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APPENDIX

This supplementary appendix contains proofs of some results contained in
the paper. Specifically, Section S1 provides proofs of Theorem 4 and its corol-
lary, concerning the asymptotic distribution of flexible random effects estima-
tors. Section S1 also proves Theorem 5, its corollary, and Theorem 6 con-
cerning the bias and the asymptotic distribution of estimated marginal effects.
Section S2 proves results stated in the paper for the autoregressive and logit
models that we use as illustrations. It also contains results for a Poisson counts
model as a further example. We keep the same notation as in the paper.

S1. Proofs on Flexible Random Effects and Policy Parameters
An Intermediate Lemma to Show Theorem 4

The following lemma gives the first terms of the asymptotic expansion of
the score of the concentrated random effects likelihood when N and 7' go to
infinity.

LEMMA S1: Let us assume that
(1) lima%ioo Pi(eo, a)ﬂ'(](a) == O,
(if) limg_, 400 pi( 6o, @) mo(a)(In 7y (@) — In 7y(a)) =0,
(iil) En [(0/dai]aypi(00, ai) 4+ ((dInmmo(ain))/da;) pi(0o, i) (3/ i oy pi( b0,
a;) + ((dInmy(aip))/da;) pi(0y, aig))] < 0o. Then

1 J
N 276

i=1

€RE(0, £(0))

6o
- ’C(Tfo, 7’7'0) 1
90z,-(e) + 0(#) - 0,,(7).

Parts (i) and (ii) are limit conditions that are satisfied if the tails of m are
thin enough. Condition (iii) requires the existence of some moments. As a par-
ticular case, the conditions are satisfied if 7, has compact support. Lemma S1
will allow us to derive the asymptotic properties of the random effects maxi-
mum likelihood (REML) estimator of # when N and T tend to infinity at the
same rate.
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PROOF OF LEMMA S1: We have

N

1L 9 ~ 1 al - b 1
— Y | BB, E0)=— ) —| 4,(0)+ = = |
N2 76, " (0, £(6))) NZ&OG ()+T+op<T)
=1 0 i=1 0
where
p=plim L (2| nr@@:Eon+ 2| pona
= - - T 5 i , O
B_’O"N i=1 a9 6o ’ i aiop ’
1/ _ P
:BIBEN,Z(% Inm(@(0) + 7 .p,-(eo,a,-)>
i=1 () ajo
A
1 /4 .
+ plim — (— (11177(51-(0);6(90))—lnﬂo(ai(f)))))-
NeooN; (90 0
B
We have
1L /9 p
A = plim — —| 1 (6 (60, a;
EBEN;(ae . nm(@(0)) + 2 - amp( b a))
1 & J J
= plim — ]Eﬂ. -— | _i 0 ie’ i) |-
gggN; U[M . nm(@(6)) + ,-amp( 0 a)}
Using that
| @(0) = pi(8y, @),
78 6001( ) = pi(0o, i)
we find that
E,| 2| nm@ ) +-| p(0,a)
- T i , O
) 90 " 0 aai a[op 0
J J
:Eﬂg[pi(e()aaiﬂ) | Inmo(a) + — pi(OOaai)]
Hagg tlagg

(pi(6o, aj)mo(a;)) dajo.
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This term is zero as p;(6y, &) 7 («) N 0. So

_ J
In my(a;(6)) +

pi(007 al)) = O

1 on( 2
A =plim — <—
N—oo N ; J6 ) ilag

Now

N

1 J
B =plim —
pim (5,

(In 7 (@(6); €(6y)) — In m)(a,-(e))))

= plim — Zp(@o, ,o) (lnw(a,-;?((?o))—lnm(ai))

N%oo o

@0

= plim — Zp,wo, ,o> (ln m(a; €(60)) — In Fo(a)

N~>oo

(111 mo(a;) — Inmo(a;)) .

+plim — Zp (s, ,o>

N—>oo

Now the proof of Lemma 2 shows that

1 o7ln7r(ozl ; §(0 ) 1
NZ 0; £(6o 0p(7>-

i=1

So

1< dln mw(a; fo)

D DT

1 ﬂlnﬂ'(a,o, 5(90)) *In m(ag; £(0y)) ~

N; Z EIE (&0 — £(60)).
It follows that

~ ~ 1
E(0) =&+ Op(?)
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and

C =plim — Zp,wo, lo> (In7(ei; €(00)) — InFo(ex:))

N~>oc @jo

= plim — Zplwo, lo> (In7(a; (00) — Inm(a; &)

N~>oc @jo

= plim — Zp,wo, | (Inm(a; E(60)) — Inm(e; &)

N—>oo @jo

-of3)

We also have

(In7o(e;) — In Wo(ai)):|

P
D =plim — ZEﬂU[i(Bo,am)a

N—>oo iy

= plim — Z/P:(eo, o) mo(io)

N*)OO

X (In7o(a;) — Inmo(e;)) dayy
ai @;(
= plim — Z/ (pi(6, ar)mo(t;)
N—>oo @ a0

x (In7(a;) — In Wo(ai))) daj

i3 [ (2

x (In 7o () — Inmmo(eryp)) dayp.

pi(6o, a;)m(a; ))

@0

The first term is zero as p;(0y, o) mo(a) (In 7o () — In () = 0. As for the

second term, note that, using the Cauchy—Schwarz inequality,

/ e d
’ Jda; @jp

=< CS[IC(WO, %0)5

pi(6o, aim(ao) (7> (In o () — In mo(tip))) dexig
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where C* is

J
E R
=[G
< J
X
(96‘(,'

dInmy(ay)

i07i
pi(0o, ;) + Ja,

Lr((]

d1n my(ev) 2
p,-(eo,a,-)+#p,(oo, m)“ < 0.

L

pi(6o, iO))

@i

So
- 1
The lemma follows. O.E.D.

PROOF OF THEOREM 4: An expansion of the score around the truth yields

y
i

i=1

N

€RE(0,€(0))
0

z|~
3|

ERE(0, €(0)) + !

6o

~
~

- €RE(0,£(0))(0 - 6,),
N ; 9099 |, '

zl=
B[

SO

N 2

1 g 1R
-0y~ | ——S" 2| ¢RE(p, &0 z
b [N;ﬁm,go,( &( ))} 2;07

Next, note that, using a Laplace approximation argument, we immediately ob-
tain, when N and T tend to infinity,
6(6)+0 !
60 l p T ‘

1 &
121: 3696 |,
Using this result together with Lemma S1 yields
~ Il & | -
0—0=|—— ¢

’ [ N ; 9090 |,

K(m, 770) 1

ERE(0, £(0)).

0

N 2

RE pn ¢ _i
¢ (&f(e))—N;&m,
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So, as
VNT(0— 6y = ! ﬁ: il 2;(6) _l\/NTl i J £:(0)
YT N&agoae|, N &30l "
+o0,(1),
we obtain
—~ _ IN - IN
\/NT(O— 00) = \/NT(O— 00) +O< ?,C(Wo, ’7To)> =+ Op( T)
The theorem then follows, as N/T — C*. Q.E.D.

PROOF OF COROLLARY 3: Theorem 4.2 in Ghosal and van der Vaart (2001)
shows that if K > ClogN for C large enough, then the convergence rate
of the discrete sieve maximum likelihood estimator (MLE) is (log N)*N~1/2
for some k > 0, where convergence is defined in terms of the Hellinger dis-
tance:

1/2
H(f,8)= < / (f" () — gl/z(a))zda> .

The result then comes from Theorem 5 in Wong and Shen (1995) that bounds
the L? Kullback-Leibler loss K (7, 79) by the Hellinger distance H (m, 7),
under condition (25). Q.E.D.

Let us define

v / mi(8, @) f(6, ) (il 0) da,

MBFE:/%Z

L'(6)d6
P / 16, a)mi(]60) da

M;(6)

-
/L’(G)d@

X

where

N
L'(0) =] [explTe!(6)]

i=1

is the integrated likelihood function.
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In preparation for the proof of Theorem 5, we need the following lemma
that gives the first-order expansion of M;(6,) when N and T go to infinity.

LEMMA S2: When T tends to infinity,

~ w w -1
M;(6) = m;(6y, aip) + m; (8o, o) [Egyar (—V;" (80, @i0))] v:(6o, ctig)
1 J

o -1
| [Eg e (—0% (60,
* T7i(anl0y) da [ o '0( K (6 a))]

@i

N 1
X 7Ti(a|00)mi’(00, a) + 0p<7>'

PROOF: Using a second-order Laplace expansion (e.g., Tierney, Kass, and
Kadane (1989, eq. 2.6)) we obtain

H™' dInm;(ay|6)

M;(60) = m;(8o, @i(60)) + me 6y, c)

T 07(1,‘0
w0y, ) — 2 s 9y, ) +.0, (2
M i0) — m; > O - |
o M 0> &0 T i (o, &jo P\ 72

where H(a) = Eg, o, (—v;" (6, @), H = H(ey), and H, = Eg o, (=" (6o,

Qip)).
Now, expanding m;(6,, @;(6,)) and the score identity v;(6,, @;(6,)) = 0
around «, yields

m; (0o, a;(6)) = m;(0y, aio) + m;" (6y, aip)[@;i(6y) — ol

1 e 1
S O, ) @ O) — ol + op(7>
= m; (0, aiy) + m; (0o, o)) H 'v;(0y, aio)

HH,
2

1 . 1
+ Em?la'(eo, i) H 207 (0y, ) + Op(T)'

m (0o, aio)v7 (0o, io)

Next, information equality at the truth yields
Tv; (6y, aip) = H + 0,(1).

Also, note that

J
- H(a) =H2.
da|

@i
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So

Mi(ao) = m;(0y, ayp) + m; (6, aio)H 'v;(6p, cig)

HECT ] fe) \me (60, a)
—— = m (6, o
T \da o « i Yo, o
H'dln (| 0g) ai(@ )+ H! aiai(e )
m; » O —m[ » O
T da i A0, T T 0> 0

o]
0 —_—
’\T
= m(6, i) + m (09, ai) H 'v;(6p, ctio)
4 1/ 90
T\da|,
H! J
+ -
Tmi(aynlby) da

H(a)l)m?i(eo, ajp)
i0
w 1
mi(a|0)m;' (6p, @) + 0p<?>
@j(

= m(6y, i) + m (09, aio)H 'v;(6p, ctio)
+ 1 J
Tmi(ayplby) da

H(a) ' mi(alo)m; (6), a)

@

1
+ 0P<7)' QE.D.

PROOF OF THEOREM 5: Given Lemma S2, using a large-N T approximation
we obtain

L'(6)do

Myre = 1N1\79 L'(6)d6 !
BFE—/ N; i(0) (0) X/‘i

—1XN:]\71(5)+0 !
_NI,=1 ' PANT )’

where 8 is the mode of the integrated likelihood, = argmax, L’(0). Note that
the approximation comes from

N 1 N
L'(0) =] [explT¢}(0)] = exp <NTN Ze{(e)),

i=1 i=1

with €/(8) = L 1n [ exp[T¢,(8, a)]mi(a;]0) das, s0 L 3N €(6) = O, (1).
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So
M 1ZM(9)+ 1XN:‘7 M,(6) [(6—6,)+0
BFE_Ni=1 o N &9/, 0 T
Then
1im§—0+B+ !
pmo=tor AT
and
1< _ 1 g
lim—=Y" 2| M) =rplim— (0, 1).
Blf.}N;aeoo (0) gir::N;%%m( ap) +o(1)
So
19 B
lim Mgpg = pli M6 1 2| mi(0, ap) | =
i =l & 3100 + | pin 3" 5] 0|

f3)

Last, Lemma S2 implies, using that Eg ., (vi(0y, aj)) =0,

plim — ZM (6y) = plim — ZE% an(Mi(8)))

N%oo N»oo
EM 1
=plimM + -2 + o ),
Bll;f.} + T +O<T>
with
al 1 P

~ 1 | y
Bu=plim =S — L 7| (g, o,
! BE‘EN;W(O‘:‘UWO) Ja a,-o[ oo, (—Vi" (0o a))]

x (| 0g)m;* (6, ). O.E.D.

PROOF OF COROLLARY 4: Let m;(-; ¢£) be a random effects specification. We
assume
(1) lima%ioo{]EOO,aiO[_v?i(007 a)]}ilm?i(aﬂa a)ﬂ-()(a) = 09
) 1 s By g [—0 (8o, @) 1)~ 1 (80, @) mo(@)(In (@) — Inmy(@)) =
(i) Ery ((£ o {Eop.a[ =07 (60, )1} 'm (60, ) 4+ (dInarg(ai))/de; %
(Eay.o(—0)) " 'm")?) < o0.
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These conditions are very similar to those of Lemma S1, and impose restric-
tions on the tails of 7, and 7). As before, they are clearly satisfied if m, is
compactly supported. Note that in condition (iii) we have left the dependence
on true parameter values implicit to simplify the notation.

It follows from Theorem 4 that B = O(K(my, 7,)). Moreover,

~ yp 1 d
By =plim—>"

i -1
_— — E o _v?‘l 0 ,
N—oo N 1 Wi(ai(); ‘5(0)) o [ 6o, 10( ( 0 ))]

@0

x m(c; £(0))m (6, a)

1 Jd
=pl E. —
EﬁNZ (mmm

x%mmﬁwmm>+mn

[Egy,a0 (=07 (0, a))]

mo(ay) Jd @ o
=pli — | [Egya (—0"
= phm-& Z/ To(a) da aio[ 90,0@0( v; ' (6o, a))]

Naoo

x Ty (a)mi (6, a) dayy + o(1)

= plim — Z/

N—>oo

]Egoa,()( U (00,&))]

x o (a)m; (6, a) dayy + o(1)

—}—ghm Z/ﬂ'o(azo) Egy ;0 (—V;" (0, 10))]
i (11'1 77'0(“)) dai().
Jda i ()

Conditions (i) and (ii) of the corollary imply, as in the proof of Theorem 4, that

x m;' (0o, i)

Wo(a) [Eoy,o (=" (60, @))] m?i((’o,a))

oo 152

N—oo

7T0(01i0)

(o)

x In daio+0(1).
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Last, the Cauchy—Schwarz inequality implies

G,

Wo(a) [Egy.a(—v]" (60, @))] m;”(ﬁo,a)>

x In 770(0150) dajy = O(K(my, ™)),
o (o)
provided that condition (iii) above holds. Q.E.D.

PROOF OF THEOREM 6: We have

phmMRE = phm /m (0 a;)mi(ay; §(0))da,

N—o0 N~>c>o

—phm /m(e()’a)ﬂ-l(ah 5(00))(16‘ +O< )

N—)oo

as 0 is large-T consistent even if r;(-; &) is misspecified. Next, using that

~ -~ 1
£(0o) =§o+0p<f>,

we obtain
1
phmMRE = phm /m (0o, o)) (s fo) da; + O(—)
N—oo N—>oo T

el

)

= plim — me (60, a))mmi(ay; &) dey; —{—0(

N*)OO

_p11m /m(@o,a)wo(a)dal—i—O(l)

N»oo

Q.E.D.

S2. Examples

This section proves results stated in the paper for the autoregressive and
logit models that we use as examples. As an additional example, the section
also contains results for a Poisson counts model. For notational simplicity we
drop the indices of the expectation terms when they are evaluated at true pa-
rameter values.
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S2.1. Dynamic AR(p)

Let y) = (yi1- p» - +» Yio) be the vector of initial conditions; which we assume
is observed. In matrix form, we have

Yi=Ximo + apt + &,
where the tth row of X, iS X}, = (Vi—p, - -+ Yie=1)s o = (105 - - -, tpo)’, and ¢ IS

a T x 1 vector of 1s. The scaled individual log-likelihood is given by

1
Zi(:""’: 0-27 ai) = T lnf()’zb’,o, ;s 0-2)

1 1 1 G O — X — )’
= ——InQ27) — = In(0?) — — T Tt L
5 In(2m) = 7 In(o™) ZT; o?
We thus have
1 G — Xl — @)
2 _ it it i
vi(:u’70-7ai)—?ZT

t=1

and hence
& 2 1
E[—v;"(n, 07, a))] = —.
o
Moreover,

E[U?([L, 0-2’ ai)] =

T2104 L/E((Yi —Xip — ) (yi — Xip — ai"),)b’
1
- T20*
X (Xi(po — p) + (i — a)e + 81’),)’“-
Note that this expectation depends on the true values of the parameters.

Note also that the expectation is taken for i fixed. The same will be true of the
variances and covariances that we will consider in this section of the Appendix.

VE((Xi(po — 1) + (aip — ai) e+ &)

Computation of E[v}(u, 02, a;)]:  One has
Var(g; + Xi(pmo — p)) = Var(e; + [(no — p)' ® Ir]vec X;).
Let B(uo, p) = (o — 1)’ ® I7. Then

Var(e; + X (o — u))
= oIt + E(&:(vec X)) B(po, ) + B, w)E(&i(vec X))
+ B(o, ) Var(vec X;) B(uo, p)'.
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To compute these expressions, we shall write the model as (see Alvarez and
Arellano (2004, Appendix A.3))

L 0N(yW\N_({ ¥
BTp By Yi - ait+¢g )’

where
—Mp —Mep-po o o~ 100
(Br, Br)= 0 Ry —Ho o 10
0 0 0 0 0 0
0 0
0 0
—pi 1

Inverting the system yields
yi= szy,O +a,Cri+ 6T«‘Ji,
where C; = B;' and Cr, = —B;'By,.

At this stage, it is convenient to introduce the (7 + p) x (T p) selection ma-
trix such that

0
vec(X;) =P (ij; ) .

Moreover, the matrix B(ug, )P’ reads

M10 — M1 M2 — M2 Mpo — Mp 0 0
0 M10 — M1 M2 — M2 Mpo — Mp 0
0 0 M10 — M1 M20 — M2 Mpo — Mp
0 0 0 0 0
0 0 0 0 0

0 0
0 0
0 0
0
0 0
Mpo— Mp O

We shall write

B, )P = (Ao, ) B(po, 1)),
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where Z(Mo, p)is T x p and E(,uo, w)is T x T. Now

(S1)  vec(X) =P GO)

I 0 0
=p(_" 0 P | = P = .
(CTp>yl o (CTL)+ (CT8i>
It thus follows that

Ele:(vec X) 1B(po, ) = 03 (0, C ) PB(uq, )’

= 02C Bpo, 1) -

Then
B(o, m) Var(vec X;) B(uo, )’
= 0y B(po, p)P' <8 fT(%/T>PB(MO7 w)
= 0’33(#07 M)ETG;F(MO, ).
Hence
Var(e; + Xi(po — p) = 021y + 02C B(po, )’ + 03B (o, 0)Cr
+ 02B(po, £)CrCrB(po, 1)
Now
E((Xi(po — p) + (i — @)t + &) (Xi(po — p) + (aip — )t + &1)')
= Var(e; + Xi(pno — p)) + E(Xi (o — p) + (aio — ai)e + &)
X E(X(po — p) + (aip — @)t + &)
Since

1 0 0
XHy=pP[_" 0 AP —= Pl —
vee(Xs) <CTp>yl e (CTL)+ (CTSi)’

it follows that

E[X;(uo — )] = B(po, w)E[vec(X;)]
= (A(po, ) + B(o, w)Crp) ¥ + aioB(po, 1) Cre.
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The previous results yield

E[v,z(/"l” 0-27 al)] -

ot 4 02, By w0 + 3Bl T
+ 0B (o, £)CrCrB(po, b
+ [(A(mos ) + B(po, w)Crp)y}
+ apB(po, w)Crt + (apn — a;)i]
x [(A(po, ) + B(po, W)Crp)yy
+ aB(po, w)Cri + (e — a)i] }e.
The infeasible robust prior is thus given by
7R (@il p, 02) o (VoI + 02Cr B, 1) + 02B(uo, w)Cr
+ 02B(po, £)CrCyB(po, 1)
+ [(A(po, 1) + Blpro, 1) Crp)y! + o B(o, w)Cre
+ (a0 — al«)L]
x [(A(po, ) + B(po, w)Crp)y} + B, 1)Cre
+ (e —a)e] Jo)

o (1+a(p — wo) + b(p — po, o — ) ™"?,

where

1 —— _ _
(S2) a(p — po) = 75/{CTB(MO;PL)/_’_B(MO:FL)CT}L

is a linear function of w — u, and

1 — .
(S3) b(p — po, a; — ay) = To? L/{O'(?B(,U«o, M)CTCTB(IJ«O, w)

i
+ [(A(o, ) + B(pto, #)Cr,) Y
+ aB(po, w)Cre + (i — ;)]
x [(A(pos 1) + B(pos £)Crp)y!
+ aioB(po, w)Cri + (i — a)e] Ju

is a quadratic function of u — uy and «; — ay.
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The AR(1) Case: Let us assume that p = 1. Then

1 0 o 0
o T
mo w1
so that
1- M10
Croe | 1-ny
1 — o
1- ,Uv1To
Moreover,
10
_ 2
Cr,= Mo
,U~1T0
and
M10 — M1
— 0
A(MO’ /J’) = . ’
0
0 0 0
= — 0 0
B _ | M0 — M1
(:U'Oa /-L) 0 1o — M1 0
0 0 o Mo — M

Hence 7R (u;|w, %) is proportional to

2T + 20 2 Mo — 1 (1— )+ o (Mw
{ 0 9 1— o ; Ko

|:((M10 — Ml) Mw))’?
— M10

T+ ap ’;m . Z(l—um)Jr(azo a)T}
TR

[((Mlo —Ml) Mm)y,
—

N =172
+ ’;m o Z(l—um)Jr(azo a)T}} :
TR

1—M10

SO OO

2
) Z(l — )’
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‘We thus obtain
TR @ (1w, 07, 07) o T 20— F1 Z(l—um)
1_’U“1° =1
) —-1/2
M10 —
+ (1 — ulp)
( 1= o ) ,21: Bio }

Hence, for 7 to reduce bias we need that

T-1

1
= - 1 —_ t
T — o) Z( Mw)

t=1

1 T-1
=22 (T—Duiy".
t=1

dln 77-(at(lu'a 0-2)“1’7 0-2)
I

2
H10507 Q0

Gaussian REML: We have

vi( o2 o) = lXT: Yie — X — ;)
il ) &y T

t=1 0-2
and hence
_ 1 1 <
E(=vf' (1, 0%, ) = —,  E(=vl'(n, az,a,»»:—T—lex,-,,
E(—v" (u, 02, ;) =0.

Dropping for simplicity the derivative with respect to o?, we obtain

1 T
pi(p, a;) = T ;E(xit)-
Let us define the p x (T + p) matrix
Q:([p ]p)p’_

Then as

T
Y oxi=, - I,)vec(X)),
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we obtain, using (S1),

mer=-g(o(e, )rree(c.))
PilkL, & CTp Yi @ CT

where ETP and C; are functions of u. Moreover, for a stationary process, the
coefficient of «; is O(1), while the coefficient of y; is O(1/T). For example,
for a stationary AR(1) process, the coefficient of y, is —(1 + wio + udy + - +
M]o )/T o/T).

S2.2. Linear Model With One Endogenous Regressor
The individual log-likelihood is given by (see, e.g., Hahn (2000))

zi(e,a»:——lmm wnZ(}’zt Oa;)’

——wuZ(yl, Oa;) (xi0t;) — —wnZ(xn @)
We thus have

1 a J
vi(0, ;) = 7‘01192(% — Oa;) + ?wlz Z(yit —20a; + 0x;;)

=1 t=1

1 T
+ Twzz ;(xit —a;).

Then
E(—v(6, o)) = 0110 + 20,0 + @y

and

T

1 a 1
v?(@, a;) = Twn Z(yit —20a;) + Twlz Z(_zai + Xit).

t=1 t=1
Hence, at true values,
Egy,ai (V! (00, i) = —w110pctip — wiptig.
We obtain that

—w10— o
(1)1102 + 2(1)129 + Cl)zz.

pi(0, a;) =«q;
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S2.3. Poisson Counts
Let the data consist of 7" Poisson counts y;, with individual means
EGO,am(yit) = U exp(x;ﬁo) (l = 1, ey N, = 1, ey T),

where x;, are known covariates. The individual log-likelihood is given by

1 « / 1 « 1
€6, o) o —eti ;eXp(x,-,O) + 7 ;yn In(e) + ;ynx,-,ﬂ.

So

l

1 < /
vi(0, ;) = Ta ;(J’it —a;exp(x;0)).
Note that it follows that

T
> exp(x;,60)
(S4) @;(0) = ay =

- .
> exp(x;,6)
t=1
Moreover,
1 T
E(—v?’(@, a;)) = T—af ;aio exp(x;,6p)

and
E(v; (0, o))
1 T
=7 ZE((yi, — exp(x}IO))Z)
Lot=1

1 T
= w3 2 (B(0n —EGi)) + (E(yi) — arexp(x;0))°)

t=1

1 T
= > aiexp(x],00) + (ao exp(x),6y) — a;exp(x},0))?,

Pog=1
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where we have used that Var(y;,) = E(y,) = a, exp(x},0,). Hence a consistent
estimate of the following quantity is robust:

(S5) " (] 6)

1 d / ’ / 2 o
o — Za,-o exp(x;,0o) + [ exp(x;,6) — a; exp(x;,0)] .

F\ =1

Then, by Proposition 1 one can add a quadratic adjustment in (6 — 6,) and
(a; — ayp) to the logarithm of 7/} without altering its bias properties. It follows
that

(S6)  F(ai|6) l

is also bias reducing. Note that 7} is proper, while 7 is not.
As in Lancaster (2002), let us consider the reparameterization ¢; = a; X

Zil exp(x},0). Then it is straightforward to show that (3%¢;(6, ¢,)) /(90 ;) =
0. In this reparameterized model, parameters are fully orthogonal, not just in-
formation orthogonal. In particular, the uniform prior is bias reducing. There-
fore, in terms of the original reparameterization, the following prior reduces
bias:

IPi(a;, 6) d
(g 0 —_— | = [ ' 0).
mi(a;]6) ’ F ‘ ZE:] xp(x;,0)
Interestingly, the robust prior and Lancaster’s prior are directly as follows:

T
m R (@ (0)10) o F(@ (0)]0) = Y exp(x},0) = mi(a,16).

t=1
This result follows directly from (S4).
REML: For the Poisson counts model, we have
pi(0, a;) = —a;h(x;, 0),

where

T
Zexp(xi,@)x,-,
h(x;, 0) ==

T

> exp(, 0

t=1
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It follows that uncorrelated Gaussian REML is not bias reducing in this model,
in general, unless «; is independent of x;. Note that if we let «;, and x; be
dependent, then correlated REML (as introduced in Corollary 2) is not robust
either.

In addition, note that the local approximation to the robust prior,

- 1
(i) = —,
is a bias-reducing prior that is independent of 6. However, 7 is an improper
prior, which does not correspond to a random effects specification.
Assume now that 7 belongs to the I'(p, r) family for some p > 0, r > 0. We
have

r =1

p'a; exp(—pa;)
I ’

(e p, 1) =

It is straightforward to check that the left-hand side in equation (21) is equal
to

1 N
(87) plim — N ZEWU[@(%) — P(0o)aig) h(x;, 6o)].

N—oo i=1

So Gamma REML is not bias reducing, in general, in the Poisson model.
Here also, it is bias reducing only under the assumption that «; and x; are
independent.

S2.4. Static Logit
We have

1 T
vi(6, o) = — ;(y,«t —o(x, 0+ @)
It follows that
1 T
(S8)  E[—v(0, )] = - > A0+ a) (1 — A(x), 0+ ;)

t=1

and

T 2
(S9) E[v; (0, a;)] = E(% > (e — Ax, 0+ al-))>
t=1

1 T
= 75 D E(0u = A0+ a))?),

t=1
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where we have used the fact that observations are independent and identically
distributed across 7.
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