SUPPLEMENT TO “ROBUST PRIORS IN NONLINEAR PANEL DATA
MODELS”: SUPPLEMENTARY APPENDIX

BY MANUEL ARELLANO AND STEPHANE BONHOMME

This supplementary appendix contains proofs of some results contained in the paper. Specif-
ically, section S1 provides proofs of Theorem 4 and its corollary, concerning the asymptotic dis-
tribution of flexible random effects estimators. Section S1 also proves Theorem 5, its corollary,
and Theorem 6 concerning the bias and the asymptotic distribution of estimated marginal effects.
Section S2 proves results stated in the paper for the autoregressive and logit models that we use
as illustrations. It also contains results for a Poisson counts model as a further example. We keep
the same notation as in the paper.

S1. PROOFS ON FLEXIBLE RANDOM EFFECTS AND POLICY PARAMETERS

An intermediate lemma to show Theorem 4. The following lemma gives the first terms
of the asymptotic expansion of the score of the concentrated random effects likelihood when N and
T go to infinity.

Lemma S1 Let us assume that
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a—too
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Then:
i) and 41) are limit conditions that are satisfied if the tails of 7y are thin enough. Condition

pib0,00) + 225281 00, ) ) | < .
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i11) requires the existence of some moments. As a particular case, the conditions are satisfied if 7
has compact support. Lemma S1 will allow us to derive the asymptotic properties of the REML
estimator of # when N and 7T tend to infinity at the same rate.

PrROOF OF LEMMA S1: We have:
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Now the proof of Lemma, 2 shows that
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The first term is zero as p;(6o, @)mo (@) (In7To(a) — Inmo(a)) = 0. As for the second term remark
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that, using the Cauchy-Schwarz inequality:
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* B=C+D:O(IC(WO,%O))+O<1>.

T
The lemma, follows. Q.E.D.
PROOF OF THEOREM 4: An expansion of the score around the truth yields:
N
1 (9 E >
0=N2A(M@)
1=

Q

1 N 0 RE ~ 1 N 82 RE . =
N;%‘aoei (0’5(9))+N;aoao' L (0.80)) (0-00).
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Next, remark that using a Laplace approximation argument we immediately obtain, when N and

T tend to infinity:
- 1
L0+0, (7).

N
oﬁﬁE(g’ ) N Nzaeae’

Using this result together with Lemma S1 yields:

N -1 N
~ 1 H? _ 1 Z 0

N 2; 0000'

N P 0000' |g
So, as:
N -1
VNT (0 —6,) = 1 > o 2; (0) \/NTi A 2;(0) + 0,(1)
N £ 00060 lo N < 9010, b
we obtain:
—~ _ IN _ N
VNT(9—90> = \/NT(9—90)+O< T/C(?To,ﬁo))-f—op( T).

The theorem then follows, as N/T — C*t. Q.E.D.

PROOF OF COROLLARY 3: Theorem 4.2. in Ghosal and Van der Vaart (2001) shows that if K >

C'log N for C large enough, then the convergence rate of the discrete sieve MLE is (log N)*N —1/2

for some x > 0, where convergence is defined in terms of the Hellinger distance:

H(f,g) = </ (fl/Q(a) _gl/z(a)>2da> 1/2'

The result then comes from Theorem 5 in Wong and Shen (1995), that bounds the L? Kullback-
Leibler loss K (mg, 7o) by the Hellinger distance H (mg, ), under condition (25). Q.E.D.

Let us define
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where
N
LT(0) = [ exp [14] ()]
=1

is the integrated likelihood function.
In preparation for the proof of Theorem 5, we need the following lemma, that gives the first-

order expansion of 1\2(90) when N and T go to infinity.

Lemma S2 When T tends to infinity:
Mi(o) = mi(bo, o) +mP (B0, o) [Egg a0 (—0 (B0, io))] " vi(8o, cvio)
1 0 , _ . 1
o (1500, 0)] il On,) + 0y (7).
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PROOF OF LEMMA S2: Using a second-order Laplace expansion (e.g., Tierney et al., 1989, eq.

2.6.) we obtain
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where H(c) = Egy a;0 (—0;" (00, @), H = H(cvo), and Hy = Egg 4,0 (—0;"" (60, cip))-

io \ i
Now, expanding m;(6y, @;(6y)) and the score identity v; (6g, @;(0g)) = 0 around ;g yields
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Next, information equality at the truth yields:
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Also, remark that
0
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So:
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Q.E.D.

PROOF OF THEOREM b:
Given Lemma S2, using a large-NT approximation we obtain:

Myrp = /{Ni }Lf de//Lf

where 6 is the mode of the integrated likelihood: 0= argmax, L (#). Note that the approximation

comes from:

N 1 N
Hexp [TEZ[(O)] = exp (NTN E d(@) )
i=1

=1

with: ¢(0) = % In [ exp [T¢;(0, ;)] mi(c|0)devi, so: + EZ L0) = 0,(1).

So:
Then:
Ilahm 0_90+ 4o < )
— 00
and
1L 9| — 1 Xog
lim 37 ], ME0) = plim ST (6 1).
phim 5 3 g, M0 = plim 5557 5 ml6.ci) + o(1)
So:
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Lastly, Lemma S2 implies,using that Eg, ,, (vi(60, a0)) = 0:
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Q.E.D.



PROOF OF COROLLARY 4: Let 7; (.;€) be a random effects specification. We assume

i) lim {E90 Qo [_viai(eov a)]}il mzqi(e(% a)mo(a) =0,

i) akfﬁw {Ego,ai0 [0 (B0, @)]} " mif* (B0, a)mo (@) (InFo (@) — Inmo(e) =0,
2
(B [0 (B, 0]} (0, @) + 2050000 (g (—2)} g ) ) -

iii) Er <<£x

These conditions are very similar to the ones of Lemma S1, and impose restrictions on the

tails of my and 7. As before, they are clearly satisfied if 7y is compactly supported. Note that
in condition i7i) we have left the dependence on true parameter values implicit, to simplify the
notation.

It follows from Theorem 4 that B = O (K (7o, 70)). Moreover:

N
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. 0
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a0

[Egy g (—% (0, )] Fo(c)m (6o, a)) +o(1)

N—xo [e2314}

= plim a (B0 (—05 (B0, @))] ™" Fo(a)m (6o, a)daip + o(1)
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N ~
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+£li>rflw N vt /71-0(057,0) [an,aio ( v; (907 azO))] (00a aZO) da o <lIl o (Oé) daZO-

Conditions ) and i7) of the corollary imply, as in the proof of Theorem 4, that

By = plim ——
e

Lastly, the Cauchy-Schwarz inequality implies

v (el

provided that condition iii) above holds. Q.E.D.

(@) [Egy,a (—vi (o, oz))]f1 m (6o, a)> In To(aio) dao + o(1).

0410 7"'0 (aZO)

() [Ego 0 (— i(eoaa))]lm?iwo,a)) o T90) o = O (K (o, 70)
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PrROOF OF THEOREM 6: We have:

plim M\RE = plim Z/mZ ;) Z(A))dozi

N—oo N—o0
= plim 1 Z /mi(Oo ;)T (ai'2(00)> da; + O 1
Now N pa ) ) T )

as 0 is large-T' consistent even if 7;(.;€) is misspecified. Next, using that

2(90) :Eo + Op <;>

7



we obtain

N
. — ) 1 ~ 1
plim Mgr = plim N El /mi(eo,ai)m (ai;§0> do; + O <T>

N—oo N—o0
1 Y 1
= plim — /ml 0o, o) (i &) dog + O ()
]{Z’HOO Nz':z1 (0o, i) ( fo) T
1 < 1
= ]{T)LHC?O Nizzl/mi(eg,ai)%o (Otz) do; + O (T) .

Q.E.D.

S2. EXAMPLES

This section proves results stated in the paper for the autoregressive and logit models that
we use as examples. As an additional example, the section also contains results for a Poisson
counts model. For notational simplicity we drop the indices of the expectation terms when they
are evaluated at true parameter values.

S2.1. Dynamic AR(p)

Let y? = (Yil—py s yio)' be the vector of initial conditions, that we assume observed. In matrix
form, we have:
Y; = Xiuo + ;0L + Eq,

where the tth row of X is @}, = (Yit—p, .o, Yi—1), o = (Mlo...,upo)l, and ¢ is a T x 1 vector of ones.
The scaled individual log-likelihood is given by:

2 1 0 2 1 1 2 1 (it — Tt — o)
bi(p, 07, i) :flnf(yﬂyiaai;ﬂ,a ):—gln(%)—ﬁln(a )—QT; a2 :
We thus have:
1 b —xhu— o
il o) = 30 WL Tt = 06)
t=1
and hence: )
B [ (1.0, 00)] =
Moreover:
1
E [vf (0%, 00)] = T2,1 VE ((yi — Xip — ot) (i — Xip — an)') ¢,
1
= oV (Xilpo — )+ (cio — )+ 1) (Xi(po — ) + (cvio — i) + 1)) .

Note that this expectation depends on the true values of the parameters. Note also that the
expectation is taken for ¢ fixed. The same will be true of the variances and covariances that we will
consider in this section of the appendix.



Computation of E [v?(,u,az, ai)] . One has:
Var (g; + X; (g — p)) = Var (&; + [(uo — 1)’ @ Ir] vec X;) .
Let B(pg, p) = (g — 1)’ ® Ir. Then:

Var (e; + Xi(pug — p)) = oIy +E (a (vec Xi)') B(ug, 1) + B(pg, ) E (5i (vec XZ-)')’
+B (g, p) Var (vec X;) B(pg, 1)

To compute these expressions, we shall write the model as (see Alvarez and Arellano, 2004,

appendix A.3):
( B B ) < y? ) ( @ y? € )
Tp T Yi il 7 ’

where
0 — e — — 1 0 .. 0 0
( Br, Br ) _ Hpo Hap K10
0 0 0 0 0 0 ... —p 1

Inverting the system yields:
yi = Crpy? + ;Cri + Crei,

where éT = B;l and éTp = —B;lBTp.
At this stage, it is convenient to introduce the (7" + p) x (T'p) selection matrix such that

yd
vec(X;) = P’ ( y’. > :

Moreover, the matrix B(ug, 1) P’ reads:

Hip = M1 Moo — M2 Hpo — Hp 0 0 0 0
0 H1io — M1 H20 — M2 Hpo — Hp 0 0 0
0 0 Hio — M1 H20 = M2 Hpo = Hp oo 0 0
0 0 0 0 0 0 0
0 0 0 0 0 oo pg — O

We shall write: - o
Blpg, ) P' = ( Apg, ) Blpg, 1) ),

where A(ug, 1) is T x p and B(pg,p) is T x T. Now:

vec(X;) = P v _p( L y) + a; P’ R (S1)
! Yi Crp )7 ! Cre Crei )

It thus follows that

E e (vee X))'] B,y = 03 ( 0, Ty ) PBlug,)



Then:
! 2 / 0 0 !
B(ug, p) Var (vec X;) B(pg, 1)’ = 03B (pg, p) P — = | PB(uo, 1)

= U(Q)E(MOa M)éTélTE(MOa M)I'

Hence:

Var (g; + Xi(po — 1)) = oglr + 03CrB(g, )’ + 03 B, n)Cr
+03B (g, 1) CrCrB (g, 1)’
Now:

E ((Xi(po — 1) + (cio — aiq)e + &) (Xi(pg — 1) + (cvio — ci)e + €3)')
= Var (g; + X; (o — 1)) + E (X (g — 1) + (io — )t + &) E (X (g — 1) + (o — )t + &3)"

N . p! [p 0 . ! 0 ! 0
vec(X;) =P (CTp y; + P Cori + P Cre: )

Since:

it follows that

E[Xi(po—p)] = Blug, p)E[vec(X;)]
(Z(M()a 1) + Blpo, )éTp) y? 4+ o B(pg, 1) Crrt.

The previous results yield:

1 ., _ _
E [Uz2 (:U” 027 al)] = T20.4 [’,{UgIT + U%ClTB(Mm :U'), + O%B(:U’Oa H)CT
+03B (g, 1) CrCrr B (g, 1)’
+ [(A(o, 1) + Blpo, 1) Crp) 4 + ti0 B (psg, 1)t + (cvig — )1 X
(Ao, 18) + Bpg, 1) Crrp) 4 + o B(pag, ) Crre + (g — avi)e]’ }L-

The infeasible robust prior is thus given by:

(il 0?) o< ({08 + o8B, w)' + o8 Blug, 1)Crr
+03B (19, 1) CrC'r B (g, 1)’
+ [(Ao, 1) + Blpo, 11)Crp) 4§ + ctio B(pag, 1) Crt + (crio — )] X

_ _ _ _ _ 1/2
[(A(ptg, ) + Blpo, 1)Crp) § + o Bptg, 1)Crre + (io — a)e]' ba)

-1/2
SN (1 + a(p — po) + b(p — pro, 0 — aiO)) :

where 1
o _ _
alp = o) = ' {CrBlpg. ) + B, 1)Cr o (S2)
is a linear function of p — g, and

1 o,
77 { o8B0, 10T Cr B, )

+ [(A(po, 1) + Blpo, 1) Crp) 97 + io B g, 1) Cre + (crio — ci)e] x
[(A(pg, 12) + Blg, 1) Crrp) 49 + o B(pag, 1) Ot + (cvip — )i’ }L (S3)

b(p — po, i — o)

is a quadratic function of p — py and a; — ayp.
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The AR(1) case. Let us assume that p = 1. Then:

1 0 .. 0
6T _ lu‘l() ]. 0 :
T-1 T—2
T TR
so that:
- :“%0
1 _
CTL — 1 [ 25T0)
]. - /1,10 e T
1 — g
Moreover:
W
M%O
CTp — 10 ,
MlTo
and
/1,10 — //&1 0 0 0 0
— 0 — — 0 0 0
Ao, 1) = . Blugw = | M0 M P 0 0
0 0 0 - B —H1 0

Hence 7! (,ui|,u, 02) is proportional to

_ -1 _ 2 T-1
{03T+ 95210 — M1 Z (1 — Nio) + o2 <,u10,u1> . Z (1 - MiO)Q +

0 1=y

[ T-1 7
1— -
(k10 — p1) Hlo yp + 0‘@‘0M : (1 - Nﬁo) + (o — )T | %
i 1 —puyo 1 —pyg —1 |
[ T-1 1/
1 — i fiig — H ~1/2
(k10 — 11) 10) 9 + i = (1= plp) + (o — )T } :
L 1 —po L —po =1 |

We thus obtain:

L= pyg =1

T—1

Hip — ¢ (22
+ . 1—p }
< 1 — g ) ; ( 10)
Hence, for 7 to reduce bias we need that:
_ T-1 T—1
Ol ({0l ?) R et DUEIDEED B
ou 003,050 T(1 — piqq) -1 T —1 v

11



Gaussian REML. We have:

1 & (ysr — zhp — )
T A
,UZ'(//HUQaaZ') = f E , 4 y

o2
t=1

and hence:

1

T
, 1 2
E (_Uz‘al(ﬂa O'Qaai)) =5 E (_Ug(ﬂvazvai)) = _T702 inﬁ E <_'Uz('7 (/‘1’7 Ugaai)) =0.
t=1

o

Dropping for simplicity the derivative with respect to o2 we obtain:

T

i, ;) = —% Z E(z;t).

Let us define the following p x (7" + p) matrix:
Q=(1L .. I,)P.
Then as
T
int = ( I, .. I, )Vec(Xi),
t=1

s = (o & Vivaa( ).

where Cr, and Cr are functions of u. Moreover, for a stationary process, the coefficient of «;

we obtain, using (S1):

is O(1) while the coefficient of y;p is O(1/T). For example, for a stationary AR(1) process the
coefficient of yo is: —(1 4 puyg + p3g + . + uig 1) /T = O(1/T).

S2.2. Linear model with one endogenous regressor

The individual log-likelihood is given by (see, e.g., Hahn, 2000):

T
1 1
40, 0;) = *1n|Q|— T E (yit — Oay;) _*UJIQE (yit — Oa) (w4 — 72Tw22§ (it —
=1

We thus have:

T T T
1 1 1
v; (0, ;) = Twn@ E (yir — Oay) + Tw12 § (yit — 20; + O0z41) + w22 g (it — o) .
=1 =1 =1

Then:
E (-0 (0, 4)) = w116? + 2w120 + wos,

and:

Uia(oa az = *wll Z Yit — 20@1 + UJ12 Z —2a; + $7,1§

Hence, at true values:

0
Ego,0:0 (vi (6o, Oéio)) = —w110pi0 — wi20p.
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We obtain that:
—w110 — w12

(0, 0;) = a; .
pl( Z) Zw1192 +2(,J129+UU22

S.2.3. Poisson counts

Let the data consist of T' Poisson counts y;; with individual means:
Eoy a0 (¥it) = cio exp(zi,00), i=1..N, t=1.T,

where z;; are known covariates. The individual log-likelihood is given by:

T
1

2;(0, a;) o —Qi E exp(zj,0) + E yit In(ay;) TE Yirti0.
t=1

t 1
So: .
(0, ;) = L (yit — ciexp(z},0)) .
Tozz =
Note that it follows that:
0
a@i(0) = aio Zt 1 eXP(mzt 0) (S4)
Zt 1 exp(x, 0)
Moreover: .
E (—v" (0, ;) = To? Zazo exp(z},00),
et
and:

E (03(9, ai)) =

H
=T
B

T204~ E ((yzt — exp(.’l,‘;-tg))Q) )

“
Il
—

(E ((yit — E(ar))?) + (E(yit) — o eXP($§t9))2) ,

“
Il
—

I
3
&
B

1
2

o exp(z,00) + (aio exp(z},00) — exp(a:;ﬂ))2 ,

Il
N
Mﬂ

2
a;

t

—

|
&=

where we have used that Var(y;;) =
following quantity is robust:

(yit) = auoexp(x),00). Hence a consistent estimate of the

T —1/2
1
IR (0]0) o« — (Z ;o exp(zi0p) + [Oéi(] exp(z},00) — ; exp(a:;te)] 2) . (S5)

Qg

Then, by Pr0p051t10n 1 one can add a quadratic adjustment in (6 — 6y) and (a; — ap) to the
logarithm of 7rl R without altering its bias properties. It follows that:

1
o0 — S6
Flaalh) o« (56)
is also bias reducing. Note that 7rf R is proper, while 7 is not.
As in Lancaster (2002), let us consider the reparameterization: ¢; = «; ZtT:1 exp(z},0). Then

2y. A . .
it is straightforward to show that: %Hﬁl) = 0. In this reparameterized model, parameters are
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fully orthogonal, not just information orthogonal. In particular, the uniform prior is bias reducing.
Therefore, in terms of the original reparameterization, the following prior reduces bias:

(e 8) | _
7 (i|0) o ‘8%‘ = ;exp(ﬂﬁgte)-

Interestingly, the robust prior and Lancaster’s prior are directly related, as:?®

T

mi' F(@;(0)16) oc T(@i(0)]6) = ) exp(ay) = mi(ild).
t=1

REML. For the Poisson counts model, we have:
Pi(07 ai) = _aih(xiv 0)7

where: .

h(]? 9) _ Zt:l exp(I;tH)Iit

(3 - .
> exp(,0)

It follows that uncorrelated Gaussian REML is not bias reducing in this model in general, unless
ajo is independent of x;. Note that if we let ;o and x; be dependent, then correlated REML (as
introduced in Corollary 2) is not robust either.

In addition, remark that the local approximation to the robust prior:

~ 1
m(oyl0) = —
(eult) =
is a bias reducing prior that is independent of 8. However, 7 is an improper prior which does not
correspond to a random effects specification.
Assume now that 7 belongs to the I'(p,r) family, for some p > 0, r > 0. We have:
r r—1

p oy " exp(—pa;
’/T(Oéi;p, Ir) = ! F(?")( )

It is straightforward to check that the left-hand side in equation (21) is equal to:

N
pim = 3y 3B (760) —léu)cn) b o) (57)

So Gamma REML is not bias reducing in general in the Poisson model. Here also, it is bias
reducing only under the assumption that «;p and z; are independent.

S.2.4. Static logit
We hayve:
1
vi(0, i) = > (yir — Al + i) -

28This result follows directly from the expression of @;(6).
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It follows that:

T

and:

B[ (0,c)] = = 30 A+ (1 = Mahd + o), (58)
t=1
1 & i
E [02(9, ozi)] = E <T Z (yit — A(z},0 + ai)))
t=1
1 T 2
t=1

where we have used the fact that observations are i.i.d. across T'.

CEMFI; Casado del Alisal, 5, 28014 Madrid, Spain; arellano@cemfi.es
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