+s

)
=

Et

∞

∑
s=0

1
Rs

(
b(i)
R
(

R̂t+s − πcpi,t+s+1
)
+ (1 +

ψ

σ
)Wn(i)Ŷt+s − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t+s

)
.

Using the Euler equation, êt+u − ∑k sk(i)P̂k,t+u = êt − ∑k sk(i)P̂k,t + σEt ∑u−1
s=0

(
R̂t+s − ∑k ∂eek(i)πk,t+s+1

)
so we obtain:

êt − ∑
k

sk(i)P̂k,t =

1 − 1
R

e(i) + ψ
σ Wn(i)

Et

∞

∑
s=0

1
Rs

(
b(i)
R
(

R̂t+s − πcpi,t+s+1
)
+ (1 +

ψ

σ
)Wn(i)Ŷt+s − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t+s

)

− σEt

∞

∑
s=0

1
Rs+1

(
R̂t+s − ∑

k
∂eek(i)πk,t+s+1

)
.

Averaging across households with the arbitrary weights ω, we have:

C̃u,0
t (ω)− 1

R
EtNC̃u,0

t+1 (ω) = −σ
1
R

Et

∫
(1 − φ (i))ω(i)

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
di+

∫ (1 − φ (i))ω(i)
(

1 − 1
R

)
e(i) + ψ

σ Wn(i)

(
b(i)
R
(

R̂t − πcpi,t+1
)
+ (1 +

ψ

σ
)Wn(i)Ŷt+s − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

)
di.

Defining Cu,0
t (ω) ≡ C̃u,0

t (ω)− Cu
t (ω), we have:

EtCu
t+1 (ω) = Cu

t (ω) + σEt

∫
(1 − φ (i))ω(i)

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
di +

δ

1 − δ
Cu,0

t+1 (ω) ,
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Cu,0
t (ω)− 1

R
EtCu,0

t+1 (ω) + Ct (ω)− 1
R

EtCu
t+1 (ω) =

Et

∫ (1 − φ (i))ω(i)
(

1 − 1
R

)
e(i) + ψ

σ Wn(i)

(
b(i)
R
(

R̂t − πcpi,t+1
)
+

(
1 +

ψ

σ

)
Wn(i)Ŷt − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

)
di

− σ
1
R

Et

∫
(1 − φ (i))ω(i)

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
di,

Cu,0
t (ω)− 1

R (1 − δ)
EtCu,0

t+1 (ω) +

(
1 − 1

R

)
Cu

t (ω) =

Et

∫ (1 − φ (i))ω(i)
(

1 − 1
R

)
e(i) + ψ

σ Wn(i)

(
b(i)
R
(

R̂t − πcpi,t+1
)
+

(
1 +

ψ

σ

)
Wn(i)Ŷt − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

)
di.

Now we consider the contribution of the HtMs, we have:

EtCHtM
t+1 (ω) = (1 − δ)CHtM

t (ω) + δC̃HtM,0
t+1 (ω)

+ (1 − δ)Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
∆R̂t+1

b
R
+

(
1 +

ψ

σ

)
Wn(i)∆Ŷt+1 − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
πk,t+1

}
di

− (1 − δ)Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{(
1 − 1

R

)
b(i)πcpi,t+1

}
di,

C̃HtM,0
t (ω)− 1

R
EtC̃HtM,0

t+1 (ω) =

− 1
R

Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
∆R̂t+1

b
R
+ (1 +

ψ

σ
)Wn(i)∆Ŷt+1 − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
πk,t+1

}
di

− 1
R

Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
−
(

1 − 1
R

)
b(i)πcpi,t+1

}
di

+

(
1 − 1

R

)
Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
R̂t

b
R
+ (1 +

ψ

σ
)Wn(i)Ŷt − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

}
di

+

(
1 − 1

R

)
Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
−
(

1 − 1
R

)
b(i)P̂cpi,t

}
d

+ Et

∫
φ (i)ω(i)

(
e(i) +

ψ

σ
Wn(i)

)−1 (
1 − 1

R

)
b(i)di

(
P̂cpi,t −

1
R

P̂cpi,t+1

)
Defining CHtM,0

t (ω) ≡ C̃HtM,0
t (ω)− CHtM

t (ω), we have:

EtCHtM
t+1 (ω) = CHtM

t (ω) +
δ

1 − δ
EtC̃HtM,0

t+1 (ω) + Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
−(1 − 1

R
)b(i)πcpi,t+1

}
di

Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
∆R̂t+1

b
R
+ (1 +

ψ

σ
)Wn(i)∆Ŷt+1 − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
πk,t+1

}
di,

C̃HtM,0
t (ω)− 1

R (1 − δ)
EtC̃HtM,0

t+1 (ω) +

(
1 − 1

R

)
CHtM

t (ω) =(
1 − 1

R

)
Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

{
b
R
(

R̂t − πcpi,t+1
)
+ (1 +

ψ

σ
)Wn(i)Ŷt − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

}
di.

Putting everything together, we obtain:
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EtCt+1 (ω) = Ct (ω) + σEt

∫
(1 − φ (i))ω(i)

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
di +

δ

1 − δ
EtC0

t+1 (ω) +

Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

(
∆R̂t+1

b
R
+ (1 +

σ

ψ
)Wn(i)∆Ŷt+1 − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
πk,t+1

)
di

− Et

∫
φ (i)ω(i)

e(i) + ψ
σ Wn(i)

(
(1 − 1

R
)b(i)πcpi,t+1

)
di,

C0
t (ω)− 1

R (1 − δ)
EtC0

t+1 (ω) +

(
1 − 1

R

)
Ct (ω)

=
∫

ω(i)(1 − 1
R )

e(i) + ψ
σ Wn(i)

(
b(i)
R
(

R̂t − πcpi,t+1
)
+

(
1 +

ψ

σ

)
Wn(i)Ŷt − ∑

k

(
e(i) (sk(i)− s̄k) + ψWn(i)

(
∂eek(i)− ∂eek

))
P̂k,t

)
di

with

C0
0 (ω) = (1 − δ)

∫
ω(i)(1 − 1

R )(
e(i) + ψ

σ Wn(i)
) b(i)diPcpi,0.

Euler Equation for the output gap. We now derive the evolution of the output gap. Recall the definition Ỹt = Ŷt − Ŷ∗t,

with Ŷt =
σ

σ+ψ

(
ψŴt − ψ ∑k ∂eek P̂k,t + ∑k s̄k Ãk,t

)
. Using the labor market condition, Ŷt can be expressed in terms of a demand

index Ct (ω), with ω(i) = e(i)
E + ψ

σ
Wn(i)
WN : Ŷt = σ

σ+ψ Ct

(
e
E + ψ

σ
Wn
WN

)
− σψ

σ+ψ ∑k
∫ ( e(i)

E − Wn(i)
WN

)
∂eek(i)diP̂k,t. Therefore, applying

the formulas derived above, we have:

EtŶt+1 − Ŷt = σ
∫

(1 − φ (i))
σ

e(i)
E + ψ

Wn(i)
WN

σ + ψ

(
R̂t − ∑

k
∂eek(i)πk,t+1

)
di

− σψ

σ + ψ ∑
k

∫ ( e(i)
E

− Wn(i)
WN

)
∂eek(i)diπk,t+1 +

δ

1 − δ
Ŷ0

t+1+

σ

σ + ψ
Et

∫
φ (i)

{
∆R̂t+1

b
RE

+ (1 +
ψ

σ
)

Wn(i)
WN

∆Ŷt+1

}
di

− σ

σ + ψ
Et

∫
φ (i)

{
∑
k

(
e(i)
E

(sk(i)− s̄k) + ψ
Wn(i)
WN

(∂eek(i)− ∂eek)

)
πk,t+1 +

(
1 − 1

R

)
b(i)

E
πcpi,t+1

}
di,

Ŷ0
t − 1

R (1 − δ)
EtŶ0

t+1 +

(
1 − 1

R

)
Ŷt +

σψ

σ + ψ ∑
k

∫ ( e(i)
E

− Wn(i)
WN

)
∂eek(i)diP̂k,t =

σ

σ + ψ

(
1 − 1

R

) ∫ ( b(i)
RE

(
R̂t − πcpi,t+1

)
+

(
1 +

ψ

σ

)
Wn(i)
WN

Ŷt − ∑
k

(
e(i)
E

(sk(i)− s̄k) + ψ
Wn(i)
WN

(
∂eek(i)− ∂eek

))
P̂k,t

)
di.

Using ∫ b(i)
RE

di =
∫

∑
k

e(i)
E

(sk(i)− s̄k) di = 0

we obtain:

Ŷ0
t − 1

R (1 − δ)
EtŶ0

t+1 +

(
1 − 1

R

)
Ŷt +

σψ

σ + ψ ∑
k

∫ ( e(i)
E

− Wn(i)
WN

)
∂eek(i)diP̂k,t =

σ

σ + ψ

(
1 − 1

R

) ∫ ((
1 +

ψ

σ

)
Wn(i)
WN

Ŷt − ∑
k

ψ
Wn(i)
WN

(
∂eek(i)− ∂eek

)
P̂k,t

)
di,

Ŷ0
t − 1

R (1 − δ)
EtŶ0

t+1 = 0.
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Using Ŷ0
0 = 0 and 1

R(1−δ)
> 1, we have Ŷ0

t = 0 for all t. Defining φE ≡
∫

φ(i) e(i)
E di, φN ≡

∫
φ(i)Wn(i)

WN di, we obtain:

(
1 − φN

) (
EtŶt+1 − Ŷt

)
=
(

1 − φN
)

σEt

(
R̂t − ∑

k
∂eekπk,t+1

)

+ Et

∫
σφ (i)
σ + ψ

{
b(i)
RE

(
∆R̂t+1 − σ (R − 1) R̂t

)
− e(i)

E ∑
k

(
(sk(i)− s̄k)− σ(∂eek(i)− ∂eek)

)
πk,t+1

}
di

− Et

∫
σφ (i)
σ + ψ

{
−
(

1 − 1
R

)
b(i)

E
(
πcpi,t+1 − σπmcpi,t+1

)}
di

By definition, we have r∗t = 1
σ

(
EtŶ∗

t+1 − Ŷ∗
t
)

so r∗t ≡ Et
1

σ+ψ

((
∑k ψ∂eek + s̄k

) (
Ãk,t+1 − Ãk,t

))
. The evolution of the output

gap Ỹt = Ŷt − Ŷ∗
t is given by:

(
1 − φN

) (
EtỸt+1 − Ỹt

)
=
(

1 − φN
)

σEt

(
R̂t − ∑

k
∂eekπk,t+1 − r∗t

)
+

Et

∫
σφ (i)
σ + ψ

{
b(i)
RE

(
∆R̂t+1 − σ (R − 1) R̂t

)
− e(i)

E ∑
k

(
(sk(i)− s̄k)− σ(∂eek(i)− ∂eek)

)
πk,t+1

}
di

− Et

∫
σφ (i)
σ + ψ

{(
1 − 1

R

)
b(i)

E
(
πcpi,t+1 − σπmcpi,t+1

)}
di,

which gives the equation of the main text.

Euler Equation for MD
k,t. Using ω(i) = γe,k(i)∂eek(i)

e(i)
Ek

, we obtain:

EtME
k,t+1 −ME

k,t = ∑
l

σME,u
k,l

(
R̂t − πl,t+1

)
+

δ

1 − δ
M0

k,t+1

∫ φ(j)
γe,k (i) ∂eek (i)(

1 + Wn(i)ψ
e(i)σ

) b (i)
REk

 di∆R̂t+1 +

(
1 +

ψ̄

σ̄

) ∫ φ (i)
γe,k (i) ∂eek (i)(

1 + Wn(i)ψ
e(i)σ

) Wn (i)
Ek

 di∆Ŷt+1

+ ∑
l

∫ φ(i)
γe,k (i) ∂eek (i)(

1 + Wn(i)ψ
e(i)σ

) (− (R − 1) b(i)
REk

s̄l −
e (i)
Ek

(sl(i)− s̄l) +
Wn (i)

Ek
ψ
(

∂eel − ∂eel(i)
)) diπl,t+1

M0
k,t −

1
(1 − δ) R

EtM0
k,t+1 =

∫
γb,k(i)

b(i)
RE

di

(
R̂t − ∑

l
s̄lπl,t+1

)

+ ∑
l

∫
γb,k(i)

(
e(i)
E

(s̄l − sl(i)) +
wn(i)
WL

(
ψ̄∂eel − ψ(i)∂eel(i)

))
diP̂l,t

+

(
1 +

ψ̄

σ̄

) ∫
γb,k(i)

Wn (i)
WN

diŶt −
R − 1

R
ME

k,t

with

σME,u
k,l =

∫
γe,k(j)

(1 − φ(i)) e(i)
Ek

∂eek(i)∂eel(i)di

Note that MD
k,t = ME

k,t −
1+ ψ̄

σ̄

1− 1
R

∫
γb,k(i)

Wn(i)
WN diŶt, so using the equation for the output gap, we have:

EtMD
k,t+1 −MD

k,t = ∑
l

σM,u
k,l

(
R̂t − πl,t+1

)
+

δ

1 − δ
EtM0

k,t+1

+
R

R − 1

∫ (
γu

b,k(i)
(

φ(i)
b(i)
RE

− (1 − φ(i))Wn(i)
(1 − φL)WN

∫ (
φ(i)

b(i)
RE

)
di
))

diEt∆R̂t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{
(1 − 1

R
)

(
φ(i)

b(i)
E

− (1 − φ(i))Wn(i)
(1 − φL)WN

∫ (
φ(i)

b(i)
E

)
di
)

s̄l

}
diEtπl,t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{(

φ(i)
e(i)
E

(sl(i)− s̄l)−
(1 − φ(i))Wn(i)
(1 − φL)WN

∫
φ(i)

e(i)
E

(sl(i)− s̄l) di
)}

diEtπl,t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{

Wn(i)
WN

ψ

(
φ(i)

(
∂eel(i)− ∂eel

)
− 1 − φ(i)

1 − φE

∫
φ(i)

e(i)
E

(
∂eel(i)− ∂eel

)
di
)}

diEtπl,t+1,
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M0
k,t −

1
(1 − δ) R

EtM0
k,t+1 =

∫
γu

b,k(i)
b(i)
RE

di

(
R̂t − ∑

l
s̄lEtπl,t+1

)

− ∑
l

∫
γu

b,k(i)
(

e(i)
E

(sl(i)− s̄l) + ψ
Wn(i)
WN

(
∂eel(i)− ∂eel

))
diP̂l,t −

R − 1
R

MD
k,t

with

σM,u
k,l = σ

∫
γe,k(i)

(1 − φ(i)) e(i)
Ek

∂eek(i)∂eel(i)di − ∂eel
u R

R − 1

∫
(1 − φ(i))Wn
(1 − φL)WN

γu
b,k(i)di

(
σ
(

1 − φE
)
+ ψ

(
1 − φL

))
.
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B Model equations
Below we present the equations of the full linearized model with an interest rate rule. Derivations are provided in the
previous appendix.

Coefficients - households Individual coefficients:

sk(i) =
ek(i)
e(i)

∂eek(i) =
∂ek(i)
∂e(i)

(NHCES)
= sk(i)

(
η + (1 − η)

ζk

ζ̄(i)

)
where ζ̄(i) = ∑

l
sl(i)ζl

ρk,l(i) = ∂Pl ek(i)/Pk + el(i)/Pl∂eek(i)/Pk
(NHCES)
= (sl(i)− 1 · I[k = l]) µ

ϵk(i) = −∂ck(i, j)
∂pk(j)

pk(j)
ck(i, j)

(HARA)

= ak +
bk

ck(i)

ϵs
k(i) =

∂ϵk(i)
∂pk(j)

pk(j)
ϵk(i)

(HARA)

=
bk

ck(i)

γe,k(i) =

(
1 − ϵk(i)

ϵk

(
1 +

∂ϵk(i)
∂ek(i)

ek(i)
ϵk(i)

))
/ (ϵk − 1)

(HARA)

=

(
1 − ak

ϵ̄k

)
1

ϵ̄k − 1

MPC(i)u =
R − 1

R
/
(

1 +
Wn(i)ψ

e(i)σ

)
MPC(i)HtM = 1/

(
1 +

Wn(i)ψ
e(i)σ

)
MPC(i) = φ(i)MPC(i)HtM + (1 − φ(i))MPC(i)u

γu
b,k(i) = MPC(i)uγe,k(i)∂eek(i)/s̄k

γHtM
b,k (i) = MPC(i)HtMγe,k(i)∂eek(i)/s̄k

γb,k(i) = φ(i)γhtm
b,k (i) + (1 − φ(i))γu

b,k(i)

where the second equality sign imposes the assumed preferences in the calibration.
Aggregate coefficients:

s̄k =
Ek

E
=

∫
ek(i)di∫
e(i)di

s̄u
k =

∫
(1 − φ(i)) e(i)
(1 − φE) E

el(i)
e(i)

di

∂eel =
∫ e(i)

E
∂eek(i)di

∂eel
u

=
∫

(1 − φ(i)) e(i)
(1 − φE) E

∂eel(i)di

ϵk =
∫ ek(i)

Ek
ϵk(i)di (HARA)

= ak +
bk

Ck

ϵs
k =

(
−
∫

(ϵk(i)− ϵk)
2 ek(i)

Ek
di +

∫
ϵk(i)ϵs

k(i)
ek(i)
Ek

di
)

/ϵk
(HARA)

=
bk

Ck

sC
k =

Ek

PkYk

Sk,l =
∫ ek(i)

Ek
γe,k(i)ρk,l(i)di

59



φE =

∫
e(i)φ(i)di

E

φN =

∫
Wn(i)φ(i)di

WN

σM,u
k,l = σ

∫
γe,k(i)

(1 − φ(i)) e(i)
Ek

∂eek(i)∂eel(i)di − ∂eel
u R

R − 1

∫
(1 − φ(i))Wn(i)
(1 − φN)WN

γu
b,k(i)di

(
σ
(

1 − φE
)
+ ψ

(
1 − φL

))
R =

1
β(1 − δ)

Coefficients - firms

ΩN,k =
WNk

PkYk

Ωk,l =
PlYl,k

PkYk

Ω̃ = (Id − Ω)−1

ϵIk = ϵs
k

where Id is the identity matrix.

Coefficients - equations NKPC:

λk =
(1 − θk)(1 − βθk)

θk

ϵk − 1
ϵk − 1 + sC

k ϵs
k +

(
1 − sC

k

)
ϵIk

κk = λk

(
1
σ
+

1
ψ

)(
ΩN,k + sC

k
σψ

σ + ψ
Γk

)
Γk =

R
R − 1

σ + ψ

σ

∫
γu

b,k(i)
Wn(i)
WN

di

Other:

dhtm_Rk =
R

R − 1

∫ (
γu

b,k(i)
(

φ(i)
b(i)
RE

− (1 − φ(i))Wn(i)
(1 − φN)WN

∫ (
φ(i)

b(i)
RE

)
di
))

di

dhtm_πk,l = − R
R − 1

∫
γu

b,k(i)
(

1 − 1
R

)(
φ(i)

b(i)
E

− (1 − φ(i))Wn(i)
(1 − φN)WN

∫ (
φ(i)

b(i)
E

)
di
)

s̄ldi

− R
R − 1

∫
γu

b,k(i)
(

φ(i)
e(i)
E

(sl(i)− s̄l)−
(1 − φ(i))Wn(i)
(1 − φN)WN

∫
φ(i)

e(i)
E

(sl(i)− s̄l) di
)

di

− R
R − 1

∫
γu

b,k(i)
Wn(i)
WN

ψ

(
φ(i)

(
∂eel(i)− ∂eel

)
− 1 − φ(i)

1 − φE

∫
φ(i)

e(i)
E

(
∂eel(i)− ∂eel

)
di
)

di

m0_rk =
∫

γu
b,k(i)

b(i)
RE

di

m0_Pk,l = −
∫

γu
b,k(i)

(
e(i)
E

(sl(i)− s̄l) + ψ
Wn(i)
WN

(
∂eel(i)− ∂eel

))
di

ygap_htm_πl = −
(

σ
(

∂eel
u − ∂eel

) (
1 − φE

)
− (su

l − s̄l)
(

1 − φE
)
−
(

φE − φN
) (

σ∂eel − s̄l

))
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Sectoral equations. For every sector k = 1, ..., K we have:

πk,t = P̂k,t − P̂k,t−1

πk,t = κkỸt + λk

(
ΩN,kNHt + sC

k Mk,t − ΩN,kPk,t + Ik,t

)
+ β(1 − δ)Etπk,t+1

Mk,t = ΓkŶ∗
t +MP

k,t +MD
k,t

MP
k,t = ∑

l
Sk,l

(
P̂l,t − P̂k,t

)
EtMD

k,t+1 −MD
k,t = σM,u

k R̂t − ∑
l

σM,u
k,l πl,t+1 +

δ

1 − δ
EtM0

k,t+1 + dhtm_Rk
(
EtR̂t+1 − R̂t

)
+∑

l
dhtm_πk,lEtπl,t+1

M0
k,t−1 −

1
(1 − δ) R

EtM0
k,t = m0_rk

(
R̂t−1 − Etπcpi,t

)
+ ∑

l
m0_Pk,l P̂l,t−1 −

R − 1
R

MD
k,t−1

Pk,t =
(

P̂k,t − P̂cpi,t
)
−
(

P̂∗
k,t − P̂∗

cpi,t

)
Ik,t = ∑

l
Ωk,l (Pl,t −Pk,t)

P̂∗
k,t = −Ãk,t

Âk,t = ρÂk,t−1 + εk,t

Ãk,t = ∑
l

Ω̃k,l Âl,t

Aggregate equations

Ỹt = EtỸt+1 − σEt
(

R̂t − πmcpi,t+1 − r̂∗t
)

− 1
1 − φN

σ

σ + ψ

(
φE − φN

R − 1
(
EtR̂t+1 − (1 + σ (R − 1)) R̂t

)
+ ∑

l
ygap_htm_πl · πl,t+1

)

r̂∗t =
1

σ + ψ ∑
l

(
ψ∂eel + s̄l

) (
Et Ãl,t+1 − Ãl,t

)
Ŷ∗

t =
1

1 + ψ
σ

∑
l

(
ψ∂eel + s̄l

)
Ãl,t

NHt = ∑
l

(
∂eel − s̄l

) (
P̂l,t − P̂∗

l,t
)

Pcpi,t = ∑
l

s̄l P̂l,t

P∗
cpi,t = ∑

l
s̄l P̂∗

l,t

πcpi,t = ∑
l

s̄lπl,t

πmcpi,t = ∑
l

∂eelπl,t

R̂t = ϕπcpi,t + uR
t

uR
t = ρRuR

t−1 + εR
t

Equations for demand indices. Coefficients:
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f racuω =
∫

(1 − φ(i))ω(i)di

msuω,l =
∫

(1 − φ(i))ω(i)∂eel(i)di

chtm_Rω =
∫ (

φ(i)
ω(i)

e(i) + Wn(i)ψ
σ

b(i)
R

)
di

chtm_Yω =

(
1 +

ψ

σ

) ∫ (
φ(i)

ω(i)
e(i) + Wn(i)ψ

σ

Wn(i)

)
di

chtm_πω,l =
∫ (

φ(i)
ω(i)

e(i) + Wn(i)ψ
σ

(
(R − 1) b(i)

R
s̄l + e(i) (sl(i)− s̄l) + Wn(i)ψ

(
∂eel(i)− ∂eel

)))
di

c0_rω =
R − 1

R

∫
ω(i)

e(i) + Wn(i)ψ
σ

b(i)
R

di

c0_Pω,l = −R − 1
R

∫
ω(i)

e(i) + Wn(i)ψ
σ

(
e(i) (sl(i)− s̄l) + ψWn(i)

(
∂eel(i)− ∂eel

))
di

c0_Yω =
R − 1

R

(
1 +

ψ

σ

) ∫
ω(i)

e(i) + Wn(i)ψ
σ

Wn(i)di

Equations:

EtĈt+1 (ω)− Ĉt (ω) = σ

(
f racuω R̂t − ∑

l
msuω,lπl,t+1

)
+

δ

1 − δ
EtĈ0

t+1 (ω)

+chtm_Rω

(
EtR̂t+1 − R̂t

)
+ chtm_Yω

(
EtŶt+1 − Ŷt

)
− ∑

l
chtm_πω,lEtπl,t+1

Ĉ0
t−1 (ω)− 1

(1 − δ) R
EtĈ0

t (ω) = c0_rω

(
R̂t−1 − Etπcpi,t

)
+ ∑

l
c0_Pω,l P̂l,t−1 + c0_YωŶt−1 −

R − 1
R

Ĉt−1 (ω)
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C Proofs Analytical results Section 3
Result 1

Denote P̃k,t = P̂k,t − ∑l
λ
λl

∂eel P̂l,t and π̃k,t = πk,t − ∑l
λ
λl

∂eelπl,t the sector price and inflation relative to the ‘Divine

Coincidence index’ P̂d,t = ∑l
λ
λl

∂eel P̂l,t with 1
λ = ∑l

∂eel
λl

, define similarly P̃∗
k,t. Under (A.1), we can aggregate the

sectoral NKPCs with the divine coincidence weights to obtain:
πd,t = κỸt + λ ∑

k
∂eekMk,t + β (1 − δ)Etπd,t+1,

π̃k,t =

(
λk
(

P̃∗
k,t − P̃k,t

)
− λk ∑

l
∂eel

(
P̃∗

l,t − P̃l,t
)
+ λkMk,t − λ ∑

l
∂eelMl,t

)
+ β (1 − δ)Etπ̃k,t+1.

P̃k,t = π̃k,t + P̃k,t−1.

Next, assume
∫

γb,k(i)b(i)di = 0 for all k, which is a weaker version of assumption (A.2). Recall that:

MD
k,t = EtMD

k,t+1 − ∑
l

σM
k,l (R̂t − Etπl,t+1)−

δ

1 − δ
EtM0

k,t+1,

M0
k,t =

1
(1 − δ) R

EtM0
k,t+1 +

∫
γb,k(i)

b(i)
RE

di
(

R̂t − πcpi,t+1
)

− ∑
l

∫
γb,k(i)

(
e(i)
E

(sl(i)− s̄l) +
ψWn(i)

WN

(
∂eel(i)− ∂eel

))
diP̂l,t −

R − 1
R

MD
k,t,

σM
k,l = σ

∫
γe,k(i)

e(i)
Ek

∂eek(i)∂eel(i)di − σ∂eel
R

R − 1
σ + ψ

σ

∫
γb,k(i)

Wn(i)
WN

di.

Given
∫

γb,k(i)b(i)di = 0, we can write:

(σ + ψ)
∫

γb,k(i)
Wn(i)
WN

di =
∫

γb,k(i)
(

ψ
Wn(i)
WN

+ σ

(
Wn(i)
WN

+

(
1 − 1

R

)
b(i)

E

))
di,

=
∫

γb,k(i)
(

ψ
Wn(i)
WN

+ σ
e(i)
E

)
di,

=
∫ (

1 − 1
R

)
γe,k(i)∂eek(i)

1 + Wn(i)ψ
e(i)σ

E
Ek

(
ψ

Wn(i)
WN

+ σ
e(i)
E

)
di,

= σ

(
1 − 1

R

) ∫
γe,k(i)∂eek(i)

e(i)
Ek

di,

and therefore:

σM
k,l = σ

∫
γe,k(i)

e(i)
Ek

∂eek(i)
(

∂eel(i)− ∂eel

)
di,

∑
l

σM
k,l = 0,

and

MD
k,t = EtMD

k,t+1 + ∑
l

σM
k,l Etπ̃l,t+1 −

δ

1 − δ
EtM0

k,t+1,

M0
k,t =

1
(1 − δ) R

EtM0
k,t+1 − ∑

l

∫
γb,k(i)

(
e(i)
E

(sl(i)− s̄l) +
ψWn(i)

WN

(
∂eel(i)− ∂eel

))
diP̃l,t −

R − 1
R

MD
k,t.

Recall that we can decompose the endogenous markup wedge Mk,t = ΓkY∗
t +MP

k,t +MD
k,t, and note that the first

component, ΓkY∗
t , is exogenous and hence independent of monetary policy. To show that the other components are

independent of monetary policy too, we proceed as follows. Since ∑l ρk,l(i) = 0, we can write the sectoral substitution
component of the endogenous markup wedge as:

MP
k,t =

K

∑
l=1

∫
γe,k(i)

ek

Ek
ρk,l(i)diP̃l,t.
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Therefore, the relative price equations can be rewritten as:

π̃k,t − β (1 − δ)Etπ̃k,t+1 = − (λk − λ)

(
1
ψ
+

1
σ

)
Ŷ∗

t + λk

(
P̃∗

k,t − ∑
l

∂eel P̃∗
l,t

)
+ ∑ αk,l P̃l,t + ∑

(
λkM̃k,t − λ ∑

l
∂eelM̃l,t

)
,

P̃k,t = π̃k,t + P̃k,t−1,

M̃k,t = EtM̃k,t+1 −
δ

1 − δ
EtM̃0

k,t+1,

M̃0
k,t =

1
(1 − δ) R

EtM̃0
k,t+1 − ∑ βk,l P̃l,t −

(
1 − 1

R

)
M̃D

k,t,

with

αk,l = −λk1k=l + ∂eelλl + λk

∫
γe,k(i)

e
Ek

ρk,l(i)− λ ∑
n

∂een

∫
γe,n(i)

e
En

ρn,l(i)di − λkσM
k,l + λ ∑

n
∂eenσM

n,l ,

βk,l =
∫

γb,k(i)
e(i)
E

(
(sl(i)− s̄l) + σ

(
∂eel(i)− ∂eel

))
di +

(
1 − 1

R

)
σM

k,l .

Since Ŷ∗
t and P̃∗

l,t are exogenous, P̃k,t, π̃k,t,M̃ and M̃0
k,t are pinned down by a system of 4(K − 1) equations which does

not involve R̂t . These variables are therefore independent of monetary policy. From the above equations we observe
that MD

k,t and MP
k,t depend only on π̃k,t and P̃k,t. Therefore, these wedges are independent of monetary policy as well.

Finally, the non-homotheticity and relative price wedge can be written as:

NHt =
K

∑
l=1

(∂eel − s̄l)(P̃l,t − P̃∗
l,t),

Pk,t = (P̃∗
k,t − ∑

l
s̄l P̃∗

l,t)− (P̂∗
k,t − P̂∗

cpi,t).

It now follows that all the wedges are independent of monetary policy.

Additions to Result 1. In Appendix F we present a number of additions to Result 1. Specifically, we derive an
inflation index implementing the Divine Coinvidence. We also extend Result 1 to the case with HtM households and
Input-Output linkages.

Result 2

Note that if Mt = 0, then κk = λk

(
1
σ + 1

ψ

)
, so (A.1) becomes λk = λ for all k. We can now write the NKPC for the

MCPI as :
πmcpi,t = κỸt + β (1 − δ)Etπmcpi,t+1.

And the Euler equations remains:

Ỹt = EtỸt+1 − σEt
(

R̂t − πmcpi,t+1 − r̂∗t
)

.

As in the standard model, implementing
R̂t = r̂∗t + ϕπmcpi,t

therefore stabilizes jointly the output gap and MCPI inflation (when ϕ > 1). Indeed we obtain:

Etπmcpi,t+2 − (1 + R + Rκσ)Etπmcpi,t+1 + (R + Rκσϕ)πmcpi,t = 0.

For ϕ > 1, the roots of the polynomial are strictly larger than 1, so the only non explosive solution is πmcpi,t = 0 which
implies Ỹt = 0, see e.g. Woodford (2003).

Result 3

Denote the gap between MCPI and CPI inflation by π∆,t = ∑
(

∂eel − s̄l

)
πl,t, and analogously define P̂∆,t and Â∆,t.

Recall that if if Mt = 0 then (A.1) becomes λk = λ for all k. We can write the NKPC for π∆,t as:
Rπ∆,t = −λR

(
P̂∆,t + Â∆,t

)
+ π∆,t+1

⇔
P̂∆,t+1 − (1 + R + Rλ) P̂∆,t + RP̂∆,t−1 = λRÂ∆,t

The eigenvalues of the system are:
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µ± =
R + Rλ + 1 ±

√
(R + Rλ − 1)2 + 4Rλ

2
With µ+ > R + Rλ, µ− < 1. We obtain:

P̂∆,t = −λ
t

∑
0

µt−s+1
− ∑

1
µu
+

Â∆,u+s.

Therefore, we have:

NHt = −λ
t

∑
0

µt−s+1
− ∑

1
µu
+

Â∆,u+s + Â∆,t.

Now suppose that we have a negative shock in a necessity (luxury) sector, in that case Â∆,t ≥ 0 (Â∆,t ≤ 0). Assume
in addition that

∣∣Â∆,t
∣∣ ≤ ∣∣Â∆,0

∣∣ (the shock is larger on impact), then we have for a shock in a necessity sector

NH0 ≥
(

1 − λµ− ∑
u≥0

1
µu
+

)
Â∆,0,

≥
(

1 − λµ−µ+

µ+ − 1

)
Â∆,0,

≥
(

1 − λR
R + Rλ − 1

)
Â∆,0 ≥ 0.

Similarly for a shock in a luxury sector, we have:

NH0 ≤
(

1 − λR
R + Rλ − 1

)
Â∆,0 ≤ 0.

Result 3A.0 Analytical formulas for AR(1) shocks

In this section, we assume that shocks vanish at a constant rate ρa and derive analytical formulas for πcpi,t, πmcpi,t and
Ỹt. We show the following:

i. There exists a time tNH ( tNH = 0 if ρa = 0, tNH = ∞if ρa = 1) such that for a negative shock in a necessity
(luxury) sector and t ≤ tNH then NHt ≥ 0 (NHt ≤ 0) and for t > tNH NHt ≤ 0 (NHt ≥ 0)

ii. The gap πcpi,t − πmcpi,t evolves independently of the policy rule. There exists t∗ ( t∗ = 0 if ρa = 0, t∗ = ∞if ρa =
1) such that for a negative shock in a necessity (luxury) sector and t ≤ t∗ then πcpi,t ≥ πmcpi,t (πcpi,t ≤ πmcpi,t)
and for t > t∗ πcpi,t ≤ πmcpi,t (πcpi,t ≥ πmcpi,t)

iii. Under the MCPI rule R̂t = ϕπmcpi,t + r̂∗t (with ϕ > 1), we have πmcpi,t = Ỹt = 0 so for a negative shock in a
necessity (luxury) sector and t ≤ t∗ then πcpi,t ≥ 0 (πcpi,t ≤ 0) and for t > t∗ πcpi,t ≤ 0 (πcpi,t ≥ 0)

iv. Under the CPI rule R̂t = ϕπcpi,t + r̂∗t , There exists a time tY ( tY = 0 if ρa = 0, tY = ∞ if ρa = 1) such that for a
negative shock in a necessity (luxury) sector and t ≤ tY then Ỹt ≤ 0 (Ỹt ≥ 0) and for t > tY .Ỹt ≥ 0 (Ỹt ≤ 0).

v. Under the CPI rule R̂t = ϕπcpi,t + r̂∗t , there exists a level of persistence ρ∗such that for ρa ≤ ρ∗, for negative
shocks in a necessity (luxury) sector πcpi,t ≥ 0 (πcpi,t ≤ 0) for all t. For ρa > ρ∗, There exists tCPI (tCPI = ∞if
ρa = 1) such that for a negative shock in a necessity (luxury) sector and t ≤ tCPI then πcpi,t ≤ 0 (πcpi,t ≥ 0) and
for t > tCPI πcpi,t ≥ 0 (πcpi,t ≤ 0).

vi. Under the alternative rule R̂t = ϕπmcpi,t or R̂t = ϕπcpi,t, the response of the output gap and both inflation
indices at t are simply shifted up proportionally to ρt

ar̂∗0 . Normalizing shocks such that r̂∗0 = −1 (equal impact
of sectoral shocks on efficient output), we have that for t ≤ tY ( t > tY ) and CPI targeting the output gap will
be higher (lower) following a shock in a luxury sector rather than in a necessity sector. In addition, for high
enough persistence the output gap will be negative under CPI targeting following a shock in a necessity sector.

Dynamics of the NH wedge. Rewriting NHt = −λ ∑t
0 µt−s+1

− ∑ 1
µu
+

Â∆,u+s + Â∆,t, with Â∆,t = ρt
a Â∆,0 we have:

NHt =
1

(µ+ − ρa) (µ− − ρa)

(
(R − ρa) (1 − ρa) ρt

a − (R − µ−) (1 − µ−) µt
−
)

Â∆,0
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Define t∗ = ln
(
(R−µ−)(1−µ−)
(R−ρa)(1−ρa)

)
/ln

(
ρa
µ−

)
, for t ≤ t∗, NHtsame sign as A∆,0 and for t > t∗, NHtsame sign as −A∆,0.

For transitory shock t∗ = 0, for a permanent shock t∗ = ∞.
We now derive the evolution of inflation (CPI and MCPI) and the output gap under some particular interest rules.

Case R̂t = ϕπmcpi,t + r̂∗t . The system of equations becomes

Rπmcpi,t = RκỸt + Etπmcpi,t+1

Ỹt+1 − Ỹt = σ
(
ϕπmcpi,t − πmcpi,t+1

)
The eigenvalues of the system are

λ± =
R + Rκσ + 1 ±

√
(R + Rκσ − 1)2 − 4Rκσ (ϕ − 1)

2
For ϕ > 1, the eigenvalues are larger than 1in modulus, we therefore have πmcpi,t = Ỹt = 0 for all t. The evolution of
CPI is then

Rπcpi,t = RλNHt + Etπcpi,t+1

πcpi,t =
Rλ

(µ+ − ρa) (µ− − ρa)

(
(1 − ρa) ρt

a − (1 − µ−) µt
−
)

Â∆,0

We have that πcpi,0 has the same sign as A∆,0 (positive for a shock in a necessity sector, negative for a shock in a luxury

sector). In addition, define t∗ = ln
(
(1−µ−)
(1−ρa)

)
/ln

(
ρa
µ−

)
, for t ≤ t∗, πcpi,t has same sign as Â∆,0 and for t > t∗, πcpi,t has

the same sign as −Â∆,0. For transitory shock t∗ = 0, for a permanent shock t∗ = ∞.

Case R̂t = ϕπcpi,t + r̂∗t .

Rπcpi,t = RκỸt + RλNHt + Etπcpi,t+1

Ỹt+1 − Ỹt = σ
(
ϕπcpi,t − πmcpi,t+1

)
In that case, we have

πcpi,t =
Rλ

(µ+ − ρa) (µ− − ρa)

{(
1 − Rκσϕ

(λ+ − ρa) (λ− − ρa)

)
(1 − ρa) ρt

a −
(

1 − Rκσϕ

(λ+ − µ−) (λ− − µ−)

)
(1 − µ−) µt

−

}
Â∆,0

Ỹt = − Rλσϕ

(µ+ − ρa) (µ− − ρa)

{
(1 − ρa) (R − ρa)

(λ+ − ρa) (λ− − ρa)
ρt

a −
(1 − µ−) (R − µ−)

(λ+ − µ−) (λ− − µ−)
µt
−

}
Â∆,0

πcpi,t − πmcpi,t =
Rλ

(µ+ − ρa) (µ− − ρa)

(
(1 − ρa) ρt

a − (1 − µ−) µt
−
)

Â∆,0

Note that the fraction (1−x)(R−x)
(µ+−x)(µ−−x) is decreasing in x. From this we deduce that Ỹt initially has the same sign as

−Â∆,0 (for t ≤ t∗ = t∗ = ln
(
(R−µ−)(1−µ−)
(R−ρa)(1−ρa)

(λ+−ρa)(λ−−ρa)
(λ+−µ−)(λ−−µ−)

)
/ln

(
ρa
µ−

)
) then for t > t∗ has the same sign as A∆,0 (for a

transitory shockỸt has the same sign as Â∆,0 for t > 0, for a permanent shock, Ỹt has the same sign of −A∆,0 for all t).
This implies that the output gap is always negative on impact in response to a negative shock in the necessity sector,
positive for a shock in a luxury sector.

The response of CPI is more ambiguous and depends on the persistence of the shock. There exist a persistence

0 < ν =
R+Rκσ+1−

√
(R+Rκσ−1)2+4Rκσ

2 < ρ∗ <
R+Rλ+1−

√
(R+Rλ−1)2+4Rλ

2 = µ− such that for ρa ≤ ρ∗, πcpi,t always has the
same sign as Â∆,0. In that case, πcpi,t and the output gap initially move in opposite direction. If ρa > ρ∗, initially cpi
inflation has the same sign as −A∆,0 and then switches sign (keeping the sign of −Â∆,0 if ρa = 1). In that case, πcpi,t
and the output gap initially co-move. To see this consider the polynomial P(x) = ((1 − x) (R − x)− Rκσx) (1 − x)−
(λ+ − x) (λ− − x)

(
1 − Rκσϕ

(λ+−µ−)(λ−−µ−)

)
(1 − µ−). It is a third order polynomial with a negative dominant term. It

is direct to check that P(x) ≥ 0 for x ≤ ν, P(µ−) = 0, P(1) = 0 and P′(µ−) = 0. This implies P(x) ≥ 0 for
x ∈ [0, ρ∗]∪ [µ−, 1], P(x) ≤ 0 for x ∈ [ρ∗, µ−] with ν < ρ∗ < µ−. Inspecting the formula for πcpi,t then gives the result.
In the extreme case where ϕ → ∞, we have πcpi,t = 0, Ỹt = − σψ

σ+ψNHt: stabilizing CPI inflation comes at the cost
of distorting the output gap. Finally, since by Result 1 πcpi,t − πmcpi,t is independent of monetary policy, we have as
in the previous case that for a negative shock in a necessity sector, πcpi,t is initially higher than πmcpi,t and then lower
and the opposite is true for a negative shock in a luxury sector.
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Case R̂t = ϕπmcpi,t. The system of equations becomes

Rπmcpi,t = RκỸt + Etπmcpi,t+1

Ỹt+1 − Ỹt = σ
(
ϕπmcpi,t − πmcpi,t+1 − r̂∗t

)
In that case

πmcpi,t =
Rκσ

(µ+ − ρa) (µ− − ρa)
ρt

ar̂∗0

Ỹt =
σ (R − ρa)

(µ+ − ρa) (µ− − ρa)
ρt

ar̂∗0

The response is as in the standard model with πmcpi,t and Ỹt both increasing in response to a negative shock (sectoral
or aggregate) and increase is smaller the stronger the Taylor rule. In addition

πcpi,t =
Rλ

(µ+ − ρa) (µ− − ρa)

(
(1 − ρa) ρt

a − (1 − µ−) µt
−
)

Â∆,0 +
Rκσ

(µ+ − ρa) (µ− − ρa)
ρt

ar̂∗0

πcpi,t increases relatively more than πmcpi,t for t ≤ t∗ = ln
(
(1−µ−)
(1−ρa)

)
/ln

(
ρa
µ−

)
, (less for t > t∗) for a negative shock in

a necessity sector, relatively less for a negative shock in a luxury sector.

Case R̂t = ϕπcpi,t. The system of equations becomes

Rπcpi,t = RκỸt + RλNHt + Etπcpi,t+1

Ỹt+1 − Ỹt = σ
(
ϕπcpi,t − πmcpi,t+1 − r̂∗t

)
We have:

πcpi,t =
Rλ

(µ+ − ρa) (µ− − ρa)

{(
1 − Rκσϕ

(λ+ − ρa) (λ− − ρa)

)
(1 − ρa) ρt

a −
(

1 − Rκσϕ

(λ+ − µ−) (λ− − µ−)

)
(1 − µ−) µt

−

}
Â∆,0

+
Rκσ

(λ+ − ρa) (λ− − ρa)
ρt

ar̂∗0 ,

Ỹt = − Rλσ̄ϕ

(µ+ − ρa) (µ− − ρa)

{
(1 − ρa) (R − ρa)

(λ+ − ρa) (λ− − ρa)
ρt

a −
(1 − µ−) (R − µ−)

(λ+ − µ−) (λ− − µ−)
µt
−

}
Â∆,0 +

σ (R − ρa)

(λ+ − ρa) (λ− − ρa)
ρt

ar̂∗0 .

Using the results of the previous cases, we can directly see that following a negative shock in a necessity sector,
the output gap is lower under targeting than under MCPI targeting. In addition, if we compare the response of
a negative shock in a luxury sector and a necessity sector which have the same impact on efficient output (Y∗

t =
1

1+ ψ
σ

∑l

(
ψ∂eel + s̄l

)
Âl,t), the output gap is relatively lower in response to the shock in the necessity sector. If the

shock is sufficiently persistent the output gap is negative in response to a shock in a necessity sector (as r̂∗0 → 0 when
ρa → 1).

Additions to Result 3. In Appendix F we extend provide a number of additional analytical results for the case with
Hand-to-Mouth households.

Result 4
Let us give an example of a shock that is such that there is no inflation index that can be stabilized alongside the
output gap.38 Consider a shock Ât =

{
Â1,t, ..., Âk,t

}
such that for k = 1, ..., K − 1 and all t:

−
(

1
ψ
+

1
σ

)
(λk − λ) Ŷ∗

t + λkP̃∗
k,t − λk ∑

l
∂eel P̃∗

l,t = 0

Re-expressed in terms of Ât this becomes:

− (λk − λ)∑
l

(
∂eel +

s̄l

ψ

)
Âl,t − λk Âk,t + λk ∑

l
∂eel Âl,t = 0

λ ∑
l

(
∂eel +

s̄l

ψ

)
Al,t − λk ∑

l

(
∂eel +

s̄l

ψ

)
Al,t

38There are, of course, other examples as well.
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Note that this is a system of K − 1 equations in K unknowns do it admits a non trivial solution Â∗ ̸= 0. We necessarily
have:

∑
l

(
∂eel +

s̄l

ψ

)
Â∗

l ̸= 0.

We reason by contradiction: if ∑l

(
∂eel +

s̄l
ψ

)
Â∗

l = 0, then λk

(
Â∗

k − ∑n ∂een Â∗
n

)
= λl

(
Â∗

l − ∑n ∂een Â∗
n

)
for all l, k

(note that the Kth sector equation is a linear combination of the other K − 1 equations). Under (A.1), we have
that λk > 0 for all k, which implies Â∗

k = 0 for all k. Indeed, noting A∗ = min
(

Â∗
l

)
,A∗

= max
(

Â∗
l

)
, we have

0 ≤ λ
(

A∗ − ∑n ∂een Â∗
n

)
= λ

(
A∗ − ∑n ∂een Â∗

n

)
≤ 0 , so Â∗

k is constant across sectors which implies Â∗
k = 0 for all k.

This contradicts the fact that Â∗ is a non trivial solution of the system.
Next, assume that Â0 = Â∗, Ât = 0 for t > 0, in that case, the system for relative prices is given by:

π̃k,t − βEtπ̃k,t+1 = ∑ αk,l P̃l,t + ∑
(

λkM̃k,t − λ ∑
l

∂eelM̃l,t

)
P̃k,t = π̃k,t + P̃k,t−1

M̃k,t = EtM̃k,t+1 −
δ

1 − δ
EtM̃0

k,t+1.

M̃0
k,t =

1
(1 − δ) R

EtM̃0
k,t+1 − ∑ βk,l P̃l,t −

(
1 − 1

R

)
M̃D

k,t

And P̃k,t = 0 for all k, t is a solution of the system. This implies that the NKPC for the index πd,t is:

πd,t = κỸt + λ
(
∑ ∂eekΓk

)
Ŷ∗

t + βEtπd,t+1

Take an arbitrary inflation index πt, decomposing it in the basis of πd,t and relative prices, we have

πt = ωdπd,t +
K−1

∑
k=1

ωkπ̃k,t = ωdπd,t.

Since Ŷ∗
t ̸= 0, the index πd,t cannot be stabilized jointly with the output gap. This implies that only relative prices

can be stabilized jointly with the output gap. However, as shown in Result 1, relative prices are independent from
monetary policy. So the only inflation index that could be stabilized jointly with inflation would be a trivial index
which does not respond to any shock.

Result 5
Under the assumption that λ = λk for all k, the equations for relative prices (defined with respect to MCPI) can be
rewritten as:

π̃k,t − β (1 − δ)Etπ̃k,t+1 = λ

(
P̃∗

k,t + ∑ αk,l P̃l,t + ∑
(
M̃k,t − ∑

l
∂eelM̃l,t

))
,

P̃k,t = π̃k,t + P̃k,t−1,

M̃k,t = EtM̃k,t+1 −
δ

1 − δ
EtM̃0

k,t+1,

M̃0
k,t =

1
(1 − δ) R

EtM̃0
k,t+1 − ∑ βk,l P̃l,t −

(
1 − 1

R

)
M̃D

k,t

with

αk,l = −1k=l + ∂eel +
∫

γe,k(i)
e

Ek
ρk,l(i)− λ ∑

n
∂een

∫
γe,n(i)

e
En

ρn,l(i)di − σM
k,l + ∑

n
∂eenσM

n,l

βk,l =
∫

γb,k(i)
e(i)
E

(
(sl(i)− s̄l) + σ

(
∂eel(i)− ∂eel

))
di +

(
1 − 1

R

)
σM

k,l
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For an aggregate shock, we have P̃∗
k,t = 0 for all k so P̃k,t = 0 for all k, t. Since we have

MD
k,t = EtMD

k,t+1 + ∑
l

σM
k,l Etπ̃l,t+1 −

δ

1 − δ
EtM0

k,t+1

M0
k,t =

1
(1 − δ) R

EtM0
k,t+1 − ∑

l

∫
γb,k(i)

(
e(i)
E

(sl(i)− s̄l) +
ψWn(i)

WN

(
∂eel(i)− ∂eel

))
diP̃l,t −

R − 1
R

MD
k,t.

and
MP

k,t = ∑
l

∫
γe,k(i)

ek

Ek
ρk,l(i)diP̃l,t

This implies MD
k,t = MP

k,t = 0 for all k, t. Therefore,

Mk,t = ΓkŶ∗
t < 0

For all k, t if Γk > 0.

Result 6
Assume that the households’ utility function associated with intratemporal sectoral consumption takes the form

u(ck, ..., cK) =
1

1 − 1
σ

(
K

∏
k=1

(
ck − ck

)αk

)1− 1
σ

.

With ck = ek/Pk (recall that subvariety prices are equal in steady state) and ∑ αk = 1. We have:

αk
(
e − ∑ Pk=lcl

)
= Pk

(
ck − ck

)
.

Therefore
∂eek = αk

∂Pl ck +
∂eek

Pk
cl = −αk

Pk
cl +

αk

Pk

(
αl

Pl

(
e − ∑ Pkck

)
+ cl

)
− 1k=l

αk

P2
k

(
e − ∑ Pkck

)
,

Pl∂Pl ck + Pl
∂eek

Pk
cl =

αk

Pk
(αl − 1k=l)

(
e − ∑ Pkck

)
,

and

s̄k =
∫ 1

E
(
αk
(
e (i)− ∑ Plcl

)
+ Pkck

)
di,

= ∂eek +
Pkck − ∂eek ∑ Plcl

E
,

e(i)
E

(sk(i)− s̄k) =
1
E

(
∂eek

(
e(i)− ∑ Plcl

)
+ Pkck − e(i)

(
∂eek +

Pkck − ∂eek ∑ Plcl

E

))
,

=
1
E

(
1 − e(i)

E

)(
Pkck − ∂eek ∑ Plcl

)
=

(
1 − e(i)

E

)(
s̄k − ∂eek

)
.

Defining P̃k,t = Pk,t − ∑l ∂eel Pl,t and π̃k,t = πk,t − ∑l ∂eelπl,t, we therefore have

MP
k,t = ∑

l

∫
γe,k(i)

∂eek

Ek

(
e − ∑ Pkck

)
di∂eel P̃l,t −

∫
γe,k(i)

∂eek

Ek

(
e − ∑ Pkck

)
diP̃k,t

= −
∫

γe,k(i)
∂eek

Ek

(
e − ∑ Pkck

)
diP̃k,t

MD
k,t = EtMD

k,t+1 −
δ

1 − δ
EtM0

k,t+1

M0
k,t =

1
(1 − δ) R

EtM0
k,t+1 − ∑

l

∫
γb,k(i)

e(i)
E

(sl(i)− s̄l) diP̃l,t −
R − 1

R
MD

k,t

Note that under A3 we have γe,k(i)
∂eek
Ek

= γe (i) 1
E and γb,k(i) = γb,l(i) for all k so MD

k,t = MD
t ,M0

k,t = M0
t ,

MP
k,t = −

∫
γe(i)

e(i)− ∑ Pkck

E
diP̃k,t
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MD
t = EtMD

t+1 −
δ

1 − δ
EtM0

t+1

M0
t =

1
(1 − δ) R

EtM0
t+1 − ∑

l

∫
γb(i)

e(i)
E

(sl(i)− s̄l) diP̃l,t −
R − 1

R
MD

t

Next under (A.1) and (A.3), we necessarily have Γk = Γ, λk = λ for all k so the NKPC for π̃k,t is

π̃k,t = λ

((
P̃∗

k,t − P̃k,t
)
−
∫

γe(i)

(
e − ∑ Pkck

)
E

diP̃k,t

)
+ βEtπ̃k,t+1

The evolution of relative price k only depends on itself. Denoting λ̃ = λ

(
1 +

∫
γe(i)

(e−∑ Pkck)
E

)
the eigenvalues of

the system are:

ν± =
R + Rλ̃ + 1 ±

√(
R + Rλ̃ − 1

)2 − 4Rλ̃

2

(Note that for
∫

γe(i)
(e−∑ Pkck)

E > −1, 0 < ν− < 1, R + Rλ̃ < ν+) and the evolution of P̃k,t is given by:

P̃k,t = λ
t

∑
0

νt−s+1
− ∑

1
νu
+

P̃∗
k,s+u

For a negative sequence of shocks in k {P̂∗
k,t}t≥0 > 0, we therefore have P̃k,t > 0 for all t and ∂eekP̃k,t = −

(
1 − ∂eek

)
P̃l,t

for all l ̸= k so we have

MP
cpi,t = ∑

l
s̄kMP

k,t = −
∫

γe(i)
e(i)− ∑ Pkck

E
di ∑ s̄l P̃l,t

= −
∫

γe(i)
e(i)− ∑ Pkck

E
di
(

s̄k − ∂eek

)
λ

t

∑
0

νt−s+1
− ∑

1
νu
+

P̃∗
k,s+u

So MP
cpi,t < 0 following a shock in a necessity sector, MP

cpi,t > 0 following a shock in a luxury sector. In addition we
have for a shock in sector k

MD
t =−

∫
γb(i)

1
E

(
1 − e(i)

E

)
di

{
(1 − δ)t+1

∞

∑
u=0

1
Ru ∑

l

(
Plcl − ∂eel ∑ Pncn

)
P̃l,u

}

−
∫

γb(i)
1
E

(
1 − e(i)

E

)
di

{
δ

t

∑
s=0

(1 − δ)t−s
∞

∑
u=0

1
Ru ∑

l

(
Plcl − ∂eel ∑ Pncn

)
P̃l,s+u

}

=− δR
∫

γb(i)
(

1 − e(i)
E

)
di

(1 − δ)t+1
∞

∑
u=0

1
Ru

(
s̄k − ∂eek

) P̃k,u(
1 − ∂eek

)


− δR
∫

γb(i)
(

1 − e(i)
E

)
di

δ
t

∑
s=0

(1 − δ)t−s
∞

∑
u=0

1
Ru

(
s̄k − ∂eek

) P̃k,s+u(
1 − ∂eek

)


So if Cov
(

γb(i),
e(i)
E

)
> 0, MD

t = MD
cpi,t > 0 following a shock in a necessity sector.
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D Calibration procedure and numerical details
Outer Preferences
To calibrate the non-homothetic CES preferences we use the LCF survey, which is the most comprehensive survey on household
spending in the UK. Each member of the household keeps a detailed spending diary for a period of two weeks, while expenditure
information on bigger items (like cars, vacations, housing etc.) are collected during interviews with the household head. We map
these highly disaggregated consumption data into the standard 3-digit COICOP categories using a mapping table provided by
the ONS. Aggregating these to the COICOP division level, forms the basis of our definition of sectors for the UK economy as
well as providing the data for estimating the household-specific marginal propensities to consume across different sectors.

We exclude housing costs from household expenditures by redefining the relevant consumption category (COICOP4) to only
include expenditure on Electricity, Gas and Other Fuels. 39 Furthermore, we exclude the following four sectors from our model:
Alcohol & Tobacco, Health, Communication and Education. Health and Education are largely publicly provided in the UK and
hence only a very small fraction of households report any private spending in these sectors. The other two sectors account for a
small budget share so overall we still capture the vast majority of private expenditure, with the notable exception of housing. 40

We construct household-specific price indices using the observed consumption shares in the 3-digit subcategories of each
COICOP group so that ln Pk,t(i) = ∑m∈Mk

sm,k,t(i) ln Pm,k,t. Whenever indices of 3-digit COICOP categories are not available
(only occurring before 2015 and for a small subset of categories), we use the 2-digit price index of the corresponding group. To
guard against any potential endogeneity of prices (similarly to what is done in Comin et al. (2021)) we construct Hausman-type
price instruments by using the shares of all other households in the same region and for any given sector. To instrument for total
expenditure we use log disposable income as well as the expenditure quintile of the household.

We impose that the individual parameter shifters take the following form:

lnVi,k = xiβk + vk
i ,

where xi are household demographic characteristics and vk
i is an idiosyncratic and time invariant preference shifter that

satisfies E
[
vk

i |xi

]
= 0. The specific demographic controls include the size of the household (1, 2 + adults), number of children

(0, 1+) and the age of the household head (18 − 37, 38 − 50, 51 − 64, 65+). Note that since the households are surveyed at
different points during the year, we also include quarter dummies to allow for potential seasonal effects in the consumption of
different goods. We conduct different robustness checks to show that our results do not qualitatively change with the specific
assumptions made in the baseline specification. Table ?? shows the results across a different set of specifications, with the first
column showing our baseline version. The other columns show the estimated coefficients for the winsorised sample, adding
regional controls (there are 12 regions in the UK) and expanding the sample to include all years available. For the winsorized
sample we mark the households that are in the bottom or top 2% of expenditure shares in each of the eight COICOP categories
and then drop them from the estimation. The GMM results are pretty robust to outliers so the exact cut-off does not matter much.
Note also that in specification 4 we add year dummies on top of the quarter dummies that are present in all specifications. We
have also run other robustness checks where we use different instruments or weight the observations by household expenditure
and qualitatively the results are unchanged.

(1) (2) (3) (4)

Food 0.50 0.46 0.49 0.37
(0.02) (0.02) (0.02) (0.00)

Electricity & Gas 0.52 0.47 0.51 0.30
(0.02) (0.02) (0.02) (0.00)

Furniture 1.21 1.12 1.19 1.20
(0.05) (0.05) (0.05) (0.01)

Transport 0.90 0.89 0.88 1.10
(0.04) (0.04) (0.04) (0.01)

Recreation 1.23 1.15 1.20 1.11
(0.05) (0.04) (0.04) (0.01)

Restaurants & Hotels 0.98 0.97 0.96 0.99
(0.04) (0.04) (0.03) (0.01)

Miscellaneous 0.86 0.82 0.84 0.90
(0.03) (0.03) (0.03) (0.01)

N 3,164 2,815 3,164 56,538

These estimates allows us in turn to construct the marginal budget share ∂eek(i) = η +(1− η) ζk
ζ̄(i) , where ζ̄(i) is the household

specific ‘average’ non-homotheticity measure given by ζ̄(i) = ∑k sk(i)ζk. This implies that richer households that spend more
on luxury goods will have a higher ζ̄(i). These preferences also imply that the compensated price elasticities take the following
form:

ρk,l(i) =
{

ηsl(i) if k ̸= l,
−η (1 − sl(i)) if k = l.

39Note that these are not the only direct expenditure on energy as HHs who own vehicles will also spend on diesel and petrol,
included in the Transport category.

40The correlation between the three different measures of total expenditure (i.e. the original variable, excluding housing and
excluding housing plus the four sectors) is always greater than 0.966.
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Elasticity of Substitution Parameter. We set the elasticity of substitution parameter equal to 0.1, following the Comin
et al. (2021) estimation for their 10-sector model. Here we show that increasing the value of η worsens the fit of the model, as
measured by the criterion function of the GMM procedure. Figure 8 plots the criterion value as we vary the value of the elasticity
parameter between 0.05 and 0.9. Regardless which of the sectors we choose as the base, the fit of the model worsens with higher
values of η. 41

Figure 8. Criterion Value for different values of the elasticity parameter.

Notes: Each panel plots the minimised criterion function for the same GMM procedure for a given base sector.

We also check that the choice of the base sector does not qualitatively change the results of our estimation. Figure ?? plots
the variation in the estimated ζ’s as we change the sector used as the base one, while the elasticity of substitution is fixed to 0.1
and the set of instrument variables remains unchanged. Note that each estimation proceeds by setting ζ k̄ to one, however in this
figure we have rescaled the non-homotheticity parameters by setting the ζ of the food sector to one.

Figure 9. Actual vs. Predicted budget shares by household total expenditure.

Notes: Each point represents the average expenditure share on a given sector by total expenditure bin. The data has been binned
into 20 equally sized groups.

41Note that we do not estimate the parameter η jointly with the ζ’s because as the figure shows the estimation would demand
an η that goes to zero and so the procedure is not well behaved.
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Inner Preferences
Our quantitative exercise assumes an inner aggregator that takes the HARA form and is sector specific. The sectoral bundle for
household i in sector k is given by

Uk (ck(i)) =
1

ak − 1

∫
(bk + akck(i, j))

ak−1
ak dj,

where {ak, bk} are the two parameters that govern the HARA function. The optimal bundle of varieties given a total sectoral
expenditure ek(i) is the solution to the following problem

max
ck(i)

Uk (ck(i)) + λk(i)
(

ek(i)−
∫

pk(j)ck(i, j)dj
)

,

where λk(i) is the Lagrange multiplier and is household-specific due to the fact that households have different expenditure
levels. Taking the FOC of this problem and re-writing allows us to derive the HARA demand function as

ck(i, j) =
1
ak

(
(λk(i)pk(j))−ak − bk

)
.

We can then use the definition of price elasticity ϵk(i) ≡
∂ ln ck(i,j)
∂ ln pk(j) and take the derivative of the previous expression to derive that

the elasticity is equal to ak +
bk

ck(i)
, as given in the main text. Since subvariety prices are all equal in equilibrium, the household

will have the same elasticity of demand for all subvarieties and therefore we suppress the j in the notation. Nonetheless, if bk < 0
households that spend more money on a given sector and therefore consume higher amounts will be less price elastic.

A few more lines of algebra allow us to derive the superelasticity for household i in sector k starting from its definition

ϵs
k(i) ≡

∂ ln ϵk(i)
∂ ln pk(j)

,

= − bk

c2
k(i, j)

∂ck(i, j)
∂pk(j)

pk(j)
ϵk(i)

,

=
bk

ck(i, j)

(
−∂ck(i, j)

∂pk(j)
pk(j)

ck(i, j)

)
1

ϵk(i)
,

=
bk

ck(i, j)
.

Given the household level elasticity and super-elasticity, we can derive the aggregate counterpart of these objects which will in
turn determine the sectoral markup and price passthrough. To recover the aggregate elasticity we take the the average household
elasticity, weighted by the expenditure shares to get that ϵ̄k = ak +

bk
Ck

. Finally, to get the expression for the aggregate super-
elasticity, we plug in the expressions for ϵk(i) and ϵs

k(i) in the following formula

ϵ̄s
k =

(
−
∫

(ϵk(i)− ϵ̄k)
2 ek(i)

Ek
di +

∫ ek(i)
Ek

ϵs
k(i)ϵk(i)di

)
/ϵ̄k.

Note that this formula is valid for any demand system and can be derived directly from the definition of ϵ̄s
k as the elasticity of the

aggregate elasticity with respect to its own price.42

Input-Output. To calibrate the parameters relating to the IO part of the model, we use the tables of intermediate input
consumption provided by the ONS. These tables of input flows are constructed based on the CPA classification that defines
105 industries/products and which are different from the COICOP classification that we use in our model. To bridge this
gap, we construct a mapping between the CPA classification and the COICOP one starting from the most disaggregated list of
product classification (CPC10) of which there are more than 2000 products, although only 832 are for final consumption. The
mapping consists in two steps. The first is to use the CPC10 to COICOP tables and assign weights to each product using the CPI
weights available from ONS data. For example, if there are four CPC10 goods for a given COICOP category (we use the most
disaggregated one for which we observe consumption weights) that has a weight of 1, each good will receive a weight of 0.25.
Also note that the vast majority of CPC10 goods (more than 80%) map to a single COICOP category. Another 12% maps to two
categories and only less than 5% maps to 3-5 COICOP categories.

Similarly in the other direction, we map the COICOP10 consumption goods to the CPA industry definitions using the con-
cordance tables available from the UN’s Statistics Division. 43 Unsurprisingly, the mapping of consumption goods to industries
contains fewer one-to-one cases than with COICOP. Nonetheless, about 60% of goods only map to one or two CPA industries
and another 30% map to 3 or 4.

42Taking the derivative wrt price gives
(

pk(j)
ϵ̄k

)(∫ (
∂pϵk(i)

ek(i)
Ek

+ ϵk(i)
(

∂pek(i)
Ek

− ek(i)
∫

∂pek(i)di
E2

k

))
di
)

. Use the fact that

∂pek(i) = ck(i) (1 − ϵk(i)) and re-arrange to get the expression above.
43Note that this has to be done in a few steps that consists of the following chain of mapping CPC10 → ISIC3 → ISIC3.1 →

ISIC4 → NACE2. That final classification contains 626 categories that can be aggregated to the 105 sectors used in the UK’s IO
tables.
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Closed economy adjustment. The intermediate consumption tables provided by the ONS do not specify the share of
inputs produced domestically vs what is imported. In our closed-economy world it must be the case that final demand (private
consumption) plus intermediate consumption equals to total domestic output [PY]. To make this identity hold when we calibrate
the model to the real-world data we are going to adjust the vector of domestic total outputs with weights {α1, α2, . . . , αK} such
that the following holds

[PC]k + T [α]k = D [α] [PY]k ,

where the matrix T gives the flow of intermediate inputs and specifically Ti,j is the amount of product i used in industry j. 44

This correction imposes that all production is done domestically (while not distorting the input mix used by different industries
as given by T) and hence sectors in which the UK imports (exports) a lot will have a higher (lower) adjustment factor α.

Table ?? shows the IO matrix Ω for the eights sectors that are included in our model. As is standard, we observe that most
sectors use goods produced in their own sector so the diagonal entries tend to dominate.

0.200 0.009 0.023 0.019 0.031 0.049 0.006 0.043
0.003 0.024 0.016 0.024 0.023 0.028 0.001 0.040
0.006 0.011 0.322 0.055 0.036 0.036 0.001 0.094
0.005 0.019 0.060 0.108 0.047 0.064 0.001 0.086
0.008 0.011 0.057 0.039 0.239 0.066 0.003 0.089
0.019 0.011 0.051 0.042 0.068 0.180 0.008 0.109
0.090 0.002 0.043 0.007 0.008 0.014 0.014 0.029
0.005 0.010 0.055 0.029 0.042 0.073 0.007 0.239

D.1 Model without heterogeneity in price stickiness and markups, and without I-O
linkages

The baseline model includes various features other than non-homotheticities. In this appendix we study their quantitative
importance. Specifically, we shut down sectoral heterogeneity in prices stickiness and steady-state markups, as well as Input-
Output linkages. Concretely, we achieve this by targeting in the calibration the (unweighted) average markup across sectors,
setting all Calvo parameters equal to the average across sectors, and by setting intermediate input shares to zero.

Figure 10 shows impulse responses under a Taylor rule. As shown by the figure, we preserve the key result that the output
gap declines in the two necessity sectors: Food and Electricity & Gas. In sector Transport, the output gap now increases. The
increase observed in the baseline model is thus driven by the features that we shut down in this appendix. This is consistent
with the fact that Transport is neither a luxury nor a necessity sector (the luxury index equals zero for this sector).

Figure 11 shows the Guidance experiment under the simplified model calibration. The figure shows that the key result, that
monetary policy is relatively loose in response to shocks in necessity sectors (Food and Electricity & Gas) is preserved.

Overall these results underscore the importance of non-homotheticities and show that our main results in the baseline model
are not driven by sectoral heterogeneity in price setting, markups and I-O linkages.

D.2 Implementing optimal policy with a Taylor rule plus guidance
In this appendix, we show how we back out the “policy guidance” in the exercise of Section 5.3. Guidance is defined as a series
of interest rate rule residuals,

{
uR

t+s
}∞

s=0, where uR
t+s = ˆRt+s − ϕπt+s. These residuals are announced at the moment a certain

shock hits (this could be e.g. a sectoral or aggregate productivity shock). The guidance may varies across shocks.
Our goal is to solve for the guidance which, for a certain shock, implements the optimal policy. Let IRFOP be a column vector

containing the Impulse Response Function (IRF) of some variable under optimal monetary policy, IRFTR the IRF under a Taylor
rule, and IRFMP(s) be the IRF to a purely transitory, unit news shock to the Taylor rule, hitting at date s and announced at date 0.

We want to solve for
{

uR
t+s
}S−1

s=0 such that

IRFOP = IRFTR + uR
t+s

S

∑
s=0

IRFMP(s) = IRFTR + IRFMPu

where S is a truncation date, IRFMP is an S × S matrix containing the IRFs to the monetary policy shocks on its columns, and
uR is a column vector containing the guidance. We solve for the guidance vector as:

uR = IRF−1
MP (IRFOP − IRFTR) .

In our implementation, we use the IRF of CPI inflation to aggregate and sector-level shocks. We set the truncation horizon to 75
quarters. We verify ex post that the IRFs of variables are close to identical under optimal policy and the interest rate rule plus
guidance.

44Note that in terms of the Ω matrix one can write the flow matrix as T = (D [PY]Ω)T .
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Figure 10. Responses in the baseline model without heterogeneity in prices stickiness and steady-state
markups across sectors, and without Input-Output linkages.
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Notes: Impulse Response Functions are generated from the baseline the model, including heterogeneous Calvo probabilities
across sectors across sectors, Input-Output linkages, and Hand-to-Mouth households. Responses for productivity shocks are for
a 1 percent decline in productivity where scaled for comparability (see main text). On the right axis, the luxury index is defined
as 100(∂eel − s̄k).

75



Figure 11. Optimal policy relative to Taylor rule in the model without heterogeneity in prices stickiness and
steady-state markups across sectors, and without Input-Output linkages.
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E Optimal Policy
E.1 Optimal policy: derivations
As noted in the main text, the Central Bank (CB) values the utility of households according to the social welfare function W defined has:

W = (1 − δ)
∫

G
(
V− (i) , i

)
di + δE0

∞

∑
t0=0

βt0

∫
G
(
Vt0 (i) , i

)
di

Here, a superscript t0 denotes the birth date of a cohort (within a household type i) and a superscript − denotes cohorts born before t = 0.45 The value of a cohort t0 in
type i is given by:

Vt0 (i) = Et0

∞

∑
s=0

((1 − δ) β)s

(1 − φ (i))

[
Ui

(
U1

(
ct0,u

1,t0+s (i)
)

, . . .UK

(
ct0,u

K,t0+s (i)
))

− χ

(
nt0,u

t0+s(i)
ϑ(i)

)]
+ φ (i)

Ui

(
U1

(
ct0,HtM

1,t0+s (i)
)

, . . .UK

(
ct0,HtM

K,t0+s (i)
))

− χ

nt0, HtM
t0+s (i)

ϑ(i)

 .

and note that within each cohort/type a fraction φ (i) is HtM, and recall that non-HtM households are denoted by a superscript u. The value of pre-existing cohorts,
V− (i), is defined analogously. The CB maximizes W under the following set of constraints (for any i, j, k, t, t0):

• Optimality of intratemporal consumption decisions

ct0,h
k,t (i, j) = dk

(
pk,t(j), pk,t, e∗k

(
et0,h

t (i) , Pt

))
vi

(
et0,h

t (i) , P
)
= Ui

(
U1

(
d1

(
p1,t(j), p1,t, e∗1

(
et0,h

t (i) , Pt

)))
, . . .UK

(
dK

(
pK,t(j), pK,t, e∗K

(
et0,h

t (i) , Pt

))))
for h ∈ {u, HtM}. Here, dk and e∗k are the solutions of the inner and outer consumption problem defined in the previous sections.

• Optimality of labour supply decisions, for h ∈ {u, HtM}:

χ′
(

nt0,h
t (i)
ϑ(i)

)
1

ϑ(i)
= Wt∂evi,t

(
et0,h

t (i) , P
)

.

• Optimality of intertemporal expenditure decisions for non-HtM households (Euler equation and budget constraint):

∂evi,t

(
et0,u

t (i) , Pt

)
= β(1 − δ)RtEt

[
∂evi,t+1

(
et0,u

t+1 (i) , Pt

)]
,

bt0,u
t+1(i)

Rt
= bt0,u

t (i) + nt0,u
t (i)Wt + ∑

k
ςk(i)Divk,t − et0,u

t (i),

with bt0,u
t0

(i) = bt0,HtM
t0

(i) =
(

1 + ∑l s̄l

( Pl,t0
−Pl,−

Pl,−

))
b−0 (i).

• HtM consumption: (
1
Rt

− 1
)

bt0,HtM
t0

(i) = nt0,HtM
t (i)Wt + ∑

k
ςk(i)Divk,t − et0,HtM

t (i).

• Optimal Price resetting:

Et

∞

∑
s=0

β̃sθs
k

(
Dk,t+s

(
p∗k,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)
+
(

p∗k,t(j∗)− (1 − τk)MCk,t+s(j∗)
)

∂pDk,t+s

(
p∗k,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

))
= 0

where the aggregate demand for subvarieties is defined in the previous section.

45Note that it would be equivalent – to a first order approximation – to differentiate households born before t0 according to their date of birth, that is consider the social
welfare function W = δE0 ∑∞

t0=−∞ βt0
∫

G
(
Vt0 (i) , i

)
di.
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• Labour market clearing:

(1 − δ)t+1
∫

(1 − φ (i)) n−,u
t (i) + φ (i) n−,HtM

t (i)di + δ ∑
t0

(1 − δ)t−t0

∫
(1 − φ (i)) nt0,u

t (i) + φ (i) nt0,HtM
t (i)di =

K

∑
k=1

Nk(Pt, Wt)
∫ Dk,t

(
pk,t(j), pk,t, ek,t, Ỹk,t

)
Ak,t

dj

The firm optimal choice of input, the market clearing conditions for intermediate goods and consumption goods and the government budget constraint will be used
implicitly.

We denote by Eδ,t

(
Xt0

t

)
≡ (1 − δ)t+1 X−

t + δ ∑t
t0=0 (1 − δ)t−t0 Xt0

t the inter-generational average of variable Xt0
t at t. We further denote by Ξ̌t and µ̃k,t the Lagrange

multipliers on the labor market clearing constraint and optimal price setting constraints, and by λ̌t0
t (i), ζ̌t0,u

t (i),ζ̌t0,HtM
t (i) , α̌t0

t (i) and ℵ̌t0
t (i), the Lagrange multipliers on

the Euler equation of unconstrained households ( λ̌t0
t (i)), on the optimality of labor supply decisions (ζ̌t0,u

t (i) , ζ̌t0,HtM
t (i)) and on the budget constraints of households

(α̌t0
t (i) for unconstrained households and ℵ̌t0

t (i) for HtM households), The Lagrangian of the optimal policy problem is:

(1 − δ)
∫ 1

E
G
(
V− (i) (i) , i

)
di + δE0 ∑ βt0

∫
G
(
Vt0 (i) , i

)
di

+ E0

∞

∑
t=0

βtEδ,t

∫
(1 − φ (i)) ∂evt,i

(
et0,u

t (i) , P
) (

λ̌t0
t (i)− Rt−1λ̌t0

t−1 (i)
)

di

+ E0

∞

∑
t=0

βtEδ,t

∫
(1 − φ (i)) ζ̌t0,u

t (i)

(
Wt∂evt,i

(
et0,u

t (i) , P
)
− χ′

(
nt0,u

t (i)
ϑ(i)

)
1

ϑ(i)

)
di + E0

∞

∑
t=0

βtEδ,t

∫
φ (i) ζ̌t0,HtM

t (i)

(
Wt∂evt,i

(
et0,HtM

t (i) , P
)
− χ′

(
nt0,HtM

t (i)
ϑ(i)

)
1

ϑ(i)

)
di

+ E0

∞

∑
t=0

βtEδ,tβ
t
∫

(1 − φ (i)) α̌t0
t (i)

(
bt0,u

t+1(i)
Rt

−
(

bt0,u
t (i) + nt0,u

t (i)Wt + ∑
k

ςk(i)Divk,t − et0,u
t (i)

))
di

+ E0

∞

∑
t=0

βtEδ,t

∫
ℵ̌t0

t (i) φ (i)

((
1
Rt

− 1
)

bt0,HtM
t0

(i)−
(

nt0,HtM
t (i)Wt + ∑

k
ςk(i)Divk,t − et0,HtM

t (i)

))

+E0

∞

∑
t=0

βtΞ̌tWt

(1 − δ)t+1
∫

(1 − φ (i)) n−,u
t (i) + φ (i) n−,HtM

t (i)di + δ ∑
t0

(1 − δ)t−t0

∫
(1 − φ (i)) nt0,u

t (i) + φ (i) nt0,HtM
t (i)di −

K

∑
k=1

Nk(Pt, Wt)
∫ Dk,t

(
pk,t(j), pk,t, ek,t, Ỹk,t

)
Ak,t

dj


+

K

∑
k=1

E0

∞

∑
t=0

βtµ̃k,t

(
∞

∑
s=0

β̃sθs
k

(
Dk,t+s

(
p∗k,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)
+
(

p∗k,t(j∗)− (1 − τk)MCk,t+s(j∗)
)

∂pDk,t+s

(
p∗k,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)))

First-order conditions
Let us consider a steady state in which the CB targets zero inflation (and all goods prices and wages are constant), setting Rt = 1/β̃. Recall also that we normalized Ak,t = 1

and that we assumed that elasticities of substitution across varieties are equal for households and intermediate input producers, i.e. Pk∂pDC
k

DC
k

=
Pk∂pDI

k
DI

k
= −ϵ̄k. In such a

steady state, wealth, expenditure and labor supply of households is constant across time and identical for unconstrained and HtM households of the same type i. We first
show that, given the presence of a subsidy undoing markups, (1 − τk)

ϵ̄k
ϵ̄k−1 = 1, and the first assumption on the social welfare function, G′ (Vt0 (i) , i)∂ev (i) = 1, this steady

state is efficient. We do so by first showing that the first-order conditions to the optimal policy problem hold at the steady state.46 After doing so, we perturb the first-order
conditions around the steady state, in order to solve for the optimal dynamics.

46When we derive the loss function, we also show that the second-order conditions are satisfied.
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• First-order conditions for bt0,u
t (i):

β̃α̌t0
t (i) =

1
Rt−1

α̌t0
t−1 (i) .

⇒ α̌t0
t (i) = α̌t0 (i)

where the second line gives the necessary optimality condition in a steady state with constant prices and Rt = 1/β̃.

• First-order conditions for the interest rate, Rt :

−βEδ,t+1

(∫
(1 − φ (i)) λ̌t0

t (i) ∂evt+1,i

(
et0,u

t+1 (i) , P
)

di
)
− Eδ,t

(∫
(1 − φ (i)) α̌t0

t (i)
1

R2
t

bt0,u
t+1 (i) di

)
− Eδ,t

(∫
φ (i) ℵ̌t0

t (i)
1

R2
t

bt0,HtM
t0

(i) di
)
= 0

⇒ −Eδ,t

(∫
(1 − φ (i)) λ̌t0

t (i) ∂evi (e (i) , P) di
)
− Eδ,t

(∫
(1 − φ (i)) α̌t0 (i)

b (i)
R

di
)
− Eδ,t

(∫
φ (i) ℵ̌t0

t (i)
1
R

b (i) di
)
= 0

where the second line gives the necessary optimality condition in a steady state with constant prices and Rt = 1/β̃ (so wealth is constant across time and generations)

• First-order conditions for Wt. Denoting as before Ql,k = Yl,k
Yk

Yl Ak
the matrix of intermediate shares, we have:

0 = Eδ,t

∫
(1 − φ (i)) ζ̌t0,u

t (i) ∂evt,i

(
et0,u

t (i) , Pt

)
di + Eδ,t

∫
φ (i) ζ̌t0,HtM

t (i) ∂evt,i

(
et0,HtM

t (i) , Pt

)
di

−
K

∑
k=1

(1 − τk)
t

∑
s=0

((1 − δ) θk)
t−s µ̃k,sNk(Pt, Wt)∂pDk,t

(
p∗k,s(j∗), pk,t, ek,t, Ỹk,t

)

+
K

∑
k=1

t

∑
s=0

((1 − δ) θk)
t−s µ̃k,s

[
dIk Yk +

(
p∗k,s(j∗)− (1 − τk)MCk,t(j∗)

)
∂pdIk

(
p∗k,s(j∗), pk,t

)
Yk

]
(Id − Q)−1

[
∑
k

∂Y1,k

∂W
Yk

Ak,tY1
, ..., ∑

k

∂YK,k

∂W
Yk

Ak,tYK

]T

− Eδ,tβ
t
∫

(1 − φ (i)) α̌t0
t (i)

(
nt0,u

t (i)− ς(i)∑
k

Nk(Pt, Wt)Yk,t

Ak,t

)
di − Eδ,t

∫
ℵ̌t0

t (i) φ (i)

((
nt0,HtM

t (i)− ∑
k

ς(i)
Nk(Pt, Wt)Yk,t

Ak,t

))
− Eδ,t

∫ ((
1 − φ

(
i′
))

α̌t0
t
(
i′
)
+ φ

(
i′
)
ℵ̌t0

t
(
i′
))

ς(i′)∑
k

∫
dI

k∂WỸk,t (pk,t(j)− MCk,t) djdi′

− Ξ̌t

K

∑
k=1

∂WNk(Pt, Wt)
Yk

Aek ,t
− Ξ̌t

[
N1(Pt, Wt)Y1

A1,t
, ...,

NK(Pt, Wt)YK
AK,t

]
(Id − Q)−1

[
∑
k

∂Y1,k

∂W
Yk

Ak,tY1
, ..., ∑

k

∂YK,k

∂W
Yk

Ak,tYK

]T

,

where the change in demand for intermediary in response to a change in wage solves:

∂WỸl,t = ∑
k

∂WYl,k(Pt, Wt)Yk,t + ∑
k
Yl,k(Pt, Wt)

∫
dI

k,t (j) dj∂WỸk,t.

We use the market clearing condition for intermediary and the optimal input demand from firms to obtain the expression on the last line. Using the fact that

subvariety prices are constant and equal, that Pk∂pDC
k

DC
k

=
Pk∂pDI

k
DI

k
= −ϵ̄k and (1 − τk)

ϵ̄k
ϵ̄k−1 = 1, we can use:

dIk Yk +
(

p∗k,s(j∗)− (1 − τk)MCk,t+s(j∗)
)

∂pdIk
(

p∗k,s(j∗), pk,t

)
Yk = 0 ∀k

[WN1(P, W)Y1, ..., WNK(P, W)YK] (Id − Q)−1 = [P1Y1, ..., PKYK]

Wt∂WNk(P, W) + ∑
l

Pl
∂Yl,k

∂W
= 0 ∀k.
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In addition, we define µ̌k,T which constrains the growth rate of sectoral inflation: :

µ̌k,T ≡ θk
1 − θk

T

∑
t=0

((1 − δ) θk)
T−t µ̃k,t

∞

∑
s=0

β̃sθs
k
(
2pk,t(j∗)∂pDk,t+s + (pk,t(j∗)− (1 − τk)MCk,t+s(j∗)) pk,t(j∗)∂ppDk,t+s

)
and note that around our steady steady state:

µ̌k,T =
θk

(1 − θk)
(
1 − β̃θk

) (2Pk∂pDk, + (Pk − (1 − τk)MCk) Pk∂ppDk
) T

∑
t=0

((1 − δ) θk)
T−t µ̃k,t

= Pk∂pDk
ϵ̄k − 1

ϵ̄k

1
λk

T

∑
t=0

((1 − δ) θk)
T−t µ̃k,t.

Using this, we rewrite the first order condition as:

0 = Eδ,t

∫
(1 − φ (i)) ζ̌t0,u

t (i) ∂evu,t0
t,i di + Eδ,t

∫
φ (i) ζ̌t0,HtM

t (i) ∂evHtM,t0
t,i di −

K

∑
k=1

λkµ̌k,sNk(Pt, Wt)

− Eδ,tβ
t
∫

(1 − φ (i)) α̌t0
t (i)

(
n(i)− ς(i)∑

k
Nk(Pt, Wt)Yk,t

)
di − Eδ,t

∫
ℵ̌t0

t (i) φ (i)

((
n(i)− ∑

k
ςk(i)Nk(Pt, Wt)Yk,t

))
di.

Using the fact that ς(i) = n(i)/N, the steady state equation is:

0 = Eδ,t

∫
(1 − φ (i)) ζ̌t0,u

t (i) ∂evdi + Eδ,t

∫
φ (i) ζ̌t0,HtM

t (i) ∂evdi −
K

∑
k=1

λkµ̌k,sNk(Pt, Wt).

• First order conditions with respect to labor supply, nt0,u
t (i) and , nt0,HtM

t (i) :

ζ̌t0,u
t (i) ∂evu,t0

t,i = ψnt0,u
t (i)

{
Ξ̌t − α̌t0

t (i)− G′ (Vt0 (i))∂evu,t0
t,i

}
.

⇒ ζ̌t0,u
t (i) ∂ev = ψn(i)

{
Ξ̌t − α̌t0 (i)− 1

}
ζ̌t0,HtM

t (i) ∂evHtM,t0
t,i = ψnt0,HtM

t (i)
{

Ξ̌t − ℵ̌t0
t (i)− G′ (Vt0 (i))∂evHtM,t0

t,i

}
⇒ ζ̌t0,HtM

t (i) ∂ev = ψn(i)
{

Ξ̌t − ℵ̌t0
t (i)− 1

}
where we used the definition ψ = χ′

(
n

t0,u
t (i)
ϑ(i)

)
/
(

n
t0,u
t (i)
ϑ(i) χ′′

(
n

t0,u
t (i)
ϑ(i)

))
and the optimality of labor supply decisions, and the second and fourth line are the steady

state equations.
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• First order condition with respect to expenditure of the non-HtM, eu
t (i):

G′ (Vt0 (i) , i)∂evu,t0
t,i +

(
λ̌t0

t (i)− Rλ̌t0
t−1 (i)

)
∂eevu,t0

t,i + ζ̌t0
t (i)Wt∂eevu,t0

t,i

+ α̌t0
t (i)− Eδ,t

∫ ((
1 − φ

(
i′
))

α̌t0
t
(
i′
)
+ φ

(
i′
)
ℵ̌t0

t
(
i′
))

ς(i′)∑
k

∫ (
∂eek∂edk + dI

k∂eỸk

)
(pk,t(j)− MCk,t) djdi′

− Ξ̌t

K

∑
k=1

Nk(Pt, Wt)

Ak

∫ (
∂eek∂edk + dI

k∂eỸk

)
dj

+
K

∑
k=1

t

∑
s=0

((1 − δ) θk)
t−s µ̃k,s

(
∂edk,t

(
p∗k,s(j∗), pk,t, ek,t

)
+
(

p∗k,s(j∗)− (1 − τk)MCk,t(j∗)
)

∂pedk,t

(
p∗k,s(j∗), pk,t, ek,t

))
+

K

∑
k=1

t

∑
s=0

((1 − δ) θk)
t−s µ̃k,s

[
dIk +

(
p∗k,s(j∗)− (1 − τk)MCk,t+s(j∗)

)
∂pdIk

(
p∗k,s(j∗), pk,t

)]
∂eỸk = 0

With some abuse of notation, ∂eỸk is the Gateaux derivative (keeping prices fixed) of demand for intermediary output with respect to a change in et0,u
t (i). Note that

we use (1 − τk)
ϵ̄k

ϵ̄k−1 = 1 and the adjustment of the lump sum tax to express the total change in dividends. We have, denoting Q̃l,k = Yl,k/Ak:

[
∂eỸ1, ..., ∂eỸK

]T
= (Id − Q̃)−1

[
∑
k
Y1,k(P, W)

∫
∂eek∂edk(i, j)dj, ..., ∑

k
YK,k(P, W)

∫
∂eek∂edk(i, j)dj

]T

= (Id − Q̃)−1Q̃
[∫

(∂ee1∂ed1) dj, ...,
∫

(∂eeK∂edK) dj
]T

,

K

∑
k=1

Nk(Pt, Wt)

Ak

∫ (
∂eek∂edk + dI

k∂eỸk

)
dj =

K

∑
k=1

Nk(Pt, Wt) + ∑l Yl,k(Pt, Wt)

Ak

∫
(∂eek∂edk) dj = 1.

Simplifying we have, in steady state:

1 +
(

λ̌t0
t (i)− Rλt0

t−1 (i)
)

∂eev + ζ̌t0,u
t (i)W∂eev + α̌t0 (i)− Ξ̌t −

K

∑
k=1

1
PkYk

λkµ̌k,tγe,k (i) ∂eek (i) = 0.

Following the same steps, the first order conditions for the expenditure of HtM households, eHtM
t (i), is

G′ (Vt0 (i) , i)∂evHtM,t0
t,i + ζ̌t0,u

t (i)Wt∂eevHtM,t0
t,i + ℵ̌t0

t (i)− Eδ,t

∫ ((
1 − φ

(
i′
))

α̌t0
t
(
i′
)
+ φ

(
i′
)
ℵ̌t0

t
(
i′
))

ς(i′)∑
k

∫ (
∂eek∂edk + dI

k∂eỸk

)
(pk,t(j)− MCk,t) djdi′

− Ξ̌t

K

∑
k=1

Nk(Pt, Wt)

Aek ,t

∫ (
∂eek∂edk + dI

k∂eỸk

)
dj +

K

∑
k=1

t

∑
s=0

((1 − δ) θk)
t−s µ̃k,s

(
∂edk,t

(
p∗k,s(j∗), pk,t, ek,t

)
+
(

p∗k,s(j∗)− (1 − τk)MCk,t(j∗)
)

∂pedk,t

(
p∗k,s(j∗), pk,t, ek,t

))
+

K

∑
k=1

t

∑
s=0

((1 − δ) θk)
t−s µ̃k,s

[
dIk Yk +

(
p∗k,s(j∗)− (1 − τk)MCk,t+s(j∗)

)
∂pdIk

(
p∗k,s(j∗), pk,t

)
Yk

]
∂eỸk = 0,

and in steady state simplifies to:

1 + ζ̌t0
t (i)W∂eev + ℵ̌t0

t (i)− Ξ̌t −
K

∑
k=1

1
PkYk

λkµ̌k,tγe,k (i) ∂eek (i) = 0.

• Finally consider the first order conditions for a compensated change in resetted prices p∗k,t(j∗) (That is, each household receives a transfer in period t + s, s ≥ 0
which cancels the income effect of the price change. For a household consuming a bundle dk,t+s (i, j)of the varieties in sector k at t + s, the transfer would be
(1 − θk) θs

k

∫
dk,t+s (i, j) dj. Note that we can alternatively consider an uncompensated change in prices, but the terms corresponding to the income effects can then be
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simplified using the first-order condition corresponding to the optimality of expenditure of unconstrained and HtM households.):
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0 = µ̃k,t

(
∞

∑
s=0

β̃sθs
k

(
2∂pDk,t+s

(
p∗k,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)
+
(

p∗k,t(j∗)− (1 − τk)MCk,t+s(j∗)
)

∂ppDk,t+s

(
p∗k,t(j∗), pk,t+s, ek,t+s, Ỹk,t+s

)))

+ (1 − θk)E0 ∑
T=t

(βθk)
T−t

T

∑
s=0

((1 − δ) θl)
T−s µ̃k,s

(
∂PDk,T +

∫
∂edl,T

(
p∗l,s(j∗), pl,T, el,T

) ek,T

pk,T (j)
di
)

+ (1 − θk)E0 ∑
T=t

(βθk)
T−t

T

∑
s=0

((1 − δ) θl)
T−s µ̃k,s

(
(pk,s(j∗)− (1 − τk)MCk,T(j∗))

(
∂pPDk,T +

∫
∂pedl,T

(
p∗l,s(j∗), pl,T, el,T

) ek,T

pk,T (j)
di
))

+ (1 − θk)
∞

∑
T=t

(βθk)
T−t

K

∑
l=1

T

∑
s=0

((1 − δ) θl)
T−s µ̃l,s

·
∫ (

∂edl,T

(
p∗l,s(j∗), pl,T, el,T

)
+
(

p∗l,s(j∗)− (1 − τk)MCl,T(j∗)
)

∂pedl,T

(
p∗l,s(j∗), pl,T, el,T

)(
∂pk(j∗)el,T − 1l=k

ek,T

pk,T (j)
+ ∂eel,Tdk,T(i, j∗)

))
di

+ (1 − θk)
∞

∑
T=t

(βθk)
T−t

K

∑
l=1

T

∑
s=0

((1 − δ) θl)
T−s µ̃l,s

[
dIl Ỹl +

(
p∗l,s(j∗)− (1 − τl)MCl,T(j∗)

)
∂pdIk

(
p∗l,T(j∗), pl,t

)
Ỹl

]
(Id − Q)−1

·
[
∑

l

∂Y1,l

∂p(j∗)
Yl

Al,tY1
, ..., ∑

l

∂YK,l

∂p(j∗)
Yl

Al,tYK

]T

+ (1 − θk)
∞

∑
T=t

(βθk)
T−t

K

∑
l=1

T

∑
s=0

((1 − δ) θl)
T−s µ̃l,s

[
dIl
(

p∗l,s(j∗)− (1 − τl)MCl,T(j∗)
)

∂pdIl
(

p∗l,s(j∗), pl,T

)]
∂pk(j∗)Ỹl,T

− (1 − θk)
∞

∑
T=t

(βθk)
T−t

K

∑
l=1

T

∑
s=0

((1 − δ) θl)
T−s µ̃l,s(1 − τk)

Yk,l

Al,T
∂pDl,T − (1 − θk)∑

s
(βθk)

s Ξ̌t+s

(
K

∑
l=1

∂pk(j∗)Nl(Pt, Wt)
Yl

Al,t

)

− (1 − θk)∑
s
(βθk)

s Ξ̌t+s

[N1(Pt, Wt)Y1

A1,t
, ...,

NK(Pt, Wt)YK

AK,t

]
(Id − Q)−1

[
∑

l

∂Y1,l

∂p(j∗)
Yl

Al,tY1
, ..., ∑

k

∂YK,l

∂p(j∗)
Yl

Al,tYK

]T


− (1 − θk)∑
s
(βθk)

s Ξ̌t+s

K

∑
l=1

Nl(Pt+s, Wt+s)

Al,t
Eδ,t+s

∫ ∫ ((
∂pk(j∗)el,t+s + ∂eel,t+sdk,t+s(i, j∗)

)
∂edl,t+s + dI

l,t+s∂pk(j∗)Ỹl,t+s

)
djdi

− (1 − θk)∑
s
(βθk)

s Ξ̌t+s
Nk(Pt+s, Wt+s)

Aek,t
Eδ,t+s

∫
∂pdk,t+s +

∫
∂Pdk,t+sdjdi +

(
∂pk(j∗)d

I
k,t+s +

∫
∂PdI

k,t+sdj
)

Ỹk,t+s

− (1 − θk)∑
s
(βθk)

s
Eδ,t+s

(∫ [
(1 − φ (i))

(
λ̌t0

t+s (i)− Rλ̌t0
t+s−1 (i)

)
+ ζ̌t0

t+s (i)W
]

∂ev
t0,u
t+s,i∂edk

t0,u
t+s,i∂eek

t0,u
t+s,i

)
− (1 − θk)∑

s
(βθk)

s
Eδ,t+s

(∫
φ (i) ζ̌t0,HtM

t+s (i)W∂ev
t0,HtM
t+s,i ∂edk

t0,HtM
t+s,i ∂eek

t0,HtM
t+s,i di

)
+ (1 − θk)∑

s
(βθk)

s
Eδ,t+s

(∫
(1 − φ (i)) α̌t0

t (i)
[
dk,t+s(i, j∗)− ς (i) ∂p(j∗)Divt

]
di
)
− δ

∫
(1 − φ (i)) α̌t+s

t+s (i) bt+s,u
t+s (i) dis̄k

1
Pk

+(1 − θk) ∑
s=0

(βθk)
s

(
−Eδt+s

(∫
φ (i) ℵ̌t0

t+s

[
dk,t+s(i, j∗)− ς (i) ∂p(j∗)Divt

])
di − δ ∑

u=0
((1 − δ) β)u

∫
φ (i) ℵ̌t+s

t+u+s (i) bt+s,HtM
t+s (i) dis̄k

Rt+u − 1
Rt+u

1
Pk

)
.
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with [
∂pk(j∗)Ỹ1,t+s, ..., ∂pk(j∗)ỸK,t+s

]T
= (Id − Q̃)−1Q̃

[∫ ∫ (
∂pk(j∗)e1,t+s + ∂ee1,t+sdk,t+s(i, j∗)

)
∂ed1,tdjdi, ...,

∫ ∫ (
∂pk(j∗)eK,t+s + ∂eeK,tdk,t+s(i, j∗)

)
∂edK,tdjdi

]T

+ (Id − Q̃)−1Q̃
[

0, ..., Eδ,t+s

∫
∂pdk,t+s +

∫
∂Pdk,t+sdjdi +

(
∂pk(j∗)d

I
k,t+s +

∫
∂PdI

k,t+sdj
)

Ỹk,t+s, ..., 0
]

∂p(j∗)Divt+s = ∑
l

∫ ∫ ((
∂pk(j∗)el,t+s + ∂eel,sdk,t+s(i, j∗)

)
∂edl,t+s + dI

l,t+s∂pk(j∗)Ỹl,t+s

)
(pl,t+s(j)− MCl,t+s) didj

+
∫ (

∂pdk,t+s + ∂pdI
k,t+s

)
(pl,t+s(j)− MCl,t+s) di +

∫ ∫ (
∂Pdk,t+s + ∂PdI

k,t+s

)
(pl,t+s(j)− MCl,t+s) didj + yk,t+s(j)− ∑

l
Yk,l,t+sYl,t+s

We define µ̌k,T , which constrains the growth rate of sectoral inflation:

µ̌k,T ≡ θk
1 − θk

T

∑
t=0

((1 − δ) θk)
T−t µ̃k,t

∞

∑
s=0

β̃sθs
k
(
2pk,t(j∗)∂pDk,t+s + (pk,t(j∗)− (1 − τk)MCk,t+s(j∗)) pk,t(j∗)∂ppDk,t+s

)
Using the properties of the steady state, we get:

0 =
(1 − θk)

θk

1
Pk

(µ̌k,t − ((1 − δ) θl) µ̌k,t−1)

− (1 − θk) ∑
T=t

(βθk)
T−t

(
(1 − θk)

(
1 − β̃θk

)
θk

µ̌k,T
1
Pk

+
1
Pk

λkµ̌k,T

)

− (1 − θk)
∞

∑
T=t

(βθk)
T−t

K

∑
l=1

λl
µ̌l,T

PlYl

∫ (
γe,l (i)

el (i) ρl,k (i)
Pk

)
di − (1 − θk)

∞

∑
T=t

(βθk)
T−t

K

∑
l=1

λl
µ̌l,T

PlYl

Yk,lYl

Al,T

− (1 − θk)∑
s
(βθk)

s
Eδ,t+s

(∫ [
(1 − φ (i))

(
λ̌t0

t+s (i)− Rλ̌t0
t+s−1 (i)

)
+ ζ̌t0,u (i)W

]
∂ev

1
Pk

∂eek + φ (i) ζ̌t0,HtM (i)W∂evi
1
Pk

∂eekdi
)

+ (1 − θk)∑
s
(βθk)

s
Eδ,t+s

(∫
(1 − φ (i)) α̌t0 (i)

1
Pk

[ek(i)− ς (i) Ek] di
)
− δ

∫
(1 − φ (i)) α̌t+s (i) bt+s (i) dis̄k

1
Pk

+ (1 − θk)∑
s
(βθk)

s

(
−Eδ,t+s

(∫
φ (i) ℵ̌t0

t+s (i)
1
Pk

[ek(i)− ς (i) Ek]

)
di − δ

R − 1
R ∑

u=0

1
Ru

∫
φ (i) ℵ̌t+s

t+u+s (i) b (i) dis̄k
1
Pk

)
Taking the difference between the equation at t + 1 times βθk and the equation at t we obtain

(βµ̌k,t+1 − (1 + ((1 − δ) β)) µ̌k,t + (1 − δ) µ̌k,t−1) = λkµ̌k,t −
K

∑
l=1

λl
µ̌l,t

Yl Pl

∫
(γe,l (i) el (i) ρk,l (i)) di −

K

∑
l=1

λl
µ̌l,t

PlYl

PkYk,lYl

Al

− Eδ,t

(∫ [
(1 − φ (i))

(
(i)− Rλt0

t−1 (i)
)
+ ζ̌t0,u

t (i)
]

∂ev∂eek + φ (i) ζ̌t0,HtM
t (i) ∂evi∂eekdi

)
+ Eδ,t

(∫ (
(1 − φ (i)) α̌t0 (i) + φ (i) ℵ̌t

t0
)
[ek(i)− ς (i) Ek] di

)
− δ

∫ (
(1 − φ (i)) α̌t (i) + φ (i)

R − 1
R ∑

u=0

1
Ru ℵ̌

t
t+u (i)

)
b (i) dis̄k

We can now verify that a steady state with R = 1/β̃, constant wages and prices (chosen such that the good markets and labor market clear, recall that this implies that
wealth, expenditure and labor supply of households is constant across time and identical for unconstrained and HtM households) and ζ̌t0,u

t = ζ̌t0,HtM
t = Ξ̌t = µ̌k,t = λ̌t0

t = 0,
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α̌t (i) = ℵ̌t
t (i) = ℵ̌t (i) = −1 solves the set of first-order conditions47

− Eδ,t

(
(1 − φ (i)) λ̌t0

t (i) ∂ev (e (i) , P)
)
− Eδ,t

(
(1 − φ (i)) α̌t0 (i)

b (i)
R

)
− Eδ,t

(
φ (i) ℵ̌t0 (i)

1
R

b (i)
)
= 0 ⇒ Eδ,t

(
b (i)

R

)
= 0

ζ̌t0,u
t (i) ∂ev = ψn(i)

{
Ξ̌t − α̌t0 (i)− 1

}
ζ̌t0,HtM

t (i) ∂ev = ψn(i)
{

Ξ̌t − α̌t0 (i)− 1
}
⇒ 0 = ψn(i) {1 − 1} 0 = ψn(i) {1 − 1}

0 = Eδ,t

∫
(1 − φ (i)) ζ̌t0,u

t (i) ∂evdi + Eδ,t

∫
φ (i) ζ̌t0,HtM

t (i) ∂edi −
K

∑
k=1

λkµ̌k,sNk(Pt, Wt) ⇒ 0 = 0

1 +
(

λ̌t0
t (i)− Rλ̌t0

t−1 (i)
)

∂eev + ζ̌t0,u
t (i)W∂eev + α̌t0 (i)− Ξ̌t −

K

∑
k=1

1
PkYk

λkµ̌k,tγe,k (i) ∂eek (i) = 0 ⇒ 1 − 1 = 0

1 + ζ̌t0
t (i)W∂eev + ℵ̌t0 (i)− Ξ̌t −

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i) = 0 ⇒ 1 − 1 = 0

(βµ̌k,t+1 − (1 + ((1 − δ) β)) µ̌k,t + (1 − δ) µ̌k,t−1) = λkµ̌k,t −
K

∑
l=1

λl
µ̌l,t

Yl Pl

∫
(γe,l (i) el (i) ρk,l (i)) di

− Eδ,t

(∫ [
(1 − φ (i))

(
λ̌t0

t (i)− Rλ̌t0
t−1 (i)

)
+ ζ̌t0,u

t (i)W
]

∂ev∂eek (i) + φ (i) ζ̌t0,HtM
t (i)W∂evi∂eek (i) di

)
+ Eδ,t

(∫ (
(1 − φ (i)) α̌t0 (i) + φ (i) ℵ̌t0

)
[ek(i)− ς (i) Ek] di

)
− δ

∫ (
(1 − φ (i)) α̌t (i) + φ (i) ℵ̌t (i)

)
b (i) dis̄kPk

⇒ 0 = −Eδ,t

(∫
[ek(i)− Ek] di

)
+ δ

∫
b (i) dis̄kPk

Differentiating the first-order conditions
We now differentiate the first-order conditions around the steady state constructed in the previous section. Prices are in log-deviation while Lagrange multipliers are in
absolute deviations.

• First order conditions with respect to bt0,u
t (i):

α̌t0
t (i) = α̌t0

t−1 (i) + R̂t−1

= α̌t0 (i) +
t−t0−1

∑
s=0

R̂t0+s

• First Order conditions for the interest rate

−Eδ,t

(∫
(1 − φ (i)) λ̌t0

t (i) ∂ev (e (i) , P) di
)
= Eδ,t

(∫
(1 − φ (i)) α̌t0 (i)

b (i)
R

di
)
+ Eδ,t

(∫
φ (i) ℵ̌t0

t (i)
1
R

b (i) di
)

+ Eδ,t

(∫
(1 − φ (i))

t−t0−1

∑
s=0

R̂t0+s
b (i)

R
di

)

47Note that to solve the steady state system we only need Ξ̌ − α̌t0 = −1 and Ξ̌ − ℵ̌t0 = −1. It’s direct to verify that choosing any values for Ξ̌, α̌t0 , and ℵ̌t0 that satisfy
this would give the same system of differentiated first order conditions.
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• First Order conditions for Wt:

0 = Eδ,t

∫ (
(1 − φ (i)) ζ̌t0,u

t (i) + φ (i) ζ̌t0,HtM
t (i)

)
∂evdi −

K

∑
k=1

λkµ̌k,sNk(Pt, Wt) + ∑
k,l

Pl∂WYl,k

Ak
Yk
(

P̂l,t + Ãl,t,
)
+ ∑

k

W∂WNk
Ak

YkŴt

• First-order conditions with respect to labour supply:

ζ̌t0,u
t (i) ∂ev = ψn(i)

{
Ξ̌t −

t−t0−1

∑
s=0

R̂t0+s − α̌t0 (i)− V (i) G′′ (V (i) , i)
G′ (V (i) , i)

V̂t0 (i) +
1
σ

(
êt0,u

t (i)− ∑
l

sl (i) P̂l,t

)
+ ∑

l
∂eel (i) P̂l,t

}

= ψn(i)

{
Ξ̌t − α̌t0 (i)− V (i) G′′ (V (i) , i)

G′ (V (i) , i)
V̂t0 (i) +

1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0

}

ζ̌t0,HtM
t (i) ∂ev = ψn(i)

{
Ξ̌t − ℵ̌t0

t (i)− V (i) G′′ (V (i) , i)
G′ (V (i) , i)

V̂t0 (i) +
1
σ

(
êt0,HtM

t (i)− ∑
l

sl (i) P̂l,t

)
+ ∑

l
∂eel (i) P̂l,t

}
• First-order condition with respect to expenditure. We only need to rexpress the impact of individual consumption on profits.

• Log linearizing ∑k
∫ (

∂eek∂edk + dI
k∂eỸk

)
(pk,t(j)− MCk,t) dj we have:

d ∑k
∫ (

∂eek∂edk + dI
k∂eỸk

)
(pk,t(j)− MCk,t) dj

∑k
∫ (

∂eek∂edk + dI
k∂eỸk

)
(pk,t(j)− MCk,t) dj

=

(
P̂k,t + Âk,t − ΩN,kŴt + ∑

l
Ωk,l P̂l,t

)
D (P) (Id − Q̃)−1D−1 (P) [∂e1, ..., ∂eeK]

T

= [∂ee1, ..., ∂eeK]
T (Id − Ω)−1

[(
P̂k,t + Âk,t − ΩN,kŴt − ∑

l
Ωk,l P̂l,t

)]
= −Ŵt + ∑

l
∂eel

(
Ãl,t + P̂l,t

)
So we have:

V (i) G′′ (V (i) , i)
G′ (V (i) , i)

V̂t0 (i)−
1
σ

(
êt0,u

t (i)− ∑
l

sl (i) P̂l,t

)
− ∑

l
∂eel (i) P̂l,t +

(
λt0

t (i)− Rλt0
t−1 (i)

)
∂eev + ζ̌t0,u

t (i)W∂eev

+ α̌t0 (i) +
t−t0−1

∑
s=0

R̂t0+s − Ξ̌t −
(

Ŵt − ∑
l

∂eel
(

Ãl,t + P̂l,t
))

− 1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i) = 0

V (i) G′′ (V (i) , i)
G′ (V (i) , i)

V̂t0 (i)−
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
− ∑

l
∂eel (i) P̂l,t +

(
λt0

t (i)− Rλt0
t−1 (i)

)
∂eev + ζ̌t0,u

t (i)W∂eev

+ α̌t0 (i)− Ξ̌t −
(

Ŵt − ∑
l

∂eel
(

Ãl,t + P̂l,t
))

− 1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i) = 0

For the expenditure of HtM households:

V (i) G′′ (V (i) , i)
G′ (V (i) , i)

V̂t0 (i)−
1
σ

(
êt0,HtM

t (i)− ∑
l

sl (i) P̂l,t

)
− ∑

l
∂eel (i) P̂l,t + ζ̌t0,HtM

t (i)W∂eev

+ ℵ̌t0
t (i)− Ξ̌t −

(
Ŵt − ∑

l
∂eel

(
Ãl,t + P̂l,t

))
− 1

PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i) = 0
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• Finally for resetted prices, note that we have:

d

(
∑

s
(βθk)

s ∂p(j∗)Divt+s − ∑
s
(βθk)

s+1 ∂p(j∗)Divt+1+s

)
= ∑

l

(∫
el (i) ρl,k (i)

1
Pl Pk

di + ∂pk(j∗)Ỹl

)
Pl
(

P̂l,t + Âl,t − M̂Cl,t+s
)

+
Yk
Pk

ϵ̄k
θk

(1 − βθk) (1 − θk)
(βπk,t+1 − πk,t) + dEk,t

Defining ϑk = ϵ̄k
θk

(1−βθk)(1−θk)
, we obtain:

(βµ̌k,t+1 − (1 + ((1 − δ) β)) µ̌k,t + (1 − δ) µ̌k,t−1) = λkµ̌k,t −
K

∑
l=1

λl
µ̌l,t

Yl Pl

∫
(γe,l (i) el (i) ρl,k (i)) di −

K

∑
l=1

λl
µ̌l,t

PlYl

PkYk,lYl

Al

− Eδ,t

(∫ [
(1 − φ (i))

(
λ̌t0

t (i)− Rλ̌t0
t−1 (i)

)
+ ζ̌t0,u

t (i)W
]

∂ev∂eek + φ (i) ζ̌t0,HtM
t (i)W∂evi∂eekdi

)
+ Eδ,t

(∫ (
(1 − φ (i)) α̌t0 (i) + φ (i) ℵ̌t0

t

)
[ek(i)− ς (i) Ek] di

)
+ Eδ,t

(∫
(1 − φ (i)) [ek(i)− ς (i) Ek] di

t−t0−1

∑
s=0

R̂t0+s

)
− δ

∫
(1 − φ (i)) α̌t (i) b (i) dis̄k

− δ ∑
u=0

((1 − δ) β)u
∫

φ (i) ℵ̌t
t+u (i) b (i) dis̄k

R − 1
R

+ δ ∑
u=0

1
Ru

∫
φ (i) b (i) dis̄k

R̂t+u

R

+ ∑
l,m

Pl Pk∂PkYl,m

Am
Ym
(

P̂l,t + Ãl,t,
)
+ ∑

l

WPk∂PkNl

Al
YlŴt + ∑

l
El ρ̄l,k

(
P̂l,t + Ãl,t

)
− PkYkϑk (πk,t − βπk,t+1)

Solving the Labor market equation
The next step is to re-write the (infinite number of) linearized conditions, into a system of a limited number of equations and variables. Our first main equation is the
optimality of the wage

0 = Eδ,t

∫ (
(1 − φ (i)) ζ̌t0,u

t (i) + φ (i) ζ̌t0,HtM
t (i)

)
W∂evdi −

K

∑
k=1

λkµ̌k,sWNk + ∑
k,l

PlW∂WYl,k

Ak
Yk
(

P̂l,t + Ãl,t,
)
+ ∑

k

W2∂WNk
Ak

YkŴt

Let us define the first component as Z̃t ≡ Eδ,t
∫ (

(1 − φ (i)) ζ̌t0,u
t (i) + φ (i) ζ̌t0,HtM

t (i)
)

W∂evdi. Substituting out the Lagrange multipliers gives:

Z̃t = ψWNΞ̌t − Eδ,t

∫
ψn(i)

V (i) G′′ (V (i) , i)
G′ (V (i) , i)

V̂t0 (i) di + Eδ,t

∫
(1 − φ (i))ψWn(i)

{
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0 − α̌t0 (i)

}

+ φ (i)ψWn(i)

{
1
σ

(
êt0,HtM

t (i)− ∑
l

sl (i) P̂l,t

)
+ ∑

l
∂eel (i) P̂l,t − ℵ̌t0

t (i)

}
di

Our first goal is to solve for Ξ̌t, α̌t0 (i) and ℵ̌t0
t (i). Using the optimality of household’s expenditure and substituting the ζ̌t0,u

t (i) term
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(
λ̌t0

t (i)− Rλ̌t0
t−1 (i)

)
∂ev = σe (i)

V (i) G′′ (V (i))
G′ (V (i))

V̂t0 (i)− σe (i)

(
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0

)
− ζ̌t0,u

t (i)W∂ev + σe (i) α̌t0 (i)

− σe (i) Ξ̌t − σe (i)

((
Ŵt − ∑

l
∂eel

(
Ãl,t + P̂l,t

))
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
(

λ̌t0
t (i)− Rλ̌t0

t−1 (i)
)

∂ev = (σe (i) + ψn (i))

(
V (i) G′′ (V (i))

G′ (V (i))
V̂t0 (i)−

(
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0

))

+ (σe (i) + ψn (i))
(
α̌t0 (i)− Ξ̌t

)
− σe (i)

((
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

))
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
So using, λ̌t0

t0−1 (i) = 0 , 1
Rt λ̌t0

t (i) → 0, we have:

0 = (σe (i) + ψWn (i))

(
V (i) G′′ (V (i))

G′ (V (i))
V̂t0 (i)− e (i)

(
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0

))
+ (σe (i) + ψWn (i)) α̌t0 (i)

−
(

1 − 1
R

)
(σe (i) + ψWn (i))

∞

∑
s=0

1
Rs Ξ̌t0+s − σe (i)

(
1 − 1

R

) ∞

∑
s=0

1
Rs

(
Ŵt0+s − ∑

l
∂eel (i)

(
Ãl,t0+s + P̂l,t0+s

)
+

1
PkYk

K

∑
k=1

λkµ̌k,t0+sγe,k (i) ∂eek (i)

)

α̌t0 (i) = −V (i) G′′ (V (i))
G′ (V (i))

V̂t0 (i) +

(
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0

)

+
∞

∑
s=0

1
Rs+1 ∆Ωt0+1+s + Ωt0 +

σe (i)
σe (i) + ψn (i)

(
1 − 1

R

) ∞

∑
s=0

1
Rs

(
Ŵt0+s − ∑

l
∂eel (i)

(
Ãl,t0+s + P̂l,t0+s

)
+

1
PkYk

K

∑
k=1

λkµ̌k,t0+sγe,k (i) ∂eek (i)

)
Similarly for the budget constraint multiplier of HtM agents,

0 = (σe (i) + ψWn (i))

(
V (i) G′′ (V (i))

G′ (V (i))
V̂t0 (i)−

(
1
σ

(
êt0,HtM

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0

))

+ (σe (i) + ψWn (i))
(
ℵ̌t0

t (i)− Ξ̌t

)
− σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)

ℵ̌t0
t (i) = −

(
V (i) G′′ (V (i))

G′ (V (i))
V̂t0 (i)−

(
1
σ

(
êt0,HtM

t (i)− ∑
l

sl (i) P̂l,t

)
+ ∑

l
∂eel (i) P̂l,t

))

+ Ξ̌t +
σe (i)

σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
Next, define

Λ̃t ≡ Eδ,t

(
(1 − φ (i))

(
λ̌t0

t (i)− Rλ̌t0
t−1 (i)

)
∂ev
)

Using the first-order condition for the optimality of expenditure of unconstrained households to substitute
(

λ̌t0
t (i)− Rλ̌t0

t−1 (i)
)

∂ev and the overlapping generation
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sturcture, the evolution of Λ̃t is given by:

Λ̃t+1 − (1 − δ) Λ̃t = − (1 − δ)

{∫
(1 − φ (i)) (σe (i) + ψWn (i)) di∆Ξ̌t+1 +

∫
(1 − φ (i)) σe (i)

(
∆Ŵt+1 − ∑

l
∂eel (i)∆

(
Ãl,t+1 + P̂l,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)}
di

+ δ
∫

(1 − φ (i)) λ̌t+1
t+1 (i) ∂evdi.

Next to derive the evolution of
∫
(1 − φ (i)) λ̌t+1

t+1 (i) ∂evdi we define

Λ̃0
t ≡

∫
(1 − φ (i)) λt

t (i) ∂evdi − Λ̃t.

The evolution of Λ̃t in terms of Λ̃0
t is simply:

Λ̃t+1 − Λ̃t = −
{∫

(1 − φ (i)) (σe (i) + ψWn (i)) di∆Ξ̌t+1 +
∫

(1 − φ (i)) σe (i)

(
∆Ŵt+1 − ∑

l
∂eel (i)∆

(
Ãl,t+1 + P̂l,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)}
di+

δ

1 − δ
Λ̃0

t+1.

While using the definition of λt
t (i)from the FOC for expenditure, the evolution of Λ̃0

t is given by:∫
(1 − φ (i)) λt

t∂evdi = (σe (i) + ψWn (i))

(
V (i) G′′ (V (i))

G′ (V (i))
V̂t (i)−

(
1
σ

(
êt,u

t (i)− ∑
l

sl (i) P̂l,t

)
+ ∑

l
∂eel (i) P̂l,t

))

+ (σe (i) + ψWn (i))
(
α̌t (i)− Ξ̌t

)
− σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)

=
∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
∞

∑
s=0

1
Rs+1 ∆Ωt+1+s

+
∫

(1 − φ (i)) σe (i)
∞

∑
s=0

1
Rs

(
∆Ŵt+1+s − ∑

l
∂eel (i)∆

(
Ãl,t+1+s + P̂l,t+1+s

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1+sγe,k (i) ∂eek (i)

)
di

⇒ Λ̃0
t −

1
(1 − δ) R

Λ̃0
t+1 = −

(
1 − 1

R

)
Λ̃t

Coming back to Z̃t, and defining a new variable ˜̃Zt which captures the contribution of the unconstrained households to the variable Z̃t, we can write

Z̃t = ψWNΞ̌t − Eδ,t

∫
ψWn(i)

V (i) G′′ (V (i))
G′ (V (i))

V̂t0 (i) di

+ Eδ,t

∫
(1 − φ (i))ψWn(i)

{
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0 − α̌t0 (i)

}
+ φ (i)ψWn(i)

{
1
σ

(
êt0,HtM

t (i)− ∑
l

sl (i) P̂l,t

)
+ ∑

l
∂eel (i) P̂l,t − ℵ̌t0

t (i)

}
di

˜̃Zt ≡ Z̃t +
∫

φ (i)ψWn(i)

(
σe (i)

σe (i) + ψn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

))
di

=
∫

(1 − φ (i))ψWn(i)diΞ̌t + Eδ,t

∫
(1 − φ (i))ψWn(i)

{
1
σ

(
êt0,u

t0
(i)− ∑

l
sl (i) P̂l,t0

)
+ ∑

l
∂eel (i) P̂l,t0 −

V (i) G′′ (V (i))
G′ (V (i))

V̂t0 (i)− α̌t0 (i)

}
.

The evolution of ˜̃Zt is given by (using the fact that the second term in the definition of ˜̃Zt is independent of t ):
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˜̃Zt+1 − (1 − δ) ˜̃Zt = (1 − δ)
∫

(1 − φ (i))Wn (i)ψdi∆Ξ̌t+1

+ δ

(∫
(1 − φ (i))ψWn(i)diΞ̌t+1 +

∫
(1 − φ (i))ψWn(i)

{
1
σ

(
êt+1,u

t+1 (i)− ∑
l

sl (i) P̂l,t+1

)
+ ∑

l
∂eel (i) P̂l,t+1 −

V (i) G′′ (V (i))
G′ (V (i))

V̂t+1 (i)− α̌t+1 (i)

})
.

The second line correspond to the contribution of unconstrained households born at t + 1 to ˜̃Zt+1. To characterize the dynamics of this term, we define:

˜̃Z0
t+1 ≡

∫
(1 − φ (i))ψWn(i)diΞ̌t+1 +

∫
(1 − φ (i))ψWn(i)

{
1
σ

(
êt+1,u

t+1 (i)− ∑
l

sl (i) P̂l,t+1

)
+ ∑

l
∂eel (i) P̂l,t+1 −

V (i) G′′ (V (i))
G′ (V (i))

V̂t+1 (i)− α̌t+1 (i)

}
− ˜̃Zt+1

Using the definition of ˜̃Z0
t+1, the joint evolution of ˜̃Zt and ˜̃Z0

t is given by:

˜̃Zt+1 − ˜̃Zt =
∫

(1 − φ (i))Wn (i)ψdi∆Ξ̌t+1 +
δ

1 − δ
˜̃Z0

t+1

˜̃Z0
t −

1
(1 − δ) R

˜̃Z0
t+1 = −

(
1 − 1

R

) ∫
(1 − φ (i))ψWn(i)

σe (i)
σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,t+sγe,k (i) ∂eek (i)

)
di −

(
1 − 1

R

)
˜̃Zt

Finally, define

Zt ≡ ˜̃Zt +

∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Λ̃t

+

∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

∫
(1 − φ (i)) σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

Z0
t ≡ ˜̃Z0

t + Λ̃0
t

The dynamics of Zt are characterized by the following two equations:

Zt+1 − Zt =
δ

1 − δ
Z0

t+1

Z0
t −

1
(1 − δ) R

Z0
t+1 +

(
1 − 1

R

)
Zt

=

(
1 − 1

R

) ∫
(1 − φ (i)) σe (i)

( ∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
− ψWn(i)

σe (i) + ψWn (i)

)(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,t+sγe,k (i) ∂eek (i)

)
di

And we can rewrite our original equation characterizing the optimality of the nominal wage as:

K

∑
k=1

λkµ̌k,sWNk(Pt, Wt) = Zt −
∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Λ̃t

−
∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

∫
(1 − φ (i)) σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

−
∫

φ (i)ψWn(i)

(
σe (i)

σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

))
di + ∑

k,l

PlW∂WYl,k

Ak
Yk
(

P̂l,t + Ãl,t,
)
+ ∑

k

W2∂WNk
Ak

YkŴt

Next, we derive the evolution of Λ̃t. The optimality of R̂t allows us to express Λ̃t in terms of the Lagrange multipliers of the budget constraints of unconstrained and HtM
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households:

−Eδ,t

(
(1 − φ (i)) λ̌t0

t (i) (i) ∂ev (e (i) , P)
)
= Eδ,t

(
(1 − φ (i)) α̌t0

t (i)
b (i)

R

)
+ Eδ,t

(
φ (i) ℵ̌t0

t (i)
1
R

b (i)
)

−Λ̃t =Eδ,t

(
(1 − φ (i)) α̌t0

t (i)
b (i)

R

)
+ Eδ,t

(
φ (i) ℵ̌t0

t (i)
1
R

b (i)
)

− (1 − δ) REδ,t−1

(
(1 − φ (i)) α̌t0

t−1 (i)
b (i)

R

)
+ Eδ,t

(
φ (i) ℵ̌t0

t−1 (i)
1
R

b (i)
)

Define

Ãb,t ≡ Eδ,t

(
(1 − φ (i)) α̌t0

t (i)
b (i)

R

)
+ Eδ,t

(
φ (i) ℵ̌t0

t (i)
1
R

b (i)
)

Using our formulas for α̌t0
t and ℵ̌t0

t derived above, the evolution of Ãb,t is given by:

Ãb,t+1 − (1 − δ) Ãb,t = (1 − δ) R̂t

∫
(1 − φ (i))

b (i)
R

di + (1 − δ)
∫

φ (i)
1
R

b (i) di∆Ξ̌t+1

+ (1 − δ)
∫

φ (i)
1
R

b (i)
σe (i)

σe (i) + ψWn (i)

(
∆Ŵt+1 − ∑

l
∂eel (i)

(
∆Ãl,t+1 + ∆P̂l,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)
di

+ (1 − δ)Eδ,t

(
φ (i)

1
R

b (i)∆
1
σ

(
êt0,HtM

t+1 (i)− ∑
l

sl (i) P̂l,t+1

)
+ ∆ ∑

l
∂eel (i) P̂l,t+1

)

+ δ
∫ (

(1 − φ (i)) α̌t+1
t+1 (i) + φ (i) ℵ̌t+1

t+1 (i)
) 1

R
b (i) di

The last line gives the contribution of the newborn households, to characterize its evolution, we define:

Ã0
b,t+1 =

∫ (
(1 − φ (i)) α̌t+1

t+1 (i) + φ (i) ℵ̌t+1
t+1 (i)

) 1
R

b (i) di − Ãb,t+1

The decisions of households born at t in terms of expenditure at t and their change in welfare at t (usingRoy’s identity) are given by:

êt0,HtM
t (i)− ∑

l
sl (i) P̂l,t =

σ

σe (i) + ψWn (i)

{
R̂t

b (i)
R

+ Wn(i)
(
ψŴt + ∑ s̄k Ãk,t

)
− ∑

k
(e(i) (sk(i)− s̄k) + ψWn(i)∂eek(i)) P̂k,t +

(
1 − 1

R

)
b(i)∑

l
s̄l
(

P̂l,t0 − P̂l,t
)}

dVt0 (i) = ∂ev ∑
s=0

1
Rs

{
b (i)

R
R̂t+s + Ŵt+sWn (i)− ∑

k
ek (i) P̂k,t + ς (i)∑

k
Ek
(

P̂k,t+s + Ãk,t+s − Ŵt+s
)
+

R − 1
R

b (i)∑
k

s̄k P̂k,t0

}

= ∂ev ∑
s=0

1
Rs

{
b (i)

R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}

dV− (i) = ∂ev

(
∑
s=0

1
Rs

{
b (i)

R
(

R̂s − πcpi,1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,s + Wn (i)∑

k
s̄k Ãk,s

}
− b (i)∑

k
s̄k P̂k,0

)

êt,u
t − ∑

k
sk(i)P̂k,t = −σ ∑

1
Rs+1

(
R̂t+s − ∑

k
∂eek(i)πk,t+s+1

)

+

(
1 − 1

R

)
σ

(σe(i) + ψWn(i)) ∑
1

Rs

(
b(i)
R
(

R̂t+s − πcpi,t+s+1
)
+ ψWn(i)Ŵt+s − ∑

k
(e(i) (sk(i)− s̄k) + ψWn(i)∂eek(i)) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

)
.
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ê−,u
0 − ∑

k
sk(i)P̂k,t = −σ ∑

1
Rs+1

(
R̂t+s − ∑

k
∂eek(i)πk,t+s+1

)

+

(
1 − 1

R

)
σ

(σe(i) + ψWn(i))

{
∑

1
Rs

(
b(i)
R
(

R̂t+s − πcpi,t+s+1
)
+ ψWn(i)Ŵt+s − ∑

k
(e(i) (sk(i)− s̄k) + ψWn(i)∂eek(i)) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

)
− b (i)∑

k
s̄k P̂k,0

}
Using these expressions, α̌t

t can be rewritten as:

α̌t
t (i) =

−∂evG′′ (V (i))
G′ (V (i))

+

(
1 − 1

R

)
(σe(i) + ψWn(i))

 ∑
s=0

1
Rs

{
b (i)

R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}

+

(
1 − 1

R

)
∑

1
Rs Ŵt+s − ∑

1
Rs+1 R̂t+s +

∞

∑
s=0

1
Rs+1 ∆Ωt+1+s + Ξ̌t

+
σe (i)

σe (i) + ψWn (i)

(
1 − 1

R

) ∞

∑
s=0

1
Rs

(
−∑

l
∂eel (i) Ãl,t+s +

1
PkYk

K

∑
k=1

λkµ̌k,t+sγe,k (i) ∂eek (i)

)
The evolution of Ãb,t and Ã0

b,t is therefore characterized by:

Ãb,t+1 − Ãb,t = R̂t

∫
(1 − φ (i))

b (i)
R

di +
∫

φ (i)
1
R

b (i) di∆Ξ̌t+1 +
∫

φ (i)
b (i)

R
∆Ŵt+1di

+
∫

φ (i)
b (i)

R
σe (i)

σe (i) + ψWn (i)

(
−∑

l
∂eel (i)

(
∆Ãl,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)
di

+ Eδ,t

(
φ (i)

b (i)
R

1
σe (i) + ψWn (i)

{
b (i)

R
(
∆R̂t+1 − (R − 1)πcpi,t+1

)
+ Wn(i)∑ s̄k∆Ãk,t+1 − ∑

k
e(i) (sk(i)− s̄k)πk,t+1

})
+

δ

1 − δ
Ã0

b,t+1

Ã0
b,t −

1
(1 − δ) R

Ã0
b,t+1 +

(
1 − 1

R

)
Ãb,t =

∫ b (i)
R

−∂evG′′ (V (i))
G′ (V (i))

+

(
1 − 1

R

)
σe (i) + ψWn (i)

{ b (i)
R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}
di

+

(
1 − 1

R

) ∫ b (i)
R

σe (i)
σe (i) + ψWn (i)

(
−∑

l
∂eel (i) Ãl,t +

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

Using the relationship between Λ̃t and Ξ̌t, we obtain:
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(
1 −

∫
φ (i) 1

R b (i) di∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

)
Ab,t+1 −

(
1 −

(1 − δ + R)
∫

φ (i) 1
R b (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
Ab,t −

(1 − δ)R
∫

φ (i) 1
R b (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Ab,t−1 −

δ

1 − δ
A0

b,t+1 =

− ∑
(∫

φ (i)
b (i)

R
σe (i) ∂eel (i)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) b(i)

R di
∫
(1 − φ (i)) σe (i) ∂eel (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∆Ãl,t+1

+ ∑
(∫

φ (i)
b (i)

R
σe (i)

σe (i) + ψWn (i)
γe,k (i) ∂eek (i) di +

∫
(1 − φ (i)) b(i)

R di
∫
(1 − φ (i)) σe (i) ∂eek (i) γe,k (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
λk

PkYk
λk∆µ̌k,t+1

+

∫ φ (i)

(
b(i)
R

)2

σe (i) + ψWn (i)
di +

(∫
(1 − φ (i)) b(i)

R di
)2∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

(∆R̂t+1 − (R − 1)πcpi,t+1
)

+

(∫
φ (i)

b(i)
R Wn(i)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) b(i)

R di
∫
(1 − φ (i))Wn(i)di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∑ s̄k∆Ãk,t+1

− ∑
(∫

φ (i)
b(i)
R e(i) (sk(i)− s̄k)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) b(i)

R di
∫
(1 − φ (i)) e(i)

E (sk(i)− s̄k)∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

)
πk,t+1

A0
b,t −

1
(1 − δ) R

A0
b,t+1 +

(
1 − 1

R

)
Ab,t =

∫ b (i)
R

−∂evG′′ (V (i))
G′ (V (i))

+

(
1 − 1

R

)
σe (i) + ψWn (i)

{ b (i)
R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}
di

+

(
1 − 1

R

) ∫ b (i)
R

σe (i)
σe (i) + ψWn (i)

(
−∑

l
∂eel (i) Ãl,t +

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

And the original wage equation in terms of Zt and Ab,t is

K

∑
k=1

λkµ̌k,sWNk(Pt, Wt) = Zt +

∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψn (i)) di
(Ab,t − (1 − δ)RAb,t−1)

−
∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψn (i)) di

∫
(1 − φ (i)) σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

−
∫

φ (i)ψWn(i)

(
σe (i)

σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

))
di

+ ∑
k,l

PlW∂WYl,k

Ak
Yk
(

P̂l,t + Ãl,t,
)
+ ∑

k

W2∂WNk
Ak

YkŴt
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Solving the Price Setting equation
The second set of main equations are given by the optimality of price setting:

(βµ̌k,t+1 − (1 + ((1 − δ) β)) µ̌k,t + (1 − δ) µ̌k,t−1) = λkµ̌k,t −
K

∑
l=1

λl
µ̌l,t

Yl Pl

∫
(γe,l (i) el (i) ρl,k (i)) di −

K

∑
l=1

λl
µ̌l,t

PlYl

PkYk,lYl

Al

− Eδ,t

(∫ [
(1 − φ (i))

(
λ̌t0

t (i)− Rλ̌t0
t−1 (i)

)
+ ζ̌t0,u

t (i)W
]

∂ev∂eek (i) + φ (i) ζ̌t0,HtM
t (i)W∂ev∂eek (i) di

)
+ Eδ,t

(∫ (
(1 − φ (i)) α̌t0

t (i) + φ (i) ℵ̌t0
t (i)

)
[ek(i)− ς (i) Ek] di

)
− δ

∫
(1 − φ (i)) α̌t (i) b (i) dis̄k

− δ ∑
u=0

((1 − δ) β)u
∫

φ (i) ℵ̌t
t+u (i) b (i) dis̄k

R − 1
R

+ δ ∑
u=0

1
Ru

∫
φ (i) b (i) dis̄k

R̂t+u

R

+ ∑
l,m

Pl Pk∂PkYl,m

Am
Ym
(

P̂l,t + Ãl,t,
)
+ ∑

l

WPk∂PkNl

Al
YlŴt + ∑

l
El ρ̄l,k

(
P̂l,t + Ãl,t

)
− Ykϑk (πk,t − βπk,t+1)

As in the previous subsection the goal here is to derive the dynamics of the components of these equation using only a finite number of variables.
First note that we have

Eδ,t

(∫
φ (i) ζ̌t0,HtM

t (i)W∂ev∂eek (i) di
)
= Eδ,t

(∫
φ (i) ∂eek (i)ψWn (i)

{
Ξ̌t − ℵ̌t0

t (i)− G′′ (V (i))
G′ (V (i))

dVt0 (i) +
1
σ

et0,HtM
t (i) + ∂eel (i) · P̂l,t

}
di
)

= −Eδ,t

(∫
φ (i) ∂eek (i)ψWn (i)

σe (i)
σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

)

= −
∫

φ (i) ∂eek (i)ψWn (i)
σe (i)

σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

Next, we solve for L̃k,t ≡ Eδ,t

(∫ [
(1 − φ (i))

(
λ̌t0

t (i)− Rλ̌t0
t−1 (i)

)
+ ζ̌t0,u

t (i)
]

∂ev∂eek (i)
)

, that we can re-express as:

L̃k,t = Eδ,t

(∫
(1 − φ (i)) ∂eek (i) σe (i)

{
G′′ (V (i))
G′ (V (i))

− 1
σ (i)

êt0,u
t0

(i)− ∂eel (i) · P̂l,t0 + α̌t0 (i)−
(
Ŵt − ∂eel (i) ·

(
Ãl,t + P̂l,t

))
− Ξ̌t −

1
PlYl

K

∑
l=1

λl µ̌l,tγe,l (i) ∂eel (i)

}
di

)
Define

˜̃Lk,t = Eδ,t

(
(1 − φ (i)) ∂eek (i) σe (i)

{
G′′ (V (i))
G′ (V (i))

− 1
σ (i)

êt0,u
t0

(i)− ∂eel (i) · P̂l,t0 + α̌t0 (i)− Ξ̌t

})
= L̃k,t +

∫
(1 − φ (i)) ∂eek (i) σe (i)

{(
Ŵt − ∂eel (i) ·

(
Ãl,t + P̂l,t

))
+

1
PlYl

K

∑
l=1

λl µ̌l,tγe,l (i) ∂eel (i)

}
di

We have

∆ ˜̃Lk,t+1 = −
∫

(1 − φ (i)) ∂eek (i) σe (i) di∆Ξ̌t+1 −
λl

PlYl

K

∑
l=1

∫
(1 − φ (i)) ∂eek (i) σe (i) ∂eel (i) di∆µ̌l,t+1 +

δ

1 − δ
˜̃L0

k,t+1

With

˜̃L0
k,t −

1
R (1 − δ)

˜̃L0
k,t+1 +

(
1 − 1

R

)
˜̃Lk,t =

(
1 − 1

R

) ∫
(1 − φ (i))

σe (i)
ψWn (i) + σe (i)

σe (i) ∂eek (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PlYl

K

∑
l=1

λl µ̌l,tγe,l (i) ∂eel (i)

)
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Define

Lk,t ≡ ˜̃Lk,t −
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Λ̃t

−
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

∫
(1 − φ (i)) σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

L0
k,t ≡ ˜̃L0

k,t −
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Λ̃0

t

We have

∆Lk,t+1 =
δ

1 − δ
L0

k,t+1

L0
k,t −

1
R (1 − δ)

L0
k,t+1 +

(
1 − 1

R

)
Lk,t =

(
1 − 1

R

) ∫
(1 − φ (i))

σe (i)
ψwn (i) + σe (i)

σe (i) ∂eek (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PlYl

K

∑
l=1

λl µ̌l,tγe,l (i) ∂eel (i)

)

−
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

∫
(1 − φ (i)) σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

The resetting equation becomes

(βµ̌k,t+1 − (1 + ((1 − δ) β)) µ̌k,t + (1 − δ) µ̌k,t−1) = λkµ̌k,t −
K

∑
l=1

λl
µ̌l,t

Yl Pl

∫
(γe,l (i) el (i) ρl,k (i)) di −

K

∑
l=1

λl
µ̌l,t

PlYl

PkYk,lYl

Al

− Lk,t +
∫

φ (i) ∂eekψn (i)
σe (i)

σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

+
∫

(1 − φ (i)) ∂eek (i) σe (i)

{(
Ŵt − ∂eel (i) ·

(
Ãl,t + P̂l,t

))
+

1
PlYl

K

∑
l=1

λl µ̌l,tγe,l (i) ∂eel (i)

}
di

−
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Λ̃t

−
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

∫
(1 − φ (i)) σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

+ Eδ,t

(∫ (
(1 − φ (i)) α̌t0

t (i) + φ (i) ℵ̌t0
t (i)

)
[ek(i)− ς (i) Ek] di

)
− δ

∫
(1 − φ (i)) α̌t (i) b (i) dis̄k

− δ ∑
u=0

((1 − δ) β)u
∫

φ (i) ℵ̌t
t+u (i) b (i) dis̄k

R − 1
R

+ δ ∑
u=0

1
Ru

∫
φ (i) b (i) dis̄k

R̂t+u

R

+ ∑
l,m

Pl Pk∂PkYl,m

Am
Ym
(

P̂l,t + Ãl,t,
)
+ ∑

l

WPk∂PkNl

Al
YlŴt + ∑

l
El ρ̄l,k

(
P̂l,t + Ãl,t

)
− Ykϑk (πk,t − βπk,t+1)

Next note that we have

Eδ,t

(∫ (
(1 − φ (i)) α̌t0

t (i) + φ (i) ℵ̌t0
t (i)

)
[ek(i)− ς (i) Ek] di

)
= Eδ,t

(∫ (
(1 − φ (i)) α̌t0

t (i) + φ (i) ℵ̌t0
t (i)

)
[ek(i)− e(i)s̄k] di

)
+

(
1 − 1

R

)
s̄kEδ,t

(∫ (
(1 − φ (i)) α̌t0

t (i) + φ (i) ℵ̌t0
t (i)

)
b(i)di

)
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Define

Ãek ,t ≡ Eδ,t

(∫ (
(1 − φ (i)) α̌t0

t (i) + φ (i) ℵ̌t0
t (i)

)
(ek(i)− e(i)s̄k) di

)
We have

Ãek ,t+1 − (1 − δ) Ãek ,t = (1 − δ) R̂t

∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di + (1 − δ)

∫
φ (i) (ek(i)− e(i)s̄k) di∆Ξ̌t+1

+ (1 − δ)
∫

φ (i) (ek(i)− e(i)s̄k)
σe (i)

σe (i) + ψWn (i)

(
∆Ŵt+1 − ∑

l
∂eel (i)

(
∆Ãl,t+1 + ∆P̂l,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)
di

+ (1 − δ)Eδ,t

(
φ (i) (ek(i)− e(i)s̄k)∆

1
σ

(
êt0,HtM

t+1 (i)− ∑
l

sl (i) P̂l,t+1

)
+ ∆ ∑

l
∂eel (i) P̂l,t+1

)
+ δ

∫ (
(1 − φ (i)) α̌t+1

t+1 + φ (i) ℵ̌t+1
t+1 (i)

)
(ek(i)− e(i)s̄k) di

Define

Ã0
ek ,t+1 =

∫ (
(1 − φ (i)) α̌t+1

t+1 (i) + φ (i) ℵ̌t+1
t+1 (i)

)
(ek(i)− e(i)s̄k) di − Ãek ,t+1

We have

Ãek ,t+1 − Ãek ,t = R̂t

∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di +

∫
φ (i) (ek(i)− e(i)s̄k) di∆Ξ̌t+1 +

∫
φ (i) (ek(i)− e(i)s̄k)∆Ŵt+1di

+
∫

φ (i) (ek(i)− e(i)s̄k)
σe (i)

σe (i) + ψWn (i)

(
−∑

l
∂eel (i)

(
∆Ãl,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)
di

+ Eδ,t

(
φ (i) (ek(i)− e(i)s̄k)

1
σe (i) + ψWn (i)

{
b (i)

R
(
∆R̂t+1 − (R − 1)πcpi,t+1

)
+ Wn(i)∑ s̄k∆Ãk,t+1 − ∑

k
e(i) (sk(i)− s̄k)πk,t+1

})
+

δ

1 − δ
Ã0

ek ,t+1

Ã0
ek ,t −

1
(1 − δ) R

Ã0
ek ,t+1 +

(
1 − 1

R

)
Ãek ,t = +

(
1 − 1

R

) ∫
(ek(i)− e(i)s̄k)

σe (i)
σe (i) + ψWn (i)

(
−∑

l
∂eel (i) Ãl,t +

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

+
∫

(ek(i)− e(i)s̄k)

−∂evG′′ (V (i))
G′ (V (i))

+

(
1 − 1

R

)
σe (i) + ψWn (i)

{ b (i)
R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}
di

Define

Aek ,t ≡ Ãek ,t +

∫
φ (i) (ek(i)− e(i)s̄k)∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
diΛ̃t

A0
ek ,t ≡ Ã0

ek ,t +

∫
φ (i) (ek(i)− e(i)s̄k)∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
diΛ̃0

t
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We have

Aek ,t+1 − Aek ,t = R̂t

∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di

−
∫

φ (i) (ek(i)− e(i)s̄k) di∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

{∫
(1 − φ (i)) σe (i)

(
∆Ŵt+1 − ∑

l
∂eel (i)∆

(
Ãl,t+1 + P̂l,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)}
+
∫

φ (i) (ek(i)− e(i)s̄k)∆Ŵt+1di

+
∫

φ (i) (ek(i)− e(i)s̄k)
σe (i)

σe (i) + ψWn (i)

(
−∑

l
∂eel (i)

(
∆Ãl,t+1

)
+

1
PkYk

K

∑
k=1

λk∆µ̌k,t+1γe,k (i) ∂eek (i)

)
di

+ Eδ,t

(
φ (i) (ek(i)− e(i)s̄k)

1
σe (i) + ψWn (i)

{
b (i)

R
(
∆R̂t+1 − (R − 1)πcpi,t+1

)
+ Wn(i)∑ s̄k∆Ãk,t+1 − ∑

k
e(i) (sk(i)− s̄k)πk,t+1

})
+

δ

1 − δ
A0

ek ,t+1

A0
ek ,t −

1
(1 − δ) R

A0
ek ,t+1 +

(
1 − 1

R

)
Aek ,t =

(
1 − 1

R

) ∫
(ek(i)− e(i)s̄k)

σe (i)
σe (i) + ψWn (i)

(
−∑

l
∂eel (i) Ãl,t +

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

+
∫

(ek(i)− e(i)s̄k)

−∂evG′′ (V (i))
G′ (V (i))

+

(
1 − 1

R

)
σe (i) + ψWn (i)

{ b (i)
R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}
di

Using the evolution of the wage (derived from the output gap Euler)(
1 − φN

)
ψ∆Ŵt+1 =

((
1 − φN

)
(σ + ψ)− σ

(
1 − 1

R

) ∫
φ (i)

b(i)
RE

)
R̂t −

(
1 − φN

)
s̄k · ∆Ãl,t+1

+
∫

φ (i)

{
b(i)
RE

(
∆R̂t+1 − (R − 1)πcpi,t+1

)
− e(i)

E ∑
k
((sk(i)− s̄k))πk,t+1

}
di

+ σ

(
∑
k
−
∫

(1 − φ (i))
e(i)
E

∂eek(i)πk,t+1

)
we have

Aek ,t+1 − Aek ,t −
δ

1 − δ
A0

ek ,t+1 = −∑
(∫

φ (i) (ek(i)− e(i)s̄k)
σe (i) ∂eel (i)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di

∫
(1 − φ (i)) σe (i) ∂eel (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∆Ãl,t+1

+ ∑
(∫

φ (i) (ek(i)− e(i)s̄k)
σe (i)

σe (i) + ψWn (i)
γe,l (i) ∂eel (i) di +

∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di

∫
(1 − φ (i)) σe (i) ∂eelγe,l (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
λl

PlYl
λl∆µ̌l,t+1

+

∫ φ (i)

(
b(i)
R

)
(ek(i)− e(i)s̄k)

σe (i) + ψWn (i)
di +

(
∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di)2∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

(∆R̂t+1 − (R − 1)πcpi,t+1
)

+

(∫
φ (i)

(ek(i)− e(i)s̄k)Wn(i)
σe (i) + ψWn (i)

di +
∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di

∫
(1 − φ (i))Wn(i)di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∑ s̄l∆Ãl,t+1

− ∑
(∫

φ (i)
(ek(i)− e(i)s̄k) e(i) (sl(i)− s̄l)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) (ek(i)− e(i)s̄k) di

∫
(1 − φ (i)) e(i)

E (sl(i)− s̄l)∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

)
πk,t+1
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A0
ek ,t −

1
(1 − δ) R

A0
ek ,t+1 +

(
1 − 1

R

)
Aek ,t =

∫
(ek(i)− e(i)s̄k)

−∂evG′′ (V (i))
G′ (V (i))

+

(
1 − 1

R

)
σe (i) + ψWn (i)

{ b (i)
R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}
di

+

(
1 − 1

R

) ∫
(ek(i)− e(i)s̄k)

σe (i)
σe (i) + ψWn (i)

(
−∑

l
∂eel (i) Ãl,t +

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

The resetting equation becomes

(βµ̌k,t+1 − (1 + ((1 − δ) β)) µ̌k,t + (1 − δ) µ̌k,t−1) = λkµ̌k,t −
K

∑
l=1

λl
µ̌l,t

Yl Pl

∫
(γe,l (i) el (i) ρl,k (i)) di −

K

∑
l=1

λl
µ̌l,t

PlYl

PkYk,lYl

Al

− Lk,t +
∫

φ (i) ∂eekψn (i)
σe (i)

σe (i) + ψWn (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

+
∫

(1 − φ (i)) ∂eek (i) σe (i)

{(
Ŵt − ∂eel (i) ·

(
Ãl,t + P̂l,t

))
+

1
PlYl

K

∑
l=1

λl µ̌l,tγe,l (i) ∂eel (i)

}
di

−
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Λ̃t

−
∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

∫
(1 − φ (i)) σe (i)

(
Ŵt − ∑

l
∂eel (i)

(
Ãl,t + P̂l,t

)
+

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

+ Aek ,t −
∫

φ (i) (ek(i)− e(i)s̄k)∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

diΛ̃t +

(
1 − 1

R

)
s̄kEδ,t

(∫ (
(1 − φ (i)) α̌t0

t (i) + φ (i) ℵ̌t0
t (i)

)
b(i)di

)
− δ

∫
(1 − φ (i)) α̌t (i) b (i) dis̄k − δ ∑

u=0
((1 − δ) β)u

∫
φ (i) ℵ̌t

t+u (i) b (i) dis̄k
R − 1

R
+ δ ∑

u=0

1
Ru

∫
φ (i) b (i) dis̄k

R̂t+u

R

+ ∑
l,m

Pl Pk∂PkYl,m

Am
Ym
(

P̂l,t + Ãl,t,
)
+ ∑

l

WPk∂PkNl

Al
YlŴt + ∑

l
El ρ̄l,k

(
P̂l,t + Ãl,t

)
− Ykϑk (πk,t − βπk,t+1)

Finally, define

Ab,t =
∫

(1 − φ (i)) α̌t (i) b (i) di + ∑
u=0

((1 − δ) β)u
∫

φ (i) ℵ̌t
t+u (i) b (i) di

R − 1
R

− ∑
u=0

1
Ru

∫
φ (i) b (i) dis̄k

R̂t+u

R

We have

Ab,t −
1
R
Ab,t+1 =

(
1 − 1

R

) ∫
b (i)

σe (i)
σe (i) + ψWn (i)

(
−∑

l
∂eel (i) Ãl,t +

1
PkYk

K

∑
k=1

λkµ̌k,tγe,k (i) ∂eek (i)

)
di

+
∫

b (i)

−∂evG′′ (V (i))
G′ (V (i))

+

(
1 − 1

R

)
σe (i) + ψWn (i)

{ b (i)
R
(

R̂t+s − πcpi,t+1+s
)
− e (i)∑

k
(sk (i)− s̄k) P̂k,t+s + Wn (i)∑

k
s̄k Ãk,t+s

}
di
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Optimal Policy Equations: summary
We now collect and slightly simplify the optimal policy equations derived above.48 We obtain a system of 6 + K ∗ 6 equations in the following variables: Ŵt, Zt, Z0

t ,
Ab,t, A0

b,t and Ab,t and Mk,t, µ̌k,t, Lk,t, L0
k,t and Aek ,t, A0

ek ,t. These replace the interest rate rule. Note that the evolution of Ŵt is given by(
1 − φN

)
ψ∆Ŵt+1 =

((
1 − φE

)
σ +

(
1 − φN

)
ψ
)

R̂t −
(

1 − φN
)

s̄k · ∆Ãl,t+1

+
∫

φ (i)

{
b(i)
RE

(
∆R̂t+1 − (R − 1)πcpi,t+1

)
− e(i)

E ∑
k
((sk(i)− s̄k))πk,t+1

}
di

+ σ

(
∑
k
−
∫

(1 − φ (i))
e(i)
E

∂eek(i)πk,t+1

)

We renormalize µ̌k,t ≡ Eµ̌k,t, and define g(i) =
(
− ∂evG′′(V(i)) R

R−1
G′(V(i)) + 1

σe(i)+ψWn(i)

)
E. Our Labour Market equation equation becomes

K

∑
k=1

ΩN,kλkµ̌k,t = Zt +

∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
1
R
(Ab,t − (1 − δ)RAb,t−1)

−
(∫

(1 − φ (i)) Wn(i)
WN ψdi

∫
(1 − φ (i)) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
+
∫

φ (i)ψ
Wn(i)
WN

σe (i)
σe (i) + ψn (i)

di

)
Ŵt

+ ∑
k

(∫
(1 − φ (i)) Wn(i)

WN ψdi
∫
(1 − φ (i)) σe (i) ∂eek (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
+
∫

φ (i)ψ
Wn(i)
WN

σe (i) ∂eek (i)
σe (i) + ψn (i)

di

) (
Ãk,t + P̂k,t

)
− ∑

k
λk

Ek
PkYk

∫ (1 − φ (i))Wn (i)ψdi
∫
(1 − φ (i)) σ

e(i)
Ek

γe,k (i) ∂eek (i) di∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

+
∫

φ (i)
σψWn(i)

σe (i) + ψn (i)
e (i)
Ek

γe,k (i) ∂eek (i) di

 µ̌k,t

+ ∑
k,l

PlW∂WYl,kYk

AkE
(

P̂l,t + Ãl,t,
)
+ ∑

k

W∂WNk
Ak N

YkŴt

With

Zt+1 − Zt =
δ

1 − δ
Z0

t+1

Z0
t−1 −

1
(1 − δ) R

Z0
t +

(
1 − 1

R

)
Zt−1 =

(
1 − 1

R

) ∫
(1 − φ (i)) σ

e (i)
E

( ∫
(1 − φ (i))Wn (i)ψdi∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
− ψWn(i)

σe (i) + ψWn (i)

)
diŴt−1

− ∑
k

(
1 − 1

R

) ∫
(1 − φ (i)) σ

e (i)
E

∂eek (i)
( ∫

(1 − φ (i))Wn (i)ψdi∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

− ψWn(i)
σe (i) + ψWn (i)

)
di
(

Ãk,t−1 + P̂k,t−1
)

+ ∑
k

λkEk
PkYk

(
1 − 1

R

) ∫
(1 − φ (i)) σ

e (i)
Ek

∂eek (i) γe,k (i)
( ∫

(1 − φ (i))Wn (i)ψdi∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

− ψWn(i)
σe (i) + ψWn (i)

)
diµ̌k,t−1

48We also derived these equations in a different way, starting from the welfare loss function derived in the next appendix.
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And(
1 −

∫
φ (i) 1

R b (i) di∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

)
Ab,t+1 −

(
1 −

(1 − δ + R)
∫

φ (i) 1
R b (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
Ab,t −

(1 − δ)R
∫

φ (i) 1
R b (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
Ab,t−1 −

δ

1 − δ
A0

b,t+1 =

− ∑
l

(∫
φ (i)

b (i)
E

σe (i) ∂eel (i)
σe (i) + ψWn (i)

di +

∫
(1 − φ (i)) b(i)

E di
∫
(1 − φ (i)) σe (i) ∂eel (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∆Ãl,t+1

+ ∑
k

∫ φ (i) b (i)
σ

σe (i) + ψWn (i)
e (i)
Ek

γe,k (i) ∂eek (i) di +

∫
(1 − φ (i)) b (i) di

∫
(1 − φ (i)) σ

e(i)
Ek

∂eek (i) γe,k (i) di∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

 λkEk
PkYk

∆µ̌k,t+1

+

(∫
φ (i)

(b (i))2

ER
1

σe (i) + ψWn (i)
di +

1
ER

(
∫
(1 − φ (i)) b (i) di)2∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

) (
∆R̂t+1 − (R − 1)πcpi,t+1

)
+

(∫
φ (i)

b(i)
E Wn(i)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) b(i)

E di
∫
(1 − φ (i))Wn(i)di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∑ s̄k∆Ãk,t+1

− ∑
(∫

φ (i)
b(i)

E e(i) (sk(i)− s̄k)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) b(i)

E di
∫
(1 − φ (i)) e(i) (sk(i)− s̄k) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
πk,t+1

A0
b,t−1 −

1
(1 − δ) R

A0
b,t +

(
1 − 1

R

)
Ab,t−1 =

(
1 − 1

R

) ∫ b (i)
E

g(i)
b (i)
RE

di
(

R̂t−1 − πcpi,t
)

−
(

1 − 1
R

)
∑
k

∫ b (i)
E

g(i)
e (i)

E
(sk (i)− s̄k) diP̂k,t−1

+

(
1 − 1

R

) ∫ b (i)
E

g(i)
Wn (i)

WN
di ∑

k
s̄k Ãk,t−1

−
(

1 − 1
R

)
∑
k

∫ b (i)
E

σe (i) ∂eek (i)
σe (i) + ψWn (i)

diÃk,t−1

+

(
1 − 1

R

)
∑
k

λkEk
PkYk

∫ b (i)
Ek

σe (i)
σe (i) + ψWn (i)

γe,k (i) ∂eek (i) diµ̌k,t−1

The Price resetting equation becomes
Mk,t = µ̌k,t − (1 − δ) µ̌k,t−1
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βMk,t+1 − Mk,t = λkµ̌k,t −
K

∑
l=1

λlEl
PlYl

∫
γe,l (i)

el (i)
El

ρl,k (i) diµ̌l,t −
K

∑
l=1

λl
µ̌l,t

PlYl

PkYk,lYl

Al
+ ∑

l,m

Pl Pk∂PkYl,m

AmE
Ym
(

P̂l,t + Ãl,t,
)
+ ∑

l

Pk∂PkNl

Al N
YlŴt

+ ∑
l

s̄l ρ̄l,k
(

P̂l,t + Ãl,t
)
− PkYk

E
ϑk (πk,t − βπk,t+1)− Lk,t +

(∫
(1 − φ (i)) ∂eek (i) σe (i) di

∫
(1 − φ (i))ψ

Wn(i)
WN∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
+
∫

φ (i) ∂eek (i)
ψWn (i)

WN
σe (i)

σe (i) + ψWn (i)
di

)
Ŵt

− ∑
l

(∫
φ (i) ∂eel (i) ∂eek (i)ψ

Wn (i)
WN

σe (i)
σe (i) + ψWn (i)

−
∫
(1 − φ (i)) ∂eek (i) σe (i) di

∫
(1 − φ (i)) σ

e(i)
E ∂eel (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
+
∫

(1 − φ (i)) σ
e (i)

E
∂eek (i) ∂eel (i) di

) (
Ãl,t + P̂l,t

)
+

K

∑
l=1

λlEl
PlYl

(∫
(1 − φ (i)) ∂eek (i)

σe (i)
El

γe,l (i) ∂eel (i) di +
∫

φ (i) ∂eekψWn (i)
σe (i)

σe (i) + ψWn (i)
1
El

γe,l (i) ∂eel (i) di
)

µ̌l,t

−
K

∑
l=1

λlEl
PlYl

( ∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

∫
(1 − φ (i)) ∂eel (i)

σe (i)
El

γe,l (i) di
)

µ̌l,t

+

( ∫
(1 − φ (i)) ∂eek (i) σe (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di
+

∫
φ (i) (ek(i)− e(i)s̄k)∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
1
R
(Ab,t − R (1 − δ) Ab,t−1) +

(
1 − 1

R

)
s̄k Ab,t − δs̄kAb,t + Aek ,t

With ϑk = ϵ̄k
θk

(1−βθk)(1−θk)
and:

∆Lk,t+1 =
δ

1 − δ
L0

k,t+1

L0
k,t−1 −

1
R (1 − δ)

L0
k,t +

(
1 − 1

R

)
Lk,t−1 =

(
1 − 1

R

) ∫
(1 − φ (i)) σ

e (i)
E

(
σe (i) ∂eek (i)

σe (i) + ψWn (i)
−

∫
(1 − φ (i)) σe (i) ∂eek (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
diŴt−1

− ∑
l

(
1 − 1

R

) ∫
(1 − φ (i)) σ

e (i)
E

∂eel (i)
(

σe (i) ∂eek (i)
σe (i) + ψWn (i)

−
∫
(1 − φ (i)) σe (i) ∂eek (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
di
(

Ãl,t−1 + P̂l,t−1
)

+ ∑
l

λlEl
PlYl

(
1 − 1

R

) ∫
(1 − φ (i)) σ

e (i)
El

∂eel (i) γe,l (i)
(

σe (i) ∂eek (i)
σe (i) + ψWn (i)

−
∫
(1 − φ (i)) σe (i) ∂eek (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
diµ̌l,t−1

Aek ,t+1 − Aek ,t −
δ

1 − δ
A0

ek ,t+1 = −∑
(∫

φ (i)
e(i)
E

(sk(i)− s̄k)
σe (i) ∂eel (i)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) e(i)

E (sk(i)− s̄k) di
∫
(1 − φ (i)) σe (i) ∂eel (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∆Ãl,t+1

+ ∑
(∫

φ (i) e(i) (sk(i)− s̄k)
σe (i)

σe (i) + ψWn (i)
1
El

γe,l (i) ∂eel (i) di +

∫
(1 − φ (i)) e(i) (sk(i)− s̄k) di

∫
(1 − φ (i)) σe (i) ∂eel (i) 1

El
γe,l (i) di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
λlEl
PlYl

λl∆µ̌l,t+1

+

∫ φ (i)

(
b(i)
R

)
e(i)
E (sk(i)− s̄k)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) b (i) di

∫
(1 − φ (i)) e(i)

E (sk(i)− s̄k) di∫
(1 − φ (i)) (σe (i) + ψWn (i)) di

(∆R̂t+1 − (R − 1)πcpi,t+1
)

+

(∫
φ (i)

e(i)
E (sk(i)− s̄k)Wn(i)

σXt ≡ e (i) + ψWn (i)
di +

∫
(1 − φ (i)) e(i)

E (sk(i)− s̄k) di
∫
(1 − φ (i))Wn(i)di∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
∑ s̄l∆Ãl,t+1

− ∑
(∫

φ (i)
e(i)
E (sk(i)− s̄k) e(i) (sl(i)− s̄l)

σe (i) + ψWn (i)
di +

∫
(1 − φ (i)) e(i)

E (sk(i)− s̄k) di
∫
(1 − φ (i)) e(i) (sl(i)− s̄l)∫

(1 − φ (i)) (σe (i) + ψWn (i)) di

)
πl,t+1
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A0
ek ,t−1 −

1
(1 − δ) R

A0
ek ,t +

(
1 − 1

R

)
Aek ,t−1 =

(
1 − 1

R

) ∫ e(i)
E

(sk(i)− s̄k) g(i)
b (i)
RE

di
(

R̂t−1 − πcpi,t
)

−
(

1 − 1
R

)
∑

l

∫ e(i)
E

(sk(i)− s̄k) g(i)
e (i)

E
(sl (i)− s̄l) diP̂l,t−1

+

(
1 − 1

R

) ∫ e(i)
E

(sk(i)− s̄k) g(i)
Wn (i)

WN
di ∑

l
s̄l Ãl,t−1

−
(

1 − 1
R

)
∑

l

∫ e(i) (sk(i)− s̄k)

E
σe (i) ∂eel (i)

σe (i) + ψWn (i)
diÃl,t−1

+ ∑
k

λl
El

PlYl

(
1 − 1

R

) ∫
e(i) (sk(i)− s̄k)

σe (i) /El
σe (i) + ψWn (i)

γe,l (i) ∂eel (i) diµ̌l,t−1

Ab,t −
1
R
Ab,t+1 =

(
1 − 1

R

) ∫ b (i)
E

g(i)
b (i)
RE

di
(

R̂t − πcpi,t+1
)

−
(

1 − 1
R

)
∑
k

∫ b (i)
E

g(i)
e (i)

E
(sk (i)− s̄k) diP̂k,t

+

(
1 − 1

R

) ∫ b (i)
E

g(i)
e (i)

E
Wn (i)

WN
di ∑

k
s̄k Ãk,t

−
(

1 − 1
R

)
∑
k

∫ b (i)
E

σe (i) ∂eek (i)
σe (i) + ψWn (i)

diÃk,t

+

(
1 − 1

R

)
∑
k

λk
Ek

PkYk

∫ b (i)
Ek

σe (i)
σe (i) + ψWn (i)

γe,k (i) ∂eek (i) diµ̌k,t
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E.2 Optimal policy: proofs analytical results Section 5
Result 7
We first show that under (A.1) and (A.2), optimal policy attempts to jointly stabilize the output gap Ỹt and an inflation index πθ

t ≡ ∑K
k=1

s̄kϑk
ϑ πk,t (with ϑ = ∑K

k=1 s̄kϑk), in
the sense that optimal policy can equivalently be derived by solving:

inf
{Ỹt ,πθ

t }t≥0

E0
1
2

∞

∑
t=0

βt
(

σ + ψ

σψ
Ỹ2

t + ϑ
(

πθ
t

)2
)

s.t. Etπ
θ
t+1 − Rπθ

t = −RκỸt − RλθŴ θ
t

We consider the general case in which ϵ̄k, ϵ̄s
k and θk may vary across sectors. Note that under inner CES preferences the inflation index can be rewritten πθ

t = 1
∑K

k=1
s̄k ϵ̄k
λk

∑K
k=1

s̄k ϵ̄k
λk

πk,t,

πθ
t overweight larger sectors (higher s̄k) more rigid sectors (lower λk) and more elastic sector (higher ϵ̄k). If we have that θk and ϵ̄k are equal across sector then πθ

t is simply
the CPI index. The NKPC associated with πθ

t is given by
Etπ

θ
t+1 − Rπθ

t = −RκỸt − RλθŴ θ
t

Where Ŵ θ
t is a wedge that is independent from monetary policy (Result 1 of the positive section). Under the optimal policy, we have Ỹ0 = − σψ

σ+ψ κϑπθ
0, and Ỹt partially

absorbs the wedge: if Ŵ θ
t ≥ 0 at all t then Ỹt ≤ 0 at all t. In addition, when ϑ goes to infinity keeping all other parameters fixed, we have Ỹt = − λθ

κ Ŵ θ
t and πθ

t = 0: the
output gap fully absorbs the wedge. Inversely, when ϑ goes to 0, Ỹt = 0: the inflation index fully absorbs the wedge.

Note that under (A.2) we have Ab,t = A0
b,t = 0 for all t and since e (i) = Wn (i), Zt = Z0

t = 0 for all t. Defining µ̌t ≡ ∑K
k=1 µ̌k,t We can rewrite the Labor Market equation as:

σψ

σ + ψ
κµ̌t = −Ỹt.

The system of price resetting equations becomes
Mk,t = µ̌k,t − (1 − δ) µ̌k,t−1,

βEt Mk,t+1 − Mk,t = −s̄kϑk (πk,t − βEtπk,t+1)

+ ∂eek
σψ

σ + ψ
κ

K

∑
l=1

µ̌l,t + ∂eekỸt − Lk,t + Aek ,t

−
K

∑
l=1

λl

∫
γe,l (i)

el (i)
El

ρl,k (i) diµ̌l,t + ∑
l

s̄l ρ̄l,k
(

P̂l,t + Ãl,t
)
− σ ∑

l

(∫ e
E

∂eek (i) ∂eel (i) di − ∂eek∂eel

) (
Ãl,t + P̂l,t

)
λkµ̌k,t − ∂eek

K

∑
l=1

λl µ̌l,t +
K

∑
l=1

λl

(∫
∂eek (i)

σe (i)
El

γe,l (i) ∂eel (i) di − ∂eek

∫
∂eel (i)

σe (i)
El

γe,l (i) di
)

µ̌l,t.

Note that we have:
K

∑
k=1

Lk,t = Zt,

K

∑
k=1

el (i) ρl,k (i) =
K

∑
k=1

s̄l ρ̄l,k = 0,

K

∑
k=1

sk(i) =
K

∑
k=1

s̄k =
K

∑
k=1

∂eek =
K

∑
k=1

∂eek (i) = 1.
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We therefore have ∑K
k=1 Lk,t = ∑K

k=1 Aek ,t = ∑K
k=1 A0

ek ,t = 0. Defining Mt ≡ ∑K
k=1 Mk,t,we have

Mt = µ̌t − (1 − δ) µ̌t−1,

βEt Mk,t+1 − Mk,t = −
K

∑
k=1

s̄kϑk (πk,t − βEtπk,t+1) ,

Defining;

ϑ ≡
K

∑
k=1

s̄kϑk,

πθ
t ≡

K

∑
k=1

s̄kϑk
ϑ

πk,t,

λθ ≡
K

∑
k=1

s̄kϑk
ϑ

λk,

Ŵ θ
t ≡

K

∑
k=1

s̄kϑkλk

ϑλθ
Mk,t +

K

∑
k=1

(
∂eek −

s̄kϑkλk

ϑλθ

)
P̃k,t,

the evolution of the output gap under optimal policy is determined by:

Ỹt = − σψ

σ + ψ
κµ̌t,

µ̌t − (1 − δ) µ̌t−1 = ϑπθ
t ,

Etπ
θ
t+1 − Rπθ

t = −RκỸt − RλθŴ θ
t .

Note that we would obtain the same system of equation if the central bank were instead to solve:

inf
{Ỹt ,πθ

t }t≥0

E0
1
2

∞

∑
t=0

βt
(

σ + ψ

σψ
Ỹ2

t + ϑ
(

πθ
t

)2
)

s.t. Etπ
θ
t+1 − Rπθ

t = −RκỸt − RλθŴ θ
t .

In the special case in whichϵ̄k, ϵ̄s
k and θk are common across sectors we obtain the problem stated in result 6. Denoting by βt ˇ̌µt the Lagrange multiplier on the NKPC, the

first-order conditions are:

Ỹt = − σψ

σ + ψ
Rκ ˇ̌µt

ϑπθ
t = R ˇ̌µt − β−1R ˇ̌µt−1

Redefining µ̌t = R ˇ̌µtwe obtain:

Ỹt = − σψ

σ + ψ
κµ̌t,

µ̌t − (1 − δ) µ̌t−1 = ϑπθ
t ,

Etπ
θ
t+1 − Rπθ

t = −RκỸt − RλθŴ θ
t ,

which is the same system.
Note that under (A.1) and (A.2), the wedge Ŵ θ

t evolves independently of monetary policy. The OP system can be rewritten as

EtỸt+1 −
(
(1 − δ) + R

(
1 +

σψ

σ + ψ
ϑκ2
))

Ỹt − (1 − δ) RỸt−1 = Rλθ σψ

σ + ψ
ϑκŴ θ

t .
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Defining

µ± ≡
(1 − δ) + R

(
1 + σψ

σ+ψ ϑκ2
)
±
√(

(1 − δ) + R
(

1 + σψ
σ+ψ ϑκ2

))2
− 4 (1 − δ) R

2
and noting that we have 0 < µ− < 1 − δ < R < µ+, we have

Ỹt = −Et
λθ σψ

σ+ψ ϑκ

(1 − δ)

t

∑
s=0

µt+1−s
−

+∞

∑
u=0

µ−u
+ Ŵ θ

s+u

We directly obtain that if Ŵ θ
t ⋛ 0 for all t then Ỹt ⪋ 0 for all t. In addition we have limϑ→∞ µ−1

+ = limϑ→∞ µ− = 0 and µ− = (1 − δ) /
(

σψ
σ+ψ ϑκ

)
+ o (1/ϑ), so as ϑ goes to

infinity keeping all other parameters fixed, we have

Ỹt = −λθ

κ
Ŵ θ

t

Inversely when ϑ goes to 0, the output gap goes to 0 and πθ
t fully absorbs the wedge Ŵ θ

t .

Result 8
In addition to (A.1) and (A.2), we now assume that there are no endogenous markups (γe,k (i) = 0 for all i, k) and that sectoral shocks in k follow vanish geometri-
cally Âk,t = ρt

a Âk,0. We derive analytical formulas for the evolution of Ỹt, πmcpi,t and πθ
t and characterize their sign. First note that for aggregate shocks, we have

Ỹt = πmcpi,t = πθ
t = 0. If ∂eek <

s̄kϑk
ϑ (note that if ϑk are equal across sector the condition simply characterize necessity), following a negative shock in sector k, Ỹt is negative

on impact and there t∗ such that for t ≥ t∗, Ỹt is positive. πmcpi,t is negative on impact and there t∗ such that for t ≥ t∗, πmcpi,t is positive. πθ
t is positive on impact and if δ

is small enough there t∗ such that for t ≥ t∗, πθ
t is positive. In net present value term, we have ∑t≥0

1
Rt Ỹt, ∑t≥0

1
Rt πmcpi,t > 0 and∑t≥0

1
Rt πθ

t < 0 following a negative shock

in k with ∂eek <
s̄kϑk

ϑ .

Under (A.2) and γe,k (i) = 0, we have λk =
σψ

σ+ψ κ ≡ λ and Mk,t = 0 for all k, so we have that the exogenous wedge is given by:

Ŵ θ
t = P̃∆

t ,

with P∆
t = ∑K

k=1

(
∂eek − s̄kϑk

ϑ

)
P̂k,t, A∆

t = ∑K
k=1

(
∂eek − s̄kϑk

ϑ

)
Âk,t, P̃∆

t = P∆
t + A∆

t . The relative price P̃∆
t satisfies

Et P̂∆
t+1 − (1 + R (1 + λ)) P̂∆

t + RP̂∆
t = Rλρt

a Â∆
0

Denoting the roots of the equation polynomial as ν±, we have

ν± =
1 + R (1 + λ)±

√
(1 + R (1 + λ))2 − 4R

2
,

with 0 < ν− < 1 < R < ν+. And P̂∆
t is given by:

P∆
t = − Rλ

(ν− − ρa) (ν+ − ρa)

(
νt+1
− − ρt+1

a

)
Â∆

0

P∆
t is independent of policy and always has the same sign as −Âk,0. The wedge is then given by:

P̃∆
t = − 1

(ν− − ρa) (ν+ − ρa)

(
(R − ν−) (1 − ν−) νt

− − (R − ρa) (1 − ρa) ρt
a
)

Â∆
0 .

Noting that (R − x) (1 − x) is positive and decreasing on [0, 1], we conclude that the wedge (independently of policy) initially has the same sign as Â∆
0 for t < t∗ (with t∗

the smallest t such that (R − ρa) (1 − ρa) ρt
a > (R − ν−) (1 − ν−) νt

− if ρa > ν−,such that (R − ρa) (1 − ρa) ρt
a < (R − ν−) (1 − ν−) νt

− if ρa < ν− ) and thas the same sign as
−Âk,0 for t ≥ t∗. Note that t∗ = 1 for transitory shocks, t∗ = ∞ for permanent shocks.
Plugging this formula in our general expression for the output gap and using the NKPC for the indices πθ

t and πmcpi,t, and the definition of the nominal interest rate,
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we obtain:

Ỹt =
Rλ2ϑ

(ν− − ρa) (ν+ − ρa)

{
(R − ρa) (1 − ρa)

(ρa − µ+) (ρa − µ−)

{
ρt+1

a − µt+1
−

}
− (R − ν−) (1 − ν−)

(ν− − µ+) (ν− − µ−)

{
νt+1
− − µt+1

−

}}
Â∆

0

πmcpi,t =
(Rλ)2 ϑκ

(ν− − ρa) (ν+ − ρa)

{
(1 − ρa) (R − ρa)

(ρa − µ+) (ρa − µ−)

{
ρa

R − ρa
ρt

a −
µ−

R − µ−
µt
−

}
− (R − ν−) (1 − ν−)

(ν− − µ+) (ν− − µ−)

{
ν−

R − ν−
νt
− − µ−

R − µ−
µt
−

}}
Â∆

0

πθ
t = − Rλ

(ν− − ρa) (ν+ − ρa)

{
(R − ρa) (1 − ρa)

(ρa − µ+) (ρa − µ−)

{
(ρa − (1 − δ)) ρt

a − (µ− − (1 − δ)) µt
−
}
− (R − ν−) (1 − ν−)

(ν− − µ+) (ν− − µ−)

{
(ν− − (1 − δ)) νt

− − (µ− − (1 − δ)) µt
−
}}

Â∆
0

R̂t = − 1 + ψ

σ + ψ
(1 − ρa) ρt

a ∑
k

s̄k Ak,0 −
ψ

σ + ψ
(1 − ρa) ρt

a Â∆
0

− 1
σ

Rλ2ϑ

(ν− − ρa) (ν+ − ρa)

{
(R − ρa) (1 − ρa)

(ρa − µ+) (ρa − µ−)

{
(1 − ρa) ρt+1

a − (1 − µ−) µt+1
−

}
− (R − ν−) (1 − ν−)

(ν− − µ+) (ν− − µ−)

{
(1 − ν−) νt+1

− − (1 − µ−) µt+1
−

}}
Â∆

0

+
Rλ2ϑ

(ν− − ρa) (ν+ − ρa)

{
(1 − ρa) (R − ρa)

(ρa − µ+) (ρa − µ−)

{
Rκρa

R − ρa
ρt+1

a − Rκµ−
R − µ−

µt+1
−

}
− (R − ν−) (1 − ν−)

(ν− − µ+) (ν− − µ−)

{
Rκν−

R − ν−
νt+1
− − Rκµ−

R − µ−
µt+1
−

}}
Â∆

0

For aggregate shocks we have Â∆
0 = 0 so Ỹt = πmcpi,t = πθ

t = 0.
On impact, after some algebra, we obtain

Ỹ0 = − Rλ2ϑ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)
(−R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1)) Â∆

0

πmcpi,0 = − (Rλ)2 ϑκ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)

R
R − µ−

(µ+ − 1) Â∆
0

πθ
0 =− Rλ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)
(−R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1)) Â∆

0

Note that since ρa, ν− < 1, µ+ > R, we have:

−R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1) = µ+ (R + 1 − (ρa + ν−))− R + ρaν−
≥ R (R + 1 − (ρa + ν−))− R + ρaν−
= (R − ρa) (R − ν−) ≥ 0

Ỹ0, πmcpi,0 ≷ 0 and πθ
0 ≶ 0 if Â∆

0 ≶ 0. In addition, Ỹ0 = −λϑπθ
0. Note in particular that if ϵs

k = 0 (CES inner utility) and ϵ̄k = ϵ̄ across sector, we have πθ
t = πcpi,t and

Â∆
t = ∑K

k=1

(
∂eek − s̄k

)
Âk,t: Â∆

t is negative (positive) for negative shocks in luxury (necessity) sectors.

In the medium run the behavior of Ỹt, πθ
t , πmcpi,t a priori depends on which of the parameters ρa, µ− or ν− dominates. If ρa > µ−, ν− , we have:

Ỹt =
Rλ2ϑ

(ν− − ρa) (ν+ − ρa)

(R − ρa) (1 − ρa)

(ρa − µ+) (ρa − µ−)
ρt+1

a Â∆
0 + o

(
ρt

a
)

πmcpi,t =
(Rλ)2 ϑκ

(ν− − ρa) (ν+ − ρa)

(1 − ρa)

(ρa − µ+) (ρa − µ−)
ρt+1

a Â∆
0 + o

(
ρt

a
)

πθ
t = − Rλ

(ν− − ρa) (ν+ − ρa)

(R − ρa) (1 − ρa)

(ρa − µ+) (ρa − µ−)
(ρa − (1 − δ)) ρt

a Â∆
0 + o

(
ρt

a
)

for t large enough we have Ỹt, πmcpi,t ≷ 0 if Â∆
0 ≷ 0. πθ

t ≷ 0 (πθ
t ≶ 0) if Â∆

0 ≷ 0 and ρa < (1 − δ) (ρa > (1 − δ)). Similarly, if ν− > µ−, ρa , we have:

106



Ỹt = − Rλ2ϑ

(ν− − ρa) (ν+ − ρa)

(R − ν−) (1 − ν−)

(ν− − µ+) (ν− − µ−)
νt+1
− Â∆

0 + o(νt
−)

πmcpi,t = − (Rλ)2 ϑκ

(ν− − ρa) (ν+ − ρa)

(1 − ν−)

(ν− − µ+) (ν− − µ−)
νt+1
− Â∆

0 + o(νt
−)

πθ
t =

Rλ

(ν− − ρa) (ν+ − ρa)

(R − ν−) (1 − ν−)

(ν− − µ+) (ν− − µ−)
(ν− − (1 − δ)) νt

− Â∆
0 + o(νt

−)

for t large enough we have Ỹt, πmcpi,t ≷ 0 if Â∆
0 ≷ 0. πθ

t ≷ 0 (πθ
t ≶ 0) if Â∆

0 ≷ 0 and ν− < (1 − δ) (ν− > (1 − δ)). Finally, if µ− > ν−, ρa:

Ỹt =
Rλ2ϑ

(ν+ − ρa)

λ2ϑR (R + ρaν−) + δ (R − ρa) (R − ν−)

(ρa − µ+) (ρa − µ−) (ν− − µ+) (ν− − µ−)
µt+1
− Â∆

0 + o(µt
−)

πmcpi,t =
(Rλ)2 ϑκ

(ν+ − ρa)

λ2ϑR (R + ρaν−) + δ (R − ρa) (R − ν−)

(ρa − µ+) (ρa − µ−) (ν− − µ+) (ν− − µ−)

1
R − µ−

µt+1
− Â∆

0 + o(µt
−)

πθ
t = − Rλ

(ν+ − ρa)

λ2ϑR (R + ρaν−) + δ (R − ρa) (R − ν−)

(ρa − µ+) (ρa − µ−) (ν− − µ+) (ν− − µ−)
(µ− − (1 − δ)) µt

− Â∆
0 + o(µt

−)

Recall that µ− < 1 − δ so we have Ỹt, πmcpi,t, πθ
t ≷ 0 if Â∆

0 ≷ 0.
Finally we derive the net present value of Ỹt, πmcpi,t, πθ

t under optimal policy. We have:

E0 ∑
t≥0

1
Rt Ỹt = − (Rλ)2 ϑ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)

R (µ+ − 1)
R − µ−

Â∆
0

E0 ∑
t≥0

1
Rt πmcpi,t = − (Rλ)2 ϑκ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)

R

(R − µ−)
2 (R − ρa) (R − ν−)

{
R2 (µ+ (R − δ)− R) + δR2 (ρa + ν−) +

(
µ− (R − 1) + δR2

)
ρaν−

}
E0 ∑

t≥0

1
Rt πθ

t =
R2λ (R − (1 − δ))

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)

µ+ − 1
R − µ−

Â∆
0

Note that µ+ > R, 0 ≤ ρa, ν− ≤ 1 and as β (1 − δ) R = 1, R − δ > 1 so R2 (µ+ (R − δ)− R) + δR2 (ρa + ν−) +
(
µ− (R − 1) + δR2) ρaν− > 0. We therefore have

∑t≥0
1
Rt Ỹt, ∑t≥0

1
Rt πmcpi,t ≷ 0 and∑t≥0

1
Rt πθ

t ≶ 0 if Â∆
0 ≶ 0

Result 9
Under the assumption θk and ϵ̄k are equal across sector then πθ

t = πcpi,t, using the result of the previous subsection, we have:

Ỹ0 = − Rλλϑ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)
(−R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1)) Â∆

0

E0 ∑
t≥0

1
Rt Ỹt = − R2λλϑ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)

R (µ+ − 1)
R − µ−

Â∆
0

πcpi,0 =− Rλ

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)
(−R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1)) Â∆

0

E0 ∑
t≥0

1
Rt πcpi,t =

R2λ (R − (1 − δ))

(ν+ − ρa) (µ+ − ρa) (µ+ − ν−)

µ+ − 1
R − µ−

Â∆
0

Note that using (µ+ − 1) (µ+ − R)− Rλϑκµ+ = 0 and −R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1) ≥ 0 we have:
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Ỹ0 = −λ

κ

1
(ν+ − ρa)

(µ+ − 1)
(µ+ − ρa)

(µ+ − R) (−R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1))
(µ+ − ν−) µ+

Â∆
0∣∣Ỹ0

∣∣ = λ

κ

1
(ν+ − ρa)

(µ+ − 1)
(µ+ − ρa)

(µ+ − R) (−R + ρaν− − µ+ (ρa + ν−) + µ+ (R + 1))
(µ+ − ν−) µ+

∣∣∣Â∆
0

∣∣∣
<

λ

κ

1
(ν+ − ρa)

(µ+ − 1)
(µ+ − ρa)

(µ+ − R) (− (ρa + ν−) + (R + 1)) µ+

(µ+ − ν−) µ+

∣∣∣Â∆
0

∣∣∣
=

λ

κ

R + 1 − (ρa + ν−)

(ν+ − ρa)

(µ+ − 1)
(µ+ − ρa)

(µ+ − R)
(µ+ − ν−)

∣∣∣Â∆
0

∣∣∣
≤ λ

κ

R + 1 − (ρa + ν−)

(ν+ − ρa)

∣∣∣Â∆
0

∣∣∣
where the last line uses the fact that ρa, ν− ≤ 1 < R. Similarly, using (µ− − 1) (µ− − R)− Rλϑκµ− = 0

E0 ∑
t≥0

1
Rt Ỹt = −λ

κ

R
(ν+ − ρa)

(µ+ − 1)
(µ+ − ρa)

(1 − µ−)

(µ+ − ν−) µ−
Â∆

0

= −λ

κ

R
(ν+ − ρa)

(µ+ − 1)
(µ+ − ρa)

(1 − µ−)(
1
β − ν−µ−

) Â∆
0

E0

∣∣∣∣∣∑t≥0

1
Rt Ỹt

∣∣∣∣∣ < λ

κ

R
(ν+ − ρa)

∣∣∣Â∆
0

∣∣∣
where the second line uses µ+µ− = R (1 − δ) = 1/β and the last line uses 1

β − ν−µ− ≥ 1 − ν−µ− ≥ 1 − µ− and ρa ≤ 1.
Under strict CPI targeting we have πcpi,t = 0 at all dates and

Ỹt = −λ

κ
NHt = − 1

(ν− − ρa) (ν+ − ρa)

(
(R − ρa) (1 − ρa) ρt

a − (R − ν−) (1 − ν−) νt
−
)

Â∆
0 .

So under strict CPI targeting:

Ỹ0 = −− λ

κ

1
(ν+ − ρa)

(R + 1 − (ρa + ν−)) Â∆
0

E0 ∑
t≥0

1
Rt Ỹt = −λ

κ

R
(ν+ − ρa)

Â∆
0 .

Denoting with a superscript CPI the variables under CPI targeting, OP the variables the variables under optimal policy we therefore have after a negative shock in a
necessity sector:

ỸCPI
0 < ỸOP

t < 0

E0 ∑
t≥0

1
Rt Ỹ

CPI
t < E0 ∑

t≥0

1
Rt Ỹ

OP
t < 0

πOP
cpi,0 > πCPI

cpi,0 = 0

E0 ∑
t≥0

1
Rt πOP

cpi,t > E0 ∑
t≥0

1
Rt πCPI

cpi,t = 0
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monetary policy is more accomodative after a negative shock in a necessity sector than strict targeting. After a shock in a luxury sector, we have:

ỸCPI
0 > ỸOP

t > 0

E0 ∑
t≥0

1
Rt Ỹ

CPI
t > E0 ∑

t≥0

1
Rt Ỹ

OP
t > 0

πOP
cpi,0 < πCPI

cpi,0 = 0

E0 ∑
t≥0

1
Rt πOP

cpi,t < E0 ∑
t≥0

1
Rt πCPI

cpi,t = 0

i.e. monetary policy is more strict.
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E.3 Welfare loss function
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F Additional analytical results
Addition to Result 1: divine Coincidence indices without endogenous markups

We now derive an inflation index which can be fully stabilized alongside the output gap, for the case with the endogenous markup wedge. In this case, the
sectoral NKPC can be written as:

πk,t = κkỸt + λk

(
∑

l

(
ΩN,k∂eel + Ωk,l

) (
P̂l,t − P̂∗

l,t
)
−
(

P̂k,t − P̂∗
k,t
))

+ βEtπk,t+1,

or in matrix form:
πt = κỸt +D [λ]

(
Ω̃ − Id

) (
P̂t − P̂∗

t
)
+ βEtπt+1.

where κ = [κ1, ..., κK]
T, D [λ] is a K × K diagonal matrix with λk on the diagonal and Ω̃k,l = ΩN,k∂eel + Ωk,l . Note that

Ω̃k,l ≥ 0,

∑
l

Ω̃k,l = 1.

The Perron-Frobenius’ theorem for row-stochastic matrices implies that we have an eigenvector ω̃ = [ω̃1, ..., ω̃K] with ω̃k ≥ 0 and ∑k ω̃k = 1 (normaliza-
tion) such that

ω̃Ω̃ = ω̃.
Now, define

ω =

[
λ

λ1
ω̃1, ...,

λ

λK
ω̃K

]
,

1
λ
= ∑

k

1
λk

ω̃k.

Note that we have
ωD [λ]

(
Ω̃ − Id

)
= λω̃D−1 [λ]D [λ]

(
Ω̃ − Id

)
= 0.

Now define
πd,t = ∑ ωkπk,t,

We have
πd,t = κỸt + ωD [λ]

(
Ω̃ − Id

) (
P̂t − P̂∗

t
)
+ βEtπd,t+1,

= κỸt + βEtπd,t+1.
With κ = ∑ ωkκk. Therefore πd,t can be stabilized jointly with the output gap.

Addition to Result 1: HtM and I-O
In this section we show how to extend Result 1 to the case with HtM households and Input-Output links. We slightly amend the assumption (A.1) and (A.2):

• Assumption A1: κk = κ for all k (recall that with IO κk = λk

(
1
σ + 1

ψ

) (
ΩN,k + sC

k
σψ

σ+ψ Γk

)
)

• Assumption A2:
∫

γu
b,k(i)

{
(1−φ(i))b

E − (1−φ(i))Wn
(1−φL)WN

∫
(1 − φ(i)) b(i)

E di
}

di =
∫

γHtM
b,k (i)

{
φ(i)b

E − (1−φ(i))Wn
(1−φL)WN

∫
φ(i) b(i)

E di
}

di = 0

Note that (A.2) is slightly strengthened with HtM. Without HtM we only need to assume that γb,k(i) is uncorrelated with wealth. With HtM we assume that
γb,k(i) is uncorrelated with both the wealth of the HtM and the unconstrained households. We rewrite once again the system of equation of relative prices
P̃k,t = P̂k,t − P̂d,t, with P̂d,t defined in the previous section:
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π̃k,t =

(
λksC

k Mk,t − ∑
l

λlsC
l ωlMl,t

)
+ λk

(
+∑

(
ΩN,k∂eel + Ωk,l

) (
P̃l,t − P̃∗

l,t
)
−
(

P̃k,t − P̃∗
k,t
))

+ βEtπ̃k,t+1

Mk,t = ΓkŶ∗
t +MP

k,t +MD
k,t

MP
k,t = ∑

l
Sk,l P̃l,t

Therefore to prove that relative prices evolve independently of monetary policy, we only need show that under (A.2), MD
k,t only depends on relative

prices. Recall that we have:

EtMD
k,t+1 −MD

k,t =

(
σM,u

k R̂t − ∑
l

σM,u
k,l πl,t+1

)
+

δ

1 − δ
EtM0

k,t+1

+
R

R − 1

∫ (
γu

b,k(i)
(

φ(i)
b(i)
RE

− (1 − φ(i))Wn(i)
(1 − φL)WN

∫ (
φ(i)

b(i)
RE

)
di
))

diEt∆R̂t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{(

1 − 1
R

)(
φ(i)

b(i)
E

− (1 − φ(i))Wn(i)
(1 − φL)WN

∫ (
φ(i)

b(i)
E

)
di
)

s̄l

}
diEtπl,t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{(

φ(i)
e(i)
E

(sl(i)− s̄l)−
(1 − φ(i))Wn(i)
(1 − φL)WN

∫
φ(i)

e(i)
E

(sl(i)− s̄l) di
)}

diEtπl,t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{

Wn(i)
WN

ψ

(
φ(i)

(
∂eel(i)− ∂eel

)
− 1 − φ(i)

1 − φE

∫
φ(i)

e(i)
E

(
∂eel(i)− ∂eel

)
di
)}

diEtπl,t+1

M0
k,t −

1
(1 − δ) R

EtM0
k,t+1 =

∫
γu

b,k(i)
b(i)
RE

di

(
R̂t − ∑

l
s̄lEtπl,t+1

)
− ∑

l

∫
γu

b,k(i)
(

e(i)
E

(sl(i)− s̄l) + ψ
Wn(i)
WN

(
∂eel(i)− ∂eel

))
diP̂l,t −

R − 1
R

MD
k,t

Under (A.2) we can rewrite σM,u
k,l as:
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σM,u
k,l = σ

∫
γe,k(i)

(1 − φ(i)) e(i)
Ek

∂eek(i)∂eel(i)di − ∂eel
u R

R − 1

∫
(1 − φ(i))Wn
(1 − φL)WN

γu
b,k(i)di

(
σ
(

1 − φE
)
+ ψ

(
1 − φL

))
= σ

∫
γe,k(i)

(1 − φ(i)) e(i)
Ek

∂eek(i)∂eel(i)di − σ∂eel
u
∫

γe,k(i)
(1 − φ(i)) e(i)
(1 − φL) Ek

∂eek(i)di
(
σ
(
1 − φE)+ ψ

(
1 − φL))

σ + ψ

+ σ∂eel
u
∫

(1 − φ(i)) b
(1 − φL)WN

γu
b,k(i)di

(
σ
(
1 − φE)+ ψ

(
1 − φL))

σ + ψ

= σ
∫

γe,k(i)
(1 − φ(i)) e(i)

Ek
∂eek(i)∂eel(i)di − σ∂eel

u
∫

γe,k(i)
(1 − φ(i)) e(i)
(1 − φL) Ek

∂eek(i)di

− σ∂eel
u
∫

γu
b,k(i)

(1 − φ(i)) (σe + ψWn)
(1 − φL)WN

di
((

1 − φE)− (1 − φL))
σ + ψ

R
R − 1

+ σ∂eel
u
∫

(1 − φ(i)) b
(1 − φL)WN

γu
b,k(i)di

(
σ
(
1 − φE)+ ψ

(
1 − φL))

σ + ψ

= σ
∫

γe,k(i)
(1 − φ(i)) e(i)

Ek
∂eek(i)∂eel(i)di − σ∂eel

u
∫

γe,k(i)
(1 − φ(i)) e(i)
(1 − φL) Ek

∂eek(i)di

+ σ∂eel
u
∫ 1

(1 − φL)WN
γu

b,k(i)
{
(1 − φ(i)) b

∫
(1 − φ(i))

σe + ψWn
(σ + ψ) E

di − (1 − φ(i))
σe + ψWn

σ + ψ

∫
(1 − φ(i))

b(i)
E

di
}

di

= σ
∫

γe,k(i)
(1 − φ(i)) e(i)

Ek
∂eek(i)∂eel(i)di − σ∂eel

u
∫

γe,k(i)
(1 − φ(i)) e(i)
(1 − φL) Ek

∂eek(i)di

+ σ∂eel
u
∫ 1

(1 − φL)WN
γu

b,k(i)
{
(1 − φ(i)) b

∫
(1 − φ(i))

(
Wn
WN

+
σb

σ + ψ

R − 1
RE

)
− (1 − φ(i))

(
Wn +

σb
σ + ψ

R − 1
R

) ∫
(1 − φ(i))

b(i)
E

di
}

di

= σ
∫

γe,k(i)
(1 − φ(i)) e(i)

Ek
∂eek(i)∂eel(i)di − σ∂eel

u
∫

γe,k(i)
(1 − φ(i)) e(i)
(1 − φL) Ek

∂eek(i)di

+ σ∂eel
u σ

σ + ψ

R − 1
R

∫
γu

b,k(i)
{
(1 − φ(i)) b

E
− (1 − φ(i))Wn

(1 − φL)WN

∫
(1 − φ(i))

b(i)
E

di
}

didi

We therefore have under (A.2)

σM,u
k,l = σ

∫
γe,k(i)

(1 − φ(i)) e(i)
Ek

∂eek(i)∂eel(i)di − σ∂eel
u
∫

γe,k(i)
(1 − φ(i)) e(i)
(1 − φL) Ek

∂eek(i)di

∑
l

σM,u
k,l = σM,u

k = 0
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In addition we have∫
γu

b,k(i)
b(i)
RE

di =
∫

γu
b,k(i)

(1 − φ(i)) b
E

di +
∫

γu
b,k(i)

φ(i)b
E

di

=
∫

γu
b,k(i)

(1 − φ(i)) b
E

di +
∫

γu
b,k(i)

φ(i)b
E

di −
∫

γu
b,k(i)

(1 − φ(i))Wn
(1 − φL)WN

(∫ b(i)
E

di
)

di

=
∫

γu
b,k(i)

{
(1 − φ(i)) b

E
− (1 − φ(i))Wn

(1 − φL)WN

∫
(1 − φ(i))

b(i)
E

di
}

di +
R − 1

R

∫
γHtM

b,k (i)
{

φ(i)b
E

− (1 − φ(i))Wn
(1 − φL)WN

∫
φ(i)

b(i)
E

di
}

di

= 0
Therefore the equations for MD

k,t can be rewritten:

EtMD
k,t+1 −MD

k,t = −∑
l

σM,u
k,l π̃l,t+1 +

δ

1 − δ
EtM0

k,t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{(

φ(i)
e(i)
E

(sl(i)− s̄l)−
(1 − φ(i))Wn(i)
(1 − φL)WN

∫
φ(i)

e(i)
E

(sl(i)− s̄l) di
)}

diEtπ̃l,t+1

− R
R − 1 ∑

l

∫
γu

b,k(i)
{

Wn(i)
WN

ψ

(
φ(i)

(
∂eel(i)− ∂eel

)
− 1 − φ(i)

1 − φE

∫
φ(i)

e(i)
E

(
∂eel(i)− ∂eel

)
di
)}

diEtπ̃l,t+1

M0
k,t −

1
(1 − δ) R

EtM0
k,t+1 = −∑

l

∫
γu

b,k(i)
(

e(i)
E

(sl(i)− s̄l) + ψ
Wn(i)
WN

(
∂eel(i)− ∂eel

))
diP̃l,t −

R − 1
R

MD
k,t

Where we use

∑
l

∫
γu

b,k(i)
(

e(i)
E

(sl(i)− s̄l) + ψ
Wn(i)
WN

(
∂eel(i)− ∂eel

))
di = 0

∑
l

∫
γu

b,k(i)
{(

φ(i)
e(i)
E

(sl(i)− s̄l)−
(1 − φ(i))Wn(i)
(1 − φL)WN

∫
φ(i)

e(i)
E

(sl(i)− s̄l) di
)}

+ ∑
l

∫
γu

b,k(i)
{

Wn(i)
WN

ψ

(
φ(i)

(
∂eel(i)− ∂eel

)
− 1 − φ(i)

1 − φE

∫
φ(i)

e(i)
E

(
∂eel(i)− ∂eel

)
di
)}

= 0

to replace P̂l,t, πl,t with P̃l,t, π̃l,t. Therefore, relative prices are determined by a system of 4(K − 1) equations which independent of R̂t and are therefore
independent from monetary policy. We conclude, since NHt,Mk,t,Pk,t, Ik,t only depend on relative prices that the wedges are independent from monetary
policy.

Additions to Result 3: Analytical Formulas with HtM

We first re-derive the evolution of any relative price P̃k,t = P̂k,t − ∑ ∂eel P̂l,t

Rπ̃k,t = −λR
(

P̃k,t − P̃∗
k,t
)
+ π̃k,t

P∆,t+1 − (1 + R + Rλ) P∆,t + RP∆,t−1 = λRÂ∆,t

The eigenvalues of the system are:

µ± =
R + Rλ + 1 ±

√
(R + Rλ − 1)2 + 4Rλ

2
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With µ+ > R + Rλ, µ− < 1. We obtain:

P̃k,t = λ
t

∑
0

µt−s+1
− ∑

1
µu
+

P̃∗
k,t

We now assume shock vanishes at a constant rate ρa, we have:

P̃k,t =
1

(µ+ − ρa) (µ− − ρa)

(
µt+1
− − ρt+1

a

)
P̃∗

k,0

Next we slightly rewrite the output gap equation

Ỹt+1 − Ỹt = σ
(
(1 − Φb) R̂t − (1 − Φb)πmcpi,t+1 − r̂∗t

)
+ Φb

(
1

R − 1
(
EtR̂t+1 − R̂t

)
− s̄lπl,t+1

)
−
(
1 − φE)
1 − φL

σ

σ + ψ ∑
l

(
σ
(

∂eel
u − ∂eel

)
− (su

l − s̄l)
)

π̃l,t+1

Φb =
φE − φL

1 − φL
σ

σ + ψ

− 1 < Φb < 1

Response to aggregate shocks, inflation targeting. For aggregate shocks (Ak,t = At), all relative sectoral prices are constant so the response does not
depend on which inflation index is targeted. Assume R̂t = ϕπt (with πt an arbitrary index), we have

Rπt = RκỸt + πt+1

πt+2 − (1 + R + Rκσ (1 − Φb) + RκΦb)πt+1 + Rπt + Rκσ (1 − Φb) R̂t + RκΦb
1

R − 1
∆R̂t+1 − Rκσr̂∗t = 0

πt+2 −
(

1 + R + Rκ

(
σ − Φb

(
σ + ϕ

1
R − 1

− 1
)))

πt+1 + R
(

1 + κϕ

(
σ (1 − Φb)− Φb

1
R − 1

))
πt − Rκσr̂∗t = 0

The eigenvalues of the system are

λHtM
± =

(
1 + R + Rκ

(
σ − Φb

(
σ + ϕ 1

R−1 − 1
)))

±
√((

R + Rκ
(
σ − Φb

(
σ + ϕ 1

R−1 − 1
)))

− 1
)2 − 4Rκ [(ϕ − 1) (σ (1 − Φb))− Φb]

2
Note that when Φb < 0, ϕ ≥ 1 implies that both eigenvalues of the system are larger than one49

πt =
Rκ

ρ2
a −

(
1 + R + Rκ

(
σ − Φb

(
σ + ϕ R

R−1 − 1
)))

ρa + R
(
1 + κϕ

(
σ (1 − Φb)− Φb

R
R−1

))ρt
ar̂∗0

=
Rκσ

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt

ar̂∗0

Ỹt =
σ (R − ρa)

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt

ar̂∗0

49Note that we only need ϕ > max{1 + Φb
σ(1−Φb)

,− (R − 1)
(

1
−Φb

( 1
κ

(
1 − 1

R

)
+ σ

)
+ σ − 1

)
}in particular if κ ≤ 1or σ ≥ 1 this simplifies to ϕ > 1 + Φb

σ(1−Φb)
.
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with

C(ρa) = −Φb

(
σ (ϕ − ρa) + ϕ

R
R − 1

(1 − ρa) + ρa

)
> 0

And C(ρa) is decreasing in ρA. For a given policy rule, the presence of HtM households decreases the impact of technology or monetary shocks on
inflation and the output gap. Intuitively, as HtM have negative wealth on average they respond to an increase in inflation by cutting consumption, since they
respond more strongly than non HtM this makes monetary policy more effective.

Response to sectoral shocks, inflation targeting. Now assume that CB targets CPI: R̂t = ϕπcpi,t. The system becomes

πcpi,t+2 −
(

1 + R + Rκ

(
σ − Φb

(
σ + ϕ

1
R − 1

− 1
)))

πcpi,t+1 + R
(

1 + κϕ

(
σ (1 − Φb)− Φb

1
R − 1

))
πcpi,t

−Rκσr̂∗t + Rλ (NHt+1 −NHt)− Rκ

(
1 − φE)
1 − φL

σ

σ + ψ ∑
l

(
σ
(

∂eel
u − ∂eel

)
− (su

l − s̄l)
)

π̃l,t+1 − Rκσ̄
(
π̃mcpi,t+1 − π̃cpi,t+1

)
= 0

We have

πt =
Rλ

(µ+ − ρa) (µ− − ρa)

{(
1 − Rκσϕ + RκC(ρa)

(λ+ − ρa) (λ− − ρa) + RκC(ρa)

)
(1 − ρa) ρt

a −
(

1 − Rκσϕ + RκC(µ−)

(λ+ − µ−) (λ− − µ−) + RκC(µ−)

)
(1 − µ−) µt

−

}
Â∆,0

+
Rκσ

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt

ar̂∗0

− Rκσ

(µ+ − ρa) (µ− − ρa)

(
1 − φE)
1 − φL

σ

σ + ψ ∑
l

(
σ
(

∂eel
u − ∂eel

)
− (su

l − s̄l)
)( (1 − µ−)

(λ+ − µ−) (λ− − µ−) + C(µ−)
µt+1
− − (1 − ρa)

(λ+ − ρa) (λ− − ρa) + C(ρa)
ρt+1

a

)
P̃∗

l,0

Ỹt = − Rλ

(µ+ − ρa) (µ− − ρa)

{
(σϕ + C(ρa)) (1 − ρa) (R − ρa)

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt

a −
(σϕ + C(µ−)) (1 − µ−) (R − µ−)

(λ+ − µ−) (λ− − µ−) + RκC(µ−)
µt
−

}
Â∆,0

Impactof NH wedge

+
σ (R − ρa)

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt

ar̂∗0

− 1
(µ+ − ρa) (µ− − ρa)

φE

1 − φL
σ

σ + ψ ∑
l

((
sHtM

l − s̄l

)
− σ

(
∂eel

HtM − ∂eel

))( (1 − µ−) (R − µ−)

(λ+ − µ−) (λ− − µ−) + RκC(µ−)
µt+1
− − (1 − ρa) (R − ρa)

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt+1

a

)
P̃∗

l,0

Impact of relative price on HtM consumption

The introduction of HtM has an ambiguous impact on both CPI inflation and the output gap. The response of the output gap is the sum of three terms.
The first one is the contribution of the NH wedge:

− Rλ

(µ+ − ρa) (µ− − ρa)

{
(σϕ + C(ρa)) (1 − ρa) (R − ρa)

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt

a −
(σϕ + C(µ−)) (1 − µ−) (R − µ−)

(λ+ − µ−) (λ− − µ−) + RκC(µ−)
µt
−

}
Â∆,0

As before, (σϕ+C(ρa))(1−ρa)(R−ρa)
(λ+−ρa)(λ−−ρa)+RκC(ρa)

is decreasing in ρa, so the sign of this term is the same with or without HtM. The amplitude is however ambiguous. For
transitory shocks in necessity sectors without HtM, as see in the previous subsection CPI inflation is positive and decreasing. This implies that the interest
rate implemented is positive and decreasing which increases the growth rate of HtM demand which implies lower out output gap (output gap converges to
0in the long run): the response is amplified. By contrast, the response would be muted for a permanent shock

The second term summarizes the impact of the change in real rate. As explain previously, this response is always muted with HtM.
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The third term corresponds to the difference in demand growth rate between HtM and unconstrained households in response to changes in sectoral
prices:

− 1
(µ+ − ρa) (µ− − ρa)

φE

1 − φL
σ

σ + ψ ∑
l

((
sHtM

l − s̄l

)
− σ

(
∂eel

HtM − ∂eel

))( (1 − µ−) (R − µ−)

(λ+ − µ−) (λ− − µ−) + RκC(µ−)
µt+1
− − (1 − ρa) (R − ρa)

(λ+ − ρa) (λ− − ρa) + RκC(ρa)
ρt+1

a

)
P̃∗

l,0

For transitory shocks, after the first period, there is deflation of necessity goods. If the growth rate of HtM necessary good consumption is relatively higher in
response to deflation in the necessity sector (

(
sHtM

l − s̄l
)
− σ

(
∂eel

HtM − ∂eel

)
> 0), the output gap is lower at all dates, which further amplifies the response

of the output gap to a transitory necessity shock. This is reversed for close to permanent shocks: in that case there is inflation of necessity goods which
reduces the growth rate of HtM demand and implies a relatively higher output gap.
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