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A Some Auxiliary Lemmas

Throughout this appendix, we will let F ≡ (F1, . . . , Fn) denote the collection of (marginal) distribution
functions of xit and bF ≡ ³ bF1, . . . , bFn´, where bFi denotes the empirical distribution function for the
i-th observation. Define F (²) ≡ F + ²√T

³ bF − F´ for ² ∈ £0, T−1/2¤, and ∆iT ≡ √T ³ bFi − Fi´. We
first provide a different version of Lahiri’s (1992) Lemma 5.1, which is stated for bounded zero mean

random variables.

Lemma 1 (Hahn and Kuersteiner, 2004) Assume that {Wt, t = 1, 2, . . .} is a stationary, mixing
sequence with E [Wt] = 0 and E

h
|Wt|2r+δ

i
<∞ for any positive integer r, some δ > 0 and all t. Let

At = σ (Wt,Wt−1,Wt−2, ...), Bt = σ (Wt,Wt+1,Wt+2, ...), and

α (m) = supt supA∈At,B∈Bt+m |P (A ∩B)− P (A)P (B)|. Then, for any m such that 1 ≤ m < C(r)n,

E
h
(
Pn
i=1Wi)

2r
i
≤ C (r)E

h
|Wi|2r+δ

i h
nrm2r + n2rα (m)

δ
2r+δ

i
where C (r) is a constant that depends on r.

Lemma 2 (Hahn and Kuersteiner, 2004) Suppose that, for each i, {ξit, t = 1, 2, . . .} is a mixing
sequence with E [ξit] = 0 for all i, t. Let Ait = σ

¡
ξit, ξit−1, ξit−2, ...

¢
, Bit = σ

¡
ξit, ξit+1, ξit+2, ...

¢
, and

αi (m) = supt supA∈Ait,B∈Bit+k |P (A ∩B)− P (A)P (B)|. Assume that supi |αi (m)| ≤ Ca
m for some a

such that 0 < a < 1 and some 0 < C <∞. We assume that {ξit, t = 1, 2, 3, ...} are independent across
i. We also assume that n = O (T ). Finally, assume that E

h
|ξit|6+δ

i
<∞ for some δ > 0. We then

have

Pr

∙
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 ξit

¯̄̄̄
> η

¸
= o

¡
T−1

¢
for every η > 0. Now assume that E

h
|ξit|10q+12+δ

i
< ∞ for some δ > 0 and some integer q ≥ 1.

Then,

Pr

∙
max
1≤i≤n

¯̄̄̄
1√
T

PT
t=1 ξit

¯̄̄̄
> ηT

1
10
−υ
¸
= o

¡
T−q

¢
for every η > 0 and 0 < υ < (100q + 120)−1.

Lemma 3 (Hahn and Kuersteiner, 2004) Let ξ (xit,φ) be a function indexed by the parameter

φ ∈ Φ where Φ is a convex subset of Rp with E [ξ (xit,φ)] = 0 for all i, t and φ ∈ Φ. Assume that
there exists a functionM (xit) such that |ξ (xit,φ1)− ξ (xit,φ2)| ≤M (xit) kφ1 − φ2k for all φ1,φ2 ∈ Φ
and supφ |ξ (xit,φ)| ≤ M(xit). For each i, let xit be a α-mixing process with exponentially decaying

mixing coefficients αi (m) satisfying supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some

0 < C < ∞. Let q denote a positive integer such that q ≥ p+4
2 , where p = dimφ. We also assume

that E
h
|M (xit)|10q+12+δ

i
< ∞ for some δ > 0. Finally, assume that n = O (T ). We then have
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Pr
h
maxi

¯̄̄
1√
T

PT
t=1 ξ (xit,φi)

¯̄̄
> T

1
10
−υ
i
= o

¡
T−1

¢
for 0 < υ < (100q + 120)−1. Here, {φi} is an

arbitrary nonstochastic sequence in Φ.

Lemma 4 (Hahn and Kuersteiner, 2004) Assume that xit satisfies Assumption 3, and let ξ (xit,φ)

be a function indexed by the parameter φ ∈ intΦ, where Φ is a convex subset of Rp. For any sequence
φi ∈ intΦ, assume E [ξ (xit,φi)] = 0. Further assume that supφ kξ (xit,φ)k ≤M (xit) for someM (xit)

such that E
h
M (xit)

4
i
<∞. Let ΣnT =

Pn
i=1Σ

ξξ
iT with Σ

ξξ
iT = Var

³
1√
T

PT
t=1 ξ (xit,φi)

´
. Denote the

smallest eigenvalue of ΣξξiT by λ
ξ
iT , and assume that infi infT λ

ξ
iT > 0. Then,

1√
nT

nX
i=1

TX
t=1

ξ (xit,φi)⇒ N
³
0, fξξ

´
, and sup

i

°°°Σξξ
iT − fξξi

°°°→ 0,

where fξξ ≡ limn−1Pn
i=1 f

ξξ
i and fξξi ≡

P∞
j=−∞E

£
ξ (xit,φi) ξ (xit−j,φi)

0¤.
Lemma 5 Let kit = k (xit; θ, γi (θ)) and bkit = k (xit; θ,bγi (θ)) where xit satisfies Assumption 3, k
satisfies Assumption 4 and bθ, bγi are defined in (1). Assume that E [kit] = 0 for i, t. Let fkki ≡P∞
l=−∞E

£
kitk

0
it−l
¤
and fkk ≡ limn→∞ n−1

Pn
i=1 f

kk
i . Then,

sup
θ

¯̄̄̄
¯̄ 1n

nX
i=1

⎛⎝ 1
T

mX
l=−m

wT,l

min(T,T+l)X
t=max(1,l)

bkitbk0it−l
⎞⎠− fkk

¯̄̄̄
¯̄ = op(1),

where m,T →∞ such that m = o
¡
T 2/5

¢
.

Proof. The proof is almost identical to a similar result found in Hahn and Kuersteiner (2004).

Let r1 = max(1, l) and r2 = min(T, T + l) and define Ki,m = 1
T

Pm
l=−mwT,l

Pr2
t=r1

kitk
0
it−l.

We first show that 1
n

Pn
i=1Ki,m − fkk = op(1). This follows if 1n

Pn
i=1E [Ki,m]− fkk = o(1) and

Var
¡
1
n

Pn
i=1Ki,m

¢
= o(1). Since fkk − n−1Pn

i=1 f
kk
i = o(1) by definition, we first consider°°°E [Ki,m]− fkki °°°

≤ Pm
l=−m

¯̄̄̄
r2 − r1 + 1

T
wT,l − 1

¯̄̄̄ °°E £kitk0it−l¤°°+P|l|>m
°°E £kitk0it−l¤°°

=
Pm
l=−m

¯̄̄̄
T − |l|
T

− T − |l|
T

(1−wT,l)− 1
¯̄̄̄ °°E £kitk0it−l¤°°+P|l|>m

°°E £kitk0it−l¤°°
=

Pm
l=−m

¯̄̄̄
1− |l|
T
− T − |l|

T

|l|
m+ 1

¯̄̄̄ °°E £kitk0it−l¤°°+P|l|>m
°°E £kitk0it−l¤°°

≤ Pm
l=−m

µ |l|
T
+
T − |l|
T

|l|
m+ 1

¶°°E £kitk0it−l¤°°+P|l|>m
°°E £kitk0it−l¤°°

≤ Pm
l=−m

µ
1

T
+
1

m

¶
|l|°°E £kitk0it−l¤°°+P|l|>m

°°E £kitk0it−l¤°°
≤ Pm

l=−m c1
µ
1

T
+
1

m

¶
|l|
³
a

δ
2+δ

´|l|
+
³
a

δ
2+δ

´m
c2
P
l=1

³
a

δ
2+δ

´l → 0 as m,T →∞
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where the last inequality follows from Condition 3 and the fact that

|E [kit,j1kit−l,j2]| ≤ 8
³
E
h
|kit,j1|2+δ

i´ 1
2+δ
³
E
h
|kit−l,j2 |2+δ

i´ 1
2+δ
³
a

δ
2+δ

´|l|
for any two elements kit,j1and kit−l,j2 of kit and kit−l for some δ > 0, which can be proved by Corollary

A.2 of Hall and Heyde (1980). Since the bound on
°°E [Ki,m]− fkki °° is uniform it therefore follows

that 1n
Pn
i=1E [Ki,m]− fkk = o (1).

Next we show that°°°°Varµ1nPn
i=1Ki,m

¶°°°° ≤ 1

n2
Pn
i=1 kVar (Ki,m)k = o (1) .

To show this we may assume without loss of generality that kit is scalar. The variance can then be

evaluated as

Var (Ki,m)

=
1

T 2
Pm
l1,l2=−mwT,l1wT,l2

Pr2
t1,t2=r1

(E [kit1kit−l1kit2kit2−l2 ]−E [kit1kit−l1 ]E [kit2kit2−l2 ])

=
1

T 2
Pm
l1,l2=−mwT,l1wT,l2

Pr2
t1,t2=r1

(E [kit1kit2]E [kit−l1kit2−l2 ] +E [kit1kit2−l2 ]E [kit2kit−l1 ])

+
1

T 2
Pm
l1,l2=−mwT,l1wT,l2

Pr2
t1,t2=r1

Cum(kit1kit−l1kit2kit2−l2)

= O(1)

such that Var (Ki,m) is uniformly bounded in i. It now follows that 1
n

Pn
i=1Ki,m − fkk = op(1) by

Markov’s inequality.

Next we turn to showing that

1

n

Pn
i=1

1

T

Pm
l=−mwT,l

Pr2
t=r1

³bkitbk0it−l − kitk0it−l´ = op(1).
We use the decomposition

1

T

Pm
l=−mwT,l

Pr2
t=r1

³bkitbk0it−l − kitk0it−l´
=

1

T

Pm
l=−mwT,l

Pr2
t=r1

³bkit − kit´³bkit−l − kit−l´0
+
1

T

Pm
l=−mwT,l

Pr2
t=r1

kit

³bkit−l − kit−l´0 + 1

T

Pm
l=−mwT,l

Pr2
t=r1

³bkit − kit´k0it−l
We first consider the term 1

T

Pm
l=−mwT,l

Pr2
t=r1

³bkit − kit´k0is. Use a first order Taylor approximation
to

bkit − kit = kθit ³bθ − θ
´
+ kγit (bγi − γi0)

where kθit = ∂k
³
xit; θ̃, γ̃i

´
/∂θ0 and kγit = ∂k

³
xit; θ̃

0
, γ̃0i
´
/∂γ with θ̃, γ̃i, θ̃

0
, γ̃0i such that

°°°θ̃ − θ0

°°° ≤°°°bθ − θ0

°°° , °°°θ̃0 − θ0

°°° ≤ °°°bθ − θ0

°°° , etc. by the multivariate version of the mean value theorem. Note
3



that each row of ∂k
³
xit; θ̃, γ̃i

´
/∂θ0 needs to be evaluated at a different θ̃ but in slight abuse of notation

we do not make this explicit. Then

1

T

Pm
l=−mwT,l

Pr2
t=r1

vec
h³bkit − kit´k0it−1i (34)

=
1

T

Pm
l=−mwT,l

Pr2
t=r1

³
kit−l ⊗ kθit

´³bθ − θ
´

+
(bγi − γi0)

T

Pm
l=−mwT,l

Pr2
t=r1

vec
£
kγitk

0
it−l
¤

and consider 1
T

Pm
l=−mwT,l

Pr2
t=r1

¡
kit−l ⊗ kθit

¢
. Without loss of generality assume that

¡
kit−l ⊗ kθit

¢
is

a scalar. Then by the Cauchy-Schwartz inequality¯̄̄̄
1

T

Pr2
t=r1

kit−lkθit

¯̄̄̄
≤

µ
1

T

PT
t=1 k

2
it−l

¶1/2Ã 1
T

PT
t=1 sup

θ,γ

¡
∂k (xit; θ, γ) /∂θ

0¢2!1/2

≤
µ
1

T

PT
t=1M(xit−l)

2

¶1/2µ 1
T

PT
t=1M(xit)

2

¶1/2
such that E

£¯̄
1
T

Pr2
t=r1

kit−lkθit
¯̄¤ ≤ ³ 1T PT

t=1E
h
M (xit−l)2

i´1/2 ³
1
T

PT
t=1E

h
M (xit)

2
i´1/2

= O(1) uni-

formly in i. It thus follows from the Markov inequality that

1

n

Pn
i=1

1

T

Pm
l=−mwT,l

Pr2
t=r1

³
kit−l ⊗ kθit

´³bθ − θ
´
= Op(m/T ).

We now turn to the second term in (34). Noting that

T 2/5max
i
|bγi − γi0| = op (1)

by Lemma (7), we obtain¯̄̄̄
1

n

Pn
i=1

(bγi − γi0)

T

Pm
l=−mwT,l

Pr2
t=r1

vec
£
kγitk

0
it−l
¤¯̄̄̄

≤ 1

T 7/5
T 2/5max

i
|bγi − γi0| ·

1

n

Pn
i=1

Pm
l=−mwT,l

Pr2
t=r1

°°vec £kγitk0it−l¤°°
≤ op

³
T−7/5

´
· 1
n

Pn
i=1

Pm
l=−mwT,l

Pr2
t=r1

vec
£
MitM

0
it−l
¤

= op

³
T−7/5

´Pm
l=−m

µ
1− |l|

m+ 1

¶
(T − |l|)

= op

³
T−7/5

´
O (Tm)

= op

³ m

T 2/5

´
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We now turn to

1

T

Pm
l=−mwT,l

Pr2
t=r1

vec
³bkit − kit´³bkit−l − kit−l´0

=
1

T

Pm
l=−mwT,l

Pr2
t=r1

³
kθit−l ⊗ kθit

´
vec

³bθ − θ
´³bθ − θ

´0
+
1

T

Pm
l=−mwT,l

Pr2
t=r1

³
kθit−l ⊗ kγit

´
(bγi − γi0) vec

³bθ − θ
´0

+
1

T

Pm
l=−mwT,l

Pr2
t=r1

³
kγit−l ⊗ kθit

´³bθ − θ
´
(bγi − γi0)

+
1

T

Pm
l=−mwT,l

Pr2
t=r1

(bγi − γi0)
2 vec

³
kγitk

γ0
it−l
´

All the terms on the RHS are op
¡
m/T 2/5

¢
by similar arguments.

Lemma 6 Under Assumptions 1, 2, 3, 4, 5, 6, and 7, we have

(i) n−1
Pn
i=1 Ii − I = op(1);

(ii) maxi
°°° 1T PT

t=1 V
γi
it (θ0,bγi (θ0))−E £V γi

i

¤°°° = op (1);
(iii) maxi

°°° 1T PT
t=1 V

θ
it (θ0,bγi (θ0))−E £V θ

i

¤°°° = op (1);
(iv) maxi

°°° 1T PT
t=1U

γiγi
it (θ0,bγi (θ0))−E £Uγiγi

i

¤°°° = op (1);
(v) maxi

°°° 1T PT
t=1 V

γiγi
it (θ0, bγi (θ0))−E £V γiγi

i

¤°°° = op (1).
Proof. We only prove the first result. The rest can be proved using the same argument as in

Hahn and Kuersteiner (2004). Note that

max
i

°°Ii − Ii°° ≤ sup
i
E [kM(xit)k]

µ°°θ − θ
°°+max

i
|bγi − γi0|

¶
+ op (1) .

Since

|bγi − γi0| ≤
1√
T
|bγ²i (0)|+ 1

2T
|bγ²²i (²̃)|

withmaxi T−
1
10 |bγ²i (0)| = op(1) andmaxi T− 2

10 |bγ²²i (²̃)| = op(1) by Lemma 14, it follows thatmaxi °°Ii − Ii°° =
op(1) such that

n−1
nX
i=1

Ii − I = op(1).

Lemma 7 (Hahn and Kuersteiner, 2004) Let Assumptions 1, 2, 3, 4 and 5 be satisfied. Then

Pr
h
maxi

¯̄̄√
T (bγi − γi0)

¯̄̄
> T 1/10−υ

i
= o

¡
T−1

¢
for 0 < υ < (100q + 120)−1.

Lemma 8 Let Assumptions 1, 2, 3, 4 and 5 be satisfied. Then Pr
h
maxi

¯̄̄√
T (bγi (θ0)− γi0)

¯̄̄
> T 1/10−υ

i
=

o
¡
T−1

¢
for 0 < υ < (100q + 120)−1.
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Proof. It can be proved in the same way as in Hahn and Kuersteiner (2004), and is omitted.

Lemma 9 Let kit = k (xit; θ0, γi0) and bkit = k (xit; θ0,bγi (θ0)) where xit satisfies Assumption 3, kit
satisfies Assumption 4 and bθ, bγi are defined in (1). Assume that E [kit] = 0 for i, t. Let fkki =P∞
l=−∞E

£
kitk

0
it−l
¤
. Then, supi

°°°Pm
l=−mwT,lEbθ,bγi

hbkitbk0it−li− fkk°°° = op(1), where m,T → ∞ such

that m = o
¡
T 2/5

¢
.

Proof. For notational simplicity, we may assume without loss of generality that kit is scalar. Let

Ki,m =
Pm
l=−mwT,lE [kitkit−l]. We first consider°°°Ki,m − fkki °°°

≤ Pm
l=−m

¯̄̄̄
r2 − r1 + 1

T
wT,l − 1

¯̄̄̄
kE [kitkit−l]k+

P
|l|>m kE [kitkit−l]k

≤ Pm
l=−m

µ
1

T
+
1

m

¶
|l| kE [kitkit−l]k+

P
|l|>m kE [kitkit−l]k

≤ Pm
l=−m c1

µ
1

T
+
1

m

¶
|l|
³
a

δ
2+δ

´|l|
+
³
a

δ
2+δ

´m
c2
P
l=1

³
a

δ
2+δ

´l → 0 as m,T →∞

where the last inequality follows from Assumption 3 and the fact that, for any two elements kit,j1and

kit−l,j2 of kit and kit−l, it follows from Corollary A.2 of Hall and Heyde (1980) that

|E [kit,j1kit−l,j2]| ≤ 8
³
E
h
|kit,j1|2+δ

i´ 1
2+δ
³
E
h
|kit−l,j2 |2+δ

i´ 1
2+δ
³
a

δ
2+δ

´|l|
for some δ > 0. It follows that

sup
i

°°°Ki,m − fkki °°° = o (1) .
Now, let

bKi,m = mX
l=−m

wT,lEbθ,bγi
hbkitbkit−li = mX

l=−m
wT,l

Z bkitbkit−lbpi,t,ld (xit, xit−l) .
where

bkit ≡ kit (xit; θ0,bγi (θ0))bpi,t,l ≡ pi,t,l

³
xit, xit−l;bθ, bγi´

Here, pi,t,l (xit, xit−l; θ, γi) denotes the joint density of (xit, xit−l). Consider bKi,m −Ki,m
bKi,m −Ki,m = mX

l=−m
wT,l

Z ³bkitbkit−lbpit − kitkit−lpit´ d (xit, xit−l)

6



We use the mean value theorem and write

bkitbkit−lbpit − kitkit−lpit = ekγitekit−lepit (bγi (θ0)− γi0) +
ekitekγit−lepit (bγi (θ0)− γi0)

+ekitekit−lepθit ³bθ − θ
´
+ ekitekit−lepγit (bγi − γi0)

where ekθit = ∂k
³
xit; θ̃, γ̃i

´
/∂θ, etc. Note that we may write epθit = euθitepit and efγit = evθitepit. By Assump-

tions 4 and 8, we obtain°°° bKi,m −Ki,m°°° ≤ mMµ
sup
i
kbγi (θ0)− γi0k+

°°°bθ − θ
°°°+ sup

i
kbγi − γi0k

¶
for some finite constantM, or

max
i

°°° bKi,m −Ki,m°°° = Op ³ m

T 2/5

´
by Lemmas 7 and 8.

Lemma 10 Let kit = k (xit; θ0, γi0) and bkit = k (xit; θ0, bγi (θ0)) where xit satisfies Assumption 3,
kit satisfies Assumption 4 and θ∗, γ∗i are such that kθ∗ − θk = Op

¡
T−2/5

¢
and supi kγ∗i − γi0k =

Op
¡
T−2/5

¢
. Then, supi

°°°Pm
l=−mwT,lEθ∗,γ∗i

hbkitbk0it−li− fkk°°° = op(1), where m,T → ∞ such that

m = o
¡
T 2/5

¢
.

Proof. Similar to the proof of Lemma 9, and omitted.

Lemma 11 (Hahn and Kuersteiner, 2004) Pr
∙
max1≤i≤nmax0≤²≤ 1√

T

|bγi (²)− γi0| ≥ η

¸
= o

¡
T−1

¢
for every η > 0.

Lemma 12 Suppose that Ki (·; θ0, γi (θ0, ²)) is equal to
∂m1+m2ψ (xit; θ0, γi (θ0, ²))

∂γmi

for some m ≤ 1, . . . , 5. Then, for any η > 0, we have

Pr

"
max

0≤²≤ 1√
T

¯̄̄̄
¯ 1n

nX
i=1

Z
Ki (·; θ0, γi (θ0, ²)) dFi (²)−

1

n

nX
i=1

E [Ki (xit; θ0, γi0)]

¯̄̄̄
¯ > η

#
= o

¡
T−1

¢
and

Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄̄Z
Ki (·; θ0, γi (θ0, ²)) dFi (²)−E [Ki (xit; θ0, γi0)]

¯̄̄̄
> η

#
= o

¡
T−1

¢
.

Also,

Pr

"
max
i

max
0≤²≤ 1√

T

¯̄̄̄Z
Ki (·; θ0, γi (θ0, ²)) d∆iT

¯̄̄̄
> CT

1
10
−υ
#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.
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Proof. Note that we may write°°°°Z Ki (·; θ0, γi (θ0, Fi (²)))dFi (²)−
Z
Ki (·; θ0, γi0) dFi

°°°°
≤

°°°°Z Ki (·; θ0, γi (θ0, Fi (²)))dFi (²)−
Z
Ki (·; θ0, γi0) dFi (²)

°°°°
+

°°°°Z Ki (·; θ0, γi0)dFi (²)−
Z
Ki (·; θ0, γi0) dFi

°°°°
≤

Z
M(xit) (|γi (θ0, Fi (²))− γi0|)d |Fi (²)|

+²
√
T

°°°°Z Ki (·; θ0, γi0) d
³ bFi − Fi´°°°° .

Therefore, we have°°°°°1n
nX
i=1

Z
Ki (·; θ0, γi (θ0, Fi (²)))dFi (²)−

Z
Ki (·; θ0, γi0) dFi

°°°°°
≤

Ã
1

n

nX
i=1

(γi (θ0, Fi (²))− γi0)
2

!1/2⎛⎝1
n

nX
i=1

Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!2⎞⎠1/2

+

°°°°°1n
nX
i=1

Ã
1

T

TX
t=1

Ki (xit; θ0, γi0)−E [Ki (xit; θ0, γi0)]
!°°°°° ,

the RHS of which can be bounded by using Lemmas 2 and 11 in absolute value by some η > 0 with

probability 1− o ¡T−1¢.
Because ¯̄̄̄Z

Ki (·; θ0, γi (θ0, Fi (²)))dFi (²)−E [Ki (xit; θ0, γi0)]
¯̄̄̄

≤ |γi (θ0, Fi (²))− γi| ·
Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!

+

¯̄̄̄
¯ 1T

TX
t=1

M (xit)−E [M (xit)]

¯̄̄̄
¯ ,

we can bound

max
i

max
0≤²≤ 1√

T

¯̄̄̄Z
Ki (·; θ0, γi (θ0, Fi (²))) dFi (²)−E [Ki (xit; θ0, γi0)]

¯̄̄̄
in absolute value by some η > 0 with probability 1− o ¡T−1¢.

Using Lemmas 3, we can also show that

max
i

¯̄̄̄Z
Ki (·; θ0, γi (θ0, Fi (²))) d∆iT

¯̄̄̄
can be bounded by in absolute value by CT

1
10
−υ for some constant C > 0 and υ such that 0 ≤ υ < 1

160

with probability 1− o ¡T−1¢.
8



B Consistency

Let

bG(i) (θ, γ) ≡ 1

T

TX
t=1

ψ (xit; θ, γ) , G(i) (θ, γ) ≡ E [ψ (xit; θ, γ)]

where bγi (θ) ≡ argmaxaPT
t=1 ψ (xit; θ, a).

Lemma 13 (Hahn and Kuersteiner, 2004) For all η > 0, it follows that

Pr

"
max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)¯̄̄ ≥ η

#
= o

¡
T−1

¢
Recall now that eθ is a solution to (19).

Theorem 11 Pr
h¯̄̄eθ − θ0

¯̄̄
≥ η

i
= o

¡
T−1

¢
for every η > 0.

Proof. Let η be given, and let ε ≡ infi
h
G(i) (θ0, γi0)− sup{(θ,γ):|(θ,γ)−(θ0,γi0)|>η}G(i) (θ, γ)

i
> 0.

Because of Condition 1, we have¯̄̄̄
1

T
Bn (θ)

¯̄̄̄
≤ 1
6
ε

with probability equal to 1− o ¡ 1T ¢. Also, because of Lemma 13, we have
max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)¯̄̄ ≤ 16ε
with probability equal to 1− o ¡ 1T ¢. It follows that

max
|θ−θ0|>η,γ1,...,γn

n−1
nX
i=1

bG(i) (θ, γi)− 1

T
Bn (θ)

≤ max
|(θ,γi)−(θ0,γi0)|>η

n−1
nX
i=1

bG(i) (θ, γi)− 1

T
Bn (θ)

≤ max
|(θ,γi)−(θ0,γi0)|>η

n−1
nX
i=1

bG(i) (θ, γi) + 16ε
≤ max

|(θ,γi)−(θ0,γi0)|>η
n−1

nX
i=1

G(i) (θ, γi) +
1

3
ε

≤ n−1
nX
i=1

G(i) (θ0, γi0)−
2

3
ε

≤ n−1
nX
i=1

bG(i) (θ0, γi0)− 1

T
Bn (θ0)− 1

3
ε

9



Because

max
θ,γ1,...,γn

n−1
nX
i=1

bG(i) (θ, γi)− 1

T
Bn (θ) ≥ n−1

nX
i=1

bG(i) (θ0, γi0)− 1

T
Bn (θ0)

by definition, we can conclude that Pr
h¯̄̄eθ − θ0

¯̄̄
≥ η

i
= o

¡
T−1

¢
.

Theorem 12 (Hahn and Kuersteiner, 2004) Pr [max1≤i≤n |bγi − γi0| ≥ η] = o
¡
T−1

¢
Theorem 13 Let θ be such that Pr

£¯̄
θ − θ0

¯̄ ≥ η
¤
= o

¡
T−1

¢
for every η > 0. Then,

Pr

∙
max
1≤i≤n

¯̄bγi ¡θ¢− γi0
¯̄ ≥ η

¸
= o

¡
T−1

¢
for every η > 0.

Proof. We first prove that

T Pr

∙
max
1≤i≤n

sup
γ

¯̄̄ bG(i) ¡θ, γ¢−G(i) (θ0, γ)¯̄̄ ≥ η

¸
= o (1) (35)

for every η > 0. Note that

max
1≤i≤n

sup
γ

¯̄̄ bG(i) ¡θ, γ¢−G(i) (θ0, γ)¯̄̄
≤ max

1≤i≤n
sup
γ

¯̄̄ bG(i) ¡θ, γ¢−G(i) ¡θ, γ¢¯̄̄+ max
1≤i≤n

sup
γ

¯̄
G(i)

¡
θ, γ
¢−G(i) (θ0, γ)¯̄

≤ max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)¯̄̄+ max
1≤i≤n

E [M (xit)] ·
¯̄
θ − θ0

¯̄
.

Therefore,

T Pr

∙
max
1≤i≤n

sup
γ

¯̄̄ bG(i) ¡θ, γ¢−G(i) (θ0, γ)¯̄̄ ≥ η

¸
≤ T Pr

"
max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)¯̄̄ ≥ η

2

#

+T Pr

∙¯̄
θ − θ0

¯̄ ≥ η

2 (1 +max1≤i≤nE [M (xit)])

¸
= o (1)

by Lemma 13 and Theorem 11.

We now get back to the proof of Theorem 13. It suffices to prove that

T Pr

∙
max
1≤i≤n

¯̄bγi ¡θ¢− γi0
¯̄ ≥ η

¸
= o (1)

for every η > 0. Let η be given, and let ε ≡ infi
h
G(i) (θ0, γi0)− sup{γi:|γi−γi0|>η}G(i) (θ0, γi)

i
> 0.

Condition on the event

max
1≤i≤n

sup
γ

¯̄̄ bG(i) ¡θ, γ¢−G(i) (θ0, γ)¯̄̄ ≤ 13ε,
10



which has a probability equal to 1− o ¡ 1T ¢ by (35). We then have
max

|γi−γi0|>η
bG(i) ¡θ, γi¢ < max

|γi−γi0|>η
G(i) (θ0, γi) +

1

3
ε < G(i) (θ0, γi0)−

2

3
ε < bG(i) ¡θ, γi0¢− 13ε

This is inconsistent with bG(i) ¡θ,bγi ¡θ¢¢ ≥ bG(i) ¡θ, γi0¢, and therefore, ¯̄bγi ¡θ¢− γi0
¯̄ ≤ η for every i.

Corollary 1 Pr
h
max1≤i≤n

¯̄̄bγi ³eθ´− γi0

¯̄̄
≥ η

i
= o

¡
T−1

¢
.

Proof. It follows from Theorem 13 above.

11



C Justification of (26)

We analyze the asymptotic distribution of

1

nT

nX
i=1

TX
t=1

U (xit; θ0,bγi (θ0)) (36)

Let F ≡ (F1, . . . , Fn) denote the collection of (marginal) distribution functions of xit. Let bF ≡³ bF1, . . . , bFn´, where bFi denotes the empirical distribution function for the observation i. Define

F (²) ≡ F + ²√T
³ bF − F´ for ² ∈ £0, T−1/2¤. For each fixed θ and ², let γi (θ, Fi (²)) be the solution

to the estimating equation

0 =

Z
Vi [θ, γi (θ, Fi (²))] dFi (²) ,

and let µ (F (²)) be the solution to the estimating equation

0 =
nX
i=1

Z
(Ui (xit; θ0, γi (θ0, Fi (²)))− µ (F (²))) dFi (²) .

Note that µ (F (0)) = 0, and

µ
³ bF´ ≡ µ

µ
F

µ
1√
T

¶¶
=
1

n

nX
i=1

Ui

µ
xit; θ0, γi

µ
θ0, Fi

µ
1√
T

¶¶¶

=
1

nT

nX
i=1

TX
t=1

U (xit; θ0,bγi (θ0)) .
By a Taylor series expansion, we have

µ
³ bF´− µ (F ) = 1√

T
µ² (0) +

1

2

µ
1√
T

¶2
µ²² (0) +

1

6

µ
1√
T

¶3
µ²²² (e²) , (37)

where µ² (²) ≡ dµ (F (²))/d², µ²² (²) ≡ d2µ (F (²))
±
d²2, ..., and e² is somewhere in between 0 and

T−1/2. It is shown later in Appendix C.2 that the last term is of order op (1). We will therefore work

with the expansion

√
nT
³
µ
³ bF´− µ (F )´ = √nT 1√

T
µ² (0) +

√
nT
1

2

µ
1√
T

¶2
µ²² (0) + op (1) . (38)

The expansion (26) follows from combining (38) with (44) and (47) below.

C.1 Details of Expansion (37)

C.1.1 µ² (0)

In order to obtain (44) and (47), we let

hi (·, ²) ≡ Ui (·; θ0, γi (θ0, Fi (²)))− µ (F (²)) (39)

12



The first order condition may be written as

0 =
1

n

nX
i=1

Z
hi (·, ²)dFi (²) (40)

Differentiating repeatedly with respect to ², we obtain

0 =
1

n

nX
i=1

Z
dhi (·, ²)
d²

dFi (²) +
1

n

nX
i=1

Z
hi (·, ²) d∆iT (41)

0 =
1

n

nX
i=1

Z
d2hi (·, ²)
d²2

dFi (²) + 2
1

n

nX
i=1

Z
dhi (·, ²)
d²

d∆iT (42)

0 =
1

n

nX
i=1

Z
d3hi (·, ²)
d²3

dFi (²) + 3
1

n

nX
i=1

Z
d2hi (·, ²)
d²2

d∆iT (43)

where ∆iT ≡
√
T
³ bFi − Fi´.

Equation (41) can be rewritten as

0 =
1

n

nX
i=1

Z ¡
U

γi
i (·; θ0, γi (θ0, Fi (²)))γ²i (θ0, Fi (²))− µ² (F (²))

¢
dFi (²)

+
1

n

nX
i=1

Z
(Ui (·; θ0, γi (θ0, Fi (²)))− µ (F (²)))d∆iT

Evaluating this expression at ² = 0, and noting that E
£
U

γi
i

¤
= 0, we obtain

µ² (0) =
1

n

nX
i=1

Z
Uid∆iT (44)

C.1.2 γ²i

In the ith observation, γi (θ0, Fi (²)) solves the estimating equationZ
Vi (·; θ0, γi (θ0, Fi (²))) dFi (²) = 0 (45)

Differentiating the LHS with respect to ², we obtain

0 =

µZ
∂Vi (·, θ, ²)

∂γ0i
dFi (²)

¶
∂γi (θ, Fi (²))

∂²
+

Z
Vi (·, θ, ²)d∆iT .

Evaluating the expression at ² = 0, we obtain gives

γ²i ≡
∂γi (θ0, Fi (0))

∂²
= −

µ
E

∙
∂Vi
∂γ0i

¸¶−1Ã 1√
T

TX
t=1

Vit

!
. (46)

13



C.1.3 µ²² (0)

Equation (42) can be rewritten as

0 = − 1
n

nX
i=1

Z
µ²² (F (²))dFi (²)

+
1

n

nX
i=1

Z ¡
U

γiγi
i (·; θ0, γi (θ0, Fi (²))) (γ²i (θ0, Fi (²))⊗ γ²i (θ0, Fi (²)))

¢
dFi (²)

+
1

n

nX
i=1

Z ¡
U

γi
i (·; θ0, γi (θ0, Fi (²)))γ²²i (θ0, Fi (²))

¢
dFi (²)

+
2

n

nX
i=1

Z ¡
U

γi
i (·; θ0, γi (θ0, Fi (²)))γ²i (θ0, Fi (²))− µ² (F (²))

¢
d∆iT

where Uγiγi
i ≡ ∂2Ui

±
(∂γi ⊗ ∂γi). Evaluating at ² = 0, and noting that E

£
U

γi
i

¤
= 0, we obtain

µ²² (0) =
1

n

nX
i=1

E
£
U

γiγi
i

¤
(γ²i ⊗ γ²i) +

2

n

nX
i=1

µZ
U

γi
i (·; θ0, γi0) d∆iT

¶
γ²i (θ0, Fi (0))

=
1

n

nX
i=1

E
£
U

γiγi
i

¤Ãµ
E

∙
∂Vi
∂γ0i

¸¶−1Ã 1√
T

TX
t=1

Vit

!
⊗
µ
E

∙
∂Vi
∂γ0i

¸¶−1Ã 1√
T

TX
t=1

Vit

!!

− 2
n

nX
i=1

Ã
1√
T

TX
t=1

U
γi
it

!µ
E

∙
∂Vi
∂γ0i

¸¶−1Ã 1√
T

TX
t=1

Vit

!
or

µ²² (0) =
1

n

nX
i=1

E
£
U

γiγi
i

¤ "µ
E

∙
∂Vi
∂γ0i

¸¶−1
⊗
µ
E

∙
∂Vi
∂γ0i

¸¶−1#"Ã 1√
T

TX
t=1

Vit

!
⊗
Ã
1√
T

TX
t=1

Vit

!#

−2
n

nX
i=1

Ã
1√
T

TX
t=1

U
γi
it

!µ
E

∙
∂Vi
∂γ0i

¸¶−1Ã 1√
T

TX
t=1

Vit

!
(47)

C.1.4 γ²²i

Second order differentiation of (45) yields

0 =

µZ
∂Vi (·, θ, ²)

∂γi
dFi (²)

¶
∂2γi (θ, Fi (²))

∂²2

+

µZ
∂2Vi (·, θ, ²)
∂γi ⊗ ∂γi

dFi (²)

¶µ
∂γi (θ, Fi (²))

∂²
⊗ ∂γi (θ, Fi (²))

∂²

¶
+2

µZ
∂Vi (·, θ, ²)

∂γi
d∆iT

¶
∂γi (θ, Fi (²))

∂²
.

which characterizes γ²²i .
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C.2 Bounding Remainder Term in (37)

Lemma 14 below allows us to ignore the last term in equation (37).

Lemma 14

Pr

"
max
i

max
0≤²≤ 1√

T

|γ²i (²)| > CT
1
10
−υ
#
= o

¡
T−1

¢
(48)

Pr

"
max

0≤²≤ 1√
T

|µ² (²)| > CT 1
10
−υ
#
= o

¡
T−1

¢
(49)

Pr

"
max
i

max
0≤²≤ 1√

T

|γ²²i (²)| > C
³
T

1
10
−υ
´2#

= o
¡
T−1

¢
(50)

Pr

"
max

0≤²≤ 1√
T

|µ²² (²)| > C
³
T

1
10
−υ
´2#

= o
¡
T−1

¢
(51)

Pr

"
max
i

max
0≤²≤ 1√

T

|γ²²²i (²)| > C
³
T

1
10
−υ
´3#

= o
¡
T−1

¢
(52)

Pr

"
max

0≤²≤ 1√
T

|µ²²² (²)| > C
³
T

1
10
−υ
´3#

= o
¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. Proof is almost identical to the argument in Hahn ad Kuersteiner (2004), and so only the

last equality is explicitly established here. From (43), we have

0 =
1

n

nX
i=1

Z
d3hi (·, ²)
d²3

dFi (²) +
3

n

nX
i=1

Z
d2hi (·, ²)
d²2

d∆iT

where

1

n

nX
i=1

Z
d3hi (·, ²)
d²3

dFi (²)

= −1
n

nX
i=1

Z
µ²²² (F (²)) dFi (²)

+
1

n

nX
i=1

Z
U

γiγiγi
i (·; θ0, γi (θ0, Fi (²))) (γ²i (θ0, Fi (²))⊗ γ²i (θ0, Fi (²))⊗ γ²i (θ0, Fi (²)))dFi (²)

+
1

n

nX
i=1

Z ¡
U

γiγi
i (·; θ0, γi (θ0, Fi (²))) (γ²²i (θ0, Fi (²))⊗ γ²i (θ0, Fi (²)))

¢
dFi (²)

+
1

n

nX
i=1

Z ¡
U

γiγi
i (·; θ0, γi (θ0, Fi (²))) (γ²²i (θ0, Fi (²))⊗ γ²²i (θ0, Fi (²)))

¢
dFi (²)

+
1

n

nX
i=1

Z ¡
U

γi
i (·; θ0, γi (θ0, Fi (²)))γ²²²i (θ0, Fi (²))

¢
dFi (²)

15



and

3

n

nX
i=1

Z
d2hi (·, ²)
d²2

d∆iT

= −3
n

nX
i=1

Z
µ²² (F (²)) d∆iT

+
3

n

nX
i=1

Z ¡
U

γiγi
i (·; θ0, γi (θ0, Fi (²))) (γ²i (θ0, Fi (²))⊗ γ²i (θ0, Fi (²)))

¢
d∆iT

+
3

n

nX
i=1

Z ¡
U

γiγi
i (·; θ0, γi (θ0, Fi (²))) (γ²i (θ0, Fi (²))⊗ γ²i (θ0, Fi (²)))

¢
d∆iT

Combining Lemma 12 in Appendix A and (48)-(52), we can bound 1
n

Pn
i=1

R d2hi(·,²)
d²2 d∆iT byC

³
T

1
10
−υ
´3

with probability 1− o ¡T−1¢. Likewise, using Lemmas 12, and (48)-(52) again, we can conclude that
1
n

Pn
i=1

R d3hi(·,²)
d²3

dFi (²) is equal to−µ²²² (F (²)) plus terms that can all be bounded by 1
n

Pn
i=1

R d2hi(·,²)
d²2

d∆iT

by C
³
T

1
10
−υ
´3
with probability 1− o ¡T−1¢.
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D Proof of Theorem 3

Without loss of generality, we may write

2Bn (θ) = −1
n

nX
i=1

ln det

µ
1

T
Hi (θ,bγi (θ))¶+ 1

n

nX
i=1

ln det

µ
1

T
Υi (θ,bγi (θ))¶ (53)

We begin with the first component on the RHS of (53). By Assumption 4, each component of

Hi (θ, bγi (θ)) is bounded above by PT
t=1M (xit) such that supiE

h
|M(xit)|10q+12+δ

i
< ∞ for some

integer q ≥ (dim (θ) + dim(γ)) /2 + 2 and for some δ > 0.

Lemma 15 Suppose that A is an n× n matrix. Then

|det (A)| ≤ n! ·max (|aij|)n

Proof. By definition, we have

det (A) =
X

(−1)φ(j1,...,jn)
nY
i=1

aiji

where the summation is taken over all permutations (j1, . . . , jn) of the set of integers (1, . . . , n) and

φ (j1, . . . , jn) is the number of transpositions required change (1, . . . , n) into (j1, . . . , jn). Because the

number of all permutations is equal to n!, we obtain the desired conclusion.

Using Lemma 15, we then obtain that

ln det

µ
1

T
Hi (θ,bγi (θ))¶ ≤ ln r! + r ln

Ã
1

T

TX
t=1

M (xit)

!
where r = dim(γ). It follows that¯̄̄̄

¯−1n
nX
i=1

ln det

µ
1

T
Hi (θ,bγi (θ))¶

¯̄̄̄
¯ ≤ ln r! + r 1n

nX
i=1

¯̄̄̄
¯ln
Ã
1

T

TX
t=1

M (xit)

!¯̄̄̄
¯

By Lemma 2, we have

Pr

∙
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 (M (xit)−E [M (xit)])

¯̄̄̄
> η

¸
= o

¡
T−1

¢
from which we obtain12

Pr

∙
max
1≤i≤n

¯̄̄̄
ln

µ
1

T

PT
t=1M (xit)

¶
− ln (E [M (xit)])

¯̄̄̄
> η

¸
= o

¡
T−1

¢
It follows that

Pr

"¯̄̄̄
¯−1n

nX
i=1

ln det

µ
1

T
Hi (θ, bγi (θ))¶

¯̄̄̄
¯ > ln r! + r 1n

nX
i=1

ln (E [M (xit)]) + η

#
= o

¡
T−1

¢
12 In addition to the Condition 4, we need to impose that the minimum of E [M (xit)] is bounded away from zero to

make this inequality valid.
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from which we conclude that

Pr

"
1

T

¯̄̄̄
¯−1n

nX
i=1

ln det

µ
1

T
Hi (θ,bγi (θ))¶

¯̄̄̄
¯ > η

#
= o

¡
T−1

¢
for all η > 0.

We now take care of the second component on the RHS of (53). By Assumption 4, each component

of Υi (θ, bγi (θ)) is bounded above byPm
l=−mwT,l

³Pmin(T,T+l)
t=max(1,l+1)M (xit)M (xit−l)

´
. Using Lemma 15,

we can then conclude that

ln det

µ
1

T
Υi (θ,bγi (θ))¶ ≤ ln r! + r ln

Ã
1

T

Pm
l=−m

min(T,T+l)P
t=max(1,l+1)

M (xit)M (xit−l)

!

Using Lemma 2 again, we have

Pr

"
max
1≤i≤n

¯̄̄̄
¯ 1T min(T,T+l)P

t=max(1,l+1)

(M (xit)M (xit−l)−E [M (xit)M (xit−l)])

¯̄̄̄
¯ > η

#
= o

¡
T−1

¢
and we obtain

Pr

"
max
1≤i≤n

¯̄̄̄
¯ln
Ã
1

T

Pm
l=−m

min(T,T+l)P
t=max(1,l+1)

M (xit)M (xit−l)

!
− ln ¡Pm

l=−mE [M (xit)M (xit−l)]
¢¯̄̄̄¯ > mη

#
= o

¡
T−1

¢
It follows that

Pr

"
ln det

µ
1

T
Υi (θ, bγi (θ))¶ > ln r! + r 1n

nX
i=1

Pm
l=−mE [M (xit)M (xit−l)] +mη

#
= o

¡
T−1

¢

Because E [M (xit)M (xit−l)] ≤
r
E
h
M (xit)

2
i
E
h
M (xit−l)2

i
= E

h
M (xit)

2
i
, we have

Pr

"
ln det

µ
1

T
Υi (θ, bγi (θ))¶ > ln r! + 2m · r 1n

nX
i=1

E
h
M (xit)

2
i
+mη

#
= o

¡
T−1

¢
or

Pr

∙
1

T
ln det

µ
1

T
Υi (θ,bγi (θ))¶ > ln r!

T
+
2m

T
r sup

i
E
h
M (xit)

2
i
+
m

T
η

¸
= o

¡
T−1

¢
Therefore, we obtain

Pr

∙
1

T
ln det

µ
1

T
Υi (θ,bγi (θ))¶ > η

¸
= o

¡
T−1

¢
for all η > 0.
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E Proof of Theorem 4

We can verify by inspection that ∂Sn(θ)
∂θ can be expressed as a sum of terms, all of which are cross

section averages of some smooth functions of the form

1

T

TX
t=1

Dvψ (xit, θ,bγi (θ)) , 1

T

Pm
l=−mwT,l

min(T,T+l)P
t=max(1,l+1)

∂ψ (xit, θ,bγi (θ))
∂γ0

⊗Dvψ (xit−l, θ,bγi (θ)) ,Ã
1

T

TX
t=1

∂2ψ (xit, θ,bγi (θ))
∂γ∂γ0

!−1
,

Ã
1

T

Pm
l=−mwT,l

min(T,T+l)P
t=max(1,l+1)

∂ψ (xit, θ,bγi (θ))
∂γ

∂ψ (xit−l, θ, bγi (θ))
∂γ0

!−1
with |v| ≤ 4. Here, φ ≡ (θ, γ), and Dvψ (xit,φ) ≡ ∂|ν|ψ (xit,φ)

± ¡
∂φv11 ...∂φ

νk
k

¢
, where ν = (ν1, ..., νk)

be a vector of non-negative integers vi, and |v| =
Pk
j=1 vj . By Assumptions 4, 6, and Lemma 5, we

can see that all these terms are Op (1) uniformly over i and θ.
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F Proof of Theorem 6

Because of the result in the previous section, we only need to consider Υi (θ,bγi (θ)). By Assumption 4,
each component of Υi (θ, bγi (θ)) is bounded above byPm

l=−mEbθ,bγi [M (xit)M (xit−l)]. By Assumption

8, we have

sup
Pm
l=−mEbθ,bγi [M (xit)M (xit−l)] ≤ 2mK

where K = sup(θ,γ)∈Φ supl Eθ,γ [M (xit)M (xit−l)], and

ln det (Υi (θ,bγi (θ))) ≤ ln r! + 2rK lnm
It follows that

Pr [ln det (Υi (θ, bγi (θ))) > ln r! + 2rK lnm+ η] = o
¡
T−1

¢
Therefore, we obtain

Pr

∙
1

T
ln det

µ
1

T
Υi (θ,bγi (θ))¶ > η

¸
= o

¡
T−1

¢
for all η > 0 as long as lnmT = o (1).

We note that all the above results hold even when the preliminary estimates
³bθ,bγi´ are replaced

by some (θ∗, γ∗i ).
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G Proof of Theorem 8

By differentiating Bn, we obtain that

Sn (θ0) = [2] + [3] + [4]
0 + [5]0

where

[2] = −1
2

1

n

nX
i=1

Ã
1

T

TX
t=1

∂3ψit
∂θ (∂γ0 ⊗ ∂γ0)

!
vec

⎛⎝Ã 1
T

TX
t=1

∂2ψit
∂γ∂γ0

!−1⎞⎠

[3] = −1
2

1

n

nX
i=1

∂bγ0i (θ)
∂θ

Ã
1

T

TX
t=1

∂3ψit
∂γ (∂γ0 ⊗ ∂γ0)

!
vec

⎛⎝Ã 1
T

TX
t=1

∂2ψit
∂γ∂γ0

!−1⎞⎠

[4]0 =
1

2

1

n

nX
i=1

∙Pm
l=−mwT,lEbθ,bγi

∙
∂

∂θ

µµ
∂ψit
∂γ0

¶
⊗
µ
∂ψit−l
∂γ0

¶¶¸¸

· vec
ÃµPm

l=−mwT,lEbθ,bγi
∙
∂ψit
∂γ

∂ψit−l
∂γ0

¸¶−1!
and

[5]0 =
1

2

1

n

nX
i=1

∂bγ0i (θ)
∂θ

∙Pm
l=−mwT,lEbθ,bγi

∙
∂

∂γ

µµ
∂ψit
∂γ0

¶
⊗
µ
∂ψit
∂γ0

¶¶¸¸

· vec
ÃµPm

l=−mwT,lEbθ,bγi
∙
∂ψit
∂γ

∂ψit
∂γ0

¸¶−1!
We can see that [2] and [3] are identical to the ones in the previous section. Because we have already

established

[2] + [3] = −1
2

1

n

nX
i=1

E [Uγγ
it ] vec

³
(E [V γ

it ])
−1´+ op (1)

we will focus on [4]0 and [5]0 here.

Because

∂

∂θ

µµ
∂ψit (θ, γ)

∂γ0

¶
⊗
µ
∂ψit−l (θ, γ)

∂γ0

¶¶
= (Uγ

it + ρiV
γ
it )⊗ V 0it−l + V 0it ⊗

¡
Uγ
it−l + ρiV

γ
it−l
¢

∂

∂γ

µµ
∂ψit (θ, γ)

∂γ0

¶
⊗
µ
∂ψit (θ, γ)

∂γ0

¶¶
= V γ

it ⊗ V 0it−l + V 0it ⊗ V γ
it−l

and

∂bγ0i (θ)
∂θ

= −ρi + op (1)
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we can write

[4]0 + [5]0 =
1

2

1

n

nX
i=1

"Pm
l=−mwT,lEbθ,bγi

"
Uγ
it (θ0,bγi (θ0))⊗ Vit−l (θ0,bγi (θ0))0

+Vit (θ0,bγi (θ0))0 ⊗ Uγ
it−l (θ0,bγi (θ0))

##

·vec
µ³Pm

l=−mwT,lEbθ,bγi £Vit (θ0,bγi (θ0))Vit−l (θ0,bγi (θ0))0¤´−1
¶
+ op (1)

Using Lemma 9, we obtain

max
i

¯̄̄Pm
l=−mwT,lEbθ,bγi £Vit (θ0,bγi (θ0))Vit−l (θ0, bγi (θ0))0¤−P∞

l=−∞E
£
VitV

0
it−l
¤¯̄̄
= op (1)

Furthermore, if the conditional likelihood is properly defined, then we should have Vit serially uncor-

related, which implies that

max
i

¯̄̄Pm
l=−mwT,lEbθ,bγi £Vit (θ0,bγi (θ0))Vit−l (θ0,bγi (θ0))0¤−E £VitV 0it¤¯̄̄

= max
i

¯̄̄Pm
l=−mwT,lEbθ,bγi £Vit (θ0,bγi (θ0))Vit−l (θ0,bγi (θ0))0¤+E [V γ

it ]
¯̄̄
= op (1)

where the first equality is based on the information equality. Therefore, we obtain

[4]0 + [5]0

= −1
2

1

n

nX
i=1

"Pm
l=−mwT,lEbθ,bγi

Ã
Uγ
it (θ0, bγi (θ0))⊗ Vit−l (θ0,bγi (θ0))0

+Vit (θ0, bγi (θ0))0 ⊗Uγ
it−l (θ0,bγi (θ0))

!#
· vec

³
E [V γ

it ]
−1´

+ op (1)

Using Lemma 9 again, we obtain

[4]0 + [5]0 = −1
2

1

n

nX
i=1

P∞
l=−∞E

£
Uγ
it ⊗ V 0it−l + V 0it ⊗ Uγ

it−l
¤
vec

³
E [V γ

it ]
−1´

+ op (1)

Because we have13¡
Uγ
it ⊗ V 0it−l

¢
vec

³
E [V γ

it ]
−1´

= Uγ
itE [V

γ
it ]
−1
Vit−l = −Uγ

it
eVit−l¡

V 0it ⊗ Uγ
it−l
¢
vec

³
E [V γ

it ]
−1´

= Uγ
it−lE [V

γ
it ]
−1
Vit = −Uγ

it−l eVit
it follows that

[4]0 + [5]0 =
1

2

1

n

nX
i=1

P∞
l=−∞E

h
Uγ
it
eVit−l + Uγ

it−l eViti+ op (1)
=

1

n

nX
i=1

P∞
l=−∞E

h
Uγ
it
eVit−li+ op (1)

We note that, because of Lemma 10, all the above results hold even when the preliminary esti-

mates
³bθ,bγi´ are replaced by some (θ∗, γ∗i ) as long as kθ∗ − θ0k = Op

¡
T−2/5

¢
and supi kγ∗i − γi0k =

Op
¡
T−2/5

¢
.

13See, e.g., Magnus & Neudecker (1988, p. 31, eq. (3)).
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